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Abstract: Investigation of the generalized trigonometric and hyperbolic functions containing
two parameters has been a very active research area over the last decade. We believe, however, that
their monotonicity and convexity properties with respect to parameters have not been thoroughly
studied. In this paper, we make an attempt to fill this gap. Our results are not complete; for some
functions, we manage to establish (log)-convexity/concavity in parameters, while for others, we only
managed the prove monotonicity, in which case we present necessary and sufficient conditions for
convexity /concavity. In the course of the investigation, we found two hypergeometric representations
for the generalized cosine and hyperbolic cosine functions which appear to be new. In the last
section of the paper, we present four explicit integral evaluations of combinations of generalized
trigonometric/hyperbolic functions in terms of hypergeometric functions.

Keywords: generalized trigonometric functions; generalized hyperbolic functions; (p, q)-Laplacian;
log-convexity; log-concavity; integral representation; hypergeometric function

MSC: 33E30; 33E20; 26D07; 33C05

1. Introduction and Preliminaries

The class of functions nowadays known as the generalized trigonometric and hy-
perbolic functions can be traced back to the 1879 paper of Lundberg [1]. They were then
rediscovered many times, typically in connection with the study of the “generalized circle”
|x|P + |y|P = 1 or as eigenfunctions of one-dimensional p-Laplacian. Details can be found
in the book [2] by Lang and Edmunds. Earlier history has been described by Peetre and
Lindquist; see [3,4]. The recently published textbook [5] makes the topic accessible to
students. The generalized trigonometric functions containing two parameters appeared in
the works of Otani [6] and Drabek and Manésevich [7] in connection with (p,q)-Laplacian.
Namely, these authors defined a two-parameter generalized sine function sin, 4(y) in [7] as
the inverse function to the integral

x‘7> , (1)

y = arcsing 4(x) = /0 a—mir x2F1< 1+1/q

with p,qg >1,x € [0,1] and y € [0, 77 4/2], where

mw:/lL: (1) = YB(1/0.1/0) o — _1
2 0 (1_tq)l/p arCSIHP/q( ) q ( /q/ /P ), p p/(p )

Here and below, 2 F; stands for the Gauss hypergeometric function ([8], Definition 2.1.5).
and B(-,-) is Euler’s beta function ([8], Definition 1.1.3). Note that 77, ; | 2 as g T co and
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as p T oo while monotonically decreasing from infinity. The function arcsin,, : [0,1] —
[0, 71p,4/2] is an increasing homeomorphism and its inverse sin, 4(y) is well defined. We
can extend siny 4 () to [71,4/2, 7T 4] by sing 4(y) = siny 4 (77,4 — y) and further to [—77p 4, 0]
by oddness and to the whole R by 27, periodicity ([9], (2.4)). It is known that this
extension is continuously differentiable on R and C* everywhere except at the points
{kmtp,q/2;k € Z} ([9], p. 49). The function cosy 4(y) is then defined naturally by

d
c08pq(y) = - sinpq(y). 2)
paty) = gy Stpaly
It is not hard to show using (1) that this implies

‘ Cosp,q(]/”p + | Sinp,q(]/)|q =1 3)

on the whole real line ([9], (2.7)) and we can drop the absolute values if we restrict our
attention to the interval [0, 7p5/2]. Differentiating this identity with respect to y and
using (2) after a little rearrangement, we obtain:

d . g1 2—
@ cospq(y) = —% st, (y) cosp,qp(y). 4)
It was observed in [10] that using the change of variable u = (1 — #1)/7 in
w
arccosp 4 (x) = arcsing ,(w) = / (1—t1)"VPdt, where w = (1—xP)V4,
0

we obtain the representation

1
arccosyp,q(x) = g/ (1—uP)971uP=24y, where 0<x<1. (5)

X

The generalized hyperbolic (p, g)-arcsine function is defined by
: o at 1/p,1/q
arcsmhp,q(x)—/o 7(1 n tq)l/p —x2F1< 141/q —x

2 NP 1,1/p | a0
(1+x‘7) 2F1(1+1/q ’1+x‘7)' ©)

where p,q > 1, x € [0, ). Denote

(2/q)B(1/p—1/9,1/9), p<q

7
v, 1< p. )

ftp,q = 2arcsinhy 4(c0) = {

Note that 7y, | 2as g 1 o and 7, | m; = 27/(gsin(w/q)) as p | 1. Miyakawa and
Takeuchi observed in ([11], p. 3) that 4, ; = 7,4 withr = pg/(pqg+p —¢q)andr > 1
precisely when p < gq. The hyperbolic (p, q)-sine is then defined as the inverse function to
arcsinh;, ; from (6):

sinhy 4 : [0, 7p,5/2] — [0, c0].

Naturally,

1
4 Jo (U e1) 1 vt

d .
coshy4(v) = o sinh, 4 (y) =

|x=sinhp,q (v)

= +xq)|1:£sinhp,q(y) =(1+ [Sinhplq(yﬂq)l/p/ (8)
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so that
[coshy,4(y)]P — [sinhy4(y)]T = 1.

Differentiating this identity with respect to y and using (8) after a little rearrangement yields:
% coshyq(y) = L sinhl,! (y) coshy” 9
dy coshy4(y) = » sinhyp 4 (y) coshy 4" (y). ©)

If x = sinhy4(y) and z = coshy4(y), then x = (zF — 1)1/7. Hence, substituting x =
(zF — 1)/ in (6), we obtain the formula

X
arccoshy 4(z) = arcsinhy 4(x) = /0 (14t9)"1Pdt, where x= (zF —1)"1.

Now, making the change of variable
u= 1+, t= @ -1V, dt = (p/q)(uf — 1)V uP"1du

with endpoint correspondencet = 0 & u =1,t = y < u = z, we can rewrite it as (by
changing back z — x)

X
arccoshy 4(x) = B/ (uP — 1)V 1yP=24y, where 1< x < co. (10)
’ g )

Note that arccosh, (o) = 7p,/2 as defined in (7), so that coshy,(y) is defined on
[0, 7p,4 /2] with values in [1, 0].
The following hypergeometric representations seem to be new.

Lemma 1. The following identities hold:

1,1+1/9—1/p

arccosy,4(x) = P11 - x”)”%lﬁ( ‘1 — xp>, 0<x<1, (11)

1+1/q
arccoshy 4(x) = %(x” — 1)1/‘72131( 11;11/;1] ‘1 — xp>, 1<x<o0. (12)

Proof. Indeed, we obtain from (5) using substitution ¢ = u?”:

-1 xP
P pJo pJo

1 xP~1 1-1/p,1-1/q
pB(l/er—l/P)—p_12F1< 2-1/p

x”) ,

where we used the easily verifiable formula (derived by changing the variable in Euler’s
representation ([8], Theorem 2.2.1) by direct term-wise integration of the binomial expansion)

a1y pb—1g, X" a,1-b
/O (1=t = 1121:1 a1 x). (13)

Next, we apply the connection formula ([8], 2.3.13), which for the values of parameters in
question reduces to (after application of the binomial theorem 1Fy(a; —; x) = (1 —x) %)
1-1/p,1-1
JFy ( /p1-1/q

2-1/p xﬁ)

_,T(2-1/p)L(1/q) 1 1 (1,1+1/q—1/p ’ >
L - — 2\ (1= x4 _xP
* r1+1/9-1/p) (1 p)(l )k 14+1/q 1=x7).
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Substituting this into the above expression and simplifying, we arrive at (11).
To prove (12), start with (10) and compute by changing variable ¢t = 1/u” and using (13):

1
ﬂarccoshplq(x) = 1/ (1— Va1 /p=1/a-144
p p Jx—r

—-P
/1(1 S T /x (1— Va1 /p=1/a=1g;
0 p Jo
-p(1/p=1/9) _ _
Sl 2F1<1/p 1/q1=1/q x”).
p(1/p—1/q) 1/p—-1/9+1

< |-

= ;B<1/q/1/p—1/q)—

Connection formula ([8], 2.3.13) gives (again in view of 1 Fy(a; —; x) = (1 — x)~%):

1/p—1/9,1—-1/q | __
2F1( 1/p—1/q+1 ‘x p)

_I(1/p—-1/q+1)I(1/q)
B I'(1/p)

1-p/q _ _ _—P\1/q L1/p |y _ -p
x g(1/p—1/9)(1—x) 2P1<1+1/q ’1 . )

Substituting this into the above expression yields (12). O

Takeuchi [11-13] defined the following two-parameter generalizations of the tangent
and hyperbolic tangent functions

sinh, 4 (y)
[coshy,q(y)]P/4

siny,q(y)
t m = t Inh =
A = Ty gy )

and observed that their various properties are closer to those of the classical tangent and
hyperbolic tangent functions than the properties of the functions

(14)

sinhy 4 (y)
coshy 4 (y)

siny, ()
tan,4(y) = L L1 tanhy 4 (y) =

o cosp,q(y)’

defined in [9]. Note also that tam, ,(y) = tan,,(y) and tamhy ,(y) = tanh, ,(y). We
further contribute to the justification of this viewpoint by observing that the inverse func-
tions arctam,, 5, arctamh,, ; possess simple integral representations permitting application
of Lemma 2 below to study monotonicity and convexity with respect to parameters. An
integral representation of tam, 4(y) is obtained as follows. Dividing relation (3) restricted
to [0, 77,4 /2] by cosh ¢ (), we can cast it to the form:

1+ tam} o (y) = cos,} (y). 15)
Differentiation then yields:
v/ i 14p/q—
itam (y) o COSp,Zp ‘](y) —+ SIHqu(]/) COSP,ZP q P(y)
P4 = 2
N cosyly ' (¥)

17 —_
= cospg” (1) (14 tami g (y)) = (1+ tami ()91,

where we applied (15) in the last equality (alternatively, one can differentiate (15) directly).
This differentiation formula was first found in ([11], p. 16). Hence, for the inverse function,
we obtain the representation

rctamy, o (x) = /x at
arctampg\x) = |, (14 t9)1+1/4=1/p"

(16)
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This representation is also seen from the connection formula tamy,(y) = sinh,4(y),
r=pq/(pq+p—q) ([12], Theorem 2.1). In particular, writing p’ for the conjugate ex-
ponent found from the equation 1/p" +1/p = 1, we will have [13] (p. 1006):

x dt
arCtamp/,p(x) :/0 m (17)

In a similar fashion, ([12], Theorem 2.2) indicates that

tamhy 4(y) = sin,4(y), wherer = pq/(pq+p —4q), (18)

so that from (1), we have

x dt
arctamh,, 4(x) = /0 DY (19)

and N it
arCtamhp/,p (x) = /0 m (20)

The literature on the two-parameter trigonometric and hyperbolic functions has grown
rapidly over the last two decades and we will not attempt to survey it in this introduction.
The reader is invited to consult the paper [14] for a historical overview, the introductory
parts of [15-17], the survey [18] and the books [2,5] for numerous further references to more
modern research and connections with various areas of mathematics. Inequalities for the
generalized trigonometric functions with two parameters have been studied in [10,19] for
fixed parameters. Research on convexity properties with respect to parameters is scarce. A
few exceptions include [20], where Turdn-type inequalities for the inverse trigonometric
functions, also those with two parameters, were established, and our paper [15] concerned
with functions with one parameter. Both are listed in the survey paper ([18], Section 5).
The purpose of this note is two-fold. First, we investigate the monotonicity and convexity
properties of the generalized trigonometric and hyperbolic functions with respect to their
parameters p and q. We believe that these types of results have not previously appeared in
the literature. This is shown in the subsequent Section 2. Second, we derive several integrals
of the inverse and direct functions in terms of hypergeometric functions, which we also
believe to be new. These results can be found in Section 3. Finally, our Lemma 1 above gives
new representations for the inverse generalized cosine and hyperbolic cosine functions,
which are useful both from the theoretical viewpoint and for an effective computation of
these functions and their inverses.

2. Monotonicity and Convexity in Parameters

The following lemma will be our key tool for the forgoing investigation of the proper-
ties of the generalized trigonometric functions. Its proof is an exercise in calculus; details
can be found in ([15], Lemma 1).

Lemma 2. Suppose I, ] are convex subsets of R. Suppose f(p,x) € C2(J x I) is strictly monotone
on I for each fixed p € ] so that y — ¢(p,y) := f~(p,y) is well defined and monotone on f(I)
for each fixed p € ]. Then, the following relations hold true:

d 1 gl

8Py =~/ fu (21)
92 1\ —2 Y i \2 o1 /

ang(p/y) = (fx) {2fpfxp _fxfpp - (fp) xx/fx}/ (22)

82

5,7 088 (] = () {25 = wfify, — ¥R F/ fo = (P} @9
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where x on the right is related to y on the left by y = f(p,x) or x = g(p, y).

Remark 1. Formulas (22) and (23) can also be written in the following form:

22 19 (AN o (f
aT?gg(Pry) :28x<fz> _ap<fz>

0? 1af/218f/ f,Z
weotstol - 2 (1) - 22 (%) - (£)

We summarize the monotonicity properties in the following theorem.

and

Theorem 1. The functions p — siny4(y) and p — tam, 4(y) are increasing on (1, 00), while
the functions p — sinh,4(y), p — coshyq(y) and p — tamh, ,(y) are decreasing in the
same interval for each fixed y € (0,1) and q € (1,+00). The functions q — sin,4(y) and
q — tamhy4(y) are increasing on (1,00) for each fixed y € (0,1) and p € (1,+c0). The
functions p — cosp4(y), q — cosp,q(y), g — coshy4(y), g — tamy 4(y) and q — sinhy 4(y)
are, generally speaking, not monotonic (i.e., for each of them, there exist values of y such that no
monotonicity takes place).

Proof. Note that inf, ;-1 77,4 = inf, ;>1 71p 4 = 1. Hence, for the values of the argument
y € (0,1), all functions specified in the theorem are well defined on p, g € (1, ) and are
given as the inverse functions to the integrals described in the introduction.

According to Lemma 2 and representation (1), for x < 1 we obtain

(1—xT)V/p
pz
(1—xT)V/p
p

In a similar fashion, for x > 0 from (6)

X
aapsinp,q(y) _ [ riog(a - it > o;
0

aaqsinp,q(y) =— /Ox t1(1 — 1) "=V P log(t)dt > 0.

? (14 x7)1/p

% Sinhp/q (y) = — p2

X
/O (14 1)~V Plog(1 + t1)dt < 0.

We omit similar verification of the monotonicity of the functions tamy, ; (i) and tamh,, 4 (v)
with the signs of derivatives obvious from the resulting expressions. Numerical tests
show that the functions p — cos,,(y), § — cosp4(y), § — coshy4(z), ¢ — sinhy4(y),
q — coshy4(y) are not monotonic. For example, Figure 1 shows that g — coshy,4(y) is
not a monotone function for p = 1.7 and y near 1, as we see that coshy, 4, (1) < coshy, 4, ()
when y = 0.88, but cosh, 4, (y) > coshy 4, (v) when y = 0.99. This can be made rigorous
by computation with guaranteed precision at fixed values of the argument and the second
parameter. For another example, the derivative

d (1 +xq)1/P

X
s = q 7y—-1-1/p
3 sinhy, 4 (v) ” /0 t1(1 + t7) log(t)dt

changes sign with varying g if we take x = 13/10, p = 5.
According to Lemma 2, to prove that p — coshy,4(x) is decreasing, we need to show that

d
@COShp,q(y) = *f;/;/fa/c <0,
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(xP—1)/17
f(x) = arccoshy 4(x) = /0 (14 1)~ 1Padt,
Differentiation using the Leibniz integral rule yields (x > 1):
1 (xP—1)1/4 p=1(yp —1)1/9-1]
f; = P/ (14 t1)"VPlog(1 + t1)dt + P (x ; 08(x) >0,
0

, pxp—Z(xp _ 1)1/q—1

f > 0.
* q
O
M p_qyiig LI I
/ o (xP-1) 2F1(1‘5‘1+a‘1_x )
10F ¥
// -
/ (xP-1)01 2F1(1,é:1+;7:1-x'9)
0of
X
1
0.8} P_1\q 1.3 4 ,p
(xP-1) 22F1(1,p,1+q2‘1 x|
X
07}
— 0.88
oo — 0.99
1.4 15 16 1.7 1.8
p=1.7;9=1.6; q; =1.9;5 g2 =5.5;

Figure 1. The figure shows graphs of the hyperbolic (p, g)-arccosine at different values of q. By com-
paring the points of intersection of the graphs with the level lines y = 0.88 and y = 0.99, one can
notice the absence of monotonicity of the hyperbolic (p, q)-cosine as a function of g.

We proceed with some standard definitions. A positive function f defined on a finite
or infinite interval I is said to be logarithmically convex, or log-convex, if its logarithm is
convex, or, equivalently,

FAx+ 1 =Ay) < [f)Mf(y)]F? forallx,y € I and A € [0,1].

The function f is log-concave if the above inequality is reversed. If the inequality is strict
for A € (0,1), then the respective property is called strict. It can be seen from the definitions
that log-convexity implies convexity and concavity implies log-concavity but not vice versa.
We note in passing that convexity and related notions play a key role in optimization;
see [21].

In the context of generalized trigonometric and hyperbolic functions, the function
f(x, p) from Lemma 2 is given by an integral of a positive function ¢(t, p) of the form

y=f(x,p) = /Ox @(t, p)dt (24)

which defines x = g(y, p) implicitly for x € I.

Lemma 3. Suppose x = g(p,y) is defined as the inverse to the integral of a positive function
@(t, p) of the form (24). Then, convexity/concavity of p — g(y, p) is determined by the sign of
the expression
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2<P;(xfp>/ @y (t, p)dt — @(x, p / Py (t, p)dt
x 2
([ ebte ) i) sotap), @9
while logarithmic convexity/concavity is determined by the sign of
2x<p;(xfp)/ @p(t, p)dt — xp(x,p / Py (t, p)dt—
2
X
1+ xghtep) oo ) ([ ape i) . 29)
In particular, if for all x € I and p > 1, the following inequalities hold:

X
¢y(x,p) >0, Di(x,p) = (¢, (x,p))* - qv&(xfp)/o Ppp(t, p)dt <0,

then the function p — g(p,y) is concave on p > 1. For logarithmic concavity, the following
conditions are sufficient:

@y (x,p) > 0,Da(x,p) = x(¢},(x,p))* — (Hx(’; ) ¢(x,p) / Ppp(t, p)dt < 0.

Proof. We have
fe =9 p), fix = 02(x,p), fip = @p(x,p),

X
f,’7=/0¢ptpdtf /cvpptp

and application of Lemma 2 yields (25) and (26).
Next, denote z = Ox @y (t, p)dt. Verifying the concavity/logarithmic concavity, we
deal with the quadratic forms

" (x,
_q:p((x,;))z +2¢,(x,p)z — o(x,p / Ppp(t, p)dt @7)
or ,

These quadratic forms are clearly negative for all z if their respective discriminants and the
leading coefficient are both negative. [

Corollary 1. The function p — siny4(y) is concave (strictly concave) on (1,00) for a fixed
y € [0,1](= Np=1[0, 71,4/2]) and a fixed q € (1, 00) iff forall p € (1,00)

q-1 )
p(1— qx (1= )77 (/4’1 pt) ) —210g(1—xq)/¢1(p,t)dt
0
+/4>2(p, Hdt>0(>0), (29)
0

where log (1 — 11) log(1 — t7)(log(1 — t1) — 2p)
og(1— oLt TP Aos\ — ) —
P(p,t) = O(C;_W/ Pa2(p,t) = & (1 _E;yq)l/p 2
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Corollary 2. The function q — siny4(y) is concave (strictly concave) on (1,c0) for a fixed
y € [0,1](= Ng=1[0, 77,4 /2]) and a fixed p € (1, 00) iff for all q € (1, 00)

1 i /
P( J;jq 1-1/p (/'Bl Q’ ) iylcq—l(;gq;/ﬁl(q,t)dt_F/ﬁZ(q,t)dt =0 (> O)’ 0
0 0

where

#11og(t) t1(t7 + p)[log(1)]*

Bi(g t) = m/ Ba2(g,t) = (1 9)2+1/p

Recall that 7r; = 271/ (gsin(7r/q)).

Corollary 3. The function p — sinh, 4(y) is log-convex (strictly log-convex) on (1, c0) for a fixed
y € [0, 714] (= Np>1[0, 7ty q]) and a fixed q € (1, 00) iff for all p € (1, 00)

e ([ e f>df)2 +2log(1+41) [

px(1+4 x7)1-1/p

+/0x/\2(p,t)dt >0(>0), (31)

where
log(1+ 1)

(2p —log(1+t7))log(1 + t7)
(1+e7)t/p’ '

A(p, t)=

Aa(p,t)=

Corollary 4. The function q — sinhy, 4(y) is log-convex (strictly log-convex) on (1,00) for a fixed
y € [0,1)(= Nyg>1[0, 7ty q]) and a fixed p € (1,00) iff forall q € (1,00)

p+(p—q)x ([~ ? 2x7logx [*
px(1+4 x7)1=1/p /()vq(q,t)dt +m/0 aq(q, t)dt
X
+/0 ar(q,t)dt <0(<0), (32)
where

t1log (¢ (11 — p)[log(t)]?
R U e

The main results of this section are the following theorems.

Theorem 2. The function p — tamh,y ,(v), defined as the inverse to the integral (20), is logarith-
mically concave on half-line p > 1.

Proof. According to (20), the kernel of the integral representation of the inverse function
arctamh,, , is given by ¢(x, p) = (1 — xP)~2/? =: w(x, p). Differentiation then yields

@y (x,p) = 2w(x, p) <py(cilogx§) + log(;z— xp)) =2w(x, p)n(x, p),

where the second equality is the definition of #(x, p). Further,

xP! (w)(x, p))?

4 xXF 10 2x
qo (_x p) —2ZU(X p) 5 QDPP( p) _ (X,P) P1 g

2 p 2

xP log? x
p(l—xP)>

o (3, p) = 4w (x, p)(x, p) — 4(x, p) ’7(’;’”) T 2(x, p)
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To establish logarithmic convexity of p — tam,y ,(x) by Lemma 3, it is sufficient to
check that

1
Dy (x) =4x172(x,p)1+ 5 / (ppp (t,p)dt <O0.

Differentiating with respect to x and substituting # = x”, we obtain

(1—u)"1-2/p

Di(x) = - pPP(1+u)?

{Zu(l —u)log?(u) — 4(1 — u)log(1 — u)

X ((1 +u)? —2ulog(1 — u)) —4ulog(u) ((1 +u)? +2(1—u)log(l — u)) }

Ascertaining by standard means that (1 + %) +2(1 — u)log(1 — u) > 0 in the interval
€ (0,1); we conclude that D} (x) < 0, and as D1(0) = 0, this completes the proof of the
logarithmic concavity of p — tam,y ,(x). O

The following lemma is a guise of monotone L'Hospital rule [22]. See [15] (Lemma 2)
for a detailed proof.

Lemma 4. Suppose f, g are continuously differentiable on a finite interval (a,b), f(a) = g(a) =0
and gg' > 0on (a,b). If f'/ ' is decreasing on (a,b), then f/g > f'/g" on (a,b).

The above lemma will be applied in the proof of the following theorem.

Theorem 3. For each fixed y € [0,1](= Np>1[0, 7p,4/2]) and q > 1, the function p — siny4(y)
is concave on (1,00). For each fixed y € [0,1](= Ny>1[0, 7p,q/2]) and p > 1, the function
q — siny 4(y) is concave on (1,00).

Proof. (i) According to Corollary 1, to prove concavity of p — siny4(x), we need to
show (29). Consider the quadratic

g1

log(1 —t1)(log(1 —t7) — 2p)
(L i

F<Z> = (1 — tq)l/p

—2log(1 —x1) z+/
We need to show that F(z) > 0 for

/x log(1 — t‘7
o (1—1) 1/p

Since the coefficient at z? is positive, this quadratic is positive for all real z if its discriminant
D is negative. Compute

-1 ’ 1 — ) —
 (rog(1 ) - B gt togt ) 2y)
(2log(1 — x7)) 4p(1fx‘7)1_1/i’ ()7 dt <0
0

which is equivalent to

(1—x)1-VP[log(1—x1)]2 T log(1 — t1)(log(1 — t9) — 2p)
G(x):="F wi% ]—/Og ﬂf%up Plat < o.

We have G(0) = 0. Taking the derivative in x and rearranging, we obtain

G'(x) = W{ log(1 —x7) — (g4 x7)log(1 — x7) }



Mathematics 2024, 12, 3383

11 of 17

We want to prove that G'(x) < 0. The expression in front of the parenthesis is negative.
Therefore, we need to show that the expression in parenthesis is positive. But

log(1 —x7) — (g + x7)log(1 — x7) = log(1 — x7)(1 — g — x7) > 0,

and we have proved that G'(x) < 0. Therefore, p — siny 4(y) is concave.

(ii) In order to prove concavity of g — sin, ;(y) we need to show (30). If we drop the
first term in the above inequality, the expression on the left becomes smaller. Hence, if we
can prove that it is still positive, we are finished. This amounts to showing that

f._ </Ox tq(t‘i+p)[log(1/t)]2dt)/</ox mog(1/t)dt) - 2x’110g(1/x).

g (1— t7)2+1/p (1— 9)1+1/p (1—x4)

We have

' (x7+p)log(1/x)
g 1—x9 '

It is easy to check by differentiation that the function on the right decreases on (0, 1). Clearly,
f(0) = g(0) =0and gg’ > 0, so that we are in the position to apply Lemma 4, yielding

X 4(H1 + p)[log(t)]? X f1log(t)dt (x1+p)log(1/x) _ 2x7log(1/x)
(/O & dt)/(/o ( 8 ) > & > 5

(1 —ta)2+1/p 1—t7)1+1/p 1— x4 (1—x1)

O

Theorem 4. The function p — sinhy, 4(y) is log-convex on (1,00) for any fixed y € [0, 775](=
Np>1[0, 7tpq/2]) and any fixed q € (1, 0).

Proof. We need to show that for any x € (0,00) and any p,q € (1, ),

WW—I”(/xAl(p f)dt>2+210g(1+x'7)/x)\1(}7 t)dt+/'xA2(p Bdt > 0
px(L+x0)=1/p \Jo "1 o T o T

where
_ log(1+ 1)
D=
(2p —log(1 4 t7)) log(1 + 1) log?(1 + 1)
A(p, t)= =2pAM(p,t) — —2>———.

Substituting the second expression for Ay(p, t), writing p(p,x) = [ A1(p, t)dt and
rearranging the first terms, we can rewrite the required inequality as

gxi~!

S a7 () 20008 (12) + p)u(p,x)

7

(x1+1)V/P ’ /x log?(1 4 t7)
> - —
> r HpOT | ENOLE

or, dividing by p(p, x),

gxi!

Wu(m) +2(log(1 + x7) + p)

o @ +Dr 1 /x 1082(1+fq)dt. (33)
0

- x Mp’xHu(w) (1+t9)1/p
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Next, we will show that

1 * log?(1+ 1) * log?( 1+t’1 ¥ log(1+t7)
dt—/ / 081+ H) 1y log(1+27). (34
V(P/x)[) (1+tq)l/p 0 1+tq 1/p 1+t‘7 1/}7 Og( +x ) ( )

Indeed, (0) = s(0) =0, s(x)s’(x) > 0 on (0,00) and

r'(x) _ 1
T(x) ~ Tog(1+47)

s(x) ~ s'(x) B log(1+ x4)”

which is precisely (34). Hence, if we substitute the rightmost term in (33) by log(1 + x7),
we increase the right-hand side, so that the new inequality

i q 1/p
- u(p,x)+2(log(1+x7) +p) > T +1)77

q
p(l _|_xq)171/p x V(P,X) +10g(1 +Xx )

is stronger than (33). Our next goal is to establish this inequality. Rearranging slightly, we
obtain an equivalent form

filx) = gx1 /x log(1+ tq)dt xlog(1+ x7) + 2px
BT e+ Jo (14 89)17p (x9 +1)1/P
X log(1+ 1)
> = dt = . (35
—A<Luww folx). (35)
Note first that if
s
p(1+x7) =
then inequality (35) is trivially true. Hence, we assume that
0<q7xq<1<:>qx‘7—p(l+xq)<0 (36)
p(1+x1) '

Clearly, f1(0) = f»(0) = 0. Differentiating (35) with respect to x after substantial simplifica-
tion, we obtain

, g?x17!  ¥log(1+19) 2p(1+x9) — g
A= A0 = ST b e g ey

so that f](x) — f3(x) > 0is equivalent to

2,01 X q
7x / l0g(1+t)dif>qx‘7—p(1—|-x‘7)—p(l+x‘7)

p(1+x)1=1/p Jo (14 t9)V/P
which is trivially true in view of (36). This proves (35) and we are finished. O

3. Evaluation of Some Integrals

In this section, the standard notation ,F; is used to denote the generalized hyperge-
ometric function; see [8] (2.1.2). In the following theorem, we apply Feynman’s trick to
evaluate the integrals of the generalized inverse trigonometric functions. In the subsequent
corollary, we rewrite these integrals as integrals of certain combinations of direct functions.
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Note that somewhat similar but simpler integrals (having one free parameter less than
ours) have been evaluated in [16] (Section 3).

Theorem 5. Suppose x < 2,8 < 1,0 < s < 1. Then, the following integral evaluation holds:

1 arcsiny,;(sx) s _(2—uw 1/p,(2—wa)/q,1/q
/0 xW(l—xq)ﬁdx_ﬁB< ’1_5)35((2—a)/q+1—/3,1/q+1

sq> . (37)

Ifa, B < 1,0 <s <1, then the following integral evaluation holds:

1 arccosp,q(sx) 1 _/p—-11 1—w
a0 = B 2)B 1-
/0 x%(1— xP)P * rq ( p ’q) ( p ’8)

1 o 1-1/9,1—a/p,(p—=1)/p
B(1—-—,1-B)3F,
q(p—1) ( p ﬁ)“( 2-a/p=p (2 -1)/p

Ifqu > —1, g(a — B) —min(1,q/p) < —1,0 <'s <1, then the following integral evaluation holds:

9

s") . (39)

s”) . (38)

o arcsinhy 4 (sx) s 1 1 1/p,a+1/9,1/g
, d - 2B - _ - E 7 7
/0 x1=2 (1 4 x1)P * q <lx+ G ’1)3 2(“‘ﬁ+1/”’+1'1/q+1

s9(B—) 1 1 1 BB—a+1/p—1/q,B—u
+W_@B(“—5+qfﬁ—“+p—q)3F2< Boa—1/q+1,p—a+1

Ifp<q,s>1B<land («+B)p > 1, then the following integral evaluation holds:

/oo arccoshy 4 (sx) xii (1 11
1oxt(xP = 1P pg

sP/a-1 1 1-1/q,8+a—1/q,1/p=1/q | _,
+p_qB(ﬁ+a—q,1—ﬁ)3P2( IS LS Pael A ’s ) (40)

Proof. The conditions for convergence of the integral in (37) follow from the asymptotic
approximations

arcsing g(x) ~ x asx — 0, arcsing4(x) ~ 71p,4/2 asx — 1.

Denote

1 arcsiny, ;(sx)
Ais)= | ——P 124
(®) /0 x4 (1 — x7)P *

Differentiating with respect to s under the integral sign in view of (1) and Euler’s integral
for the hypergeometric function > F; [8] (Theorem 2.2.1), we obtain

1 1 1/q(1—a)41/9—1
A’(s):/ xdx 1/ (t t dt
0

0 x¥(1—x)B(1—six)/P  qJo (1—t)B(1—sit)l/p
_BCoIBAB) g (VA0 41
q N 1/q1—a)+1/g+1-B

sq> .
As A(0) = 0, term-wise integration and application of 1/ (k+ ) = (7)x/[v(y + 1)k] yield:
s") .

The conditions for convergence of the integral in (38) follow from the asymptotic
approximations (the asymptotics at x — 1 is only needed when s = 1)

_ 7 arpyay — SBL2—a)/q,1 - B) 1/p,1/q(1—a)+1/9,1/q
A(S)*/o Al(t)dt = q 3F2<1/q(1a)+1/q+1ﬁ,1/q+1

arccosy 4 (x) ~ 7pq/2 asx — 0, arccosy,q(x) ~ C(1—x)"9 asx — 1.
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Denote .
G(s) :/ ar::cosp,q(w;) iy
0 x%(1—xP)

Differentiating with respect to s under the integral sign in view of (5) and Euler’s integral
for the hypergeometric function o F; [8] (Theorem 2.2.1), we obtain

/ —_ _B p—2 1 xpfldx _ _SP*Z 1 t*tx/pdt
Ty /0 x4 (1= xP)B(L = sPar) 1ot/ q /o (1—1)F(1—sPt)=1/a
_ g2l —a/p)PA—p) - (1-1/q1-a/p |,
qr2—a/p—p) '\ 2-a/p—p '

By changing the variable t = x”, we easily obtain:

1 1 -11
G(0) = 0/ (1 —xP)Pdx = —B(P—=,2)B
(0) = arccos4(0) X (1 —xP)"Pdx " ( ; q) (

1—n
p

,1—5).

Hence, we obtain by term-wise integration and an application of 1/ (k+ ) = (7)x/[v(y + 1)k]:

G(s) = G(0) + /0 G/ (t)dt = pqu(”_l,l)B(l %1 ,B)
-1

p 9 p
sP 1-1/9,1—a/p,(p—1)/p
-1y ﬁ)“( 2—a/p—p,2p-1)/p

).

The conditions for convergence of the integral in (39) follow from the asymptotic
approximations
arcsinhy, 4(x) ~ x as x — 0 arcsinhy 5(x) ~ 7, 4/2 asx — 0 if p < g,
arcsinhy,o(x) ~ x1 717 asx — o0 if p > g, arcsinhy4(x) ~ log(x) asx — 0 if p =9g.
Denote

' arcsinhy, ;(sx)
Cls) — / r4
(s) Jo o x17%1(1+4 x7)P

Differentiating with respect to s under the integral sign in view of (6), we obtain

0 xq 1 oo pt1/9-1 44
C'(s) = / dx = f/
0 (1+x7)P(1+s9x7) qJo (1+)P(1+s7)

_ T+ /qr(p—a+1/p-1/q) . (1/P/“+1/’7 ‘1_sq>
qT(B+1/p) 2 B+1/p '

where the last equality is an application of the following guise of the Euler integral representation:
a,b T(c) /oo th=1dt
151 z| = — )
c T(c—b)Jo (141214 (1—2z)t)"
It is obtained by the change of variable t — t/(t + 1) in [8] (Theorem 2.2.1). Next, we apply
the connection formula [8] (2.3.13), leading to
1y~ D+ 1/qI(f—a—1/q) 1/pa+1/q
— E q
) () P a-pr1/gr [

+I’(ac—[%+1/q)1’(/3—o<+1/p—1/q)sq(ﬁ_a)_1 E (ﬁ,ﬁa+1/p1/q
qr(1/p) P B-a—-1/q+1

s‘7> ,
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As C(0) = 0, by term-wise integration and an application of 1/ (k +y) = (7)x/[v(v + )i/,

we arrive at
s")
Ta—B+1/q)T(B—a+1/p—1/q) (ﬁﬁ a+1/p—1/q,B— Sq)
P(B— )T (1/p) P\ p-a-1g+1p-art 7))
The conditions for convergence of the integral in (40) follow from the asymptotic

approximations under the assumption p < g (the asymptotics at x — 1 is only needed
when s = 1):

[P ~ T(a+1/9)T(B—a—1/q) 1/p,a+1/9,1/q
C(s)—/o Cl(t)dt = s T3 3F(w_ﬁ+1/q+1/1/q+l

+ Sq(lg7“

arccoshy 4(x) ~ 715,4,/2 as x — oo, arccoshy(x) ~ C(x — 1Y asx — 1.

Denote
D(s) = /00 arccoshp,q(sx)dx
1 x%(xP —1)P
Differentiating with respect to s under the integral sign in view of (10), we obtain by
substitution # = x~7 and Euler’s integral for , F; [8] (Theorem 2.2.1)

N B e L G R . e R Vb et O St D R
D'(s) 5 x du
R ey b e
P/ ~1/q,B+a—1/q |

By substitution # = x77 and Euler’s beta integral, we see that

D(eo) = 724 [ amr(a —1)Pax = pquu/p ~1/q,1/9)B(1—B,p+u—1/p),

and therefore,

Performing term-wise integration and applying the relation 1/ (k + ) = (7)x/[v(v + 1)k},
we arrive at (40). O

Corollary 5. Under the convergence conditions specified in Theorem 5, the following integral
evaluations hold:

/x tsin, g (f) cosp,q(t)dt B
(

1 22—« 2—a—gp
- =-B ,1—pB)sin (x)
el () —siny ()~ 7" ) i

q

o F 1/p,(2—a)/q,1/q
2\ 2-a)/g+1-B1/q+1

Ty /2 2—p—u

/ tsmpq coqu (t) coqu“pﬂ(x)B<p—1’1>B<1—uc,1_ﬁ>
J coqu coqu(t))ﬁ q? p 9 p
p(1—beta)—u
pcoqu (x) a 1-1/91—a/p,(p—1)/p
ST U ﬁ)?’&( 2 alp—p2p-1)p | D) @2
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/ _
np/q 2 tcoshy 4(t) smh’;ﬂq 1(t‘) o
" smhp 7(x) + smhp p ()P
sinhfs P @) 1 1 1/p,a+1/q,1/
= W—B Z B—wa—=)aF P, qa, 1749 inh?
7 (“*ﬂs « q>3 ] VAR e 2
Bla—p+1/q,p—a+1/p—-1/q) BB—a+1l/p=1/9—a | . 9
¢2(B—a) B B g1 parr |Se() 8)
and
tpq/2 _ _
e t‘sinh';ql(t)cosh2 p(Hl)(t) cosh},qp<“+ﬁ)(x) 1 11
/ / T B~ )B(1-pp+ra—-)
(coshp,q(t)—coshp,q(x))ﬁ q p a9
Coshz,/[iq_p(“+ﬁ) (x)

B(p+a- ;,1/3)35(1”q'/””‘l/"'l/pw 'cosh,,j;(x)). (44)

q(1—4q/p) a+1-1/q,1/p—1/9+1

Remark 2. Note that in (41) and (42)
sin] o (x) — sin () = cosh o (t) — cosp 4(x).

Proof. To establish (41), carry out substitution x = sin, 4(t)/s (so that dx = cos, 4(t)dt/s)
in (37) and write x = arcsiny 4(s) in the resulting expression. Similarly, to prove (42), carry
out substitution x = cos,,(t)/s (so that dx = —¢q sin?,,_ql(t) Cos?,/;p(t)dt/(sp)) in (38) and
write x = arccosp 4(s) in the resulting expression. The proofs for the remaining integrals
are similar. O

4. Conclusions

In this paper, we considered the generalized trigonometric and hyperbolic functions
with two parameters. A short survey of their basic properties is presented in the introduc-
tion and it includes two presumably new representations for arccosy 4 and arccosh, ; in
terms of the Gauss hypergeometric function. The main body of the paper is concerned
with inequalities for the generalized trigonometric and hyperbolic functions, namely mono-
tonicity and convexity in parameters. We establish monotonicity for all functions where
it takes place and (logarithmic) convexity/concavity for p — tamh, , (p’ = p/(p — 1)),
p — singg, g — sin,, and p — sinh, ;. The final section is devoted to integral evalua-
tions. We derive explicit formulas in terms of the generalized hypergeometric functions for
four integrals of inverse and four related integrals of direct generalized trigonometric and
hyperbolic functions.

Finally, let us mention some potential applications of the results of this paper. Applica-
tions in approximation theory have been considered in [23], where the basis properties of
the generalized sine function with two parameters were examined. Next, as the general-
ized trigonometric functions are eigenfunctions of the one-dimensional (p, q)-Laplacian,
their properties may play a role when studying the eigenfunctions of the (p, q)-Laplacian
operator in higher dimensions. This class of operators is among the simplest nonlinear
differential operators and is an important tool for modeling nonlinear phenomena.

Other potential applications include using generalized trigonometric and hyperbolic
functions as activation functions for neural networks. In particular, the classical hyperbolic
tangent function has been used in this capacity in neural network models; see [24] (Section 3).
Adding two parameters p and g will give an additional degree of flexibility to such models, as
they play an entirely different (and highly nonlinear) role from the weights of the model.
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