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1. Introduction

The geometry of paraquaternionic contact structures is essentially a tool to study a
special type of co-dimension three distribution on (4n + 3) manifolds with properties closely
related to the algebra of paraquaternions, known also as split-quaternions [1], quaternions
of the second kind [2], and complex product structures [3]. The paraquaternionic contact
structure, introduced in [4], can be considered a generalization of the para three-Sasakian
geometry developed in [1,5]. In many ways, paraquaternionic contact structures resemble
the geometry of quaternionic contact manifolds, introduced by O. Biquard [6], which
has been very useful in relation to the quaternionic contact Yamabe problem and the
determination of extremals and the best constant in the L? Folland-Stein inequality on the
quaternionic Heisenberg group [7-11]. Despite the similarities between these two types
of geometry, there are also some major differences determined mainly by the fact that in
the paraquaternionic contact setting, one is often forced to consider sub-hyperbolic PDEs
instead of sub-elliptic PDEs.

As shown in [6], the study of quaternionic contact structures leads back in a natural
way to the study of a particular class of integrable CR manifolds (which are never pseudo-
convex), called twistor spaces, which appear as certain sphere bundles over the base
quaternionic contact manifold (see also [12]). This is a generalization of the concept of a
twistor space of a quaternionic Kdhler manifold [13]. In the paraquaternionic contact case,
we have two different types of bundles: the twistor space Z and the reflector space R.
The situation is very similar to the discussion in [14]. The fibers of Z are diffeomorphic
to the two-sheeted hyperboloid x* + y? — z2 = —1 in R3, whereas the fibers of R are
diffeomorphic to the one-sheeted hyperboloid x? + y? — z? = 1 (see Section 3 below for the
details). The purpose of this paper is to demonstrate the following:

Theorem 1. If (M, H) is any paraquaternionic contact manifold with twistor space Z and reflector
space R, then we have a natural integrable CR structure on Z and a natural integrable para-CR
structure on R. The Levi form for each of these structures is of signature (2n + 2,2n + 2).

The proof of this theorem is divided into several steps throughout the paper and
follows the results obtained in Propositions 1, 2, 3, and 5.
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Conventions. [n this paper we use the following general conventions:

(a)  Indices s and t usually run from 1 to 3 (when nothing else specified).
(b)  Indices i, j, k always represent a positive (cyclic) permutation of 1,2, 3.
(c)  The summation symbol Y, indicates summation over all positive permutations (ijk) of
1,2,3; that is,
Y Xijk = X123 + Xoz1 + Xa12-
(ijk)

(d)  We fix the following signs: €1 = —1,€p = —1,and e3 = 1.

2. Preliminaries
2.1. CR and Para-CR Structures on Manifolds

A CR structure (or a Cauchy-Riemann structure) on a differentiable manifold is a
type of geometric structure that models the geometry of a real hypersurface in a complex
manifold. Formally, a CR manifold is a differentiable manifold N of odd dimension,
say 2n + 1, endowed with a complex subbundle K of the complexified tangent bundle
CTN = TN ®g C, so that the fibers of K are of complex dimension #; [K,K] C K (i.e., K is
formally integrable), and KN K = {0}.

If we set D to be the real component of K ¢ K, then D is a 2n-dimensional (real)
distribution on N. There is a natural field | of endomorphisms of the distribution D with
the following properties: J> = —Idp; the fibers of K and K are eigenspaces of | with
eigenvalues of vV—=1and —v/—1, respectively. The Levi form of the CR structure (D, J) is
a vector-valued hermitian 2-form L, defined on D, where the values in the line bundle
TN/D. Lis given by the following formula:

L(x,y) = [x,]y] mod D, x,y €D. (1)

For a more detailed discussion on this topic, see [15].

Similarly, a para-CR structure on a 2n + 1-dimensional differentiable manifold N
can be defined as a pair (D, ]) of a co-dimension distribution D on N and a field of
endomorphisms | of D with the following properties: > = Idp and | # +Idp; [K,K] C K
and [K, K] C K, where K and K are now the 1 and —1 eigenspaces of J. The Levi form,
in this case, is a vector-valued symmetric 2-form L, defined on D, with values in the line
bundle TN /D, which are given again by Formula (1). See, for example, refs. [16] or [17]
and the references contained therein for a more detailed discussion on para-CR manifolds
and their applications.

2.2. The Algebra of Split-Quaternions

Both the quaternions and the split-quaternions are real Clifford algebras generated by
a two-dimensional non-degenerate quadratic form. In the negative-definite case, we obtain
the algebra of quaternions, whereas in the other two cases, i.e., of a positive-definite or
indefinite quadratic form, we get the same (up to an isomorphism) Clifford algebra, which
is denoted here by B and is called the algebra of the split-quaternions (or paraquaternions)
(see, e.g., [1]). The elements of B are generally represented in the following form:

a=ag+amj1+arjp+asjs,

where a; are real numbers, and j; are basic split-quaternions; that is, some fixed elements of
B satisfy the following identities:

B=i=1  jip=—hp=r

The remaining multiplication rules for B are easily derived from the following:

B=-1  pjs=—jhh=—j  Bh=—jijs =)
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The conjugate to a is defined by @ = a9 — a1 j1 — a2 j» — a3 j3. We obtain the typical
identity ab = ba. The real and imaginary parts of a split-quaternion are given by Re(a) = ag
and Im(a) = ay j1 + a2 j» + a3 j3. There is a natural inner product on Im(B) = RS,

(a,b) = —RE(ﬂb) = —ay1 by —ayby + a3 bs, (2)
and a cross product “x”,
3
axb = 2 (as bt)js Jts 3)
st=1
s#t
so that
ap b o
(axb,c) =det|lay by ¢, a,b,c € Im(B).
az by c3

We observe that B is isomorphic to the algebra M, (R) of all 2 x 2 matrices with real
entries under the identification

. (1 0 (01 (0 1
=Ko -1) 271 o) 2711 o)

Let SO(1,2) be the group of all 3 x 3 real matrices of determinant 1 that preserve the
inner product (2). We need the following basic lemma, which is easily derived from the
multiplication rules of B.

Lemma 1. Three split-quaternions, 71, Y2, and <ys, satisfy the identities

Y=r=1  mn=-Tn=1 (4)

if and only if there exists a matrix A = (as) € SO(1,2) so that ys = Y yastjr, s = 1,2,3.

If we regard the vector space B” (the elements of B" are thought of as column vectors)
as a right B module, the multiplication from the left with n x n matrices with entries in
B represents the space of all B-linear endomorphisms of B". We define Sp(n,B) to be the
group of all B-linear transformations that preserve the inner product (x,y) = Re(*! y),
x,y € B,

—T
Sp(n,B) = {A EM,(B) : A A= 1}.

In particular, Sp(1,B) is the group of the unite split-quaternions,
Sp(1,B) = {z =20+ z1fi+2jat23j3 : 28— 22— 25+ 22 = 1}.

Consider the action of the direct product Sp(n,B) x Sp(1,B) on the vector space B",
defined by
(A,z)-x = Axz, (5)

and let us fix (once and for all) identification B" = R*". Since the induced inner product is
of signature (2n,2n), we obtain an embedding of the quotient group

Sp(n,B) x Sp(1,B)
{=1D}
into the matrix group SO(2n, 2n). The image of this embedding is denoted by Sp(n, B)Sp(1,B)

and consists of all elements of SO(2n,2n) that preserve the three-dimensional subspace
Q C End(R*") generated by the right action of Im(B) on B".
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2.3. Paraquaternionic Contact Structures

Consider a 4n-dimensional smooth distribution H on a (4n + 3)-dimensional man-
ifold M. Suppose that at each point p in an open subset U C M, we are given a triple
(11,12,13) of 1-forms on T, M, a triple (I3, I, I3) of endomorphisms of H, C T,M, and
a non-degenerate quadratic form g on H), all depending smoothly on point p. The list
(15, Is, g) is called a (local) paraquaternionic contact (shortly: pqc) structure for H on U if
the following three conditions are satisfied at each p € U:

i) Hy={A€T,M : m(A) = n(A) = 13(4) = 0};
(i) dns(X,Y)=28(LX,Y), VX, Y€ H, s=1,23;
(i) ?=1F=id, LL=—LL =L.

Clearly, for every local pqc-structure (7s, I, g) for H, the quadratic form ¢ must be of
signature (2n,2n). The pair (M, H) is called a paraquaternionic contact manifold if, around
each point of M, there exists at least one local pqc-structure for H. Here arises the natural
question: to what extent are the different local pqc-structures determined by distribution
H? The answer is given by the following.

Lemma 2. Suppose that (M, H) is a pgc manifold. If (s,1s,g) and (y.,1.,¢") are two pqc-
structures for H on an open set U C M, then

(mmms) = fOnma,ns)S, (I I, I3) = (I, I, B)S, ¢ =fg,

for some non-vanishing real valued smooth function f on U and some matrix-valued smooth
function S = (a;;) : U — SO(1,2).

Proof. By assumption H = N3_,Ker(17s) = N2_,Ker(1.), there exists a matrix-valued
function A = (as) : U — GL(3) so that i} = Zle astht, s = 1,2,3. Applying the exterior
derivative to both sides of this equation and taking the restriction of the resulting two
forms to distribution H, we obtain

dnily =Y ast(dnt|p). (6)
t

If G’ is a field of endomorphisms of H defined by the equation ¢'(X,Y) = ¢(G'X,Y),
X,Y € H, thendnl(X,Y) = g(G'I'X,Y), and using (6),

G'Ii =Y agl.
t
This yields
=)' =(G') ' (G'L) = EaZSIS Zag,tlt € spang {idy, I1, b, 3},
similarly to I} and I}. Let us observe that spany {idy, I1, I, I3} C End(H) is an algebra

with respect to the usual composition of endomorphisms, which is isomorphic to the
algebra of split-quaternions. Therefore, using Lemma 1, we have

spang {I1, b, I3} = spang {1, I}, I}.

In particular, this yields that I], I}, I} are skew-symmetric with respect to both ¢ and
¢'. Furthermore, we calculate the following:

g((G’1{1§ +BG)X, Y) = ¢(G'LX,Y) — g(G'ILX, 1Y)
=¢'(3X,Y) — ¢ (X, Y) =0,
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i.e., G'I] anti-commutes with I}, similarly to I}. Therefore, G'I; must be proportional to I,
i.e., G’ is proportional to the identity. This means

g=rg
for some appropriate non-vanishing real-valued function f. The rest follows from Lemma 1. [

An important consequence of the above lemma is that for each pqc manifold (M, H),
we can associate a canonical line bundle G(M) — M so that if (15,5, g) is a local pqc
structure for H, then g is a local section of G(M). Furthermore, the vector bundle 7 :
Q(M) — M with fiber (over p)

Qp = span{Iy, I, I3}, )

is also globally defined. It has a canonical inner product,

€, ifs=1t
I, I}) = , €1 =€ = —€3=—1 8
(s 1) {O, otherwise ! 2 3 ®)

of signature (—, —, +) and an orientation defined by the ordering of I1, I and I3.

2.4. Invariant Tensor Decomposition

Let (M, H) be a pqc manifold and consider some local pqc-structure (7s, I, ) for H,
defined around a fixed p € M. Each endomorphism ¥ € End(H)) can be decomposed
uniquely into a sum of four components, ¥ = ¥" T + ¥~ + ¥ T~ + ¥, where
Y+++ commutes with Iy, I, and I3 and ¥~ ~ commutes with I; and anti-commutes with
I, and I3, etc. Explicitly,

YT =¥ 4 V] + LY — ¥, 4¥YT " =Y+ LY — LYL 4+ LYIs;
4y T =Y — LY+ LY + I3¥]5; 4y T =9 — LYL — LY, — YIs.

Clearly, this decomposition depends on the particular choice of a pqc structure. To
obtain invariant decomposition, we shall consider the action of the Casimir operator t on
End(H,), given by

‘]'(‘Y) =LY+ DLYDL — LY.

The leading signs (4, +, —) in the above summation are opposite to the signature of
the invariant inner product on Q, (cf. (8)); therefore, T must be invariant too. It is easily
seen that this Casimir operator has eigenvalues 3 and —1, and that, if ¥ = ¥[3) + ¥ |_y) is
the induced decomposition of ¥ € End(H) into a sum of eigenvectors, then

‘Ym =yttt and \P[—l] S SRR G

2.5. The Canonical Connection

In general, a pqc manifold (M, H) is a parabolic type of geometry that cannot be char-
acterized by a linear connection on the tangent bundle of M; it requires more complicated
construction involving a certain Cartan connection, which we shall not deal with here.
Instead, we shall use an auxiliary assumption. We require that the naturally induced line
bundle G(M) — M (cf. Section 2.3) admits a global non-vanishing section g; that is, there
is a globally defined g on M so that around each point, one can find at least one local pqc
structure for H of the form (s, Is, g) (with last entry the same g).

The triple (M, H, g) is already a much simpler type of geometry that can be character-
ized by a unique linear connection V on the tangent bundle of M (as shown in [4]) called
the canonical connection of the triple. We shall summarize all the relevant properties of
this connection below. Let us first observe that the differential invariants produced by V
depend strongly on the choice of g. If we are interested only in the geometry defined by
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(M, H), we need to consider those differential invariants that remain unchanged after an
arbitrary multiplication of ¢ by a non-vanishing function (cf. Lemma 2). The relationship
between (M, H, g) and (M, H) is similar to that between the Riemannian and conformal
Riemannian geometry.

In [4], it is shown (with a slightly different notation) that if the dimension of M is
at least 11, to each choice of (a global) g, there exists a unique complementary (vertical)
distribution V.C TM on M,

TM=H®oV. )

If we pick any local pqc structure (s, Is, §) for H, then V is the real span of local vector
fields ¢1,¢» and ¢3 on M, called Reeb vector fields, which are defined by the following
equations:

) €, ifs =t
i = , €1 =€ =—€e3=—1;
(@) ns(&) {0, otherwise ! 2 > (10)

(ii)  dys(&, X) +dn(8,X) =0, VX E€H, st=1,23.

Remark 1. In (the lowest) dimension 7, the existence of Reeb vector fields is an additional condition
on the structure, which we shall assume is always satisfied.

At each p € M, the vector space H, is isomorphic as a Sp(n,B)Sp(1, B) module to B"
(with the action (5)), and the set of all isomorphisms from H), to B" constitutes a fiber over
p of a certain principle bundle P(M) — M with a structure group Sp(n,B)Sp(1,B). The
Reeb vector fields (10) allow us to extend the action of Sp(n,B)Sp(1,B) on H, to an action
on the whole tangent space at p, T,M = H, ® V}, by declaring that Sp(n,B)Sp(1,B) acts
on the Reeb vector fields s in the same way as it acts on the endomorphisms Is € End(H)).
It is easily verified (using Lemma 2) that this action remains unchanged if we replace the
initial pqc structure (s, I, g) with another (of course, the Rieb vector fields must undergo a
respective transformation as well) as long as the g-entry remains the same; that is, the choice
of g allows us to consider T,M as a Sp(n,B)Sp(1,B) module isomorphic to B" @ Im(B),
and the set of all isomorphisms is a principle fiber bundle P(M) — M with a structure
group Sp(n,B)Sp(1,B).

The canonical connection V is a principle Sp(n,B)Sp(1, B)-connection on P, whose
torsion tensor

T(A,B) =V4B—VpA—[AB], ABETM, (11)

can be described as follows.
We define three (local) two-forms, wi, wy, and w3, on M by setting

ws(A,B) = g(Is(An), Bu), s=1,2,3, (12)

where by subscript H we mean projection onto H w.r.t. the decomposition (9). There exists
a (unique) triple (Scal, T, it), where Scal is a (global) function on M; T and y are globally
defined as traceless symmetric sections of the endomorphism bundle End(H) — M,
satisfying T = 7/_y), p = pi[3] (cf. Section 2.4), so that the following is true:

(i) T(XY) = —2wi(X,Y)81 — 2wa(X, Y)& + 2w3(X, Y)E3,

(ii) T(&,X) = G (T — L) + I y)X, 13)

(iii) T(&, &) = —Msfil) 3s x & — [8s 8]y, cf,(15)
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forany X,Y € H, s,t =1,2,3. Notice also that the vertical distribution V has an induced
inner product (, ) of signature (—, —, +), so that

€, ifs =1t

(Gs/ 1) = { (14)

0, otherwise.
On V, we also have a natural orientation and a cross product “x” (cf. (3)):

G1 X 82 = C3, G X &3 = —G1, G3 X &1 = —Go. (15)

Clearly, the two vector bundles V. — M and 7w : Q(M) — M over M (cf. (7)) are
isomorphic, and the cross product on Vy corresponds to the half-commutator on Q p:

(I]_]I)/ IIJEQP'

N —

SILT] =

Since both (,) and “x” are V-parallel, locally, on the same domain where the consid-
ered local pqe-structure (75, Is, g) is defined, we can find certain one-forms, i.e., a1, & and
a3 (called connection 1-forms), so that

1
Vals = 5| e Ak, L, (16)
t
or equivalently,

Vass = (Lar(A)E) x &, 17)
t

forall A € TyMand s =1,2,3. As shown in [4], the connection one-forms are completely
determined by the exterior derivatives of the three one-forms 7, and the function Scal,

a;(X) = dn(Gj, X) = —dn;(8r, X),

Scal
a;(Gs) = dns (Cj' Ck) — dis (1611(71—1—2)' (18)

N —

+ 5 (dim (82, ¢3) +dna(Es, ¢1) + d713(§1,§2))> ,

for all X € H and s = 1,2,3, where J;; is the Kronecker delta, and (ijk) is any positive
permutation of 1, 2, 3.

2.6. Curvature

It turns out that not only the torsion (cf. (13)) but also many of the contractions of the
curvature tensor,

R(A,B) = [VA,VB} — V[A,B]/ A,BeTM,

are completely determined by the triple (Scal, T, it). Consider a local framee, € H,1 <a <
4n for H, and let e; € H be its dual; that is, the frame defined by the following equations:

1, ifa="0

) , Ya,b=1,...,4n. (19)
0, otherwise

glea ep) = {

The Ricci curvature, Ric, is defined by

Ric(A,B) =) g(R(es, A)B,e;),  A,BeTM.
a
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According to [4], we have

= g(ZX 4 @n+2T(X) + (@ +10u(X), Y),

Ric(X,Y) i

forall X,Y € H.In particular, Scal =Y, Ric(e,, e}), i.e., Scal is indeed the scalar curvature
of V.

Since, by design, V is a principle Sp(n,B)Sp(1,B) connection, its curvature splits
into a sum of two components, sp(n,B) & sp(1,B). We shall use the Ricci two-forms ps to
represent the sp(1, B) component of the curvature:

[R(A,B),I;] = Zpt (AB)[I, I}, VABeTM, s=1,23, (20)
t=1
or equivalently,

ps( :4—SZ( (A, B)eq, Isey).
a

Using the result in [4],

1 Scal
05(X,Y) = —esg<2(TIS+IST)X—0—2(‘u+16”(:;:2)>15X, Y>,
dScal(X) 1
pi(X,¢i) = — 32nzi(+2)) + Eg(li[ﬁj/(fk}HJrIj[Ck,Ci]HJrIk[Ci,Cj]H, X) (21)

Pi(Xrgs) = g(IS [é]/gk] H’ X)r i#s,

forall X,Y € H and s = 1, 2,3, where (ijk) is any positive permutation of 1,2,3 (d Scal is
the differential of Scal). For the values of the three Ricci two-forms on a pair of vertical
vector fields, we have the identity

pi(i, ¢j) + px(Cr, Gj) = Ton(n+2)’ (22)

3. Twistor and Reflector Spaces

The twistor space Z and the reflector space R of a pqc manifold (M, H) are defined
as subbundles of the canonical vector bundle 77 : Q(M) — M (cf. (7)). The corresponding
fibers over a point p € M are

2, = {1e QM) : P=—-id} and R, = {1€Q)M): P=id}.
The purpose of this section is to prove the two following propositions.

Proposition 1. On the twistor space Z, there exists a natural co-dimension one distribution
KC C TZ and a smooth field | of endomorphisms of K, which satisfies ]* = —id (such a pair (K, ])
is called an almost CR structure).

Furthermore, if 11 is any local one-form on Z with K = ker(y), then at each I € Z,
dn(J.,.) there is a non-degenerate symmetric two-tensor on Kp of signature (2n + 2,2n + 2),
dim(M) = 4n + 3; that is, the Levi form of the almost CR structure on Z is of signature
(2n+2,2n+2).

Proposition 2. On the reflector space R, there exists a natural co-dimension one distribution
KC C TR and a smooth field | of endomorphisms of KC, which satisfies J* = id (such a pair (K, ])
is called an almost para-CR structure).
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Furthermore, if i is any local one-form on R with KK = ker(n), then at each I € R, dn(].,.)
is a non-degenerate symmetric two-tensor on Ky of signature (2n + 2,2n + 2); that is, the Levi
form of the almost para-CR structure is of signature (2n +2,2n + 2).

Later in this paper (Section 4), we will show that both the almost CR structure on Z
and the almost para-CR structure on R are in fact integrable.

3.1. The Induced Structure on Q

To begin with, let us fix an arbitrary non-vanishing section g of the line bundle
G(M) — M (cf. Section 2.3) and consider the corresponding canonical connection V on
TM. We shall use V to induce a certain structure on the tangent space of the vector bundle
Q = Q(M). Indeed, since V preserves the vector bundle Q C End(TM), it defines a
horizontal distribution D C TQ so that the horizontal lift A" (w.r.t. V) of any vector field
A on M is a vector field on Q tangent to D. On the other hand, there is a distribution
F = ker(m,) C TQ that consists of all vectors that are tangent to the fibers of the bundle
7 : Q@ — M. We have the following direct sum decomposition:

TQ =D& F.

The differential 7t of the projection map 77 : Q@ — M atany I € Q is an isomorphism
between D; and Ty M, where p = 7t(I). There is also a natural isomorphism F; = Q, that

identifies the tangent vector to a curve t — I(t) € Q, at I(0) = I (that is, any element of
d1(t)

ar |t=0

Let us consider a (small enough) domain U of local coordinates 1,1 < « < 4n+3 on

M. Foreach I € = 1(U) C Q, we know that [ = x1I; + xpI + x313; thus, we may consider

the functions

F1) with the respective derivative (which is as an element of the fiber Q).

Uy o TT, X1, X2, X3, 1<a<4n+3, (23)

as local coordinates on Q (we shall abbreviate u, o 77 to u,). In this coordinate chart, the
isomorphism between F; and Q, identifies B%s with I; fors =1,2,3.

Lemma 3. Within the coordinate chart (23), the horizontal lift A" of a vector field

4n+3 d
A = As—
u; *Ou,

onM,at] =)xsls € Q,is given by

L 4n+3 d 3 P}
AI = a;l Aam - stglxs<vAISr€tIt>aTCt
' (24)
= 4%3140(1 + Z €; (X'Dék(A) — kaé‘(A)> i,
ami Ol (ijk) ! ! 0x;

where Al denotes the value of A" at 1, and as are the connection one-forms of V (cf. (16)).

Proof. Consider a curve t (ua(t), xs(t)) within the coordinate chart (23), passing

through a fixed I € Q ata time t = 0. Suppose that the tangent vector to this curve att = 0
is A?. Then,

0 = Va(Lxsk) = L (%0)5 + x(0)Vak);
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therefore, since x5(0)I; = I,

XS(O) = — Z xt<vAIt/€sIs>; (25)

t
that is, for the horizontal lift A’} we have
4n+3

ZAac +2xs 5

S
where %;(0) are given by (25). Applying (16) to the latter yields the result. O

Lemma 4. For any two vector fields A and B on M, within a coordinate chart like (23), the
commutator of their respective horizontal lifts A" and B" at any I = Y¥s xsI; € Q is given by

h ph 9

(A% B"], = [A,B]} + ¥ 2ei(xipx(A, B) — xk0j(A,B)) =,

(i) 9%

where ps are the corresponding Ricci two-forms (cf. (20)).

Proof. Using (24), we calculate

- 4n+3 p) 3 d
4B, = L (A G - tzlxs<w(vgzs)—vB(vAls),etz%—xt
a= St=
~[A,B]" - sglxs<[R(A,B),Is], etlt>a—x£

The result follows from (20). O

Next, we consider two naturally defined (global) vector fields, x and N, on Q. At any
I =Y,x5ls € Q, we set, with respect to the coordinate chart (23),

- ;xsgg' and N = ;xsais. (26)

Clearly, N is a section of the vertical distribution 7 C TQ. On the other hand,
the splitting of TM = H ® V (cf. (9)) defines the splitting of the horizontal distribution,
D = H @V, and the vector field yx is tangent everywhere to V.

Suppose that I € Q, considered as an endomorphism of the vector space H, C T, M,
does not square to 0, I? # 0. Letting W be the orthogonal complement of N in Fj, and U;
the orthogonal complement of x in V; (the orthogonality is with respect to (14) and (8)), we
obtain the splitting

/_L
T1Q = Hi®oU®dR- ;& Wi &R N} (27)

Vi FI

We now consider a canonical one-form 1 on Q, defined at any I = x;I; € Q, by
n = Z Xs 7T 715 (28)

where 77%(75) is the pullback of 75 via w : @ — M. In order to calculate the exterior
derivative of 7, we introduce three local one-forms ¢, ¢ and ¢3 on Q using the following
formula

¢i = eidx; — x; 70" () — xp T () (29)
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for any positive permutation (ijk) of 1,2, 3. Clearly, the forms ¢, are only defined within
the coordinate chart (23). According to Lemma 3, each ¢s vanishes on the horizontal

distribution D, and we have
0 €, ifs =1t
G R 30
& <axt ) {O, otherwise. 0
For any A € T1Q, we have
0
875). (31)

A= ((ma),)" + Do) + o)

By subscript H we mean projection onto H w.r.t. the decomposition (9).

Lemma 5. The exterior derivative of the canonical one-form i on Q is given (within the coordinate

chart (23)) by
Scal .
mei X; T (77j A ’7k)>'

dy = Y (2% 7% (wi) + e AT () — &

(ijk)
The two-forms ws are as in (12); for the wedge product, we use the formula ¢; A 7 (17;) (A, B)

= ¢i(A) 1i(70:B) — ¢i(B) 17i (7. A).
Proof. Differentiating (28) yields
g =) (dxS AT (ns) + xs 7T (diys)).

S

We calcu}ate: ) )
dp(X", X"y = Y xdns (X, X) = 2 xsg(LX, X);
eidxl-(Xh) + szdqs(X,gi)
S
(18
xjae(X) — xpej(X) + ) xsdns(X, &) RELN
S

dn (X", ¢t
cf.(24)

dn (3t ¢1) = e5dx;(§) —erdxi(E)) + Y xsdps (81, §5)
xei (&) — xio (7)) — %o (85) + xie (&) + ) xsddys (8, 8)

cf.(24)
cf.(18) Scal .

T sn(n+2)7V
= —1t(Gs)-

dn (C?, a%)

O
As a consequence of the previous lemma, we obtain the following.

Corollary 1. Atany I =Y, xs I € Q, the canonical one-form 1 and the vector field x (cf. (26))
xady = =) esxsdxs,
S

satisfy
n(x) = Zesxg and

where x.dn(A) = dy(x, A).
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Let Q° C Q be the open subset consisting of all I € Q with | 2 # 0. Clearly, the twistor
and the reflector spaces Z and R are submanifolds in Q°. On the manifold Q°, we have
the distribution

K=HeoUdsW CTQ’. (32)

Using local coordinates (23) and one-forms ¢ (cf. (30)), K can be described with the
equations

sz (7s) = 0 and Y xs¢s = 0.
S

We introduce a natural field | of endomorphisms of the distribution K that satisfies
J?> = —(I,1) id by setting

J(X+U+W) = (I(mX))? + xix U+ NpxW, (33)

where X € H, U € Uyand W € W;. For any A € K| within the coordinate chart (23), we
have (cf. (31))

) = Lo ()" + T (exmtmA) —ecxenm.4))
s (ijk)

d

+ Z ( j ]‘Pk ekxk‘f’j(A))aTci-

(ijk)

(34)

Let us denote by G the bilinear form

G(A,B) = — dy(JA,B), ABeKy

1

200, 1)

Since J2 = —(I,1)id, we have
(A, B) = 2G(JA,B),  ABeK,.

Lemma 6. At any I € Q°, G is a symmetric two-form on Ky C T;Q° (cf. (32)) of signature
(2n + 2,2n + 2), which satisfies the relation

G(JA,B) = —G(A,]B)

for A, B € Ky. Explicitly, within the coordinate chart (23), we have that

G(A,B) =g( (), (mB) ),
Scal
= Ten(n 1) &S (A 15(B) .
1
“ T k6 (9:(4) m(-B) + ni(e.2) 9;(B),

— 9u(A) (. B) — n;(m.A) ¢u(B)).

Proof. Formula (35) is a straightforward application of Lemma 5. To calculate the signature
of G on K, we first observe that the two subspaces H and U + W; are G-orthogonal, and
the restriction of G to | has the same signature as g. Therefore, we only need to show that
the restriction of G to Uy + W is of signature (2,2).



Mathematics 2024, 12, 3355

13 of 21

For any fixed I € Q°, we can pick a local pqc structure (7s, Is, g) in such a way so that
either I = Al3 or I = Al;, A € R. In the first case, the restriction of G to U + W is given,

w.r.t. the frame {éh, Cé‘} of Uy and the frame { 0 9 } of Wi, by the matrix

0x17 0xz
h 0 0 I
0 =10
0 -1 0 0} (36)
I 0 0 O
where I = § 6}’15(61’?~IFZ) and | = % This matrix has two eigenvalues, each with multiplications

of two: 3 (h + Vh? + 412). Therefore, the restriction of G to Uj + W has signature (2,2).
Similarly, in the second case (wWhen I = Aly), the restriction of G to U + W) is given,
w.r.t. the frame {¢%, &4} of U; and the frame {%, %} of Wi, by

R0 0 |
0 -h -1 0
0 -1 0 0
I 0 0 O

Given matrix has two positive and two negative eigenvalues:
1(j:h+ P+42)  and 1(j:h— P2+ 412);
2 2 ’

thus, the signature is again (2,2). O

3.2. Invariance

For the definition of the distribution K C TQ° and the respective field J (cf. (33)), we
have used, as an essential tool, the concept of a horizontal lift of a vector fields w.r.t. V.
Since V is the canonical connection determined by a choice of a section g of the canonical
line bundle G — M (cf. Section 2.3), the whole construction depends on that choice as well.
Our purpose here is to show that this dependence is only formal and, in fact, if we replace
g with

1

where f is any smooth and non-vanishing function on M, then both K and | remain
unchanged.

If A is a vector field on M with a horizontal lift A" to Q w.r.t. g and V, we shall denote
A" as the respective horizontal lift of A to Q w.r.t. § and its canonical connection V. Clearly,
if (s, Is, ) is any local pqc structure for H, then so is (7, Is, §), where 77, = %175. More
generally, we shall use the bar on objects related to the pqc structure (s, Is, ) to indicate
the respective objects related to (77,, s, 3), e.g., Es will denote the Reeb vector fields (Cf.
(10)), defined by

€, ifs =1t

(i) 7,(8) = {
(if) (& X) +d7,(E, X) =0, VX € H.
One can easily derive from the above that
ES = zfés + ISvf/

where Vf is the horizontal gradient of the function f; that is, the unique section of the
distribution H, which satisfies g¢(V f, X) = df(X) for all X € H. According to [18] (here we

0, otherwise
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are using slightly different sign conventions), we have the following formulas concerning
the connection one-forms @; (cf. (16)) of V:

LX) = w(X) + FAfLX),  s=123  VXEH,
a;(¢;) = 2f a;i(&i) — %{ + g(V}{}Vf), (38)

%(&) = 2f aj(&) + aj(LVS) — 2e;df (Z),
(&) = 2f (&) + ar(LVf) + 2€;df (),

where (ijk) is any positive permutation of 1,2,3, and Af =Y, Vdf(es, e}) (cf. (19)).

Lemma 7. Within the coordinate chart (23) on Q, we have the following formulas for the horizontal
lift of a vector fields from M to Q:

; d
X" =X" + N x Y edf(IX) 5
' Xt

&' =2fe + (L) + de(ﬂ*x)a%s (39)
J Af . 8(VE V) 9
— 265X Ztletdf@*)a?t + (— o T)NXBTCS'

where X is any section of H,and s = 1,2, 3.

Proof. The proof is obtained by a straightforward calculation using (38) and (24). O

Let us observe that the vector field A" on Q (cf. (26)) does not depend on the choice of
g and V, whereas the field ) is changed as follows:

X = szgsﬁ
x4 2df(rON + (VA" — 211 Dtdf(éf)aixt.

Proposition 3. The distribution K on Q° (defined by (32)) and the field | of endomorphisms of K
(defined by (33)) do not depend on the choice of g and V.

Proof. Let us begin by constructing a distribution K on Q° as in (32) using (37) in place of ¢
and V in place of V. Within the coordinate chart (23), we have an orthogonal decomposition

span{2), 5.5} = HORX
that defines a distribution /. Then,
K=HoUoWw,
where the distribution # is defined by the requirement that its sections are precisely the

horizontal lifts, w.r.t. the connection V, of vector fields on M tangent to the distribution
H C TM, and W is as in (27).
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IfA=Y, asgsh is any element of U, I = ¥, x5I5, then ¥ €5 a5 x; = 0. Using (39), we
calculate

A= ;as@_ = Z(zfaséﬁ b (s VA" + 2df () ”Saixs

# (= o ) N (ag).

which yields that A € H ® U & W and U C K. Similarly, if X is any section of H, then, by

(39), Xhe Ho W; thus, H C K. Therefore, we get that K = K, and K does not depend on
the choice of g and V. The invariance of | is shown similarly. O

3.3. Proof of Propositions 1 and 2

The restriction of the onr-form 7 to the twistor space Z C Q° and the reflector space
R C Q°, respectively, satisfies
A" £ 0; (40)

therefore, it defines a contact structure on both Z and R. The tangent bundles TZ and TR,
considered as subbundles in TQ?, are described by the equation

Y xe¢ps =0 cf (30). (41)

The vector field x (cf. (26)) is tangent to Z (R), and if we restrict to the tangent space
of Z (resp. R), we obtain that (cf. Corollary 1)

n(x) = (LI) and xady =0;

that is, x is a Reeb vector field for the contact form # on Z (R).

Ateach I € Z (I € R), the kernel of ;7 (cf. (32)) is given by the subspace K; C T; 2
(K1 C T/R) and the endomorphism | (cf. (34)) of K satisfies J> = —id (J?> = id). The
pair (K, J) defines an almost CR structure on the twistor space Z and an almost para-CR
structure on the reflector space R. The signature of d7(J.,.) is given by Lemma 6. By
Proposition 3, the pair (K, ]) is uniquely determined by the pqc distribution H C TM,
which does not depend on the particular choice of the local pqc structure (s, Is, §) for H.

4. Integrability

In this section, we consider the integrability question for the previously introduced
(Section 3) almost CR structure (/C, ]) on the twistor space Z, and for the respective almost
para-CR structure on the reflector space R.

Observe that using Lemma 6, if A and B are any two sections of K, then

[JA,B] + [A,]B]
is also a section of K. Therefore, the integrability of the almost CR structure (K, J) on 2

is equivalent to the equation NZ (A, B) = 0, where N? is the so called Nijenhuis tensor,
defined by

NZ(A,B) = —[A,B] + [JA,JB] — ]([}A,B] + [A,]B]), (42)

for any two vector fields A and B on Z that are tangent to the distribution £ C TZ.
The complexified distribution K¢ = K @g C on Z splits as

KC:K:\/leBK,\/Tr
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where K/ and K_ 7 are the eigenspaces of | with eigenvalues v/—1and —+/—1. The

vanishing of the Nijenhuis tensor NZ is equivalent to the formal integrability of the complex
distributions IC e and IC_ ST that is, to any of the following two conditions

Kyw Kys| ek and (K4 K] ck

Similarly, the almost para-CR structure (/C, J) on the reflector space R is integrable if
N®(A,B) = 0 for any two sections A and B of the distribution K C TR, where

NR(A,B) = [4,B] + [JA,JB] - J([JAB] + [A,]B]). (43)

Here, the complexified distribution splits as K¢ = K11 @ K_1, where K1 and K_;
are the +1 eigenspaces of J. The vanishing of N is equivalent to the formal integrability
of K11 and K_4, i.e., to the following conditions:

[ICH, /CH] cK, and [/c,l, /c,l] cK_i.

The following result is obtained as a straightforward application of Proposition 5
below.

Proposition 4. The almost CR structure (KC, J) on the twistor space Z and the respective almost
para-CR structure on the reflector space R are integrable.

Integrability on the Ambient Space Q°

The distribution X (Cf. (32)) can be considered as a vector bundle over the manifold
Q°. We introduce a Nijenhuis-like tensor field N defined for any two vector fields A and B
on Q° that are tangent to the distribution K by the following formula:

N(A,B) = —(I,I)[A,B] + [JA,JB] — ]([}A,B] 1 [A,]B]), (44)

where N is indeed a tensor field, meaning that the value of N(A, B) at any given I € Q°
depends only on the values of A and B at I, due to the obvious property N(fA,hB) =
fhN(A, B) for any functions f and h on Q°. Notice that the expression on the right hand
side in (44) also makes sense, since, by Lemma 5, the vector field [ JA, B] + [A, ] B} is
tangent to the distribution K, and the action of | is well defined there (by definition [ is a
field of endomorphisms of IC, cf. (33)). Furthermore, applying Lemma 5 one more time, we
observe that N (A, B) is always a section of /C; thus, N : K x K — K. Clearly, if restricted
to the twistor space Z C Q°, N coincides with the Nijenhuis tensor N (cf. (42)), and,
similarly, on R C Q°, it coincides with N™ (cf. (43)).

Proposition 5. On Q°, we have that
N(A,B) =0,
for any two sections A and B of IC.

Proof. To begin with, we fix an arbitrary non-vanishing section g of the line bundle
G(M) — M (cf. Section 2.3) and consider the corresponding canonical connection V
on TM. Using Lemma 2, for any fixed I € Q°, we can pick a local pqc structure (#s, 5, g)
in such a way so that either I = AI; or I = Al3, A € R. Let us assume that I = Al; (in the
other case the proof is similar). Using the corresponding Reeb vector fields s, we construct
a coordinate chart as in (23) around the fixed point [ = Al; € Q°.
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Following the structure (32) of K and observing that N(A, B) = —N(B, A), we see
that there are six different cases to consider in the proof: (I) A,B € H; (II) A € H, B € U;
(I AeH,BeW,(IV)A,Bel;(V)AclU,BeW,; (V) A,Be W.

Case (I) A,B € H:

Without loss of generality, in this case, we may assume that A = X" and B = Y" for
some vector fields X and Y on M that are tangent to the distribution H. We calculate the
following:

h yh _
N =

= A2[x" y" + LX) x (L Y)"
XX + Dm0 man’]

- ALY, ([xs(lsX)h, yh} + [Xh, xs(IsY)hD

5 |1=a1,

h

+ ; (dxs (X" (LY)" — dxs (JY") (L:X)"

~dn (X (LY)" + dxs(Yh)](IsX)h)

|1=A1,

d
+ 2)\3 (P3(X, Y) +P3(11X/ I]Y) _P2(11X/Y) - PZ(X/ 11Y)) aixz

d
+ 2A° (Pz(X, Y) +p2(iX, hY) — p3(hX,Y) — p3(X, Ily)) 9,
We observe that the last two lines in the above expression vanish as a consequence
of (21). We may represent the remaining part of the expression as

A (Zl)|1 AL + A2 (22)|1 AL (45)

where
== [X Y]+ [hX hY] - h([0X, Y]+ [X, 0Y]),

Y, = }\;(dxs( LX) (IY) — dxs (LY)") (1:X)

— dxs (XML (IY) + dxs(Yh)Il(ISX))
Using the canonical connection V on M and its torsion T (cf. (11)), we calculate
Y =VxY -V X-T(X,Y)+Vyx(hY) = Vy(1X) = T(h X, LY)

— 1 (VixY = Vy(hX) = T(hX,Y) + Vx(hY) = ViyX = T(X, 1Y)’

~T(X,Y) - T(LX,LY) + I (T(le, Y)+ T(X, IlY))'
= (zxz(X)+a3(11X))IzY - (ocz(Y) +a3(11Y)>12X
+ (%(X) - 062(11X))13Y - (043(1/) - “2(11Y))13X,’

where the last equality follows from (16) and (13).



Mathematics 2024, 12, 3355 18 of 21

Applying (24) to the expression X, gives

T, = f(az(X)+1x3(11X))IzY + (az(Y)+043(11Y)>12X

- (Dés(X) - 042(11X)>13Y + (ws(Y) - 0‘2(11Y))I3X.

Therefore, using (45), we get N (Xh, Yh) =0.

Case(I) A€ H,Bel:
Here, we may assume that A = X" and B = p & + 3 (f’?f, where iy and 3 are any
real numbers, and X is a section of H C T M. We obtain that

N(AB),_,, = e NX", &) o, + BN, &) i (46)
In order to calculate the quantity N (X", &h) [ consider the vector field
=/t
h X2

Clearly, (47) is a vector filed tangent to the distribution i/ C K C TQ (cf. (32)) that is
defined in a neighborhood of the fixed point I = Alj, so that its value at this point coincides
with the value of Cé’. Therefore, we obtain that (cf. (44) and (33))

) =2 )
|1=A1, (I, 1) X |1=a1,

X h
= )LZ [Xh/gél + ﬁX] |I:)\Il + g [XS(ISX)h, xt((;‘t X (:2) }

N(x", et

- N(Xh, &t

|1=A1"

- A ; I([xs(IsX)h/ gg + %X} + [Xh/ xs(‘:s X ‘:2);1]>

|1=a1,

= A2 [X,gz]h + A?[LX, gg]h - A]([le, &)+ [X éa])h

- A2 <( —a2(82) + 043(53))12?( + (062(53) - “3(@2))13?(

h
+(zx3(X)—¢x2(IlX)>§1> . @8)

+ 243 (P3(X, G2) +03(hX,83) — p2(1X, 82) — p2(X, 53)> %
+ 2/\3 (PZ(X, CZ) +P2(11X,(:3) —p3(]1X,€2) _P3(X/§3)) %

By the properties (21) of p(X, &s), the last four lines in the above expression vanish. Using
the canonical connection V on M and its torsion T (cf. (11)), we calculate that

h
RX&]" + P2[LX, &])" - A ([hX &] + X, &))
e (11(v§211)x (Ve )X~ T(X, &) + LT(LX, &)
—T(hX,83)+hT(X,83)+ Vxéa+ Vi x3s

—G1 % (V(hX)Cz + Vx§3)>h
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= 2 ((~ 02l +a(E) )X + (sal) — na(6a)) X
L (49
+ (Ws(x) - 062(11X))€1> ,
where for the last identity, we have use Formulas (16), (17), and (13). Substituting (49) into

(48), we get
N(x", C’;)’I:Ah =

Similarly, one can also show that
N(x", C?)’,:Ml =0;

therefore, we obtain that, in this case, N(A, B) = 0.

Case (Il A€ H,Be W:
We may assume here that A = X" and B = p, % + us 3%3, where y1p and y3 are any
real numbers, and X is a section of H C TM. Then,

]

_ n 9. n 9
N(A’B)’I:Ah o VZN(X ! ax2)|1:)ul + VB'N(X ! ax3) |1=a1" (50)

In order to show that N ( xh, 8%3) it vanishes (the vanishing of the other summand
=AMl

is shown similarly), we consider the vector field

d X3
ET

Clearly, this is a vector filed tangent to the distribution YW C K C TQ (cf. (32)), which
is defined in a neighborhood of the fixed point I = AIj, so that its value at this point
coincides with the value of 57~ a . Therefore, using (44) and (33) we get

d d
N<Xh’%>|1—wl - N<Xh’ﬂ <IxBI N)]I AL

d d d
= A? [Xh "9x3 <IX73I h[ AL + ; [xs Lx Yo~ E] |1=A1,"
5] d d
_)\;]q ’E_%N]+[Xh’xtaiyctxaiacz}>’1:All
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Case (IV) A,Be U :
It suffices to assume A = ég, B = Cél. Using (44) and (24), we calculate

N(ek, §§)|1:M = (@2 i >> ci - <I3I *)
= A2[eh+ T 1>> ¢ -

|1=A1,
X3
) >hz AL

+ [xs & x &) xi(& % &3) }

2 |1=A1
Y ; ]([xs(és x &), & - <1,31> 4
n {5121 + %>, xs(Gs ¥ Cs)hD i =0

Case (V)AeU,BeW:

Here, we need to consider the following assumptions: A = ¢/ and B = a%t for
s,t = 2,3. We shall consider only the case where s = 2 and t = 3; the remaining three
possibilities are entirely analogous.

d
(62, axg,)\z AL (Cz (I, I)> ox3 (Ist N)|1 AL

o, Xo d X3
=l my s - m e
p) d
_;_Z[xs G x 82)' x5 — axzhl Al

- A Z]([xs(gs x &), 87 - <I)f3I>N}

s X3

h X2 9 9 =
* [€2+ (I, 1) = o, . axg])‘l_/ul =0

Case (V) A,Be W
o)

It suffices to consider only the case A = %, B= 55

0 d B 0 X2 X3
(E,E)’I:All B N<ax2 <I I)N axs (I 1) N)|1 ALy

0 X2 X3
= )2 ——
{ax2 (I, I>N ax3 (I, 1) hl:/\ll
0 0 d

+ Z [xsaxs dxy” o % aTJ |1=A1,

—AZ]({xsisxa, 9 <Ix31>/\/'}

S axz 8x3

) d 0
* [ax2+<1 I>N xasxaxBDﬁ AL -0

O
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