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Abstract: A physics-informed convolutional neural network (PICNN) is proposed to simulate two-
phase flow in porous media with time-varying well controls. While most PICNNSs in the existing
literature worked on parameter-to-state mapping, our proposed network parameterizes the solutions
with time-varying controls to establish a control-to-state regression. Firstly, a finite volume scheme is
adopted to discretize flow equations and formulate a loss function that respects mass conservation
laws. Neumann boundary conditions are seamlessly incorporated into the semi-discretized equations
so no additional loss term is needed. The network architecture comprises two parallel U-Net
structures, with network inputs being well controls and outputs being the system states (e.g., oil
pressure and water saturation). To capture the time-dependent relationship between inputs and
outputs, the network is well designed to mimic discretized state-space equations. We train the
network progressively for every time step, enabling it to simultaneously predict oil pressure and
water saturation at each timestep. After training the network for one timestep, we leverage transfer
learning techniques to expedite the training process for a subsequent time step. The proposed model
is used to simulate oil-water porous flow scenarios with varying reservoir model dimensionality,
and aspects including computation efficiency and accuracy are compared against corresponding
numerical approaches. The comparison with numerical methods demonstrates that a PICNN is
highly efficient yet preserves decent accuracy.

Keywords: deep learning; physics-informed neural network; multiphase flow in porous media; reservoir
simulation; dynamical system

MSC: 76505

1. Introduction

The simulation of multiphase flow in heterogeneous porous media holds significant
promise across various applications, including hydrocarbon recovery, greenhouse gas se-
questration, and soil and groundwater remediation, among others [1-4]. This is particularly
true for two-phase flow simulations. We highlight that accurate yet efficient simulations
of two-phase porous flow can lead to enhanced energy production, better environmental
protection, and more reliable engineering designs. Traditionally, the simulation of two-
phase flow in porous media has relied upon numerical techniques such as finite difference,
finite volume, or finite element methods [3-5]. Following the discretization of govern-
ing equations, Newton’s method is normally performed to solve the discretized system
and obtain high-fidelity solutions. This process is the most time-intensive part since it
requires constructing a Jacobian matrix with large dimensions, solving a linear system
containing those Jacobians, and iterating hundreds of times for every timestep until the
desired accuracy is attained. This becomes notoriously difficult when dealing with millions
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of grid cells and when thousands of forward runs are needed for tasks such as inverse
modeling or optimization. Therefore, there is a pressing need for methods to reduce this
computational complexity.

Deep learning models are increasingly employed in addressing applied mathematics
and computational physics challenges, leveraging their capacity to learn complex patterns
and relationships from data. Within the domain of subsurface flow applications, deep
neural networks have been used for surrogate modeling [6—11], uncertainty quantifica-
tion [12,13], and inverse modeling [14-17]. Nonetheless, despite their effectiveness, these
deep learning approaches may have poor data efficiency. They are solely data-driven and
may not incorporate physical constraints, potentially resulting in spurious predictions.
Moreover, these models cannot replace high-fidelity numerical simulations since they
require a large quantity of high-quality snapshots for training. Physics-informed neural
networks (PINNSs) are another deep learning technique that incorporates known physical
laws or principles into its architecture, allowing it to learn from scarce data while satisfying
the governing equations of the system. The basic idea behind PINNs and their variants is
to compile the physics-based term to the loss function and take advantage of automatic dif-
ferentiation to calculate derivative terms within the residual [18-21]. By doing this, PINNs
penalize solutions that violate physical laws and therefore improve the data efficiency.
However, in the context of subsurface flow simulation, PINNs may face challenges when
enforcing mass conservation in heterogenous porous media. This is due to the spatial vari-
ability of some reservoir properties, such as permeability and porosity. In [22], the authors
proposed a network to estimate the non-uniform permeability field. Nevertheless, it is
worth noting that additional errors may arise due to the scarcity of labeled data. In [23-25],
the authors also employed PINNSs for porous flow problems; however, their applications
are limited to a 1D problem or 2D cases with homogenous properties.

On the other hand, physics-informed convolutional neural networks (PICNNs), which
leverage a convolutional neural network to process spatial data, such as images and grids,
can incorporate spatial heterogeneities naturally. Unlike PINNs, PICNNSs typically use
convolutional filters derived from numerical techniques (e.g., finite difference, finite volume,
finite element methods) to approximate the derivative terms in the governing equations.
Regardless of the approach chosen, the primary objective is to enforce the principles of mass
and energy conservation while maintaining the neural network’s computational graph.
In [26], the authors adopted a combination of elementary differential operators inspired
by the Fourier neural network for simulating multiphase flow in heterogenous porous
media and suggested that it improves prediction accuracy more than its PINN counterpart.
In [27], the authors present a framework called a theory-guided convolutional neural
network (TgCNN) for solving porous media flow problems. The TgCNN approach involves
incorporating the residuals of discretized governing equations during the training of
convolutional neural networks (CNNs) to improve their accuracy compared to regular CNN
models. The trained TgCNN surrogates are further used for inverse modeling by combining
them with the iterative ensemble smoother algorithm, and improved inversion efficiency
is achieved with sufficient estimation accuracy. In reference [28], the authors present a
deep convolutional model for simulating and predicting Darcy flows in heterogeneous
reservoir models without requiring labeled data. It shows that their model can accurately
simulate transient Darcy flows in homogeneous and heterogeneous reservoirs and can be
trained as a surrogate to predict water breakthrough time if given a sufficient amount of
labeled data. However, these aforementioned approaches do not incorporate time-varying
well controls to the model, which is a scenario more commonly encountered in practical
reservoir management cases.

Inheriting the strengths of PICNNSs and based on previous work [29], we presented
a model that is able to emulate two-phase flow dynamics in heterogenous porous media
with time-varying controls. Instead of coping with strong-form PDEs directly, our model
is built upon discrete state-space equations. We use a convolutional neural network so
that heterogeneity can be incorporated on a pixel level, and we learn the network for each
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timestep in that the mapping from control to states is time variant. In contrast to previous
approaches, our model can learn the discrete-time dynamics of state-space systems. The
network takes initial reservoir state variables and a sequence of well controls as inputs and
is trained by minimizing the residual of the state-space equations of the system, which are
the semi-discretized forms of the PDEs. The time derivative is calculated using backward
Euler. The objective of this work is to predict reservoir flow quantities using an image-to-
image regression approach, with the input being the well controls (bottom hole pressure,
injection rates) and output being state variables (pressures, saturations, etc.).

The rest of this paper is structured as follows. First, we introduce the governing
equation for oil-water flow in porous media and its state-space representation. Second,
we present a physics-informed convolutional neural network (PICNN) designed to learn
the control-to-state mapping, along with our transfer learning approach. Next, we apply a
PICNN to simulate oil-water flow in porous media and compare the results with numerical
simulators. Finally, we conclude this study and outline directions for future research.

2. A State-Space Perspective of Two-Phase Flow in Porous Media
2.1. Two-Phase (Oil-Water) Flow in Porous Media

In this study, two-phase (oil and water) porous flow is considered. Considering
isothermal conditions, the resulting mass balance equations for each phase reads as follows:

0 Ptxgbslx PaOa \
E( B, )+V< ) = Pafu 1

where subscript « is used to identify the phase of the fluid, with o representing the oil phase
and w the water phase. p, represents the fluid density of phase «, ¢ is the rock porosity,
and S, denotes the saturation of phase «. In practice, the formulation is expressed in terms
of surface volumes, so B, referred to as the formation volume factor, is the quantity to
convert in-situ volumes to surface volumes. g, denotes the volumetric source/sink term at
the surface condition. Darcy’s velocity for each phase can be expressed as follows:

Vy = —MK(VP,X —pagV2) (2)
Ha
where k;, 4 is the relative permeabilities, which is a function of phase saturation S,. K
denotes the permeability tensor, y, is the fluid viscosity, P, represents the pressure for each
phase, and gravity terms p,gVz are usually discarded for simplicity. Additionally, several
auxiliary relationships that complete the above equations include the following:

So +Sw =1 3)

Po - Pw = Pc<sw> (4)

Oil-water capillary pressure P.(Sy) is negligible in reservoir scales, which implies
that P, = Py. By introducing fluid and rock compressibility and plugging in Darcy’s law,
the equations can be rewritten as follows:

pad OPu | 9Say, o Pakra(Se) _
le [Sa(Ca"’Cr) at + at ]+V BIX le KVP{X 7pl¥q0( (5)

where ¢, denotes the fluid compressibility of phase &, and ¢, represents rock compressibility.
For slightly compressible fluids, p, fluid density is assumed to be constant and c, to be finite.
The governing equation is subject to different types of boundary and initial conditions, and
in our work, a no-flow boundary condition (Neumann condition) is considered.
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Integrating Equation (5) over a representative elementary volume (REV) V; yields
the following:

/ g:({s (ca+c,)aal?‘+as“}dv+/ < ! k"’;l(a )KVP,X)dV—/ViqadV ©)

The accumulation term can be rewritten as a control volume form: V; Bi [Sa(ca +cr) aaig‘ +

aS"‘] the flux term can be expanded as an interface integral applying Gauss’s theorem:
Jov,

1 _B% %KVPM ndS = -y Tij(Pja — Pi), and subscript j denotes the index of the
nearest neighboring grid cells connected to grid cell i. Tj; is referred to as the transmissibility
term between grid cell i and j, which is expressed as follows:

1 (ka)y Ay
T By e dj

(7)

where A;; denotes the interface area between grid cell i and j, and d;; is the distance of two
. KK; . : .
cell centers. The absolute permeability Kjj = g is calculated with a harmonic average.
iR

To achieve accurate convective behavior, the relative permeability (k;, a)l-]- is determined
using upstream weighting:

_ [k a)i if Pia > Pia
ki, “)’7 B {(kr, a)]- else ®

fVi gudV = Q; , is the source/sink term. In the field of reservoir simulation, either
the flow rate or bottom hole pressure (BHP) can be prescribed. The flow rate may be
incorporated directly, while BHP is prescribed indirectly using a Peaceman well model [30]
at the well block 7, which is expressed as follows:

k(S
G = 2O s (), Pup) ©)
Ha
Py is the pressure at the well block and P, ¢ is the prescribed BHP, WI; is the well index
at the well block 7, and for an isotropic reservoir where K = K, = Ky, the well index reads

2taKih
ln(% + s)

where & is a unit conversion factor, 7, = 0.14(Ax? + Ay?)!/? is the effective radius of the
well block, ry, represents the wellbore radius, and s denotes the skin factor of the wellbore.
Assembling all grid blocks at the computational domain yields the following matrix form:

Asp Aos]| P T, O][P] _ [Qo
Fadl | AR F R )

Awp Auws
It is worth noting that Equation (11) is nonlinear in that the coefficients of all sub-
matrices are functions of Sy, or P, e.g., relative permeabilities in Top and Ty are dependent
on saturation, and fluid viscosities and formation volume factors are a function of fluid
pressure, etc. In a typical numerical simulator, Equation (11) is rearranged to an algebraic
form that can be solved iteratively until the desired accuracy is reached.

WI,; = (10)

2.2. State-Space Representation

Understanding reservoir flow equations from a system and control perspective is
crucial in designing and implementing effective well control strategies that improve pro-
duction efficiency and reduce operational costs in subsurface reservoirs [31]. Moreover,
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it can also guide us to design effective neural network architectures. Committing to the
systematic approach, a state-space representation of Equation (11) can be written as follows:

x(t) = Ac(x, t)x(t) + Be(x, t

Ju(t)
y(t) = Ce(x, t)x(t) + De(x, t) (12)

u(t)

Py f
Sw dinj
the time derivative of x, A, is referred to as the state matrix, and B is called the system
input matrix. A, and B, are a function of state variable x.

The practical computational implementation when dealing with time-varying in-
puts/controls u typically requires the temporal discretization of continuous state-space
Equation (12). Applying the implicit Euler scheme, we obtain

where x = [ ] represents the state, u = [ } is the system inputs/controls, x denotes

Xji1 = X+ AH(AcXjesq + Beityq)

Yk+1 = CeXg1 + Dettgeyq 13)
By rearranging Equation (13), it leads to a discrete-time form
Xkr1 = AgXg + Baligq (14)
Or a more general form
Xer1 = fr1 (Xkg1, X Ugrn) (15)

Here, one set of signals U = {uy, uy, ..., u;} with a given initial state xy will lead
to a unique set of states X = {x1, xp, ..., x¢}, which is known as one trajectory. Some
efforts have been made to use limited state trajectories to discover unknown dynamical
system mechanics [32,33]; however, this still relies on sufficient labeled data for training.
The objective of this work is to build a signal-to-state (¥ ~ x) mapping using neural
networks without any labeled data. Since u is time-varying, and the mapping from
to xx is changing over time, traditional neural networks that share weights across all
timesteps (RNNs, LSTM, etc.) may not be capable of modeling the time-varying dynamics.
Therefore, we propose a network that leverages transfer learning and a PICNN to model
the complicated relationships in an efficient and label-free way.

3. Physics-Informed Convolutional Neural Network (PICNN)
3.1. PICNN Framework and Architecture

U-Net is a specialized deep learning architecture designed primarily for segmentation
tasks, especially in the field of biomedical image analysis [34,35]. It has an encoder-decoder
framework consisting of a contracting path (encoder) and an expansive path (decoder). The
encoder is made of a series of convolutional and polling layers. This path progressively
reduces the spatial dimensions of the input image while increasing the number of feature
maps. The decoder part involves a symmetrical structure to the contracting path. U-Net
also introduces skip connections, which are direct connections between the contracting and
expansive paths at corresponding levels. These connections allow the network to retain
fine-grained information from the contracting path. U-Net has demonstrated remarkable
success in various computer vision and engineering applications, including medical image
segmentation, data-driven surrogate modeling, etc. [36,37].

The architecture of the convolutional neural network used in our work for each timestep is
depicted in Figure 1. The architecture is based on U-Net and is meticulously modified for our
specific task. As shown in Figure 1, we employ a parallel U-net structure to predict pressure and
saturation separately to acknowledge the significant difference in magnitude (at least in terms of
field units) between these two quantities. The architecture for both the pressure and saturation
path is identical except for the final scaling layers. These scaling layers are employed to restrict
the space of acceptable solutions given prior physical knowledge, e.g., the water saturation
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Pas

5
Pyr
(6]

Concatenate

Input encoder

should fall within the range [Syc, 1 — Sor], and the pressure should typically not be lower
than P, ;. Mathematically, the final saturation output by network is expressed as

SNN = Sy + (1 = Sor — Sae) * Xs,,

where x, € [0, 1] represents the output from a previous sigmoid layer. A similar formula
applies to the pressure
PN = Py + (Pmax — Pmin) * xp

where Py, is some value smaller than Py ¢, and Py is the maximum value that the system
can reach. The water saturation must be within a strict range because values outside this
range would cause the network to stop learning. This behavior can be understood by
referring to the relative permeability plot in Figure 2. This plot shows that the rate of
change of relative permeabilities with regard to water saturation becomes zero when the
saturation is either less than 0.2 or greater than 0.8, resulting in vanishing gradients. In
contrast, the pressure constraint is less stringent, as the quantities change gradually with
pressure. It is evident that the inclusion of the scaling layer contributes to the network’s
faster convergence because it further restricts the space of acceptable solutions.

| ! pN

__,H ,..|-|=°*"r’l‘°“"’"|"r'r'|-|-’r Ir r ‘.M

decoder

NN
Sw

-> rr rrrrrlrr*_rrfrr’r !-' AN !r "‘ ‘

‘ Conv + BN + GELU [j) Max-Pooling » Bilinear Interpolation

Lt Copy + Concatenate ® Conv + Sigmoid + Scaling

Figure 1. Proposed network architecture for each timestep. The input consists of a two-channel map
containing information about BHP (bottle hole pressure) and the injection rate. The blue arrows
correspond to a convolutional operation (kernel size 3 x 3, padding size 1), followed by batch
normalization and GELU activation. Each yellow arrow represents a 2 X 2 max pooling with a
stride of 2 for down-sampling. During down-sampling, the number of feature channels is doubled.
Conversely, in the expansive path, the green arrows indicate up-sampling operations that increase
the dimension by 2 while reducing the number of feature channels by half. Both down-sampling and
up-sampling are performed 3 times in this network. Each black elbow arrow denotes skip connections,
which establish direct connections between the contracting and expansive paths at corresponding
levels. Finally, at the last layer (red arrow), a 1 x 1 convolutional followed by a sigmoid and scaling
layer is used.

3.2. Transfer Learning-Based PICNN

Since the relationship between control and state varies with time, employing neural
networks with sharing weights across all timesteps may limit their ability to capture the
time-changing dynamics. Consequently, a deep neural network that mimics the discretized
state-space equation is proposed to learn the control to state mapping time-step wisely. The
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temporal domain is subdivided into equidistant time grids, and a sequence of convolutional
neural networks is utilized, with each CNN dedicated to a specific time instance. The CNN
outputs are used to update state-dependent fluid and rock properties, which are subsequently
used to construct the global accumulation and transmissibility matrices and formulate the loss
for that timestep. The training of the PICNN for a given time step is completed before its
outputs are advanced to the subsequent time step. This sequential progression is essential
as past states are necessary for calculating the loss at the current time step, as illustrated in
Equations (14) and (15). Additionally, rather than training models from scratch, we employ
transfer learning for subsequent time steps once the network from the previous time step is
fully trained. Specifically, the transfer learning mechanism is applied to expedite the training
process across multiple timesteps. After training the network for a single timestep, we reuse the
weights learned for that timestep as the initial point for training the subsequent timestep. This
progressive learning enables the model to capture time-varying dynamics more efficiently, as
each subsequent timestep is built upon the knowledge gained from previous ones.
The comprehensive network architecture is visualized in Figure 3.

—krw] |

o
3

o
o

relative permeability
o o
= [$,]

o
w

o
N}

0.1

0 01 02 03 04 05 06 07 08 09 1
water saturation

Figure 2. Relative permeability for oil phase (orange) and water phase (blue).

backprop backprop backprop

Update fluid/rock Update fluid/rock Update fluid/rock Physics
properties properties properties loss

f f

NN NN
P ts Sw ts

Neural
networks

#1

Copy weights
—y

PWf.O' Qinj,0 ow,ll Ginja ow,ts—lv Qinj ts

Figure 3. Transfer learning-based PICNN for all timesteps. The structure includes a collective of
ts U-Nets presented in Figure 1, where each U-Net is specifically assigned to one timestep. Each
network is trained solely by minimizing the physics loss for their respective timestep. Upon the
completion of training for one network, both the output of the network and its weights proceed to
the subsequent timestep.
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3.3. Physics-Informed Loss and Training

The learning process is unsupervised since no labeled data are required. The network
is trained by minimizing the physics loss at each timestep, forcing the admissible solution
space to comply with the domain knowledge. The physics loss at each timestep can be
minimized in two ways:

['phy,k = ‘CS (Vk, O) or ‘Cphy,k = ‘CS (ro,kr O) + ES (rw,kr 0)

The latter one is used in our study from a memory efficiency standpoint. The total
residual 7 and residuals of each phase 7, k, 7, x are defined as

r Aoy Aws] P Top O1[PYN] [Q
(ol Al v 1 [ Vi [ YR
Tw,k Awp  Aws sw Twp O Sw,k Quw
k

NN

L represents a smooth L loss function operator. P,f\] N, Swk

timestep k. The L; has the following formulation:

is the network output at

O'S(ypred_yfrue)z .
Ls (ypredl ]/true) =< B lf|ypred - ytrue‘ <pB

|ypred — Ytrue| — 0.5 X B, otherwise

where B is a hyperparameter, which is a fixed threshold that divides £ loss into £1 and £;
regions. In our work, § is set to be 10. The £, function behaves like the L, loss function
when the absolute difference between the predicted and true values is small, and like the
L1 loss function when the absolute difference is large. Smooth L, loss offers more stable
training because it has a bounded and linear behavior for large errors [38].

We selected the smooth L; loss function for this study due to its ability to handle
oscillatory algebraic errors 7y effectively. In many physics problems, algebraic errors can
fluctuate and vary significantly in magnitude across space, especially in systems where
the solution is highly sensitive to initial conditions or boundary values. The smooth L;
loss transitions between L; and L, behaviors, making it robust to large variations while
maintaining sensitivity to smaller deviations. The choice of § plays a crucial role in
controlling this transition: for different physics problems, where the magnitude of the
algebraic error can vary significantly, f needs to be re-selected. Thus, tuning f is essential
to balance the model’s robustness and sensitivity depending on the specific characteristics
of the problem at hand.

The Adam optimizer is employed to train the network. The initial learning rate 7 is
set to 0.01 and is decayed step-wise with a parameter of 0.995 for every 100 epochs. The
network training process is depicted in Figure 4. All experiments were conducted using
an NVIDIA A100 GPU provided by Texas A&M High Performance Research Computing.
We have summarized all the training steps in Algorithm 1. This algorithm progressively
trains a neural network to simulate and predict the behavior of a porous flow system over
multiple timesteps while ensuring that the predictions adhere to the underlying physical
laws. It also demonstrates how neural networks can be used to capture complex dynamics
in physical systems and how transfer learning is applied from one timestep to the next to
expedite training. The training ceases if either the desired training accuracy ¢ is met or the
maximum training epoch is reached.
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Algorithm 1: Training Physics-Informed Convolutional Neural Network

Input: total simulation time T; timestep size Af; total timesteps ts = T /At; Neural network model
NN(..., 6;) for each timestep k = 1,2,..., ts; initial condition xg = {Py, Sy,0}; a sequence of
well controls U = {[Pugo, iyl (Pagas Gingal - Pagser Gingis) 1

learning rate 77; maximum training epochs Nec; and desired training accuracy o
fork=1totsdo

ifk>1do

Or < Ok # initialize network weights with weights from previous timestep
PN, SEN 1 ¢ NNg1(Ug-1, k1)
else

0 < k aiming initialization
PN, SNN Py, Sy

k—1""w,k—
end
while loss > ¢ and epoch < Nepoc do
PNN, SZII\JU,;] — NN (U, 6k) #forward pass of the model, xNN = [PNN, ng

Update py, pw, kro, ke based on P,?’N, S%:’
Lony i = Ls (N — fr(f™, )N, Uy),0)
V 0k < Backprop(L puy k)
0y < optimizer.step() # update network weights using predefined
optimizer
end
end
Output: optimized model parameters { 6 } fork=1,2,..., ts

Figure 4. Learning process within the state-space manifold. The black lines represent a single state
trajectory in response to a time-series of controls. The red lines depict the network’s learning process
for each respective timestep, with the superscript i indicating the iteration step during training. Training
ceases either when the desired accuracy is achieved or when the maximum training epoch is reached.

4. Case Studies

In this section, we describe the model configuration for simulating oil-water flow and
validate the PICNN-based simulation results against in-house simulators. To improve the
accuracy of predictions for localized quantities like well block pressure and well rates, we
apply additional regularization to the original PICNN based on production data. We also
evaluate the computational efficiency of PICNN by varying the number of computational
grid blocks. Finally, we assess the accuracy of the trained PICNN proxy for predicting
unseen trajectories, presenting the error results for 10 different time-series controls.
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4.1. Oil-Water Flow in Heterogenous Reservoir—Small Example

The reservoir model consists of 64 x 64 grid blocks, each of which has a dimension
of 20 m x 20 m x 20 m in the X, y, and z directions. The permeability field is primarily
from the SPE10 dataset and is plotted in Figure 5. The reservoir initial pressure is 3000 psia,
and the initial irreducible water saturation is set to be Sy, = 0.2. The reservoir is operated
by three injection wells (source) and two production wells (sink), with their well locations
depicted in Figure 5. The injection wells inject water into the system to supplement the
reservoir pressure, while the producers extract oil from the reservoir. A no-flow boundary
condition is considered for all experiments. Other important physical properties used in
the simulation are listed in Table 1.

Permeability, log(K), mD

20

Gridblock in Y
8 8

o
b=

@
=]

10 20 30 40 50 60
Gridblock in X

Injection Rates for 3 injectors BHP for 2 producers
2500

1500

1450 1 24901
_j ] 2460

=
1=
S

>
©
e ]
- Q
8 1350 o 2440
£ &
(e well 1 injector | J ——well 5 producer
1300 2 2420
—well 3 injector well 4 producer
well 2 injector
1250
2400
1200
2380
0 10 20 30 40 50 60 70 8 9 100 0 10 20 30 40 50 60 70 80 90 100
Time, days Time, days

Figure 5. Permeability map of reservoir and well locations (top); injection rates of injection wells
(bottom left); BHP schedule of production wells (bottom right).

Table 1. Physical properties.

Rock Properties Fluid Properties Wellbore Properties
porosity 0.20 Qil Viscosity, cp 113 Well radius, ft 0.30
Initial pressure, psia 3000 Oil compressibility, psia~! 1.0 x 10° skin factor 0.0
Rock compressibility, psia—! 3.0 x 10° Water compressibility, psia ! 3.0 x 10°

The Corey model is used to calculate saturation-dependent relative permeability, as
shown in Figure 2, which is expressed as follows:

Ky = K9, 8™
kro = k90(1 —8)"
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where k¥, and k%, are end-point relative permeabilities, S = % Swe is the connate

water saturation, and S,y is the residual oil saturation. #,, and 1, are Corey exponents. In
our case, Sy = 0.2, Sop = 0.2, 1y = 2, 1, = 3, k%, = 0.60, and k% = 0.90.

The total simulation time is 100 days with an equidistant time step size of 2 days. The
injection wells are controlled by specifying the stepwise injection rates while the production
wells are controlled by prescribing stepwise BHPs (Figure 5). These control parameters
for both injection and production wells undergo stepwise changes every 50 days. The
high-fidelity simulations are performed using a locally hosted CPU with an Intel(R) Xeon(R)
W-2223 CPU @3.60 GHz.

The PICNN is fully trained in a way that either the training loss is smaller than
predefined training accuracy o or the maximum training epoch is reached. After the offline
training stage, reservoir states can be inferred sequentially. We then compare the predicted
pressure and saturation using a trained PICNN against the reference ones from a numerical
simulator at 20, 40, and 100 days, as shown in Figure 6. The relative error map is defined as

Xprea—X,
pred ref
T Xep to compare the accuracy.

Figure 6 presents the results of the PICNN model’s predictions for the pressure and
saturation snapshots in the above heterogeneous reservoir under varying well control
scenarios, along with the corresponding reference pressure and saturation profiles obtained
from an in-house reservoir simulator and relative error maps. The results at selected days
demonstrate that the pressure and saturation maps predicted by the PICNN model are in
decent agreement with the reference ones from the numerical simulator. For the pressure
maps, the relative error maps suggest slightly higher errors at extraction regions—around
2.5% at the most. For water saturations, relative error maps show that most of the error is
located near the injection wells, particularly at the water front region. For other regions,
both pressure and saturation almost show a perfect match, with a relative error near 0.

In order to evaluate the impact of various training accuracies on computational effi-
ciency, we conducted a comparison of the training times associated with three different
training accuracies denoted as . The resulting histogram of the training times for these dif-
ferent o values is illustrated in Figure 7 (left). Specifically, for o = 0.002, the training process
required 7590 s, for o = 0.005, it took 3345 s, and for o = 0.05, the training duration was
2010 s. To quantify the influence of different training accuracies on prediction accuracy, we
utilized the mean absolute percentage error (MAPE) metric, which measures the disparity
between the predicted states and reference states. The MAPE is defined as follows:

A

N
MAPE —
N§ St

where y is the pressure or saturation,  is the corresponding reference pressure and satura-
tion, and N denotes the dimensionality of y. This MAPE evaluation over time is depicted
in Figure 7 (right).

To sum up, lower training accuracy results in the faster training of the proposed
PICNN model. When comparing ¢ = 0.002 and ¢ = 0.005, there is not a significant
difference observed in the temporal MAPE. However, for o = 0.05, the MAPE for pressure
closely aligns with the values obtained for smaller o, while a slightly higher MAPE is
observed for the saturation profile. Nonetheless, this performance is considered satisfactory
given the inherent strong nonlinearity in saturation behavior. It is important to note that
the choice of training accuracy depends on the specific loss function used and should be
determined through experimental evaluation.
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20 days

40 days

100days

Figure 6. Predicted pressure/saturation with PICNN when ¢ = 0.002 (left column), reference
pressure/saturation from numerical simulator (middle column), and relative error (right column) at
different time T = 20, 40, 100 days.
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Figure 7. Total training time for different training accuracy o (left). Mean absolute percentage error

along with time (right).

4.2. PICNN Regularized on Production Data

In Section 4.1, we showed that a PICNN has good performance in simulating and
predicting global quantities such as the entire pressure and saturation maps. In practical
application, there is often a greater interest in local quantities, such as well block pressure
(WBP), well production rates, etc. Figure 6 illustrates that the predicted WBPs by the PICNN
are consistently lower than the reference values. In fact, we observe a systematic bias in
the predicted well block pressures (WBPs) across all timesteps with the original PICNN, as
shown in Figure 8. To enhance the accuracy of predictions for quantities at well locations, we
introduce a regularization technique for the PICNN. This regularization involves incorporating
production data by adding a data loss term, which is formulated as follows:

Liotark = L pnyx + BLaatak

where L0 = ﬁz&{”d Ly (WBPI%N — WBP;). «, B are trainable weights for physical
loss and data loss. In this work, the initial « and {3 are set to be 1 and 0.01, respectively. The
PICNN is now trained with L, x instead of only physical loss.

Figure 8 displays the well block pressures (WBPs) and production rates for two
production wells, both before and after the application of regularization. When utilizing
the original PICNN, both WBPs and production rates deviate from the reference curves.
Predicted WBPs are consistently 40 to 60 psia lower than the reference WBPs, and oil rates
are underestimated by 250 to 350 STB/day compared to the reference rates. Upon the
introduction of the production data loss, a noticeable improvement is observed. Both WBPs
and oil rates now align perfectly with the true values.

4.3. PICNN for Different Reservoir Model Dimensionality

In this subsection, we explore the computational aspects of the proposed PICNN by
varying the number of grid cells in the reservoir model. In a traditional numerical simulator,
it is intuitive that the computational time is directly proportional to the number of degree
of freedoms (DoFs). This relationship arises because a higher number of DoFs involves
larger matrix evaluations and inversions within the algebraic equations. On the other hand,
the computational cost of a PICNN is influenced by a combination of factors related to
the network architecture, optimization technique, physics-informed constraints, hardware
efficiency, and so on. In this specific experiment, we solely change the dimensions of
the input data (the grid numbers), keeping the network architecture (Figure 1) and other
parameters of the network, such as the number of layers, the size of convolutional kernels,
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WBP, psia

oil rates,bbl/day

and the number of filters in each layer, fixed. Despite the change in reservoir model
dimensionality, we observe that the training time for the PICNN remains unaffected. This
is attributed to the fact that the computational complexity of the PICNN primarily depends
on the number of trainable parameters in the network, and these parameters remain
constant regardless of the reservoir’s dimensionality. It is noteworthy that while larger
input data sizes might necessitate deeper layers and increased filter numbers per layer in
some scenarios, our experiments demonstrate that, in our specific cases, sophisticated CNN
architectures like U-Net proved adequate for capturing the intricate relationships between
input and output, illustrating the robustness and efficiency of our approach in handling
varying input data sizes.
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Figure 8. WBPs from original PICNN and reference (top left); WBPs from PICNN regularized on
production data and reference (top right). Oil rates from original PICNN and reference (bottom left);
Oil rates from PICNN regularized on production data and reference (bottom right).

Figure 9 showcases the results of the PICNN model’s predictions for pressure and
saturation snapshots with a different number of grid blocks at 100 days. The corresponding
reference pressure, saturation, and relative error maps are also included in this experiment.
In this experiment, the training accuracy o is set to be 0.05. Since our primary interest is
the computational efficiency, for case 2 and case 3, we consider homogenous properties.
The results clearly display that the pressure and saturation maps predicted by the PICNN
model align well with the reference data obtained from the numerical simulator. In the
pressure maps, the largest relative errors are situated near the source/sink regions, typically
within a range of £2.5%. On the other hand, for water saturations, the relative error maps
indicate slightly larger errors, primarily near the water front. However, these errors are only
confined to a few pixels, reaffirming the overall accuracy and reliability of the predictions.



Mathematics 2024, 12, 3281

15 of 19

P
Case
1
Sw
P
Case
2
Sw
P
Case 100 120
3
e
Sy @

Figure 9. Predicted pressure/saturation with PICNN (left column), reference pressure/saturation
from numerical simulator (middle column), and relative error (right column) for cases with different
number of grid blocks (Case 1: 64 by 64, Case 2: 100 by 100, Case 3: 150 by 150).

In Table 2, we conducted a comparative analysis of two key computational metrics
between the PICNN and an in-house numerical simulator. In the context of a two-phase
oil-water flow simulator with a total grid block count of N;, the degree of freedom is
typically equal to 2 X N;. As the model’s dimensionality increases, the simulation time
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experiences a significant rise. As shown, the total simulation time escalates from 20.3 s
to 141.0 s. It is worth noting that the actual simulation time can vary depending on the
specific simulator used in the study. Commercial simulators, for instance, may exhibit
faster performance due to their advanced numerical solvers, preconditioners, and improved
workload management techniques. However, it is important to emphasize that the primary
aim of this study is not to compete with commercial simulators but rather to illustrate
the potential of a PICNN in addressing large-scale multi-physics problems. Table 2 also
highlights that the number of trainable parameters in the PICNN remains constant, as the
same CNN model is utilized across all three cases. Interestingly, as we increase the model’s
dimensionality, both the training time and inference time do not experience as significant an
increase as observed in the simulator. Across all three cases, the PICNN achieved speedups
of 1.75, 4.93, and 19.7 times during the online-stage inference, respectively, showcasing its
efficiency in making predictions for larger-scale systems.

Table 2. Computational metrics of both PICNN and numerical simulator for different number of

grid cells.
PICNN (0=0.05) Numerical Simulator
Case # of Grids # of Trainable Training Time, s  Inference Time, s Degree of Sin}ulation
Parameters Freedoms (DoFs) Time, s
1 64x 64 10,862,850 2009.9 11.57 8192 20.3
2 100x 100 10,862,850 2810.2 11.62 20,000 57.3
3% 150x 150 10,862,850 1058.1 717 45,000 141.0

* for case 3, the step size is set to 3 days.

4.4. PICNN to Predict Unseen Data

One advantage of establishing a control-to-state regression is the potential to predict
states for different control scenarios. In other words, we could possibly deploy the trained
model to predict unknown states for different control schedules. However, we have
observed that this approach is effective only when the controls do not vary significantly.
When there is a substantial variation in either the magnitude or frequency of the time-series
controls, it can lead to inaccurate state predictions. To test this, we varied the injection rates
between 1000 and 1500 STB/day and the bottom hole pressure (BHP) between 2300 and
2500 psia. We generated 10 different sets of testing controls within these ranges. Initially,
these controls were altered every 50 days, as described in Section 4.1. Then, we significantly
increased the alteration frequency by changing it to every 10 days.

Figure 10 illustrates the temporal evolution of the mean absolute percentage error
(MAPE) in cases where control alterations occur every 50 days, just like the training case. In
the left subplot, it depicts the MAPE progression for predicted pressure, with the baseline
case represented by the black curve and 10 alternative time-series controls indicated by
the dashed red curves. Meanwhile, in the right subplot, the MAPE evolution for predicted
water saturation is displayed, with the black curve denoting the baseline case and the
dashed blue curves signifying 10 distinct time-series controls. Moving on to Figure 11,
it presents the temporal mean absolute percentage error (MAPE) for scenarios where
control changes occur every 10 days. In the left subplot, the MAPE dynamics for predicted
pressure are showcased, featuring the baseline case as the black curve and 10 alternative
time-series controls represented by dashed red curves. In the corresponding right subplot,
the MAPE evolution for predicted water saturation is exhibited, with the black curve
corresponding to the baseline case and the dashed blue curves symbolizing 10 different
time-series controls. From Figures 10 and 11, we observe that pressure MAPEs for these
10 cases are approximately an order of magnitude higher compared to the baseline case,
while the phase saturation MAPEs are about twice as high as those in the baseline model.
Increasing the frequency of well control changes would lead to more fluctuating and
larger errors for both pressure and saturations. These errors can be elucidated by the
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state-space equations, which indicate that the mapping from well controls to reservoir
states is not only time-dependent but also unique, contributing to these observed variations
in error magnitudes.

Pressure MAPE along with time Water saturation MAPE along with time
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Figure 10. Temporal mean absolute percentage error (MAPE) of predicted pressure and water
saturation when controls vary every 50 days.
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Figure 11. Temporal mean absolute percentage error (MAPE) for predicted pressure and water
saturation when controls alter every 10 days.

5. Conclusions

In this work, a physics informed convolutional neural network (PICNN) is proposed
to simulate and predict reservoir dynamics with time-varying well controls. The network is
trained progressively to simulate two-phase flow in porous media at each timestep without
labeled data. Unlike many existing deep learning models that focus on mapping parameters
to states, our model establishes a control-to-state mapping, making it particularly suitable
for reservoir dynamical controls.

Our findings demonstrate that the proposed PICNN model performs well in predicting
reservoir states. It achieves remarkable accuracy, with relative errors of less than 1% in
regions far from source/sink areas for both pressure and water saturation predictions,
and approximately 3% in areas near the wells. By incorporating production data into the
training process, we significantly improve the estimation of local quantities like well block
pressures (WBPs) and well rates. Furthermore, we explore various reservoir simulation
scenarios with different grid block configurations and compare the computational efficiency
and accuracy of a PICNN against traditional numerical techniques. Notably, the PICNN
proxy exhibits impressive speedups during online inference, showcasing its potential for
efficiently handling large-scale reservoir models. Importantly, the computational costs
associated with training the PICNN are not influenced by the dimensionality of the reservoir
model, highlighting its suitability for tackling complex reservoir simulations efficiently.
Lastly, we tested the proxy model with 10 different time-series controls and provided the
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error plots. We showed that the proposed model may not be robust and reliable if the
controls vary significantly either in magnitude or frequency.

Our forthcoming research endeavors will prioritize the development of more robust
and precise surrogate models, taking a dynamical system control perspective into account.
Additionally, we intend to expand our methodology to encompass the simulation of more
intricate 3D reservoir models characterized by a higher number of grid blocks. It is impor-
tant to acknowledge that the proposed PICNN approach is currently applicable to Cartesian
grids, which facilitate convolutional operations. In the future, we also plan to explore the
potential of graph neural networks to address scenarios involving unstructured meshes.
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