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Abstract: This paper aims to investigate the nonlinear transition to turbulence in generalized 3D
Kolmogorov flow. The difference between this and classical Kolmogorov flow is that the forcing
term in the x direction sin(y) is replaced with sin(y) cos(z). This drastically complicates the problem.
First, a stability analysis is performed by deriving the analog of the Orr-Sommerfeld equation. It
is shown that for infinite stretching, the flow is stable, contrary to classical forcing. Next, a neutral
curve is constructed, and the stability of the main solution is analyzed. It is shown that for the cubic
domain, the main solution is linearly stable, at least for 0 < R < 100. Next, we turn our attention to
the numerical investigation of the solutions in the cubic domain. The main feature of this problem
is that it is spatially periodic, allowing one to apply a relatively simple pseudo-spectral numerical
method for its investigation. We apply the method of deflation to find distinct solutions in the discrete
system and the method of arc length continuation to trace the bifurcation solution branches. Such
solutions are called disconnected solutions if these are solutions not connected to the branch of
the main solution. We investigate the influence of disconnected solutions on the dynamics of the
system. It is demonstrated that when disconnected solutions are formed, the nonlinear transition to
turbulence is possible, and dangerous initial conditions are these disconnected solutions.

Keywords: Kolmogorov flow; bifurcation analysis; linear stability analysis; deflation; disconnected
solutions; laminar—turbulent transition; Newton method; Krylov methods; matrix free methods;
fluid dynamics

MSC: 70K50; 65P30; 76D05; 499M15; 37L15; 70K20; 76E30

1. Introduction

Historically, Kolmogorov flow is a problem that describes the flow of incompressible
viscous fluid in a stretched 2D torus domain with sinusoidal forcing sin(k¢y, 0, 0)T along
the non-stretched direction, where k¢ is the forcing wave number. The initial problem
statement was formulated by Andrey Nikolaevich Kolmogorov in 1958 for the 2D periodic
domain [1] with k¢ = 1. The first result [2] focused on linear stability analysis as a function
of the Reynolds number and the aspect ratio of the 2D torus. Subsequent investigations
of primary and secondary instabilities have been conducted in various experimental,
analytical, and numerical studies [3-8]. We suggest focusing on [8] for a more detailed
paper review of the 2D case.

There are some papers on 3D Kolmogorov flow generalizations, such as [9-13]. Most
of these papers are focused on numerical investigations and funding unstable periodic
orbits (UPOs), e.g., in [13]. However, the authors point out that the standard approach to
finding UPOs has very limited success in recurrent flow analysis as Re (Reynolds number)
is increased for the 3D problem case (page R3-10 in [13]). An investigation of the limited
state was performed in [12] for the problem with the classical (sinusoidal) forcing term. It

Mathematics 2024, 12, 3389. https:/ /doi.org/10.3390/math12213389

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12213389
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-8785-6762
https://orcid.org/0000-0001-6299-7270
https://doi.org/10.3390/math12213389
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12213389?type=check_update&version=1

Mathematics 2024, 12, 3389

2of 16

was shown that the turbulent branch emerges for a Reynolds number around 142.5, and
that the state is visually “close” to the base solution (see Figure 3 in [12], p. 11). So, it is
possible that the state is closing on the base solution as an asymptote. As stated in [12],
beyond this point, a Hopf bifurcation occurs at 145.3, and with the small increase in the
Reynolds number, more Hopf bifurcations emerge, and the number of unstable eigenvalues
increases rapidly.

A regularity result is obtained in [14] for 3D Kolmogorov flow with the classic forcing
term and cubic domain. It is demonstrated that if the initial conditions 1 for the problem
with the diffusion coefficient u satisfy

T
ug — k]j2 (sin(kfy),O, O) H < CV7/4,

the solution does not transition away from the base state for some independent constant C.

In this study, we build upon the work conducted in [15], which is related to the
generalization of the 3D Kolmogorov flow problem. The paper [15] is focused on the
initial stage of laminar—turbulent transition in a domain of size 47t x 27t X 271 and is
dedicated to the investigation of emerging attractors. It is known that for such a domain
size, laminar—turbulent transition undergoes classical supercritical and subcritical scenarios
of bifurcations. In this paper, we are interested in investigating nonlinear stability loss
when the main solution is linearly stable. A new forcing term is suggested that depends
on both the y and z directions. This significantly increases the complexity of the analysis.
A new linearization operator for the main solution linear stability analysis is derived, which
improves the result of [15]. We use the same spectral method as in [15], but the right-hand
side discrete operator is used as the input for the deflation method. The method is based
on the ideas of [16], and a particular version from [17] is used for large-scale problems.

The specific innovations of this work can be summarized as follows: first, the linear
stability analysis of generalized Kolmogorov 3D flow is conducted for the case when the
base solution depends on both the y and z directions, which is new for this problem setup. It
was found that the base solution is linearly stable for « = 1 and « — 0. Second, the concept
of stationary disconnected solutions is investigated for the problem, and their influence on
the nonlinear transition to turbulence is analyzed.

It is well known [18] that nonlinear transition is triggered by the most dangerous
instabilities amplified by the nonlinearity of the Navier-Stokes equations, e.g., [19]. For the
supercritical transition to turbulence, disconnected solutions were previously considered
in [20-22]. The application of the deflation technique for bifurcation analysis in other fields
of research was considered in [23,24].

The paper is organized as follows: first, in Section 2, we provide a general definition
of the problem and present the main base solution, which corresponds to the base solution
branch. Next, in Section 3, the analysis of the linear stability of the main solution is
provided. We derive an analog of the Orr-Sommerfeld equation and build a neutral curve.
Next, in Section 4, we introduce the numerical method, perform validation against the
known results, and investigate the dynamics of the problem. For this purpose, we find
distinct solutions using the method of deflation and then investigate the influence of these
newly found solutions on the dynamics of chaotic behavior. The paper is finalized by the
discussion and conclusion in Section 5.

2. Governing Equations
The problem is governed by the 3D non-stationary Navier—Stokes equations [25] on

the periodic parametrized domain T(&)® with coordinates x, y, z:
ou/ot+ (u-V)u+ Vp— R Au— (sin(y)cos(z),0,0)T =0, 1)
V-u=0, )
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where u is a velocity vector function, p is the pressure scalar function, R is the Reynolds
number (bifurcation parameter), « € R is the stretching factor of the domain T (a)? :=
R/(2m/aZ) xR/ (2nZ) x R/ (2nZ), and A is the Laplace operator. The domain is stretched
for 0 < a < 1, cubic for « = 1, and shrunk for & > 1 in the x direction.
Notice that the Reynolds number can be introduced in many different ways, see [12,13].
For example, our inverse diffusion coefficient parameter R is related to the Reynolds
number Re from [12] as follows:
Re = V27R. 3)

In the following sections we use parameter R as the main bifurcation parameter. The
analytical stationary solution {ug, po} of (1) can be easily found as follows:

T
uy = (uO,O,o)T _ (%sin(y) cos(z),0,0) , 4)
po =C,

where C is an arbitrary uniform constant distribution in T(a)3. The system is subject to a set
of discrete symmetries and continuous symmetry along the direction x of the force action.

3. Linear Stability Analysis of the Analytical Solution

The difficulty is that the forcing term and the solution (4) both depend substantially
on two spatial components. Hence, the flow is not plane-parallel. The solution of Orr-
Sommerfeld equations, in this case, poses substantial difficulty.

Let us introduce divergence-free infinitesimal perturbations to the analytical solution
as follows: u = ug +u’, p = po + p’. Plugging this into (1) and subtracting the original
equations, one obtains linearized Navier-Stokes equations on the perturbed components:

ou’ /ot + (u' - V)ug + (ug- V)u' + Vp' =R 1AW =0, (5)
V-u' =0 (6)

By introducing derivative component notations as df /dx := (f)x, one can have the follow-
ing system in component form, taking into account the following (4):

() + wo (uye)x + 1y (uo)y + 1t ()= + (p)x = R™H Al =0, )
() + 1o (uy)x + (p)y — R7IA uy =0, (8)
(5)e +uo(ul)x + (p): =R Aul =0, ©)
(ux) ( )y (”z)z =0. (10)

Applying divergence operation to (7)—(9) and using (10) will produce a pressure equation:

~Ap = 2(”0)y(uly)x +2(ug)z(17)x- (11)

Applying the Laplace operator to (7)—(9) and substituting (11) into the results will
obtain the following;:

((A»—R*M)u;w((uo)w + (0)z2)z + <<uo>yy+(uo>zz>y+2<uo>yz(<u) + () ) -

y
— (ut0)y) (204 )y + () ) + (o) (1= + (1) + 201y — ()

x) + (12)

(110)z ()2 + (1) 2 x>xz — (Wl)xx) + uo(< )z (1) gy — (h)az = (uf)xy) =0
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from the first line (7) and
((A)f - R_lAz)“,y - Z(uo)yz(u;) - Z(MO)Z(“;)xy - (”O)yy(“y)x+ (13)
(10)zz (uy ) x + 1o & (1) x + 2(10)z (3 )2z = 0,
((A)t - R_lﬂz)“; - 2(”0)y2(uly) - 2(”0)y(“/y)xz = (0)2z () x+ (14)
(140)yy () x + g A (ul)x +2(ug)y (1% )xy = 0,

from two other lines (8) and (9).

The solution on perturbations can be expanded into a Fourier series in the x direc-
tion, and in t direction, an exponential approximation is valid. Then, the solution on
perturbations is considered as follows:

/
X
y(tx,y,z) = exp(At +inkyx)o(y, 2), (15)

where ky is a wave number in the x direction, and u, v, w are the components of the vector-
function u’, each depending only on the y, z directions.

Let us reduce the Laplace operator in this section for convenience to the form —a?k2 + A,
where from now on Af := (f)yy + (f)zz. Also, we notice that Aug = —ug. The
Equation (12) is rewritten as follows:

(A = RN (=22 + A)) (—a?k2 + A)u + up((v)y + (w)z)
—up(—a?k2 + A)((0)y + (w)z) + (ug)y(—ak% + A)o (16)
—(ug)yv + (up)=z(—a®k2 + A)w — (ug)-w — 202k2 (1) yo — 202k3 (1) -w = 0,

and (13) and (14) are rewritten as follows:
(A= R (—a?k2 + A) (—a?k3 + D)o — iaky (1g) yyv + ioky (110) 220+
2iaky(ug)z(v)z + inkyig(—a?k2 + A)o — 2iaky (ug)yzw — 2iaky (ug)z(w)y = 0,

(A =R (—a?k2 + A) (—a®k3 + A)v — inky (ug) zzw + ioky (110 yyw+
2iacky (1g)y (w)y + inkyug(—a?k3 + A)w — 2iaky (1g)y=0 — 2iaky (ug)y(v): = 0.

(17)
(18)

We call the full linear stability problem for the composite linear operator given by (16)—(18)
and the reduced linear stability problem for the operator given by (17) and (18). We can
formulate the following:

Proposition 1. The linear stability of the full problem is determined by the linear stability of the
reduced problem.

Proof. First, let us rewrite the full problem in the block operator form A, omitting A, acting
on the block functional vector x:

A B(ug) C(ug) u 0
Ax = (0 D(ug) F(uo)) (U) = (0), (19)
0 G(ug) H(up)/) \w 0

and the reduced problem is as follows:

. (D(uo) F(ug)\ (v _ (0
= (G(uo) H(Mo)) <w> B (0)' 20
where A := —(R™1(—a?k2 + A))(—a?k2 + /) and other operators are defined in (16)—(18)

and depend on the base analytical solution ug. The linear operator A is a strictly negative
definite self-adjoint biharmonic operator acting on variable u. Hence, the spectrum of A
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is pure real and negative for R,« € R™ and any integer k, > 0. Using the structure of the
operator A (19), the whole spectrum is defined as follows:

et = s ((on) i) )

Since the spectrum of A is real and negative, the linear stability of the full problem is only
governed by the linear stability of the reduced block problem. O

Using only Proposition 1 means only a reduced problem for the stability analysis
can be considered. In order to formulate a reduced problem, we return to (8) and (9).
Differentiating (8) w.r.t. z and (9) w.r.t. y and subtracting one from the other, we arrive at
the following:

((y)z = (u)y)e + (o (uy)x)z — (o (u)x)y — R™HA ((iy)z — (1)) = 0. (21)

Substituting (15) for u; and u into (21), one arrives at the following:

M(0)z = (w)y) +iaks ((u0(0))z = (tto(w))y) — R™H(=a?k% + L) ((v)z — (w)y) = 0. (22)

One can designate a 2D curl as ¢ = (v), — (w)y. Then, the system (22) is transformed
into the following:

Aq -+ iake (10(0))= — (g(w))y) — R~ (~a%k% + A)(g) = 0. 23)

The velocities can be obtained from the curl using a potential function ¢, such that
(¥): = —uv, (p)y = w. One obtains 4 = (v); — (W), = —(¢P)zz — (P)yy = Ay (this
is the reduced Laplace operator). Using the smoothness of all functions, the fact that the
mean flow is zero, and elliptic regularity, one can obtain — A~! g = ¢; hence, v = (A~1g),
and w = —(A~1q),. Substituting these values into (23), one obtains the following:

Aq + i“kX((”O(AilQ)Z)z + (”O(Aflq)y)y) - Ril(_azki +A)(q) =0. (24)

Defining r := A~!g and g = Ar, Equation (24) can finally be recast in the generalized
Orr-Sommerfeld equation:

A D1+ idaky ((ug)zrz + (ug)yry + g A1) — RN —a?ka + A) Ar=0. (25)

The difficulty is that the analytical analysis of the system (25) is impossible due to the
2D screw symmetry of the operator. One peculiar result is that for ak, = 0, one obtains
the following:

Ag=R1Ayg,

which shows that for any R € R™ and aky = 0 for any complex valued function g, the flow
is stable since the Laplace operator is negative definite. This is different from the known
fact for the original 2D [2] and 3D [12] Kolmogorov flow problems.

Further analysis can only be carried out by numerical methods. In this case, the prob-
lem is transformed into the leading eigenvalue problem of finding eigenvalues with the
largest real part. Such eigenvalues will control the linear stability of the problem, depend-
ing on the set of parameters. Discretization is based on a set of trigonometric polynomials;
thus, the Fourier spectral method on (x,y) € [0,27) x [0,277) can be applied as follows:

fly,z) = E fm,n exp(imy + inz), f = {v, w}. (26)
{mn}ez\{0,0}

The system (25) is recast into the infinite dimensional linear operator L defined in (25),
where A = 0 and approximations, obtained by substituting (26) into (25). The stability
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condition is then formulated by solving the eigenvalue problem for L. The explicit form of
the linear operator acting on some vector r is given as follows:

R A~
Lri=Zake| ), (q—n)[sin(y)sin(z)]; i mg-n+
{lq}ez? A
— Y (I —m)lcos(y) cos(2)] or1-mg—n+t
{l,q}€Z2 (27)
—i Y (= =m)*—(q—n)*)[sin(y) cos(2)], F1-mgn | +
{lq}ez?

—R Y (—a?k% — m? — n?)(—m?* — nz)rl_m,q_n,V{m,n} € 72

The problem is transformed into a finite-dimensional linear operator, which can be solved
on a computer. The problem is solved with the aid of the ARPACK eigensolver, which
finds six eigenvalues with the largest real part. A shift and invert preconditioner is used
in order to accelerate the search for desired eigenvalues. A neutral curve for Re(A) = 0
is found using the bisection algorithm with the tolerance 1 x 10~%. It is sufficient to use
26 harmonics in each direction to obtain a discretization-independent spectrum up to a
tolerance of 1 x 10~!2. The total system size is 1350 DOFs. The neutral curve is presented

in Figure 1.
1.0
0.8+
unstable
0.6
(o]
0.4 f
. 3
0.21 I\
1

5 10 15 20 25 30
R

Figure 1. Neutral curve for the generalized Kolmogorov flow problem for 0.1 < a < 1 and

2 < R < 30. Numbers near gray curves correspond to different values of wavenumbers ky € {1,2,3},

and the red curve is the hull of all wavenumbers such that the base solution is linearly stable above it

and linearly unstable below it (as indicated in the figure).

There are several important differences between the 3D Kolmogorov problem with
classical forcing [12] and the considered one. In the original Kolmogorov problem, it is
known that the most dangerous wavenumber is k, = 1 for any value of « > 0. How-
ever, this is not the case for this particular problem, as demonstrated by the provided
neutral curve. Second, for the stretched domains such that « — 0, the most dangerous
perturbations are the ones with the period of 477 in the x direction; hence, the appropriate
wavenumber k, should be applied. For « > 1/2, the most dangerous wavenumber is
ky =1, and the stability of the solution is defined by this wavenumber. In addition, it was
numerically verified that for large values of R, the base solution (4) is linearly stable, at least
in0 < R < 1000. This suggests the existence of the nonlinear scenario of the transition
to turbulence.
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4. Numerical Simulation and Disconnected Solutions
4.1. Numerical Method

Now, we consider the numerical model that approximates the action of the Navier—
Stokes equations in (1) and (2). We are interested in analyzing the nonlinear transition;
hence, we only consider the case « = 1. The method is closely related to the method used
in [15] but is formulated in terms of the curl in the nonlinear part. The discrete nonlinear
system is derived by the pseudo-spectral method as follows:

a; + F(0,R) := ﬁt—HP(ﬁ xw(u)) —RIL-f=0, (28)

where P is the discrete Larey projector, L is a discrete diagonal Laplace operator, and the
cross product in the nonlinear part is calculated using a pseudo-spectral approach with the
3/2 rule dealiasing [26]. A reduced set of variables, removing spatial translation, is used; for
more information, see [27]. For the temporal integration, we apply the 4th-order exponential
Runge-Kutta method, which is exact in the diffusion operator, see [28]. The discretization
of the problem for F(i1, R) is performed with 256 x 256 x 256 Fourier harmonics. Thus, the
total number of DOFs for all variables is 25,362,432. The calculations are carried out using
the MSU-270 supercomputer of Lomonosov Moscow State University.

In order to find distinct stationary solutions of the system F(il, R), we apply the
deflation method. For more information, see [17]. We only outline the differences from
the aforementioned paper. The system F(i, R) in (28) is recast into the system in the
following form:

M(1,S)F(,R) =0, (29)

where the deflation operator is given as follows:

M(1,S) = (Znﬁ — z?H;q +a> 14,

9eSs

where S is the set of all known solutions. S = {9|F(9, R) = 0}, Id is the identity oper-
ator, and p and o are tuning parameters. In our tests, we obtain the best results with
g = 1and ¢ = 1. The system (29) is solved using the Newton-Raphson method using
globalization strategies. The preconditioning for the (29) is constructed using the Sherman—
Morrison formula, and the original preconditioner is the Stokes preconditioner in the
Fourier space. The continuation of solutions is performed using the pseudo-arclength
continuation method.

4.2. Definitions

Assume that a finite segment of parameter values for R is provided on which bifurca-
tion analysis is sought. Each bifurcation point and solution on each side of the segment of
parameter values we call a node or a vertex. Continuation between vertices forms edges or
lines. We use some representation of the vertices and edges in low dimensions as functions
of the parameter value on the given segment; thus, we construct a bifurcation diagram.
In this setup, a bifurcation diagram is a graph.

Let us introduce some definitions:

Definition 1. Each isolated subgraph is called a solution branch.
Definition 2. A subgraph that contains a vertex with the base solution is the main solution branch.

Definition 3. A solution branch that does not contain an edge connecting it to the main solution
branch is called a disconnected solution branch.

Definition 4. Each solution on the disconnected solution branch is a disconnected solution.
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4.3. Verification of the Numerical Method

The discrete system of Equation (28) was verified extensively in [15,27]. In addition, we
verify the method by considering an edge state from the paper [12], where a 3D Kolmogorov
problem with classic force is considered. An equilibrium (stationary solution) was found
at Re = 142.5 (estimated by (3), see [12], p. 10, Figures 2 and 3), which is located in the
vicinity of the main solution branch. We apply the process of finding disconnected solutions
that are the closest to the main branch and trace the branch for some predefined value of
the parameter. To achieve this goal, we penalize the deflation process in such a way that
any solution different from the main solution by more than 5% in the Ly norm is brought
to infinity.

In Figure 2, we demonstrate the results. The saddle-node bifurcation is located at
R ~ 55.588, which corresponds to Re ~ 139.338 by (3). It differs from the results of [12]
by 2.3% and can be explained by the refined resolution used in our research: 256° vs. 643
in [12]. The disconnected solution branch is located in the vicinity of the main solution
branch and, in physical space, resembles the main branch, as represented in Figure 2.
With this test, we confirm that our method is verified against the published results of [12].
We also found many other disconnected solution branches for this test problem, but the
analysis of these branches and their influence on the transition to turbulence is beyond the
scope of the paper.

40

30

[ull

z e
v
o S

Figure 2. Verification of the bifurcation diagram of the base branch and disconnected branch that
was found in [12] for the 3D Kolmogorov flow problem with classical forcing and visualization of
the branches in physical space by the absolute velocities isosurfaces (blue color represents lower
magnitude, red color represents greater magnitude). Red dots represent solutions that were found
by the process of deflation, black dots represent continuation of the solution trajectories, and ||u| is
the Ly norm in the solution in physical space. The saddle-point bifurcation at R ~ 55.588 forms a
disconnected solution branch.

4.4. Results

We choose the segment of parameter values R € [1,32]. In this segment, we shall
analyze the structure of solutions using the numerical methods described above. The bi-
furcation diagram of all stationary solutions is provided in Figure 3. The main solution
branch is represented by the line above, and since the main branch is linearly stable, no
solutions bifurcate from it. This can be confirmed by the zoomed area in the vicinity of
the main branch for R = 32. The secondary branch is approaching the main branch in the
asymptote. Such behavior is confirmed by the continuation of at least up to R = 50. This
situation is identical to the results in [12] and our verification in Figure 2.
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3185 31.90 31.95 32.00

10.0 12.5 15.0 17.5 20.0 22.5 25.0 27.5 30.0

Figure 3. Bifurcation diagram of stationary solutions and visualization of the branches in physical
space by the absolute velocities isosurfaces (blue color represents lower magnitude, red color repre-
sents greater magnitude). Red dots represent solutions that were found by the process of deflation,
black dots represent continuation of the solution trajectories, and ||u|| is the L, norm in the solution
in physical space. Zoomed area near the maximum parameter value in the neighborhood of the main
solution branch.

We observe multiple disconnected solution branches below the main branch in this
representation norm. All these disconnected solutions are linearly unstable, having an
unstable manifold dimension (estimated by the amount of unstable eigenvalues) varying
from 5 for R = 15.77 to 37 for R = 31. Since the main branch is linearly stable, we expect
only a nonlinear transition to chaos. We use the definition of chaos and chaotic solutions
from our previous work [29]. Under chaotic solutions, we understand solutions that do not
belong to any regular attractor in the system (such as fixed points, stable, limited cycles,
and stable, invariant tori). Under chaos, we understand the union of all chaotic solutions
for a fixed parameter value.

For R < 15.76, we observed asymptotically stable behavior when, for any finite
perturbation of initial conditions, the solution converges to the main branch represented by
the analytical solution (4).

At R = 15.77, we observe a saddle point bifurcation (Figure 3) of the stationary,
unstable disconnected branch. In the vicinity of this bifurcation, we can find a chaotic
attractor. The amplitude of chaotic attractors in the appropriate norm is depicted in
Figure 4, along with the bifurcation diagram of disconnected branches. By using the
method suggested in [30], we can identify that the basin of attraction of this solution is
related to the disconnected solution for this particular parameter value. We are able to
find this chaotic solution by providing the disconnected solution found at R = 15.77 (or its
perturbation) as the initial condition. Any initial conditions starting from the neighborhood
of the main solution converge to the main branch. The visualization of some stationary
solutions on different branches for 15.76 < R < 22 is presented in Figure 5 and solution
animation in physical space for R = 16 is provided in Supplementary Materials.

Notice that the chaotic trajectory is located close to these disconnected stationary
solutions in the phase space, which can be demonstrated by the minimal distance graph for
all sections, presented in Figure 6. The graphs illustrate the distance,

d(t) = min [[i(t) — 92, (30)
€S,

for the given value of the parameter.
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Fifteen leading Lyapunov exponents were calculated for chaotic regimes to indirectly
indicate chaotic behavior, provided in Figure 7 and in Supplementary Materials for more
details (in general, we believe that such an indication is prone to rounding errors and
inaccuracy. See [29] for more details).

12

10

[ull

10.0 12,5 15.0 17.5 20.0 22.5 25.0 275 30.0

Figure 4. Bifurcation diagram and visualization of chaotic attractors. Attractor trajectories are
represented in same norm ||u|| on the y axis and the value of the solution at the L1 norm on the x axis.
Vertical green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent

=
8

the position of the illustration on the bifurcation diagram.

12

10 \

ot

[l
-1

14

Figure 5. Bifurcation diagram and visualization of solutions at some points for 15.76 < R < 20.
Vertical green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent
the position of the solution visualization on the bifurcation diagram.

With the further increase in the parameter value, we observe the generation of multiple
disconnected solutions with the sequential complication of the chaotic attractor. For R > 22,
all chaotic trajectories are located further away from the main branch, which is confirmed
by multiple disconnected stationary solutions emerging for larger parameter values (see
Figures 8 and 9). The basin of attraction of the main branch is now decreasing; any
disconnected solution used as an initial condition results in chaotic behavior. So, the basin
of attraction of the assumed chaotic attractor in Figures 8-11 is approximately given by the
maximum norm value of the disconnected branches.
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Figure 6. Bifurcation diagram and visualization of the distance between disconnected branches
and chaotic trajectory. The distance is measured in the Euclidean norm in the Fourier space by (30).
Vertical green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent
the position of the visualization on the bifurcation diagram.

For R > 25.78, a new disconnected branch is formed by the saddle-node bifurcation
(|lttsn|| ~ 6.28). From this parameter value, the system becomes less stable in the nonlinear
scene. While the main branch is linearly stable, finite perturbations can result in the
transition of the trajectory to the chaotic regime. Chaotic solution animation in physical
space for R = 30 is provided in Supplementary Materials.
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Figure 7. Bifurcation diagram and visualization of fifteen leading Lupunov exponents for some
solutions. If a graph is not provided, then there are more than fifteen positive leading exponents
for R > 21. Vertical green segments represent the magnitude of the trajectories in ||u|| norm and
arrows represent the position of the illustration on the bifurcation diagram. Each subgraph displays
evolution of leading Lyapunov exponents as a function of reorthogonalization iterations.
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Figure 8. Bifurcation diagram and visualization of solutions at some points for 21 < R < 22. Vertical
green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent the
position of the solution visualization on the bifurcation diagram.

With the increase in the parameter value, the basin of attraction of the main branch
decreases rapidly, and for R = 32, it is very tight. A good representation of the basin of
attraction is visualized in the zoomed area in Figure 3, where on top there is the main
linearly stable branch and below there is a disconnected branch formed by the saddle-node
bifurcation at R = 25.78, which has a large unstable manifold (37 unstable eigenvalues).
One can observe the visualization of these solutions, which resemble the main solution
and are perturbations. Any initial conditions formed by these disconnected solutions cause
rapid divergence from these solutions and lead to the chaotic attractor, which is located on
the lower part of the bifurcation diagram (with smaller values of the solution norm).

[ull

18 20 22 24 26

Figure 9. Bifurcation diagram and visualization of solutions at some points for 22 < R < 24. Vertical
green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent the
position of the solution visualization on the bifurcation diagram.
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Figure 10. Bifurcation diagram and visualization of solutions at some points for R = 26. Vertical
green segments represent the magnitude of the trajectories in ||u|| norm and arrows represent the
position of the solution visualization on the bifurcation diagram.
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Figure 11. Bifurcation diagram and visualization of solutions at some points for 29 < R < 30.
Vertical green segments represent the magnitude of the trajectories in ||| norm and arrows represent
the position of the solution visualization on the bifurcation diagram.

5. Discussion and Conclusions

It is shown that UPOs are the “skeleton” of turbulent flow [5,8], at least for the 2D
Kolmogorov flow problem. The same idea is used for 3D Kolmogorov flow in [13] but with
less success. However, the question of how stationary disconnected solutions are related to
the nonlinear transition to turbulence is not discussed.

To demonstrate this effect, we used the generalization of the 3D Kolmogorov flow
problem with the force that generates the base solution depending on both the y and z
directions. We used linear stability analysis to obtain the equation for the amplification
of perturbations. We obtained an estimate that the main branch is linearly stable, at least
at the parameter range of interest. On the contrary to the previously known results for
3D Kolmogorov flow with standard forcing [12], we demonstrated that for « — 0, we can
obtain a linearly stable solution. Again, on the contrary of the known results, the most
dangerous perturbation wavenumber in the x direction is no longer the first perturbation
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and depends on the value of the « parameter. For &« < 0.5, the most dangerous wavenumber
increases and is the one which is the closest to the period of 47 for « < 0.5.

The analysis of nonlinear dynamics w.r.t. stationary disconnected branches indicates
that the dimension of the chaotic attractor increases starting from R = 15.77, which is
confirmed by the eigenvalue analysis, as well as, indirectly, by the estimated Lyapunov
exponents in Figure 7. However, the structure of stationary disconnected solutions is
still visible in the chaotic regime, which can be confirmed by the minimum distance
represented in Figure 6. It is interesting to analyze the same behavior of the trajectory
w.r.t. the disconnected periodic orbits and relative periodic orbits. However, the method of
finding disconnected periodic orbits is still under development for large-scale 3D problems
with poorly conditioned linear operators. Another question to discuss is the influence of
symmetries on the system. A possible consequence of this can be traced through the form of
the obtained disconnected solutions in Figures 5-11, where one can notice many symmetric
solutions losing stability through symmetry perturbation. To exclude these solutions in
numerical simulations, new methods should be constructed that would freeze not only
continuous symmetries but discrete symmetries as well.

Another interesting topic is the possible homotopy of disconnected and chaotic solutions
using the fractional differential operators in the original Navier-Stokes equations [31-34]
and then using fractional part as the parameter in the homotopy. This approach may be
considered fruitful, especially with the recent results in the existence and uniqueness of
solutions to Cauchy-type problems for fractional differential equations [35].

In this paper, we considered a transition to chaos in the generalized Kolmogorov flow
problem for 3D Navier—Stokes equations. It is shown that the base analytical solution is
linearly stable for large values of parameter R for « = 1. Hence, the nonlinear scenario of
transition to chaotic solutions (turbulence) is realized. We bring your attention to the fact
that disconnected stationary branches can be viewed as destabilizing factors and triggers for
the nonlinear transition to turbulence. Disconnected branches that are closely located to the
main branch manifest themselves as the destabilizing mechanism and may be considered
as candidates for the most dangerous perturbations of the main solution. Indeed, if we look
at the solution physical portraits and norms in Figure 11, then we can see that the closest
located branches of said solutions are the perturbations of the solutions on the main branch.
The closer these solutions are to the main branch, the more nonlinearly unstable the main
branch is.
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