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Abstract: Physics-informed neural networks (PINNs) have recently emerged as a promising alter-
native to traditional numerical methods for solving partial differential equations (PDEs) in fluid
dynamics. By using PDE-derived loss functions and auto-differentiation, PINNs can recover solutions
without requiring costly simulation data, spatial gridding, or time discretization. However, PINNs
often exhibit slow or incomplete convergence, depending on the architecture, optimization algo-
rithms, and complexity of the PDEs. To address these difficulties, a variety of novel and repurposed
techniques have been introduced to improve convergence. Despite these efforts, their effectiveness is
difficult to assess due to the wide range of problems and network architectures. As a novel test case
for PINNs, we propose one-dimensional shallow water equations with closed boundaries, where
the solutions exhibit repeated boundary wave reflections. After carefully constructing a reference
solution, we evaluate the performance of PINNs across different architectures, optimizers, and spe-
cial training techniques. Despite the simplicity of the problem for classical methods, PINNs only
achieve accurate results after prohibitively long training times. While some techniques provide
modest improvements in stability and accuracy, this problem remains an open challenge for PINNs,
suggesting that it could serve as a valuable testbed for future research on PINN training techniques
and optimization strategies.

Keywords: deep learning; physics-informed neural networks; computational fluid dynamics;
geophysical fluid dynamics; shallow water equations; coastal wave reflections; surface gravity waves

MSC: 68T07

1. Introduction

With the growing application of machine learning in Earth sciences, there is an increas-
ing need to integrate physical constraints into model optimization. This approach enhances
generalization across spatiotemporal domains with limited data and improves consistency
with known physical laws expressed as partial differential equations (PDEs) [1]. The field
of physics-informed machine learning addresses this through a range of applications, from
purely physics-based to partially data-driven approaches [1,2]. Examples include fluid
dynamics problems based on the incompressible Navier-Stokes equations [3-7], drag force
prediction [8], advection—dispersion equations [9], and various other flow problems [10-15].

Physics-informed neural networks (PINNs) have recently gained significant atten-
tion for solving PDEs [16,17]. Several computational libraries now support automated
PDE solutions using PINNs [18-21]. PINNs approximate PDE solutions by incorporat-
ing symbolic PDE representations as soft constraints in their loss functions, leveraging
auto-differentiation for partial derivatives. This approach eliminates the need for costly
simulation data, spatial gridding, or time discretization.
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However, PINNSs can exhibit slow or incomplete convergence, leading to long training
times. Challenges include numerical stiffness, which can create obstructive loss land-
scapes [22], conflicting gradients [23,24], and imbalances in learning objectives [25-28].
Others suggest that the causality in physical systems must be respected in order to achieve
fast convergence to accurate solutions [29]. Biases toward learning lower over higher
frequencies and a missing propagation of initial and boundary conditions can also hinder
PINN performance [30-32]. To address these issues, some authors suggest moving to
hybrid methods that combine conventional numerical solvers [33-36], and others focus on
exploring the uncertainties in the PINN approximation [37-39].

Numerous techniques have been developed to improve PINN convergence, including
adaptive loss functions [25,40—44], domain decompositions [22,45-47], multi-scale mod-
els [48], model ensembles [49,50], reduced-order models [51], gradient projection [23,24,52],
adaptive activations [53], adaptive sampling [32,54,55], hybrid differentiation
schemes [34-36], alternative loss functions [56], and hard constraints [57,58]. Given the
diversity of models and problems, evaluating their effectiveness remains challenging. Thus,
standardized benchmarks are needed for physics-informed machine learning [1].

Existing PINN benchmarks focus largely on fluid dynamics [59], including test cases
for Burger’s equations [60-62], Navier—Stokes equations [60,63], and shallow water equa-
tions (SWEs) [60,64]. SWEs are particularly useful for testing PINNs due to their ability
to model diverse phenomena with relative simplicity compared to more complex systems
like Navier-Stokes equations. They are particularly relevant for coastal fluid dynamics
applications, such as storm surge and tsunami prediction.

Previous studies [45,64-66] presented accurate PINNs solutions to the 1D- and 2D-
SWEs in Cartesian coordinates, as well as a test suite for atmospheric dynamics [67] in
spherical coordinates, but failed to capture a critical aspect of geophysical flows: their
interaction with closed boundaries. Instead, open boundaries were chosen or periodic
boundary conditions were implicitly constrained by a coordinate transformation. Moreover,
test cases with Cartesian coordinates only incorporated time points before the initial wave
disturbance reached the domain boundary. However, the fluid behavior near domain
boundaries and the transition between wet and dry regions is of high relevance to coastal
modelling applications.

The ability to model reflections at closed boundaries is critical for representing phe-
nomena such as Kelvin waves and amphidromic systems in coastal regions. Therefore,
evaluating the ability of PINNs to model wave reflections is a key criterion for their suit-
ability in geophysical fluid flow problems. Closed boundaries introduce discontinuities,
making them particularly challenging for the continuous approximation of PINNs. This
study assesses their ability to handle boundary interactions and their potential to handle
complicated conditions in higher-dimensional systems. As shown below, we find that
closed boundaries significantly challenge the efficiency of PINNs in capturing SWE solutions.

With the aim of assessing the capability of PINNs and illustrating the challenges of
learning wave reflections using PINNs, we establish a new test case for physics-informed
machine learning methods based on 1D shallow water equations [68] in Cartesian coor-
dinates with closed boundaries. We carefully constructed a numerical reference solution
using a semi-implicit finite difference solver. By computing the difference between numeri-
cal solutions with decreasing spatial and temporal step sizes, we estimated the uncertainty
in the final reference solution. We then used this reference solution to evaluate PINNs
with various architectures, optimizers, and training techniques. We tested the efficacy of
non-dimensionalization, projected conflicting gradients [23,24], learning rate annealing [25],
and transition functions that automatically satisfy initial and boundary conditions.

While some combinations of options and hyperparameters produced incorrect results,
we found that, in several test cases, the PINNs learned the solution accurately over four
wave reflections at the basin boundaries. However, the resulting trade-off between PINNs’
accuracy and the computational costs was not competitive with numerical integration.
While some of the tested techniques provided minor improvements, none were able to



Mathematics 2024, 12, 3315

3 of 30

overcome the slow convergence of PINNs. We therefore propose this problem as a suitable
test case for the further development of PINNs towards Earth system modeling, specifically
for coastal fluid modeling applications.

2. Materials and Methods
2.1. Physics-Informed Neural Networks

The most common type of network architectures for physics-informed neural net-
works [16] are fully-connected feedforward networks or multilayer perceptrons. Following
the established notations [16,64], these can be expressed by a number N of transforma-
tions f;(vi_1) that express a mapping N'© : R¥in — Réut from the input vy to the output
y(vo, ©®) according to Equations (1) and (2). Here, the weight matrices W; and the bias
vectors b; are the trainable parameters of the neural network. Together, all values in each
W; and b; constitute a vector ® of network parameters to be optimized. The functions ®;
are typically nonlinear activation functions; in this work, they are exclusively hyperbolic
tangent activation functions.

vi = fi(vi-1) = ®;(Wivi_1 +by) (1)
y(vo,®) = (fno fn—10---0 f1)(vo) ()

In the network optimization or training, the network parameters © are adapted to
minimize a loss function £(®) using gradient-based optimization.

While common data-driven methods map a variable on a discretized grid from one
time step to another, PINNs approximate the solutions of PDEs as continuous functions.
Thus, for PINNSs, the inputs are the independent variables—here, continuous space x and
continuous time t—and the outputs are the dependent variables. For the 1D-SWEs, the
horizontal velocity u and the sea-level elevation { as can be seen in Equations (3) and (4).

{”NN] = {y 0] = y(v0,0©) 3)

INN 1
| @

Thus, we have d;;, = doyt = 2. For example, given N = 5 with W; € R10x2) Wj34 €
R10%10 and W5 € R?*10, this represents a neural network with four hidden layers and ten
activations per layer. A schematic of this network architecture is depicted in Figure 1.

The basic idea of PINNs is to optimize a neural network so that its input-output
function satisfies a PDE (including the initial and boundary conditions) as closely as
possible. PINNs are trained by minimizing loss functions containing terms that measure
violations of the PDE and its initial and boundary conditions. The initial and boundary
condition losses Lic and Lpc in Equations (5) and (6) describe the mean square difference
between the current network approximation uny, {Nn and the true conditions uyc, (ic,
ugc at their respective locations [tjic = 0,x1c;| and [tgc;, xpc = const.]. Here, Nic and
Npc denote the total number of sampling points used to evaluate the initial and boundary
conditions, respectively.

1 N
Lic = 2 urc(xic;) — unn(t = 0,x1¢,))

Nic
1 sNie N — 0, x10 )2 5
+ [l (xici) — Onn(t = 0, x1¢,)] (5)
Nic
Lpe = ——xNac tpe) — tpCi X = 2 6
BC i [usc(tc,i) — unn(tgc,i, ¥ = xpc)] (6)

Npc

Violations of the PDE itself are quantified by applying automatic differentiation to
compute partial derivatives of the network outputs unn, {nn With respect to the inputs x, £.
This requires a differentiable input-output function. The PDE loss Lppg in Equation (7) is
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then the sum of mean squares of the individual PDE residuals f, and f; at some collocation
points [tppE i, XppE,i|. Accordingly, Nppg refers to the total number of sampling points for
evaluating the PDE residuals.
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Figure 1. Illustration of the network architecture for a physics-informed neural network (PINN) with
four hidden layers and ten activations per layer. The network computes horizontal velocity u and
sea-level elevation { as continuous functions in space x and time ¢. The PDE residuals f, and f;
for the momentum and continuity equations are computed using automatic differentiation on the
network outputs, as functions of the network inputs, during the PINN optimization. Note that our
subsequent experiments generally employed larger networks.

Lprpg = LppEu + LPDE¢
1 N
= N_Zi PDE [ £2(xpDE,i, tPDE,)|
PDE
1 NppEg [ £2
to T Uz (xeoeis tepE)] @)
PDE
Lastly, all three parts of the loss function are summarized with a respective weight
wppg, wic and wpc to compute the total loss Ly, in Equation (8). If not otherwise specified,

we set wppg = wic = wpc = 1 for the equal consideration of each term.

Liotal = wppgLppE + wic Lic + wpcLpc 8)

Recent PINN studies identified three main sources of errors (Figure 2) [45,69]. First,
in the optimization process, it is not guaranteed that the optimizer will converge to its
global minimum. This introduces an optimization error, given by the difference in accuracy
between the approximation after training and the global optimum. Second, the limited
accuracy with which even optimal parameters for the network architecture could produce
the true PDE solution leads to approximation errors. Third, when a finite number of
collocation points (x;, t;) are used to minimize the loss function, the network can over-fit
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on these points, leading to an estimation error [69]. Using more control points decreases
over-fitting, which leads to better generalization [70].

Sources of
error

optimization error approximation error estimation error
Ny
L L
L L N2
0 0
problems with finding a capability of the finite number of
global minimum network (architecture) collocation points

Figure 2. The three most relevant sources of errors for this deep learning problem are as follows:
the difference in accuracy between the approximate solution and the global optimum (optimization
error), the difference between the exact solution and the global optimum (approximation error), and
the error caused by over-fitting when using too small a number of collocation points (estimation
error) [45,69].

2.2. The Shallow Water Equations

The shallow water equations describe a specific case of the Navier-Stokes equa-
tions with a fluid layer of constant density under the hydrostatic approximation [68]. In
this approximation, the horizontal momentum equations and the continuity equation
fully describe the fluid motion. For the 1D case, the fluid motion can be obtained using
Equations (9) and (10), respectively. Their applications in Cartesian coordinates, as con-
sidered here, range from regional flood [71,72], tsunami propagation [73,74] and storm
surge [75,76] models to more localized river flow and sediment transport models [77].
Efficient, reliable, and accurate predictions for extreme events such as storm surges, floods,
and tsunamis are essential for early warning systems for populations in coastal areas.

A variety of numerical methods have been developed for solving geophysical fluid
modeling applications. For the SWE, numerical models employ different spatial discretiza-
tion schemes, including finite difference, finite volume, finite element, and spectral methods,
along with predominantly semi-implicit time integration schemes, for modeling water
bodies [78-81]. For atmospheric models, however, explicit schemes are common [82]. More
recently, discontinuous Galerkin methods have gained attention as a robust approach to
solving the shallow water equations [83]. Due to the inefficiency of discrete methods in
simulating coupled phenomena on vastly different time and space scales, there has been
extensive work on developing tailored discretizations and computational grids [84]. This
motivates the development of continuous, gridless methods such as PINNS.

PINNSs have shown promising results in mathematical test problems as well as fluid
modeling problems [3,16,59]. For more complex hydrodynamic or atmospheric modelling
applications, however, their ability to represent relevant phenomena and dynamics is less
clear. With this study, we therefore aim to facilitate the development of physics-informed
machine learning methods towards more complex applications based on shallow water
equations as well as other geophysical fluid dynamics applications.

2.3. Initial-Boundary Value Problem

We solved the 1D shallow water equations (SWE, Equations (9) and (10)) with a flat
bottom topography [68]. Here, u is the horizontal velocity, i = d 4 ( is the fluid layer
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thickness with undisturbed thickness d = const, and the sea-level elevation is {. The
parameter g is the gravitational acceleration constant and Ay is the horizontal diffusivity.

__ du aC ou 82u_
fu:= at+g£+ a—AH@—O )
.90 o0  ,ou _
f@- at+ Y +hax (10)

As a new test case, we propose an initial-boundary value problem based on
Equations (9) and (10) with the following parameter settings: d = 100 m, ¢ = 9.81 ms~?2
and Ay = 0 or 5 x 10* m?s~1, respectively. The spatiotemporal domain is within the
intervals x € [—L,L] and t € [0,75 h], where L = 10° km, as used below. We use the closed
boundary conditions expressed in Equation (11), meaning that the velocity is zero at the
domain boundaries. Initially, the horizontal velocity field u in Equation (12) is set to zero
and the sea-level elevation assumes a Gaussian bell shape at the domain center (¢ = 0)
with width ¢ = 100 km.

u(x=1Lt) =u(lx=—-L,t) = (11)
u(x,t=0)= (12)
o 25 _ X—U.»

The conceptual setup is depicted schematically in Figure 3, with the positive z-axis
pointing upwards.

X

Figure 3. The 1D shallow water equations describe the temporal change in the horizontal velocity
u and the sea-level elevation {. The sea-level elevation is measured from a reference sea level: the
bottom depth from the undisturbed surface d. Thus, the thickness of the water column / is defined as
h(x,t) =d+ {(x,t). On a staggered grid [85], the velocity is defined at the halfway point between
two surrounding sea-level points.

2.4. Training Setup

Here, we describe the specific model and training configurations for the PINN-based
model optimization. The methods described in this section are used in the default training
setup, while those described in the next section were tested as optional modifications.

Non-dimensionalization: For the model optimization, we minimize an objective
function incorporating the penalty terms for the violations of the PDEs and the initial
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and boundary conditions for both 1 and . For effective optimization, it is essential that
these terms do not vary by many orders of magnitude, as this would lead to some terms
dominating others. For the SWE, this problem is apparent when considering the scales
of u and g, as well as the difference in horizontal and vertical scales. In the given initial-
boundary value problem, u is approximately one order of magnitude smaller than ¢. An
effective way to counteract this is through the non-dimensionalization of the PDEs. For
each spatial and temporal dimension, a characteristic reference scale is chosen that is
representative of the domain size and phenomena. Then, all variables and derivatives
are scaled by their respective reference scale to obtain the dimensionless variables and
derivatives. The non-dimensionalized variables, derivatives, and constants indicated by the
hat are defined in Equations (14) and (15). Here, the characteristic horizontal and vertical
length scales are L and H and the characteristic time scale is T, as defined in Equation (16).
The definition of the vertical scale as a function of the horizontal length scale and the time
scale was adapted from previous work [45]. Parameter ¢ can be chosen to adjust the ratio
between vertical and horizontal length scales. For all the experiments presented below,
¢ = 1 was chosen.

=X f_i ﬁ_ﬁ_uz ]}_ﬁ
L 1T " u 'L H
s ¢ . 4 T . T
gzﬁ/ d:E' ngﬁ AH:AHﬁ (14)
9 _ 238 19 o 99 12 15)
ox ofox Log’ ot ofot Tof
LZ
L=10*km, T=1day and H—cg? (16)

Inserting the dimensionless variables and derivatives into Equations (9) and (10) and
simplifying them, we obtain the dimensionless form of the 1D-SWE given by Equations (17)
and (18).

;o0 oh  on .

A T A 17
A ) ]
foo= G aSg i =0 (18)

The terms f; and fg then replace f, and f; in Equation (7) to evaluate the violation of
the PDEs. After training, the network output is re-dimensionalized for comparison to the
numerical solution. Initial experiments without non-dimensionalization failed to converge
to PDE solutions.

Mini batch gradient descent: The collocation points for the local minimization of
the individual loss terms Lppg, Lc and Lic are sampled at random once at the model
initialization using Latin hypercube sampling [86]. For each training step, however, mini
batches with one percent of the points are considered for the gradient step. This means
that, for each epoch, one hundred gradient steps are taken.

Projected conflicting gradients: An optimization problem with a loss function con-
sisting of several learning objectives, such as Equation (8), is called a multi-task learning
problem. In general, minimizing the sum of the objectives is not guaranteed to minimize
each individual learning objective, and the different objectives may provide conflicting
gradients for the parameter updates. To address this problem, a projection of conflicting
gradients (PCGrad) was previously developed [23,24] that has been shown to improve
optimization results in certain scenarios involving highly conflicting gradients (i.e., an
angle ® > 90° between the gradients), high curvature in the objective function, and high
learning rates. The gradient projection is illustrated in Figure 4.
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Figure 4. For strongly conflicting gradients A and B, the PCGrad method [23,24] projects each gradient
onto the normal plane of the respective other vector. The difference between the original vector sum c
and the projected vector sum C illustrates how effective this can be for strongly conflicting gradients.
The schematic, however, is not mathematically accurate and only serves visualization purposes.

2.5. Additional Methods

In this section, we describe two additional modifications to our model architecture
and training setup, which we tested in further experiments to determine whether they
would increase the quality or speed of convergence.

Learning rate annealing: An alternative to PCGrad that could prevent a single term of
the composite loss function Ly, from being dominated by one of the loss terms is adapting
the weights wppg, wpc and wyc during training to balance the individual contributions.
One way of dynamically updating these weights during the optimization, based on the
gradient statistics, has been described in a previous study [25]. This approach is termed
Learning Rate Annealing (LRA). When using LRA, we use the hyperparameter setting
a = 0.9 as suggested for similar applications [64].

Transition functions: Physics-informed neural networks use separate loss terms for the
violation of the PDEs and the initial and boundary conditions. When all three loss terms
are low everywhere, an accurate PDE solution has been learned. However, if violations of
the PDE or its initial or boundary conditions occur at an early time point, the error may
propagate to later times even without further violations of the PDE. One way to address the
challenge presented by this potential accumulation of errors is to introduce hard constraints
to the initial or boundary conditions. In order to strictly enforce the initial or boundary
conditions, we applied transition functions to the network output y in Equation (1) in
some experiments. For these cases, u and { were not directly obtained from y, but were
instead obtained using one of three different formulas 77 (y), 72(y) or 73(y), as described
in Equations (19)—(22).

ol =70 = [0
[yo‘i’("‘“%‘;i‘f’(”f;““)} (19)

UNN| _ _ [ Tuz(vo)
o] =700 = 720

|y ()Y (e ) ¥ ()
hoexp(Zf) +y1¥ (%)

(20)
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] =70 = 7]

_ oY (e )Y (e ¥ ()
B [ ho + 1Y (+) @)
¥(z) =1—exp(—2z) (22)

The parameters 7, and T; are used to optimize the approximation ability of the model
and are given by 7y = 0.1 X ¥max and 7 = 0.1 X tmax. If non-dimensionalization is applied,
the parameters are scaled by the reference scales such that tmax = 3.125 and xmax = 1.
For the dimensional PDEs, we chose fmax = 75 h and xmax = L. It is straightforward to
verify that 77 (y) satisfies the boundary conditions for any ©, while 75(y), 73(y) satisfy
both the initial and the boundary conditions. When using these transition functions, we can
therefore discard Lgc, and in some cases Lic, from our loss function. Comparing 7, and
T3, we see that the former requires the network to learn a correction for an exponentially
decaying initial condition, while the latter learns a correction to a non-decaying version.

2.6. Numerical Reference Solution

For the given initial-boundary value problem described above, no analytical solution is
available. Hence, to evaluate the performance of the PINN-based model, we use a reference
solution computed by a numerical integrator as the ground truth. The numerical integrator
is based on a semi-implicit upwind integration scheme [78] using centered-finite difference
discretization in space, forward Euler in time, and an Arakawa C-grid [85]. On this grid,
the pressure points (i.e., where {, h are defined) are staggered by half of the spatial step size
dx from the velocity points. This integration scheme is mass-conserving, numerically stable,
and allows for larger time steps than explicit methods. The semi-implicit time stepping
requires solving a linear system at each step, for which we use the Gauf3-Seidel iteration. A
weighting parameter wimp controls the balance between the explicit and implicit solution;
we set this to wimp = 0.5 for the equal consideration of both. For the linearized 1D-SWE
without any consideration of advection or diffusion, this method has been shown to provide
second-order accuracy in both dx and dt [87]. While this may not generalize to nonlinear
SWE, it supports the suitability of this method for the given application.

Since we rely on a numerical reference solution as the ground truth for testing the
neural network-based solutions, here, we describe how we generated this reference so-
lution and checked its accuracy. The main task is to find sufficient spatial and temporal
resolutions dx and dt such that further increasing the resolution no longer leads to appre-
ciable differences in the PDE solution. To measure these differences, we used relative L;-
and Le-error norms. We define the quantities Ergg» and Ergs e in Equations (23)—-(26)
to describe the relative differences in ¢ and u when comparing two resolutions: dx; and
dx;_1. The index i ranges over the spatial grid at the coarsest resolution dx = 10 km. In
this context, Nyum represents the total number of grid points within the spatiotemporal
domain of the numerical reference solution, provided at the coarsest resolution.

Ny . .
\/ z; NOM (“&UM,dxj _uf\IUM,dxj71 )?
ERpsa(u) = (23)

NNUM (i 2
\/ % (ui\IUM,dxj71 )

(i i
max; (uNUM,dxj UNUMdx i1 )

ERgs,c0 (1) (24)

max; (ui\IUM,dxjfl )

E o \/Z?INUM (Q\IUM,dx]- 7€{\IUM,dx]-71 )2 25
RES2(C) = | \/2 O (e ) (25)
1 AXi

]
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(7 _zi
max; (gNUM,dx]v ENUM dx i1 )

max; (q\IUM,dxjfl )

(26)

ERES,00(4)

We apply the same approach to measure relative differences when adjusting dt. Since
the rate of convergence of the solution in dt depends on dx, we decreased dt for each dx
until the relative solution changed by < 1% for both Ergs» and Ergs «. We repeated this
procedure for dx = 10,2,0.4,0.8 km, so that the grid for every resolution contained the

10 km grid (Figure 5).
I N=5002 collocation points with dx=400m I
Usoo0
o (13
{o I ulzs (Igg uio 4088 {5001 Uspo1
| | | | | | I 1
X=-1000.2km X=-995km X=-990km X=-985km X=-980km X=995km X=1000.2 km
X=1000.4 km
I N=1002 collocation points with dx=2km I U1000
U,
[ 0 §|3 Us €] Uy (TH C1001 U001
| | | | | | o
X=-1001km X=-995km X=-990km X=-985km X=-980km X=995km X=1001km  X=1002km
I N=202 collocation points with dx=10km I
U200
io Ho €|1 u|1 {IZ u|2 $200 $2001  Uzoo1
I 1 I I I I I I
X=-1005km X=-1000km X=-995km X=-990km X=-985km X=-980km X=995 km X=1000 km
X=1005 km X=1010 km

Figure 5. This schematic shows how, for the chosen spatial resolutions dx, both u and { of the
numerical solution regularly coincide on the coarsest grid. The choice of dx allows for the down-
sampling and, hence, the comparison of the numerical solution for different resolutions. Down-
sampling for the case dx = 8 x 10~2 km works analogously.

Tables 1 and 2 report the relative differences across dx after the solution has already
converged for both dx values with respect to df. In simulations with momentum diffusion
(Ag > 0), we used a minimum value of dx = 0.4 km to ensure numerical stability, and
simulations without momentum diffusion showed convergence at dx = 0.4 km, so we used
this spatial resolution to generate the reference solution in both cases. These results suggest
that the reference solution closely follows the true PDE solution, with deviations in the
range of 2—4%.

Table 1. Differences between numerical solutions with decreasing spatial step size dx for Ay = 0:
The relative norms are always computed relative to the next-coarsest resolution.

dx; [km] 2 4x1071 8 x 1072
dt; [s] 1 1 1
ERes2(¢) [%] 5.99 1.16 0.59
Ergs,2 (1) [%] 7.13 1.35 0.70
EREs,e0({) [%] 12.69 1.80 1.12
EREs,eo (1) [%] 18.76 3.27 1.98
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Table 2. Differences between numerical solutions with decreasing spatial step size dx for
Ap =5 x 10* m?s~!: The relative norms are always computed relative to the next-coarsest resolution.

dx; [km] 2 4x107!

dt; [s] 1 5x 1071
ERgs2(Q) [%] 4.30 0.86
Ergsa(u) [%] 5.33 1.05
EREs,e0 () [%] 4.86 0.97
EREs o0 (1) [%0] 9.65 1.96

2.7. Supervised Training on the Reference Solution

Multiple sources of error may lead to an inaccurate PINN approximation. One pos-
sibility is the insufficient approximation capability of the network architecture. In order
to assess the network’s approximation capability, we used supervised learning, training
the network to minimize square differences from the reference solution (Equations (27)
and (28)). In this case, the loss depends only on the network outputs of the reference
solution’s grid points [tk Xum), With Nyum denoting the total number of grid points.

1
NnuMm

N . .
LNumu = 2N (v — ) (27)

Lnumg = ZlNNUM (Chum — CAn)? (28)

NNum

The test below is used as a reference to evaluate the accuracy with which the network
function can approximate the reference solution. For this case, we use the full-batch gradient
descent, meaning that we compute each gradient step on all grid points of the numerical
solution. While we evaluate the mean squared difference to the reference solution, we use
the relative Lnum 2- and Lnum,-norms defined in Equations (29)-(32) to measure the final
accuracy, as in previous studies [16,45].

N , ,
_ \/Zi MM (oM — U

Lnuma(u) = ~ , (29)
Zl NUM(M&UM)z
LNuM,eo (1) = mai(thun — o) (30)
’ max; (U m)
ZZNNUM gi _ gi 2
Lnomp(0) = \/ N( NUN,I ) (31)
_ max; (yum — Shn)
LNUM,(0) = maxi (o) (32)

2.8. Implementation and Deployment

All model experiments were conducted using the machine learning library PyTorch [88]
1.10 within Python 3.10. Training used adaptive moment estimation (Adam) and Limited-
memory Broyden-Fletcher—Goldfarb-Shanno (LBFGS) optimizers, specifically the PyTorch
versions torch.optim.adam.Adam, torch.optim.LBFGS and the open-source implementation
LBEGS Armijo with Wolfe line search [89,90], on a single NVIDIA Tesla V100 graphics
processing unit (GPU). The reference solution was computed in FORTRAN90. We limited
the training time to 72 h, as longer durations would be impractical for this task and limit
the comparison to numerical methods with a much lower computational cost.
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3. Results
3.1. PINNs Can Solve Closed-Boundary SWEs

We carried out initial exploratory experiments to determine a default setup for training
PINNS to solve SWEs, testing a range of network, optimization, and learning configurations.
We tested two implementations of the second-order LBEGS optimizer, but both produced
fast convergence to inaccurate solutions, so we used ADAM optimizers in subsequent
experiments. Networks that used sinusoidal activation functions [91] or a mix of rectified
linear units (ReLU) and tanh units produced similar or inferior results, so we used tanh
activations exclusively. Small deviations from the default learning rate & = 0.0005 did
not affect the results, but much higher learning rates led to divergence while lower rates
increased the training time. Training was successful only for non-dimensionalized SWEs.
With respect to the choice of the scaling parameter ¢, we found that ¢ = 1 led to a balanced
optimization of { and u. Full-batch and mini-batch optimization led to comparable quality
in the results at equal numbers of gradient steps, such that mini-batch optimization was
more efficient due to the shorter computation time that was required per step. Resampling
control points every epoch caused sudden peaks to appear in all loss terms afterwards,
which slowed convergence. We therefore used mini-batch gradient descent with a fixed set
of control points over all epochs.

Using these default settings, we applied PINNs to solve two versions of the SWEs.
In scenario A, waves propagate without the horizontal diffusion of velocity (Ay = O,
Figure 6a), while in scenario B they slowly dissipate due to the dispersive PDE term
(Ag = 5 x 10* m?s~!, Figure 7a). In both scenarios, the initial Gaussian bell splits into to
waves that reflect repeatedly from the domain boundaries. For both scenarios, training
PINNSs with our default settings yielded a PDE solution that closely resembled the numer-
ical solution, with all wave reflections represented and errors 1-2 orders of magnitude
smaller than the solutions (Figures 6b,c and 7b,c). Errors tended to increase over time
and were highest around the wave peaks. We quantified these errors using Lnum 2- and
LNUM,co-norms (Equations (29)—(32)), averaging over five training runs with random initial-
ization, which exhibited high consistency (Table 3). Average errors ranged from 3 to 10%
depending on the error metric and PDE variable, but were generally higher for horizontal
velocity than for elevation.

(a): Numerical Solution (b): Network Output (c): Absolute Difference
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Figure 6. Numerical reference solution, PINN output and their absolute difference for the sea level
elevation ¢ and the horizontal velocity u with Ay = 0, corresponding to the first column (PINN-A)
in Table 3.
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(a): Numerical Solution (b): Network Output (c): Absolute Difference
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Figure 7. Numerical reference solution, PINN output, and their absolute difference for the sea-level

elevation ¢ and the horizontal velocity u with Ay = 5 x 10* m?s~!

column (PINN-B) in Table 3.

, corresponding to the second

Table 3. Differences compared to the numerical reference solution for cases A (Ag = 0) and B
(Ag =5 x 10* m2s1) for models trained on the PINNSs loss function and models trained supervised
(SUP) on the reference solution. Here, we set Nic, Ngc = 4 x 10%, Nppg = 1 x 10° with a network
size 4 x 100 and using PCGrad https://github.com/WeiChengTseng/Pytorch-PCGrad (accessed on
15 August 2024).

Model PINN-A PINN-B SUP-A SUP-B
Lnum2(2) [%] 3.15 2.15 0.30 0.26
Lnum,z (1) [%] 3.76 2.71 0.62 0.60
LNUM, 00 () [%] 5.93 2.15 0.75 0.58
LNUM 0 (1) [%] 10.22 4.02 2.86 3.04

tcomp [h] 64.32 64.38 25.46 33.11

These results show, to our knowledge for the first time, that PINNs can learn solutions
to SWEs with closed boundaries. However, convergence for both scenarios required >64 h
over ten thousand epochs on a single GPU. Clearly, this cost-accuracy trade-off is not com-
petitive with conventional numerical methods which required, depending on resolution,
from one minute to two hours on a single central processing unit (CPU). We therefore fo-
cused our subsequent experiments on understanding how the PINNs optimization process
arrives at a PDE solution, and whether the specialized techniques proposed for training
PINNSs could produce an accurate solution more quickly.

3.2. Evolution of PDE Solution and Loss Terms during Training

To investigate how PINNs converge to solutions of the SWEs, we tracked individ-
ual loss terms and differences from the reference solution over the optimization process
(Figure 8a,b). A more detailed representation of the individual contributions to the PINNs
loss function is given in Figure 9a,b, where the loss functions for the PDEs and initial
conditions are shown separately for { and u, and for both individual boundary conditions
for u as well. The relation between the changes in the difference to the reference solution
and the PINNSs loss can be used to determine how the physics-informed optimization
contributes to higher accuracy.


https://github.com/WeiChengTseng/Pytorch-PCGrad
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In both cases, the differences between the reference solution Lyum,c and Lnum,u
decrease slowly for up to roughly 2000 epochs. Between 2000 and 4000 epochs, they rapidly
decrease by between one and two orders of magnitude and finally continue to decrease
steadily at a low rate (see Figure 8a,b). The period with the largest decline in the difference
to the reference solution coincides with a steep decrease in the boundary condition loss
Lpc, whereas the initial condition and PDE losses Ljc and Lppg decrease more steadily. In
contrast, the latter most strongly decrease within the initial 1000 epochs when the network
approximation is still highly inaccurate.

This demonstrates that, to achieve fast convergence to accurate solutions, it is crucial
to closely obey the no-outflow boundary conditions. This fast decline can also be seen
in the momentum equation loss Lpp,,, but not in the continuity equation loss Lppg,¢
(see Figure 9a,b), which indicates a connection to the boundary conditions, for example,
at the locations of reflection. The steady late training period from 4000 to 10,000 epochs
significantly improves the final model’s accuracy, but also more than doubles the amount of
time required to obtain a feasible solution due to the low rate of decrease in the difference
from the reference solution. Nonetheless, a reduction in the number of epochs may degrade
the resulting solutions unacceptably. Overall, the difference compared to the reference
solution is on the upper end of the estimated uncertainty range in the reference solution.
Therefore, the network approximation can overall be said to have solved the PDE. For
case B, the approximation shows even higher accuracy, which suggests that the model is
adaptable to various physical settings.

(a) PINN-A: A,=0 (b) PINN-B: Ay =5 x 10*
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Figure 8. The evolution of the individual PINNs’ loss function terms, as well as the difference from
the numerical reference solution, are shown in the model optimization. The four cases correspond to
the four columns in Table 3. The shaded lines show the loss per epoch and the solid line shows the
respective running mean over 100 epochs each.
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Figure 9. The evolution of the individual PINNSs loss function terms separated for u and ( are
shown over the model optimization. The four cases correspond to the four columns in Table 3. The
shaded lines show the loss per epoch and the solid line shows the respective running mean over
100 epochs each.

3.3. Evolution of the Network Approximation over Training

In an effort to analyze the training process and to identify the factors impeding fast
convergence, we compared the network output for  and u, and the spatiotemporal distribu-
tion of the PDE residuals f; and f,, throughout the model optimization. The evolution of the
network output and PDE residuals for case A are shown in Figures 10 and 11, respectively,
over the first 4000 epochs of training, which is consistent with other model experiments,
including case B.

The change in the network approximations for { and u (see Figure 10) illustrates the
step-wise learning process of the PINN-based model over the time interval. At each training
step, the output only shows a further wave propagation after the previous propagation
and reflections have been learned. This process resembles a wave propagation over time
or a step-wise integration of the wave signal. Despite the minimization of the PDE loss
over the entire domain at all gradient steps, the solution is learned sequentially in time,
approaching the reference solution from earlier to later states.

This sequential learning of the solution is in accordance with the different rates of
decrease in the difference to the reference solution over the optimization in the training
curve (see Figure 8a). Over the initial 2000 epochs, the network approximation strongly
deviates from the reference solution in a large part of the domain. Between 2000 and
3000 epochs, the network completely learns the pattern of wave propagation, which causes
a rapid decrease in the differences to the reference solution. In the subsequent epochs,
the network makes small adjustments over the entire domain, leading to the low rate of
decrease in the differences to the reference solution between 4000 and 10,000 epochs.

Comparing the changes in the continuity and momentum equation (see Figure 11)
residuals over training, the sequential learning of the wave propagation is apparent in
both residuals. While the areas of undisturbed sea level show a steady decrease in the
residuals over the first 4000 epochs, they increase by several orders of magnitude in the
areas of wave propagation. This mismatch between the changes in the PDE residuals and
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the difference from the reference solution show that low PDE residuals do not guarantee
accurate solutions, but accurate solutions do not necessarily lead to low PDE residuals.
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Figure 10. The evolution of the network outputs 1 and { for Ay = 0 are shown over the model
optimization for the first 4000 epochs corresponding to the first column (PINN-A) in Table 3. This
illustrates the sequential learning of the solution over time.
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Figure 11. Evolution of the PDE residuals f, in the momentum equation and f; in the continuity

equation for case A with Ay = 0 are shown over the model optimization for the first 4000 epochs

corresponding to the first column (PINN-A) in Table 3.

These findings suggest that both the initial learning of the wave propagation and
the slow convergence to the reference solution in the later training period contribute to
long training times. The sequential learning of the individual reflections underlines the
importance of the accurate representation of the boundary conditions to the ability to model
all wave reflections. It is also consistent with the previously noted coincidence between the
decrease in the differences from the reference solution and boundary condition losses.
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3.4. Supervised Training on the Reference Solution

To evaluate the possible limitations of the approximation ability of the neural architec-
ture regarding the quality and speed of convergence, we trained neural networks to solve
cases A and B to determine whether the network is able to learn the reference solution
more accurately when trained directly on the numerical solution with a supervised least
squares loss. As in the previous experiments, we show the numerical reference solution,
the network approximation after training, and their absolute difference for both J and u
in Figures 12 and 13, with the respective differences in the Lnum2- and Lnum,co-norms
shown in the last two columns of Table 3.

When trained directly on the reference solution, the network approximation’s differ-
ence from the reference solution is, below 0.5% and 1% in the Lnum 2-norm, and below
1% and roughly 3% in the Lnum co-norm for ¢ and u, respectively, in both test cases (see
Table 3). The absolute differences compared to the reference solution do not show an
increase over the time interval, as they did for the physics-informed optimization (see
Figures 12c and 13c). In comparison to the PINN-based model, the training curves show a
more gradual decrease in all loss terms over the entire training period, except from some
initial fluctuations in the initial and boundary condition losses (see Figures 8c,d and 9¢,d).
During this initial training period, the PDE losses rapidly increase, but then continue to
steadily decrease. This initial peak may be due to the absence of physical constraints in this
case, allowing for physically inconsistent solutions if they lead to a better match with the
reference solution. While the initial and boundary condition losses are comparable for both
training modes, training on the reference solution leads to higher PDE losses in the final
network output by approximately two orders of magnitude.

These results suggest that the approximation capability is not a limiting factor for the
model accuracy and does not impede fast convergence. Rather, the error accumulation over
time and the slow sequential learning of the wave propagation in the PINN-based model
may be caused by optimization problems originating from the PDE loss function. This is
also indicated by the mismatch between accurate solutions and low PDE residuals that
occurs both when training on the reference solution and when using the physics-informed
loss. Another possible source of the differences in the two training modes is uncertainty in
the reference solution itself.
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Figure 12. Numerical reference solution, network output, and their absolute difference for supervised
training with Ay = 0, corresponding to the third column (SUP-A) in Table 3.
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(a): Numerical Solution (b): Network Output (c): Absolute Difference
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Figure 13. Numerical reference solution, network output, and their absolute difference for supervised

training with Ag =5 X 104 m3s—1, corresponding to the fourth column (SUP-B) in Table 3.

3.5. Sensitivity Study

We additionally assessed how the accuracy of the PINN-based solution could depend
on estimation errors arising from the finite set of control points as well as the network
architecture. To this end, we performed sensitivity experiments on the total number of
control points Njc, Npc and Nppg per epoch, and on the network width and depth (i.e., the
number of layers and number of activations in each layer). The accuracy reached in two
additional experiments, with one half and a quarter of the control points, was compared to
the default experiment of test case B in Table 4. Similarly, for two smaller network sizes
with 2 and 3 layers, with 30 and 50 activations per layer, respectively, the comparison with
the default network architecture is shown in Table 5. In these experiments, we set the
number of sampling points to the lowest setting.

Table 4. Differences compared to the numerical reference solution for different numbers of collocation
points for A =5 x 10* m?2/s. All other training parameters are equal to Table 3.

Nic, Ngc 1 x 10% 2 x 10% 4 x 10*

NpDE 2.5 x 10* 5 x 10% 1 x 10°
Laum2 () [%] 1.95 1.98 2.15
Laumz (1) [%] 2.50 2.53 2.71
LNUM,e(Q) [%] 1.91 1.91 2.15
LNUM 0o (1) [%] 3.34 3.37 4.02
tcomp [l 27.57 37.40 64.38

Table 5. Differences compared to the numerical reference solution for different network sizes with
Nic, Ngc =1 x 104, Nppg = 2.5 x 10* for Ay = 5 x 10* m?/s. All other training parameters are as
in Table 3.

Network Size 2 x 30 3 x50 4 % 100
Lauma(Q) [%] 65.83 47.65 1.95
Lnuma (1) [%] 82.68 59.90 2.50
LMo (0) [%] 64.57 54.33 1.91
LNUM 0 (1) [%] 84.83 70.71 3.34

teomp [h] 24.32 25.57 27.57
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For all three experiments with variable numbers of sampling points, there is close
to no difference in accuracy and the differences compared to the reference solution are
consistently between 2 and 4% in the Lnum2- and LNum,o-norms (see Table 4). This
means that there is no considerable influence of estimation errors that would lead to the
over-fitting of too-small sample sizes. Instead, when using far fewer control points, an
equal accuracy can be maintained.

In contrast to this, the observed accuracy strongly depends on the network size. For
both smaller network sizes, the network approximations are inaccurate, with differences
compared to the reference solution of above 47% and 64% for { and above 59% and 82%
for u in both norms. Hence, network sizes much smaller than the one used in the default
experiment are not feasible for this task (see Table 5). While even larger network sizes
might improve accuracy, we did not consider them here for two reasons. Firstly, we reached
the limit of the memory and run time on a single GPU. Secondly, supervised training on
the reference solution showed an even higher accuracy compared to the PINN solutions
when using the same network architecture. For this reason, we conclude that network size
was not a significant limitation for the scenarios we studied.

Together, the results of training on the reference solution and the sensitivity experi-
ments indicate that neither approximation nor estimation errors pose a limitation to the
quality and speed of convergence. As a consequence, in subsequent experiments, we
focused on improving the optimization with specialized training modes.

3.6. Specialized Training Modes

With the aim of improving the speed and quality of convergence, we tested two spe-
cialized training modes: the projection of conflicting gradients (PCGrad) and an adaption
of the loss weights wppg, wpc and wic over training, called learning rate annealing (LRA).
While we had already applied PCGrad in the default setup, we here compare the optimiza-
tion properties with and without this method. We compared three different experiments
for case B: the first using neither of the two methods, the second only using PCGrad, and
the third using both PCGrad and LRA. The differences compared to the reference solution
are shown in Table 6 and the respective training curves are shown in Figure 14.

The use of PCGrad leads to a small but consistent improvement in the achieved accu-
racy, of approximately 0.5-1% in the Lnum,2- and Lnum,-norms (see Table 6). Moreover,
when comparing the evolution of the difference to the reference solution as well as the
individual parts of the PINNSs objective function (see Figure 14a,b), the experiment without
PCGrad shows higher-amplitude oscillations, both in the running mean (solid line) and
in the loss per epoch (shaded line). These high-frequency oscillations not only locally
increase the difference from the reference solution, but also contribute to instabilities in
the training. Specifically, at approximately 6000 and 9200 epochs, increases of about two
orders of magnitude in the differences from the reference solution can be seen for the
experiment without PCGrad (see Figure 14b). The experiment using PCGrad does not show
any sudden increases in the differences from the reference solution and generally contains
lower oscillations with a more consistent decrease. This may improve the training efficiency
and, ultimately, the accuracy. Nevertheless, no significant speedup in convergence could
be achieved.

To assess if LRA could lead to an improvement in optimization, we tested it both in
combination with PCGrad and on its own. As the results were equal in both cases, we
here only report those obtained in combination with PCGrad. For this case, the differences
compared to the reference solution remained above 70% for ¢ and above 90% for u (see
Table 6). Considering the minimization of the individual parts of the composite objective
function (see Figure 14c), there seems to be an imbalance in the consideration of the PDE
loss term compared to the initial and boundary conditions. While the latter decrease rapidly
at the beginning of training, the PDE loss only decreases at a very low pace throughout
the optimization. This indicates that LRA fails to equally optimize the individual learning
tasks and therefore impedes accurate solutions. Due to the additional computation time
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caused by the LRA algorithm, the amount of epochs was reduced to 5000 for a comparable
cost of training.
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Figure 14. The evolution of the individual PINNs loss function terms as well as the differences to
the numerical reference solution are shown for the model optimization. The three cases correspond
to the columns in Table 6. The shaded lines show the loss per epoch and the solid line shows the
respective running mean over 100 epochs each.
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Table 6. Differences compared to the numerical reference solution for training settings with and
without the use of PCGrad and Learning Rate Annealing with Agy = 5 x 10* m?/s. All other training
parameters are equal to Table 3.

PCGrad Off On On

LRA Off Off On
Lxum2(2) [%] 2.85 2.15 72.87
Lauma (1) [%] 3.59 2.71 91.14
LNUM,eo () [%] 2.68 2.15 74.50
LNuM.eo (1) [%] 451 4.02 90.48
tcomp [h] 63.58 64.38 59.34

Despite small improvements in the stability and accuracy of training when using the
PCGrad method, none of the two methods led to a sufficient speedup that would make the
cost of training feasible. A comparison of the results for both methods suggests that, in this
particular case, the occurrence of conflicting gradients from individual learning tasks was
more relevant than the respective weights.

3.7. Hard Constraints on Initial and Boundary Conditions

Some of the previous results indicated that, for the PINN-based model, the sequential
learning of the wave propagation, and particularly learning the reflections, contributes to
the slow convergence (see Figures 8a,b and 10). Obeying the no-outflow boundary condi-
tions was shown to be important for an accurate representation of the wave propagation, as
the difference to the reference solution decreases rapidly with decreasing boundary condi-
tion losses (see Figures 8 and 9a,b). To address this, we modified the network architecture
by applying transition functions so that the network output always satisfies the boundary
conditions, and in some cases also the initial conditions, regardless of the network parame-
ters. The aim was to speed up convergence by reducing the number of learning tasks and
facilitating the learning of the wave propagation and reflections. Furthermore, this could
prevent local violations of the boundary conditions that could lead to inaccurate solutions.
The differences between the network approximation and the reference solution for all three
tested transition functions 77, 7, and 73 are shown in Table 7 and the respective training
curves are shown in Figure 15.

Table 7. Differences compared to the numerical reference solution for architectures with all three
transition functions and the default case for comparison with Ap; = 5 x 10* m?/s. All other training
parameters are equal to Table 3.

Transition Function None T1 T2 T3
Lnum2(2) [%] 2.15 55.28 54.33 57.90
Lnum 2 (1) [%] 2.71 69.45 68.10 72.59
LNUM,00 (0) [%] 2.15 57.20 57.36 59.27
LNUM,e0 (1) [%] 4.02 72.07 73.10 73.08

tcomp [h] 64.38 56.00 58.46 58.21

As a first test, we applied the transition function 7; to only constrain both boundary
conditions. Despite reducing the amount of learning tasks and accurately representing the
boundary conditions, the network approximation did not achieve any differences compared
to the reference solution below 50% (see Table 7). The change in the PDE and initial
condition losses over training shows that the optimization failed to minimize both equally.
While the initial condition loss rapidly decreased at the beginning of training, the PDE loss
converged above a high threshold, thereby preventing accurate solutions (see Figure 15b).
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To reduce the amount of learning tasks even further and additionally satisfy the initial
condition implicitly, we tested two further transition functions 7, and 73. Still, the network
optimization failed to sufficiently decrease the PDE residuals and equally obstructed the
convergence to accurate solutions (see Figure 15c,d). The differences compared to the
reference solution here also remained above 50%. Accordingly, no improvement in the
quality or speed of convergence was reached.
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Figure 15. The evolution of the individual PINNSs loss function terms, as well as the differences
from the numerical reference solution, during the model’s optimization are shown. The four cases
correspond to the columns in Table 7. The shaded lines show the loss per epoch and the solid line
shows the respective running mean over 100 epochs each.

4. Discussion
4.1. Main Obstacles to Accuracy and Efficiency

We demonstrated that, although PINNs can learn wave reflection scenarios based on
the shallow water equations (SWE), this comes at the cost of unfeasible training times. Our
experiments suggest that the primary limitations in quality and convergence speed are
not due to the network architecture’s approximation capability or estimation errors (see
Tables 3-5). Instead, we observed systematic characteristics of the optimization process
that limit the efficiency of PINNSs in this task and may extend to other applications.

One key factor limiting accuracy is the rapid accumulation of errors over the time
domain, reflected in the increase in the absolute differences between the reference solution
and the PINN-based model’s approximation (see Figures 6¢ and 7c). This error accumula-
tion does not occur when using supervised training on the reference solution, suggesting
that it stems from the physics-informed optimization process rather than the network
architecture’s approximation capacity.

Regarding convergence speed, the main obstacle is the sequential learning of wave
propagation, which is hindered by the challenge of learning wave reflections at the bound-
aries (see Figure 10). Attempts to mitigate these limitations, such as adjustments to the
optimization strategy, yielded only marginal improvements. In the following sections, we
elaborate on these two aspects and discuss them in the context of the existing research.
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4.2. Accumulation of Errors and Locality

To illustrate how errors accumulate over time in the PINN approximation, despite
the continuous representation of the solution, we provide an upper bound for the absolute
difference between the approximate solution f(x, t) and the exact solution f(x,t). In this
idealized setting, we assume that both f(x,t) and f(x, t) are continuously evaluated, with
f(x,t) perfectly matching the true boundary conditions. The absolute difference is then
bounded by the difference in the initial states f(x,0) and f(x,0), plus the time-integrated
absolute difference between their time derivatives, as shown in Equation (33).

This time-integrated difference can be expressed as the product of time ¢ and the

expected value Et’~U(0 b When the initial conditions are perfectly represented, i.e.,

|f(x,0) — f(x,0)| = 0, the upper bound reduces to a term that scales linearly with time.
Thus, even with perfect initial conditions and a continuous representation of PDE residuals,
small differences in the derivatives may accumulate over time. While the PINN optimiza-
tion does not directly minimize the difference in the time derivatives, but rather a sum of
derivatives expressed by the PDEs, we assume for this idealized comparison that low-PDE
residuals would also lead to low differences in the time derivatives themselves.

Although automatic differentiation and the continuous solution representation offer
advantages over traditional discrete numerical integration by reducing step-wise errors,
these small discrepancies in the derivatives can grow significantly over long intervals. This
is exacerbated by the discrete evaluation of all loss terms, including PDE residuals, and the
imperfect representation of the initial and boundary conditions.

Fet) = flx, )] = I[f(x, ) = F(x,0)] + f(x,0) = ([f(x,£) = f(x,0)] + f(,0))]
fo,t)—f(xfo)]—[f(x,t)—f( 0)] + [f(x,0) ~ f( 0]
+[f

| [/ (x,0
< f(x,0) = f(x,0)[ + |[f(x,£) = f(x, )] + [f(x,0)

(,0) = £(x,0)]
— 1 0) o)+ [ af(g;” af(t Lar|
< 1f(x0 x0|+/t,_t fot af(xt)|dt
— 1/(x,0) = f(x,0)| +1- Et/NU(O,tﬂaf f) o) (g

Firstly, PDE residuals in PINN optimization are evaluated at a finite number of points
rather than continuously, which can lead to faster error accumulation in unsampled regions
of the domain where larger PDE violations may go undetected. Secondly, errors in the
initial and boundary conditions propagate over time. Since the unique solution of the PDEs
depends on these conditions, deviations from them allow the solution to diverge from the
true solution without increasing the PDE violation.

This reliance on the accuracy of earlier states has been linked to a lack of consideration
for the causal structure inherent to physical systems [29]. This stems from the evaluation
of PDE residuals at point locations, which only reflect local violations at the specified
time, without accounting for errors carried forward from previous states. In the absence of
supervised information inside the domain, this will increase error accumulation over time.
Combined, the accumulation of PDE violations over time, inaccuracies in initial and bound-
ary conditions, and the locality of the residual evaluation present significant challenges to
achieving optimal accuracy in the PINN optimization process. This is demonstrated by the
increase in absolute differences over time in our experiments (Figures 6¢ and 7c).

4.3. Sequential Learning

In our experiments, the evolution of the PINN approximation during optimization
shows that, for the considered test cases, the PINNs learn an accurate representation of
the system states sequentially over time. This means that PINN optimization requires an
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accurate representation of earlier states before later states can be captured (see Figure 10).
This sequential learning may be tied to the propagation hypothesis and propagation
failure [32] and the lack of physical causality [29] described in previous work. In the context
of PINNSs, supervised information about the true system state is typically confined to the
initial and boundary conditions at the edges of the time interval. This limitation does not
apply to scenarios where additional data are provided across the domain, such as during
interpolation or data assimilation applications [3,92-94]. Within the unsupervised regions,
the accuracy of the solution depends on the propagation of information from the initial and
boundary conditions through the optimization of the PDE residuals [29,32]. In this context,
accurate solutions are generally expected to propagate from supervised to unsupervised
regions, which, while sequential in time for our case, could differ in other scenarios.

In our experiments, reflections were only learned once the wave propagation in the
learned solution reached the boundary, leading to a conflict between the wave propagation
and the boundary conditions. A wave propagation beyond the boundary does not increase
the PDE loss, as it satisfies the PDE under open boundary conditions. As a result, the
physics-informed training adjusts the learned solution to reconcile both the PDEs and the
closed boundary conditions only after such a conflict arises. This reliance on initial and
boundary condition propagation can be explained theoretically by the properties of the
initial-boundary value problems. Without specified initial and boundary conditions, no
unique solution exists, but rather a family of solutions that satisfies the PDEs. This means
that PDE residuals may remain low even for inaccurate solutions, provided they satisfy the
PDEs within the domain.

A clear example of this is when wave heights and velocities drop to zero within
a short time interval. Early in training, we observed that the network approximation
(Figure 10b) approaches zero in the second half of the time interval, corresponding to lower
PDE residuals (Figure 11b), despite the solution being closer to the reference solution at the
start of the interval. Conversely, an accurate solution can have high PDE residuals if earlier
states are inaccurate or if small-scale variability causes PDE violations without significantly
reducing accuracy. This may explain the higher PDE residuals that were obtained for the
accurate solutions when training on the reference solution (see Figure 9¢,d).

The dependence on earlier states has several implications for optimization. First, each
gradient step is limited in how much it can improve the solution’s propagation based on
the current approximation. Consequently, the optimization requires many training steps to
propagate information through the domain. Second, localized boundary conditions or PDE
violations with low total loss contributions can lead to the dissipation of the solution within
a small time interval. This indicates that intermittent increases in the total loss function
are essential for attaining the global optimum and achieving an accurate approximation.
Furthermore, this implies that the second-order LBFGS optimizers rapidly converged to
local minima, thereby preserving inaccurate solutions. This property of PINN optimization,
where second-order methods converge to saddle points for non-convex loss functions due
to the missing consideration of negative curvature, has been noted in previous studies,
with first-order methods often showing superior results by avoiding such convergence [95].

Recent advancements aim to address some of these challenges with various strategies.
To mitigate the lack of causality between different time states, a causality parameter was
introduced into the PDE loss formulation to control the weighting of PDE residuals at each
location, enforcing the minimization of earlier residuals before moving to later states [29].
Additionally, evolutionary sampling methods were developed to prioritize sampling in
causally relevant regions of the domain [32]. There has also been a shift from using
the Ly-norm for the PDE loss to the Lo-norm, which can better account for the high local
violations that could lead to spurious solutions [56]. Hybrid PINN methods that incorporate
discretized numerical approximations have also been explored, speeding up convergence
by linking neighboring locations within the domain [34-36]. Another promising branch of
PINN development towards additional constraints is network architectures incorporating
Hamiltonian mechanics [96-99], which have recently been extended from ordinary to partial
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differential equations [97]. With respect to modeling ocean waves, specialized optimization
algorithms such as the nature-inspired water wave optimization algorithm [100] may also
improve the accuracy and efficiency of PINN optimization.

4.4. Limitations

Our results should be viewed in the context of several limitations. First, it is chal-
lenging to assess the efficiency of training PINNSs, as well as the utility and generality of
specialized training approaches, across a wide variety of problems. This study provides a
detailed analysis of a very specific scenario, and the results may not be directly applicable
to other contexts. Furthermore, the range of optimization methods, sampling strategies,
and network architectures considered was limited to maintain computational feasibility.
The exploration of further hyperparameter configurations, including the choice of scaling
parameters, may offer further potential for increasing efficiency. In addition, we limited
the training time to 72 h using a GPU due to the practical requirements of real-world
applications such as storm surge and tsunami prediction, where both accuracy and speed
are critical. In these scenarios, with lead times ranging from only a few hours to a few days,
the time available for computation is also limited to a few hours. Despite these limitations,
our results provide valuable insights that can inform the future development of PINNS,
particularly for geophysical fluid dynamics and coastal applications.

5. Conclusions

In this study, we demonstrated that physics-informed neural networks can successfully
learn wave reflection scenarios based on the 1D SWE, which are relevant for geophysical
fluid dynamics in coastal applications. However, optimization challenges arising from the
physics-informed loss function limit both the speed and quality of convergence. These
limitations are primarily due to the accumulation of errors over time and the sequential
learning of the solution, both of which depend on the accuracy of earlier system states [29,32].
Since existing PINN-specific techniques did not yield significant improvements in training
efficiency, we propose that this problem may serve as a valuable test case for future
advancements in physics-informed machine learning.

To expand this application to operational forecasting systems aiming to predicting
significant or maximum wave heights during storm surges or tsunamis, several develop-
ment steps remain. First, PINN models must be extended to two-dimensional domains
with complex features such as areas with varying topography, coastlines, and estuaries.
These models would also require additional boundary conditions to account for open
boundaries, tidal influences, and wind forcing. While previous attempts have explored
replacing SWE-based flood models with PINNSs using simplified wave equations [101],
SWE-based PINNS still need to prove their suitability for such applications.

Furthermore, the current training approach is limited to specific initial conditions,
meaning that each new prediction would require retraining the model. Ongoing work
on generalizing neural networks for initial and boundary conditions, such as the deep
operator network (DeepONet) [102] and multiple-input operator network (MIONet) [103],
alongside proposed extensions for physics-informed training [104-107], could resolve this
issue. By eliminating the need for repeated training, PINNs could enable faster predictions
for new conditions.

In the broader context of PINN development, this work highlights the need for special-
ized training methods that address potential failure modes and slow convergence. Recent
advances, including evolutionary sampling [32], hybrid PINNs with discretized difference
approximations [34-36], and causality-respecting PINNs [29], show promise in improving
the efficiency of PINNs. The development of efficient and scalable training methods will be
crucial to making PINNs competitive with traditional numerical methods.
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