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Abstract: The main objective of this work is to apply a novel and accurate algorithm for solving
the second-order and fourth-order fractional diffusion-wave equations (FDWEs). First, the desired
equation is reduced to the corresponding Volterra integral equation (VIE). Then, the collocation
method is applied, for which the Chebyshev cardinal functions (CCFs) have been considered as the
bases. In this paper, the CCFs based on a Lobatto grid are introduced and used for the first time
to solve these kinds of equations. To this end, the derivative and fractional integral operators are
represented in CCFs. The main features of the method are simplicity, compliance with boundary
conditions, and good accuracy. An exact analysis to show the convergence of the scheme is presented,
and illustrative examples confirm our investigation.
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1. Introduction

Recently, the modeling of various physical phenomena greatly relies on the signifi-
cance of fractional differential equations (FDEs), making this subject a focal point for many
researchers [1-4]. Numerous mathematical schemes have been introduced and applied to
study and solve FDEs, including the adaptive grid technique [5], the B-spline collocation
method [6], the wavelet method [7,8], multi-step methods [9], fast second-order accurate
difference schemes [10], the Petrov—Galerkin finite element-meshfree formulation [11], the
finite element method [12], an implicit integration factor method [13], Adomian decompo-
sition [14], the Kuratowski measure of the noncompactness technique [15], etc.

The FDWE serves as a valuable mathematical model for representing various signif-
icant physical phenomena. The foundation of this model lies in a linear integro-partial
fractional differential equation derived from the classical diffusion-wave equation. Notably,
in its formulation, the conventional second-order time derivative is substituted with a
fractional derivative of order « (x € (1,2]). The FWDE accurately describes numerous uni-
versal mechanical, electromagnetic, and acoustic responses; see, e.g., [16]. The fourth-order
spatial derivative is accrued in the context of wave propagation in beams and the modeling
of grooves on a flat surface. As a result, substantial attention has been focused on the
fourth-order FDWE and its practical applications [17]. The second-order and fourth-order
FDWEs have been considered in this paper as follows.

Our objective in this study was to solve the second-order FDWE,

§DF(y)(x,t) = Di(y) (x, 1) +g(x,t), te[0,T], x€[0,0], 1)
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with
y(x,0) = ¢o(x), Di(y)(x,0) =¢p1(x), x € [0,b], (initial conditions),
y(0,t) =o(t), y(1,t)=11(t), t € [0, T], (boundary conditions),
and the fourth-order FDWE,
§DF(y) (x, 1) + Dx(y) (x, 1) = g(x,t), t€[0,T], x€[0,0], (2)

with
y(x,0) = ¢o(x), Di(y)(x,0) = ¢p1(x), x € [0,b], (initial conditions),
y(0, 1) = to(t), y(1,t) =91 (b),
Di(y)(0,t) = ¢a(t), DI(y)(L1)

where « € (1,2], and D indicates the derivative operator.

Several schemes have been introduced and implemented to solve these kinds of
equations, including a compact difference scheme [18,19], the finite difference scheme [20],
the Sumudu transform method [21], high-order compact finite difference methods [22], the
implicit difference scheme [23], and the spectral tau method [24].

We strive to present a novel and accurate algorithm for solving Equations (1) and (2).
After converting the desired equation into a Volterra integral equation, the next step is to
solve it using the collocation method that relies on the CCFs. The CCFs are the powerful
bases for solving a variety of equations [6,25,26]. In this work, the CCFs obtained from a
Lobatto grid are used for the first time. Notably, the Lobatto grid is popular for solving
boundary value problems because the boundary conditions instantly furnish two grid point
values for the unknown. On the other hand, when the differential equation is singular at
the endpoints, then the Lobatto grid is preferable.

The upcoming portions of the document are arranged as follows: Section 2 contains a
review and introduction of CCFs and their properties. The collocation method is applied
to solve second-order and fourth-order FDWEs using CCFs in Section 3. This section
includes an investigation of the convergence analysis as well. Section 4 is dedicated to
illustrating the accuracy and applicability of the method. To sum up our work, we included
a conclusion in Section 5.

P3(t), (boundary conditions),

2. Chebyshev Cardinal Polynomials Based on Lobatto Grid

Let us denote the Chebyshev polynomials of order N by Ty. As we know, Ty has N
real, simple, and different roots, sometimes called Chebyshev nodes. The Chebyshev nodes
can be set as {x, })V_,. Defining the Chebyshev polynomials onto the interval [a, b], called
shifted Chebyshev polynomials and characterized by Ty, is easy, and can be carried out

through an affine transformation x — % — 1 that maps [—1, 1] into [a, b], viz.,
2(x —a)
TX =Tn| ————-1).
w0 =1 ( 2550 1) ®
Consequently, the roots of Ty; are obtained through
x;:%(xn+1)(b—a)+a, ¥l <n<N. 4)

The CCFs defined rely on two types of grids of the Chebyshev nodes. The first
definition is associated with the Gauss—Chebyshev nodes of T;(, ny and the second involves
the Lobatto grid, which includes the extrema of Chebyshev polynomial Ty, along with
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the endpoints. Considering D, as the derivative operator with respect to x, the CCFs
corresponding to the Gauss—Chebyshev grid [25-27] are stated by the following;:

Cu(x) = T;(HJEX)

D (T 40) () (x — x3)

As mentioned above, there is another definition of CCFs with a substitute of nodes,
namely the Lobatto grid, which are determined as follows:

X (x)Dx(T) (x)
D (XTR) (x5 (x — x5)

€ab,1<n<N+1L (o)

Cu(x) = €lab,1<n<N+1, (6)

in which X(x) =1 — (2%=2 _1)2,

a

For v € N, the Sobolev space H"([a, ]) is denoted by
H([a,0)) = {y € C(a,b]) : Dy € 12([a,b]),0 < v,0 € No},

endowed with the inner product

v

(Y1, ¥2)30 (ap)) = 2 (D (1), D (Y2)) 12((a,p))- 7)
=0

which induces the norm ,

1By oy = LIPS 1B, ®)
=0
and the semi-norm
N 2

I D A (O1€9] F2 )

o=min{v,N}
The remarkable characteristic of the CCFs is their cardinality, i.e.,

Cu(x) = Sy, 1<nn <N-+1, (10)

where J,,,, denotes the Kronecker delta. The significance of this property lies in its ability to
help determine coefficients without the need for calculating integrals when approximating
any function y € H"([a, b]) with them. Introducing a projection operator Qy is essential to
map y € Cla, b] into Py 1 (the space of all polynomials of degree less than N + 1), i.e.,

N+1
y(X) ~ 2 y G PN+1 (11)

Lemma 1 (cf [28]). Given N > 0, if y € H"([a,b]), we have
ly — QN2 < C(0 — a)'N""[ylypn (o)), (12)
where C is a constant independent of N.

2.1. Matrix Representation of the Derivative Operator in CCFs Obtained by Lobatto Grids

Consider C(x) as a vector function whose components are {Cy, }1<,<n+1. The focus
of this part is to specify a square matrix D, denoted as

Dy(C)(x) = DC(x). (13)

The process below outlines how to specify the entries for D. Thanks to Equation (11),
it is easy to confirm that

[D}n,n’ = 'Dx(Cn)(X:/). (14)
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According to the definition of the CCFs using the Lobbato grid, an alternate formula-
tion can be presented (see, e.g., [29]):

N+1
Cul®) = pu [ (x— x5, (15)
"
where
—4T' (2N —2)

o= b= a)NFIT2(N — 1) (D2 (XT) (x))
Motivated by (6), taking the derivative from both sides of (15) leads to the following;:

N+1
Dy (Cy)(x) = pu H Dy(x —x}). (16)
ik
e Ifn = n’, then we obtain
N+1 N+41
Dx(Cn)(x) = pn Z H (x — x;;,)
n'=1 n'=1
n' £ n' £nn'
N+1
_y Gl (17)
n=1 (x - x?’l”)
n" #n
From Equation (10), we conclude that
N+1 1
D, (C x*/ - (18)
(G = B s
n'£n
e Ifn # 1/, then one can obtain
N+1
Di(Ca)(xy) =pn [ (xjy —x5m). (19)
n’r’z;«;,ln’

2.2. Matrix Representation of the Fractional Integral Operator in CCFs Obtained by Lobatto Grids
In recalling the fractional integral operator (FIO), see, e.g., [30,31],

L)) = g o =9 s, xe 0], xeR, 0
the square matrix I, fulfills
Z5(C(x)) = LC(x), x € (0,b). (21)

Thanks to (11), one can calculate the elements of I, as

il nwr =L (Ca(x3))- (22)
For simplicity, the alternate formula of (15) can be considered, introduced in [25],
as follows:
N+1 N )
Ca(x) = On H (x— x;;/) = Pn 2 Qn,n’xNin (23)
n'=1 n'=0

n'#n



Mathematics 2024, 12, 3307 50f12
where
n/
Qn,O = 1/Qn,n’ = W Z gn,ann,n/_n//, 7’1/ = 1,. . .,N,Tl = 1,. . ,N+ 1,
n’’ =0
with
N+1 ”
Cur = 3 ()", n"=1,... ,Nn=1,...,N+1
Zn
Taking into account the Property 2.1 [30] and using (23), one can write
N N
I§(Cu(x)) = pnZy (Y Quuwx™ ")
n'=0
N N
=pn Y QuwZi(x™ ")
n’'=0
N (N — 7’1/)' /
— . N—n'+x
_pn;Qn,n/r(N_n,+K+l)x . (24)
n’=0
Consequently, (22) and (24) lead to determining
N (N — 1’1/)' ’
I , = , : *, N-—n +K'
[ K]I’l,i’l p" ngo Qn,n r(N _ n/ + K + 1) (xn ) (25)
3. Proposed Algorithm
Let us combine Equations (1) and (2) and refer to them as
§DF ) (x, t) + (=1)"?DY (y)(x, 1) = g(x,t),  with m =24 (26)

It is clear that Equation (26) corresponds to (1) when m = 2, and it corresponds to (2)
when m = 4.

Taking into account the Lemma 2.22 [30] and taking the fractional integral from both
sides of (26), one can obtain the corresponding integral equation, viz.,

y(x ) —o(x, ) + 5 (-1)"?DY(y) ~ g) (x,) =0, t€[0,T], x€[0b], (27)

where 1 < x < 2, and v(x,t) = tDi(y)(x,0) + y(x,0). To give rise to the proposed
algorithm, the solution y must be approximated by CCFs, i.e.,
N+1N'+1
y(x, ) = Q) (6 8) = Y Y YuwCn(x)Cr (1) := 7(x, ), (28)

n=1 n'=1

where N and N’ can be different. Strictly speaking, they depend on our selection of the
number of bases in each axis. Substituting # in integral Equation (27) leads to

7x, 1) = 3(x, 1) + Z5 (=)D (7) - 3) (v, 1) = 0, (29)
where 9(x,t) = Qn nv(v)(x, ), and §(x, t) = Qn N (8)(x, t). In the matrix form, one can write

cT(x) (Y — V + D2LY — G) cT(t) =0 (30)
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where Y, V,G € RINFDX(N'+1) anq

The suggested algorithm utilizes the collocation approach as its foundation. Note
that the collocation method selects the solution that satisfies the equation at the collocation
points. Equivalently, in this approach, the residual function r(x, t) must approach zero at

the collocation points. So, we obtain the residual function

(x,8) = (1) = 3(x,t) + I (=) 2D¥(5) — g) (x, 1), (31)

and set the Lobatto nodes as collocation points.
Thanks to the matrix representation of FIO and derivative operator, and using the

Lobatto grid, the following linear system can be obtained:
(32)

*

G, x3) = (x5 + T5 ((—1)"2DE () — g ) (x5, x3) =0, 1< <N, 1<n<N,

Consequently, we have the linear system AY = G.
In considering the endpoints as collocation points in the Lobatto grid, only two

conditions in the fourth-order FDWE remain unapplied. To use these two conditions, we
make the following substitutions:
T
[AY]Z,n’ = [CT(O)DZ Y]n’/[G]Z,n’ = [T2]n’r
T
[AY]nr 10 = [CT(D)D* Y], [Glnr 1w = Y3,

where ¥, ¥3 € RN+ are obtained by
N'+1 .
i~ On(Pi)(t) = Y [¥]wCu(t) ;=" C(t), fori=2,3.

n'=1
By converting the matrices A, Y, and G into vectors 4, Y, and G, respectively, the

following system can be obtained:
AY =G. (33)
Solving this system using the Linsolve command of Matlab (version 2022) leads to

finding the unknowns {y, v}, for1 <n' < N'4+1,1<n < N+1.

Convergence Analysis
The boundedness of the FIO in L?[0, b] was presented in [30] as follows:

bK
IK < K Wi K= ——

Theorem 1. Let 1 < N € N. The proposed method converges, and the error satisfies

lenlla < CARYN™|ylzn, (35)
where C and A are constants, A = max{|v|yun, |g|yvn}, and h = max{b, T}.
Proof. Subtracting Equation (29) from (27) leads to
ex — (v —8) + I ((—1)"/*DY(en) — (g - 8)) =0, (36)
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where ey = y — 7. Taking the norm of (36) and using the triangular inequality gives rise to
llenll2 < flo = 3ll2 + [ Z5 (Dx (en))ll2 + 1 Z5 (g — &) l2- (37)

Motivated by Lemma 1 and in using & = max{b, T}, the first norm on the left side can
be bounded as follows:
|lo =72 < Cothiv‘ULHv,N, (38)

where C is a constant. Similarly, thanks to Lemma 1 and using Equation (34), we have
125 (8 = &)ll2 < Kllg = &ll2 < CLth"N""[g[3un, (39)

in which C; is a constant, and K is determined by (34). In addition to Lemma 1 and
Equation (34), we need to use Theorem 8.6 [28] to find the bound of the second norm on
the left side of Equation (37), viz.,

|Z5 (DY (en))ll2 < K|IDY (en)ll2 < G " N™ " lylyun, 0<m<v<N+1.  (40)
Consequently, it is easy to confirm that
llenll2 < Coh"N™"(max{[ol3un, [glgpn}) + CoR™ " N™ " |ylyun. (41)
Considering A = max{|v|3n, |]3v~ }, one can obtain
lenll2 < CAR'N™|y|3pun-. (42)
O

4. Numerical Experiments

To show the accuracy of the proposed scheme, we calculated the L?-error and L*®-error.
These errors are given by the following equations:

b T 172
L? — error = (/ / |eN2dtdx) ,
0 Jo

L® —error = max |len(x,t)].
x€(0,b],t€[0,T]

and

Example 1. Consider the second-order FDWE as follows [32]:

2
SDEy)(xt) = S DAY, 0<t<L0<x<L1<k<2,

with conditions
{ y(0,t) =0, vy(1,t) = sinh(#),
y(x,0) =x, Di(y)(x,0) = x2.

The analytic solution for this equation is reported in [33], obtained by VIM, as
y(x,t) = x + x2tE, o (t°),
in which Ey » denotes the Mittag—Leffler function [30].

To demonstrate the presented method’s ability to solve second-order FDWE, Table 1
is provided. As you can see, the method solves the problem with high accuracy. Table 2
tabulates the method’s convergence. Increasing the value of N (number of bases) reduces
error. Also, in this table, we report the CPU time. Figure 1 illustrates the approximate
solution and corresponding absolute error, taking ¥ = 2 and N = 10. Figure 2 plots the
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absolute errors obtained with different values of N at t = 1, where x was selected as 15/8.
It is worth mentioning that when x — 2, we expected the solutions to tend toward the
corresponding solution obtained with x = 2. Figure 3 demonstrates this fact.

Table 1. The errors obtained using the presented method for Example 1.

K 9/8 11/8 13/8 15/8 2
L2-error 1.799 x 10~%7 8693 x107% 1460 x 1079 1.828 x 1079 4.331 x 10715
L®-error 2.493 x 107% 2438 x 1079 8292 x 1079 1730 x 10797 5.507 x 10~ 13

Table 2. The L?-error, taking x = 15/8 for Example 1.

t\ N 6 8 10 12
0.1 7.189 x 10~%7 4.229 x 10797 4617 x 10798 2.081 x 10798
0.2 3.153 x 1079 8.469 x 1008 7.727 x 10708 1.740 x 10708
0.3 1.440 x 1079 3.683 x 10797 6.500 x 1098 3.862 x 1079
0.4 1.455 x 1079 5512 x 10798 1.610 x 10798 1.078 x 10708
0.5 2.465 x 10796 3.009 x 10797 5.719 x 10798 1.527 x 10~%8
0.6 1.150 x 10~% 4268 x 10798 1.175 x 10708 7.676 x 1079
0.7 8.585 x 10797 2.090 x 1079 3.415 x 10798 1.919 x 10~%
0.8 1.443 x 10706 3.508 x 1098 2.764 x 10708 5731 x 1079
0.9 8.747 x 10798 1.162 x 10708 1.016 x 10798 3.922 x 1079
1.0 2.740 x 10798 2.053 x 10799 2.269 x 10710 3.882 x 1011
CPU Time 0.281 1.422 7.266 19.484

ley ()

\ "’ll 0
lll'{l{, 'I,II,,,I 0.».,',', i

"I/';;; 4
iy

§»

III[,’ 'n,llll':,

Figure 1. Plots of the approximate solution and corresponding error, where x = 2 and N = 10
(Example 1).

Example 2. The second example delves into the fourth-order FDWE [20]:

T(k+4
SDE(y) (x,t) + Di(y) (x, 1) :e"<(;c6+)t3+t"+3+t>, 0<t<1,0<x<1,1<x<2,

with
y(x,0) =0, Di(y)(x,0) = ¢€*, (initial conditions),
and
y(0,t) = 3 4 ¢, y(1,t) = e(t*3 4 1),
{ D2(y)(0,t) = 3 +t, D2(y)(1,t) = e(t*3 +t), (boundary conditions).

As reported in [20], the exact solution is denoted as y(x,t) = e¥ (3 +¢).
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-2
—O©—N=5

-3 —+*— N=6 1
—*—N=7

-4 —&—N=8 q
—<—N=9

-5 F —b>—N=10 4

log,,(ey(x,1))

3

Figure 3. Approximate solution obtained for different values of x at t = 1 for Example 1.

The capability of solving fourth-order FDWEs is showcased in Table 3 through the
presented method. We tabulated Table 4 to confirm that the method is convergent. Increas-
ing the number of bases (N) reduces error. Also, in this table, we report the CPU time.
Table 5 is reported to compare the presented method with CCNFDM [20]. Our scheme
gives better accuracy than CCNFDM, and it requires fewer calculations. Figure 4 illustrates
the approximate solution and corresponding absolute error, taking x = 1.8 and N = 10. We
plot the absolute errors at t = 1, obtained for different values of N, in Figure 5.

Table 3. The errors obtained using the presented method for Example 2.

i« 1.2 1.3 1.5 1.7 1.8

L2-error 1.563 x 10708 1552 x 1079 1528 x 1079  1.499 x 10798  1.485 x 1098
L®-error 2.532 x 10797 3.035x 10797 25889 %1097 1.838x107%7 1.193 x 10~%
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Table 4. The L?-error, taking x = 1.5 for Example 2.
t\N 6 8 10 12
0.1 6.698 x 1079 8.771 x 10797 1.898 x 10~97 3.667 x 10799
0.2 2578 x 10795 6.383 x 10797 1.503 x 10797 2.720 x 1079
0.3 3.728 x 10795 1.890 x 1006 7.078 x 1008 3.717 x 1079
0.4 1.158 x 10~%4 4502 x 10797 4,619 x 10798 1.043 x 10708
0.5 1.754 x 1094 9.287 x 10797 9.714 x 10798 1.201 x 10708
0.6 1.731 x 107% 7.166 x 10~%7 3.592 x 1098 7.929 x 109
0.7 1.676 x 1094 1.923 x 1070 4.265 x 10798 2.120 x 1079
0.8 2.330 x 10794 7.509 x 10~%7 7.270 x 10798 1.126 x 10~%
0.9 3.776 x 10704 1.104 x 10706 6.305 x 10708 1.028 x 10~%
1.0 3.967 x 107 % 1.173 x 10700 5.836 x 10798 7.207 x 1079
CPU Time 0.391 0.469 0.953 3.281
Table 5. A comparison between the presented scheme and CCNFDM [20] for Example 2.
Our Scheme CCNFDM [20] with h = 1/500
K K
N=N' 1.3 1.5 1.8 1.3 1.5 1.8

6 5859 x 1079 5563 x 107% 5604 x 10~% 1/10 225x107%  621x10708  257x10°%

8 2254 x 1079 2480 x 1079 2.060 x 109 1/20 696 x107%  221x10°%®  113x10°02

10 3.035x 1079 2889 %1079 1.193 x 10797 1/40 215%x107%  788x107% 499 x 107

0%,
KEELS

leyxtl

0 ',,"z'

Tl

Figure 4. Plots of the approximate solution and corresponding error, where ¥ = 1.8 and N = 10

(Example 2).
1 ; ‘
—6—N=5
ol —+—N=6
—#*—N=7

A —&—N=8

log (e (x,1))

Figure 5. Errors reported at ¢ = 1 for different values of N, taking x = 1.7 for Example 2.
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5. Conclusions

Considering the importance and application of the FDWE, mentioned in the intro-
duction section, solving this type of equation can be extremely valuable. In this study, we
introduce an innovative and precise algorithm for solving the given equation. The algo-
rithm is derived by reducing the equation to the Volterra integral equation and solving this
integral equation with the collocation method. To confirm the convergence of the method,
we performed a rigorous analysis, and the numerical examples support our findings.

Based on the experimental observations, the following conclusions can be drawn:

¢  The presented algorithm demonstrates efficacy in solving the FDWE.

*  Our algorithm demonstrates convergence when tackling these equations.

¢ The method presented offers reduced computational cost by avoiding integration to
find coefficients.

¢  The proposed algorithm is simple to implement, and it also provides good accuracy.
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