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Abstract: The contact stiffness of the mechanical joint usually becomes the weakest part of the stiffness
for the whole machinery equipment, which is one of the important parameters affecting the dynamic
characteristics of the engineering machinery. Based on the three-dimensional Weierstrass-Mandelbrot
(WM) function, the novel normal contact stiffness model of the joint with the bi-fractal surface is
proposed, which comprehensively considers the effects of elastoplastic deformation of asperity and
friction factor. The effect of various parameters (fractal dimension, scaling parameter, material param-
eter, friction factor) on the normal contact stiffness of the joint is analyzed by numerical simulation.
The normal contact stiffness of the joint increases with an increase in the fractal dimension, normal
load, and material properties and decreases with an increase in the scaling parameter. Meanwhile,
the fractal parameters of the equivalent rough surface of the joint are calculated by the structural
function method. The experimental results show that when the load is between 14 and 38 N-m, the
error of the model is within 20%. The normal contact stiffness model of the bi-fractal surface joint can
provide a theoretical basis for the analysis of the dynamic characteristics of the whole machine at the
design stage.

Keywords: bi-fractal surface; normal contact stiffness; fractal theory; elastoplastic deformation;
friction factor

MSC: 37N15

1. Introduction

The large number of joints in large-scale mechanical equipment can produce dy-
namic characteristics such as contact stiffness and contact damping [1]. These dynamic
characteristics have a great effect on the dynamic performance of the entire mechanical
equipment, which affects the structural stability and operational accuracy [2,3]. Therefore,
many scholars have carried out theoretical and experimental research [4].

Majumdar and Bhushan [5,6] first established a MB fractal contact model based on WM
function and island area distribution function, which eliminates the defect that traditional
statistical models are affected by instrument resolution and sampling length. Since the
fractal contact model is objectively unique, many scholars have studied it. Xiao et al. [7]
considered the elastic—plastic deformation mechanism of asperity and established a fractal
model of contact stiffness of asperity from elastic to plastic deformation regions. Yu et al. [8]
also found that there are multiple stages of deformation in asperity as the load increases.
Zhao et al. [9] established a fractal model of normal contact stiffness considering the effect
of friction factor and analyzed the variation of normal contact stiffness with friction factor.
Meanwhile, a three-dimensional fractal model of contact stiffness considering friction factor
has also been established [10]. In order to make the fractal model applicable to a curved
surface, Zhao et al. [11] changed the size distribution function of the asperity contact points
by introducing the area contact coefficient and converted the fractal contact stiffness model
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of the plane joint into the contact stiffness model of the curved joint. Xiong et al. [12]
extended the fractal model of the curved joint to the calculation of the tangential contact
damping of the spherical joint in the mechanical parts such as bearings and gears. Guan
et al. [13,14] established a contact mechanics model between the piston and the cylinder of
a spherical pump and analyzed the parameters of the piston radius and radial clearance
as well as the material properties. Liu et al. [15] established a spindle-tool holder contact
stiffness model based on fractal theory and a multi-scale contact mechanics model and
analyzed the influence of cutting force and temperature on the contact stiffness of the
spindle-toolholder. Fractal theory is not only used for planes and curved surfaces but also
for characterizing surfaces with micro-structure. Zhang et al. [16] established a model of
contact stiffness and damping of joints with micro-structured surfaces based on fractal
theory to elucidate the effect of surface texture on stick slip vibration. Not only that,
Bhushan and Majumdar [17] later found that when the structural function method is used
to calculate the fractal parameters of a rough surface, the rough surface has different fractal
parameters in two different regions, that is, it exhibits bi-fractal characteristics. Borri and
Hu [18-20] also found that the rough surface has bi-fractal features.

However, a lot of theoretical research on the dynamic characteristics of the joints
from different aspects has been carried out, and few scholars have analyzed the dynamic
characteristics of the bi-fractal surface joints. In this paper, the normal contact stiffness of
the bi-fractal surface joints is proposed, which innovatively takes into account the effects of
elastoplastic deformation of the asperity and friction factor and uses a three-dimensional
WM function to characterize the surface topography of the two contact surfaces of the joint.
The proposed analytical model can provide a theoretical basis for the prediction of the
dynamic characteristics of the whole machine at the design stage.

The main contributions of this work are summarized as: The proposed contact stiffness
model adopts a three-dimensional WM function and considers the elastic—plastic deforma-
tion of asperities and friction factors. This not only accurately characterizes the morphology
of fractal surfaces but also more realistically reflects the deformation of asperities and
the contact characteristics of joint surfaces. The framework of this paper is as follows: In
Section 2, a bi-fractal surface joint contact stiffness model is established. Firstly, based on
the three-dimensional WM function and fractal theory, the contact model of single asperity
in the elastic, elastoplastic, and plastic stages is established. Then the single asperity contact
model is integrated by the area density distribution function to obtain the contact stiffness
model of the joint. In Section 3, the effect of normal load, fractal parameters, friction factor,
and material parameters on the contact stiffness of the bi-fractal surface joint is analyzed.
In Section 4, the effectiveness of the model is verified by experiments. In Section 5, the
conclusions obtained from previous analysis were presented.

2. Normal Contact Stiffness Modeling of Bi-Fractal Surface Joint

From a microscopic point of view, the bi-fractal surface joint is essentially formed by
the contact of a large number of asperities on the two rough contact surfaces. The contact
state of a single asperity has an important influence on the actual contact area, load, and
contact stiffness of the entire joint. Therefore, the basis for studying the contact stiffness
of the joint is firstly to analyze the contact state of a single pair of asperities, and then a
contact stiffness model for predicting the bi-fractal surface joint is established.

2.1. Single Asperity Contact Analysis

The traditional fractal contact model is based on the WM function [21]. Komvopou-
los [22] improved the traditional two-dimensional WM function and obtained a three-



Mathematics 2024, 12, 3232

30f19

dimensional WM function that characterizes the fractal rough surface. The three-dimensional
WM function is shown in Equation (1).

G D-2 11’1’)/ 1/2 M Hmax
- mny (D-3)y.
Z(xry) L ( L ) ( M ) ot W;O Y (1)
27y (2% +y ) (Y Tm
COS P,y — COS I - COSs (tan (;) - ﬁ) + Pmy

where z is the height of the asperity; L is the sampling length of the rough surface;G is
the scaling parameter; D is the three-dimensional surface fractal dimension (2 < D < 3);
7 is the parameters related to the frequency density; M is the number of peak ridges
superimposed when forming a rough surface; # is the frequency index; and ¢y, is a
random phase.

According to Equation (1), a three-dimensional rough surface profile can be obtained.
The length of the three-dimensional surface sampling is calculated by L = 1 x 10~* m;
the number of peaks and ridges superimposed on the rough surface is taken as M = 40;
the parameters related to the frequency density is taken as 7 = 1.5, the 3D simulation
of fractal surface topography at different fractal dimensions and scaling parameters as
shown in Figure 1. From Figure la—c, it can be seen that when the scaling parameter is
constant, the peak height of the asperity gradually decreases relative to the reference plane
as the fractal dimension increased while its distribution density gradually increases. The
surface becomes increasingly smooth; therefore, the fractal dimension reflects the surface
roughness level of rough surfaces with bi-fractal characteristics. When the fractal dimension
is constant, the density of asperity on rough surfaces remains basically unchanged as the
scaling parameter increases, but the peak height of asperity gradually increases. The surface
appears increasingly rough; therefore, the scaling parameter reflects the magnitude of the
contour amplitude of bi-fractal surface joints.
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Figure 1. The 3D simulation of fractal surface topography. G; = 5x 107" m, G, = 1x107" m
(@) Dy = 23, Dy =22, (b) D; = 2.5, Dy = 24, (c) D; = 2.9, D, = 28. D; = 2.7, D, = 2.4
(d)G;=5%x10"8m, G, =1x10"8m,(e) G; =5x107109m, G, =1x10"0m,(f) G; =5x10 I m
Gy=1x10""m
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Ignoring the details on smaller scales, then the three-dimensional WM function is
approximated as a cosine wave [23], then Equation (1) can be expressed as follows:

20(x) = GO (In) /2 (2r) D) {cos P10y — cos(% - ¢1,n0)] 2)
where 1’ is the radius of the truncated circle formed by the contact of the two asper-
ity; ng is the frequency index corresponding to the base length of the cosine wave; and
no =1In(L/2r")/In"y.

From Equation (2), the deformation of the asperity can be expressed by the difference
between their peaks and troughs. When the two surfaces of the joint are in contact, at the
microscopic level, the asperity of the two rough surfaces is actually in contact with each
other. According to the Hertzian contact theory, it can be converted to an equivalent rough
surface in contact with a rigid smooth plane, as shown in Figure 2.
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Figure 2. Schematic diagram of equivalent deformation of rough surface asperity.
The deformation of the asperity can be expressed as follows [24]:

§ = 2(11-3D)/2GD=2 1y ,Y)l/zn(D—s)/za(s—D)/z @3)

Meanwhile, the radius of curvature of the asperity is calculated as follows:

R — 2(3D—11)/27T(1—D)/ZGZ—Da(D—l)/Z(ln7)71/2 )

2.1.1. Elastic Contact

When the deformation of the asperity is smaller than the elastic critical deformation
(6 < dec), it is in the elastic deformation stage.

According to the Hertz contact theory, the relationship between the elastic load of the
asperity and the deformation is calculated as follows:

4
pe(6) = JERY/252 5)

where E is the equivalent elastic modulus of the joint, 1/E = (1 —v2)/Ey + (1 —v3)/Ey,
E1, E» is the elastic modulus of the two contact materials, v1, v, is the Poisson’s ratio of the
two contact materials.

Then the normal elastic mean pressure of a single asperity is calculated as follows:

Pea(8) = 1.1kfay\/€ (6)
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Substituting Equations (3) and (4) into Equation (5), the expression of the elastic load
and the contact area of the asperity is as follows:

pe(a) = %En“"‘”/ 22(15-3D)/2 (1 1) 1/2G(D=2) 4 (4-D) /2 )
The normal contact stiffness of the asperity in the elastic stage is as follows:

£ (1-D) 1 ©

_ dpe(a) _
bnel) = =45~ = 3072 (3- D)

The elastic critical deformation of the asperity can be expressed as [23] follows:

337tk oy \ 2
Y Bttt
o= (ZE ) R ©)

where k¢ is the interface friction coefficient, ky = { (1);323_218;8 (F-03) 003 ]; ? 230.9 ;
and 0y, is the yield strength of the softer material in the two contact materials.

Substituting Equations (3) and (4) into Equation (9), the elastic critical contact area of
the asperity is then calculated as follows:

3.3kf0'y

_ »(3D-11)/(2-D)
Ao = 2 ( 4F

2/(2-D)
) 74=D)/2-D) (1 )1/ (P2 52 (10)

2.1.2. Plastic Contact

When the deformation of the asperity is larger than the elastic critical deformation
(6 > dec), it is in the plastic deformation stage.
The expression of the plastic load and the contact area of the asperity is as follows:

pp(a) = Ha (11)
Therefore, the normal plastic mean pressure of a single asperity is as follows:

The plastic critical deformation of the asperity from the elastoplastic interval to the
plastic interval is [25] as follow:

279 1/0.117
5}7(3 == (161) (5ec ~ 110(5@C (13)

From the Equations (3), (9), and (13), the plastic critical contact area of the asperity is

_ ~(3D-11)/(2-D)
Ape =2 ( oF

2/(2-D)
> 4=D)/(2=D) (1 1)1/ (P-2) 52 (14)

2.1.3. Elastoplastic Contact

When the deformation of the asperity is greater than the elastic critical deformation
and less than the plastic critical deformation (6, < & < Jpc), it is in the elastoplastic
deformation stage.

In this deformation stage, H it is not a constant value, so it is expressed by the average
pressure H(a), and H(a) the power function fitting empirical relationship is calculated as
follows [26]:

a \P
H(a) = a0y () (15)

Qec
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The continuity of the function should be satisfied, namely the following;:
H(aec) = pea(ec) (16)
H(“pC) = Ppa(5prf) (17)
Substituting Equations (6) and (15) into Equation (16) gives the following:
a = 1.1ks (18)

Substituting Equations (12), (15) and (18) into Equation (17) gives the following;:

2- D)ln(l.lkf/k>
b= 2(In11 — In115)

(19)

The expression of the elastoplastic load and the contact area of the asperity is calculated
as follows:
Pep(a) = 1.1kfayagcﬁa’3+l (20)

The normal contact stiffness of the asperity in the elastoplastic stage is calculated
as follows:

_ dpep(a) _ 22(B+ 1)2(3D—11)/2G(2—D)(
& 3-D)

ln'y)_1/271(3_13)/Zkfvyag_cﬁa(zﬁ+D_l)/2 1)

2.2. Bi-Fractal Surface Contact Analysis
2.2.1. Contact Mechanics of Bi-Fractal Surfaces

Most of the machined surface structure function graphs have two fractal intervals,
as shown in Figure 3, each of which has its own elastic critical contact area, respectively
denoted as 4,1 and a,.»; each has its own plastic critical contact area, which is recorded
as apc1 and app. There is a boundary contact area a1, at the junction of the two fractal
regions [27], ajp = T122r' according to the size relationship of a1, aec2, Apc1, Ape2, and ayp, the
elastoplastic deformation of the single asperity of the bi-fractal surface joint is divided into
the following six cases.

A

w
€
S
ks -
2 Ki=4-2D1 Y
ki K2=4-2D2
=
o
5 .
| P G
i >
Fractal domain 1 | Fractal domain 2

a,

\/

Figure 3. Structure function diagram of the bi-fractal surface joint.

Case A: (upcl < app and a,.1 > ﬂ12)

When the actual contact area of a single asperity is satisfied 4 < 4,1, the deformation
is plastic, and the elastoplastic deformation is satisfied ape1 < a < dyp;

Case B: (apc1 < dec1 < a12)
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When the actual contact area of a single asperity is satisfied a < a1, the deformation is
plastic deformation, and when it is satisfied 4,1 < a < g1, it is elastic—plastic deformation;
the elastic deformation is satisfied a,.,; < a < ayy;

Case C: (a12 < apc1 < dec1)

All single asperity in the fractal domain 1 are plastically deformed;

Case D: (ap2 < a2 and deer > a12)

When the actual contact area of a single asperity is satisfied a1y < a < a,;, the
deformation is elastoplastic deformation, and when it is satisfied a > a,, it is elastic
deformation;

Case E: (ﬂpcz < leep < 412)

All single asperity in the fractal domain 2 are elastically deformed;

Case F: (a1p < ape2 < Aec2)

When the actual contact area of a single asperity is satisfied a1 < a < apc, the
deformation is plastic deformation, and when it is satisfied a0 < a < 4., it is elastic-
plastic deformation; the elastic deformation is satisfied a > a,c;

2.2.2. Area Density Distribution Function

At the same time, for the bi-fractal surface joint, the area density distribution function
can be divided into the following two cases according to the relationship between the
boundary contact area a1, and the maximum contact area of single asperity 4;.

Case I: (7; < a1p)

_ Di—-1

5 D2_1)/2a*(D]+l)/2 (22)

ni(a) ﬂz(

Case II: (Cll > alz)

Di—1 _ _
- 12 ”l(DZ 1)/2‘1512)1 D2)2=(D)/2 (5 < ayy) (23)

ni(a)
_ D; — 1al(D271)/2a—(Dz+1)/2

> (a12 < a < ap) (24)

ny(a)
2.3. Contact Stiffness of the Entire Joint
2.3.1. Total Real Contact Area
The actual contact area A, of the joint includes an elastic contact area and a plastic
contact area, and the contact area of the entire joint surface is obtained by integrating in
each deformation zone.
The true contact area A, of the bi-fractal surface joint can be expressed as follows:

Ar = [y n1(a)ada + f;l’z ny(a)ada
Dy —1 (D,-1)/2 (3-Dy)/2 , D2 =1 (D,—1)/2( (3-D;)/2  (3-D»)/2 (25)
=3_p," P ey t3-p," ’ (“1 Yy )

We divide Equation (25) to obtain the following:

D1 —1 «(Dy,-1)/2 «(3-Dy)/2 , D2 =1 «(D,-1)/2( +(3-Dy)/2  *(3-Dy)/2
A;‘:73_D1ul 2 a, +3—D2al 2 (al Mty ) (26)

where A; is the dimensionless true contact area of the joint, A} = A,/ A,.

2.3.2. Total Normal Load

Through the previous analysis of Case A—Case F and Case I-Case 1I, since Case II
indicates that the maximum asperity contact area enters the fractal zone 2, the joint surface
exhibits a bi-fractal feature, thus resulting in various combinations. Comprehensive analysis
of various combinations will make the work complicated. Therefore, for the convenience of
research without loss of generality, only Case C + Case F is selected to analyze the normal
load and normal contact stiffness of the joint surface. Other cases can be obtained similarly.
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(1) If the maximum contact area of a single asperity is larger than the elastic critical
contact area, that is a; > a,., the total normal load of the bi-fractal surface joint is
calculated as follows:

Aec2 a

P = /0“12 pp(ﬂ)i’ll (ﬂ)d(l + /“zpcz Py (a)nz(a)da + pgp(ll)nz(ll)da + Pe(a)nz(a)da (27)

Apc2 Aec2

Substituting Equations (7), (11), (20), (23) and (24) into Equation (27), we can obtain

D,—1 D,—1)/2 _ _ 3-D,)/2 3-Dy)/2
+(33D2)H‘11( >—1) (110(3—D2)/(4-2Dy) L(’C2 2) _a§2 2) ) o8
B O PV Thg0- 3 -2
+3(?22D1 )ET[(DZ 4)/29(15— 3D2)/2(1n’y)1/2G( *z)al(DZ*l)/z(al@*ZDz)/z7QSZ*ZD2)/2)

(2) If the maximum contact area of a single asperity is larger than the plastic critical
contact area and smaller than the elastic critical contact area, that is a,c2 < a; < dec2,
the total normal load of the bi-fractal surface joint is expressed as follows:

a
P= / ppl(a)nyi(a da+/ a)da + Pep(a)na(a)da (29)

Apc2

Substituting Equations (11), (20), (23), and (24) into Equation (29), we obtain

the following:
pP— (?15 )Ha(D2 1)/2 g Dy)/2
+(3DED1)H11(D2 1)/2(110(3 D,)/(4—2D,) 232 Dy)/2 _ (3 Dz)/Z) (30)
B 007 0 e -2

(3) If the maximum contact area of a single asperity is smaller than the plastic critical
contact area, that is a; < Apc2, the total normal load of the bi-fractal surface joint is
expressed as follows:

P = /Oalz pp(a)ny(a)da + /;l pp(a)na(a)da (31)

Substituting Equations (11), (23) and (24) into Equation (31), we obtain the following:

P = (?)Dl—l)H (szl)/Z (37D2)/2

+ (?I?ZDl) Ha (DZ 1)/2(110(3 Dz)/(472D2)a£§’2—D2>/2 _ ag’_DZ)/z)

(32)

Substituting P* = P/AgE, G>k = G/\/Aa, {1? :al/Ag, 1 = al/Aa, 2 = az/Ag,
ay, = aj,/Aa, ¢ = H/E to Equations (28), (30), and (32), the dimensionless form of
Equations (28), (30), and (32) can be obtained.

2.3.3. Total Normal Contact Stiffness

The normal contact stiffness of a single asperity is integrated over area density dis-
tribution function, and the relationship between the total normal contact stiffness and the
true contact area of the bi-fractal surface joint is obtained as follows:

(1) If the maximum contact area of a single asperity is larger than the elastic critical
contact area, that is a4; > 4., the total normal contact stiffness of the bi-fractal surface
joint is as follows:

6= [ bup@ma@da+ [ kue(ana(a)da )

pc2 Aec2
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Substituting Equations (8), (21) and (24) into Equation (33), we obtain the following;:

K, — _4E_(4=Dy)(Dy—1) (szl)/z( (2-D2)/2 _ (Z*Dz)/2)
n T 312 (27D2)(37D2)al a %)
_|_1-(13(£>IZD;)1) (ﬁ;1)2(3D2_11)/2G2(2_D2)(ln ry)—1/2n(3—Dz)/2kfayal(D2*1)/2(1 _ 110/5/(2—D2))

(34)

(2) If the maximum contact area of a single asperity is larger than the plastic critical
contact area and smaller than the elastic critical contact area, that is ay2 < a; < dec2,
the total normal contact stiffness of the bi-fractal surface joint is as follows:

"

K, = l knep(a)na(a)da (35)

Apc2

Substituting Equations (21) and (24) into Equation (35), we obtain the following:

11(D2 =1) (B+1) ,3p,-11)/2~ (2D ~1/2_(3-D,)/2 (D2=1)/2 2-D
K, = 5- Dy 5 26D2-11)/2G, (2=D2) (10 ) 7(83=D2)/ kpoya, 2 (1 —110P/(2-Da2)) (36)
(3) If the maximum contact area of a single asperity is smaller than the plastic critical
contact area, that is a; < Apc2, due to the asperities of bi-fractal surface joint are all
plastic, we can draw a conclusion that the total normal contact stiffness of the bi-fractal

surface joint is zero.
Ky =0 (37)

Substituting K}, = K,/(VAE), G* = G/ As, af = a;/As, a}y = ay/As, a}y =
al,/Aq, aj, = aj,/As, ¢ = H/E to Equations (34) and (36), the dimensionless form of
Equations (34) and (36) can be obtained.

The contact stiffness of entire surface joint is a function of ay, acc, a12,a;, D, G, E and
H. Material property parameters E and H are available from a given material. The fractal
parameters D and G can be identified by the structural function method in Section 4.1. a;,
and g, are obtained by applying Equation (14) and Equation (10). The maximum contact
area of the asperity a; is obtained by Equation (28), Equation (30), or Equation (32) because
the normal load P is balanced with the external load. Therefore, by substituting the above
parameters into Equation (34), Equation (36), or Equation (37), the contact stiffness of the
bi-fractal surface joint can be obtained.

The flowchart of calculating the normal contact stiffness for the bi-fractal surface joint
is shown in Figure 4.

Input material properties and
fractal parameters
v

Calculate boundary contact areaa,,
elastic critical contact area 4.,.4.,
plastic critical contact area a,,.4,,

Apply normal load P

[ Get the maximum contact area ¢, by Equation(28)

If meets the
conditiong >q,,

N
Recalculate g,
by Equation(30)

If meets the
conditiong >a,,

Recalculate g,
by Equation(32)

Calculate normal contact
stiffness by Equation(37)
|

Calculate normal contact
stiffness by Equation(36)

Figure 4. Flowchart of calculating the normal contact stiffness for the bi-fractal surface joint.

Calculate normal contact
stiffness by Equation(34)
[
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Dimensionless Contact area A%

3. Simulation Analysis of Normal Contact Stiffness

Such factors as the fractal parameters, the material properties, the normal load and
the friction factor have a combined effect on the actual contact area and the normal contact
stiffness of the bi-fractal surface joint. Therefore, it is essential to analyze the effect of the
above factors on the contact stiffness and the actual contact area.

3.1. Real Contact Area

Figure 5a is the relationship between the dimensionless normal load, and the dimen-
sionless true contact area of the bi-fractal surface joint under different scaling parameters.
It can be seen from Figure 5a that when the fractal parameters are constant, the true contact
area of the joint increases approximately linearly with an increase in the normal load. This
is because when the normal load is increased, the contact area of a single asperity with
larger curvature is increased, and the number of the asperity having a smaller radius of
curvature is increased, so that the total actual contact area is increased.

0.15

012

0.06f

0.03F

10 ;
@) - pEkn -G =1710° g =s=10° (D)
. Y: 2.508 . 2
’ Z: 5.024e+05
L]

4G =1°10"° G=5*10"°
—a-G=1*10"! g=5010!

G =110 G,=5*107°
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1

At G:=5*10"
—0-G=1°10"? G,=5*102 !
—-G,=1710" g =5010 !

Dimensionless Contact area A*,

1 X: 2.808
Y:2.756 X:2.356
0- Z: 3658 Y:2.308
» g\?“m' Z: 6206
275 .%
o 26 >
M N O
- + + L 9/;&_ 2 29 275 2.6
05 1 15 2 25 3 K Fractal dimension D
Dimensionless normal load P* 107 7

Figure 5. (a) Relationship between true contact area and normal load of joint; (b) Relationship
between real contact area and fractal parameters of joint.

Not only the normal load of the joint will affect the real contact area of the joint, but
the fractal parameters also affect the true contact area of the joint. Figure 5b shows the
relationship between the dimensionless true contact area of the bi-fractal surface joint and
the fractal parameters. With an increasing fractal dimension, the real contact area of the
bi-fractal surface joint tends to increase first and then decrease. When the fractal dimension
is small, the real contact area of the joint increases slowly. When Dy > 2.35, D, > 2.3, the
contact area increased rapidly and reached a maximum, it then showed a downward trend.
It can also be seen that the scaling parameter also has an important influence on the true
contact area of the joint. The true contact area of the joint increases with a decrease in the
scaling parameter.

3.2. Normal Contact Stiffness

Figure 6a shows the relationship between the dimensionless normal contact stiffness
and the dimensionless normal load of the bi-fractal surface joint under different fractal
dimensions. It can be seen from Figure 6a that when the fractal dimension is constant, the
normal contact stiffness of the joint increases approximately linearly with an increase in the
normal load. Because when fractal parameters are constant, the actual contact area of the
joint increases with an increase in the normal load, and the elastic critical contact area of
the asperity does not change. This means that the elastic deformed asperity increases, so
that the normal contact stiffness of the joint becomes larger; in the case where the normal
load of the joint of the bi-fractal surface is constant, the normal contact stiffness of the joint
increases with an increase in the fractal dimension.
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Figure 6. Relationship between different factors and normal contact stiffness. (a) Different frac-
tal dimensions; (b) Different scaling parameter; (c) Different material parameters; (d) Different
friction factor.

Figure 6b shows the relationship between the dimensionless normal contact stiffness
and the dimensionless normal load of the bi-fractal surface joint under different dimension-
less scaling parameters. It can be seen from Figure 6b that when the scaling parameter is
constant, the normal contact stiffness of the joint increases approximately linearly with an
increase in the normal load. Because when the scaling parameter is constant, the actual
contact area of the joint increases as the normal load increases and the elastic critical contact
area of the asperity does not change, thus the contact area of the corresponding elastic
deformation portion also increases. Therefore, the normal contact stiffness of the joint
becomes larger; when the normal load of the joint is constant, the normal contact stiffness
of the joint decreases as the scaling parameter increases because the scaling parameter
increase will increase the elastic critical contact area of the asperity, resulting in a decrease
in the normal contact stiffness of the joints.

Figure 6¢ shows the relationship between the dimensionless normal contact stiffness
and the dimensionless normal load of the bi-fractal surface joint under different material
parameters. It can be seen from Figure 6¢ that in the case where the normal load of the
joint is constant, the normal contact stiffness of the joint increases with an increase in the
material parameter, because the increasing material parameter means the yield strength of
the softer material becomes larger. The increase in the yield strength of the softer material
reduces the critical contact area of the asperity, resulting in an increase in the percentage of
elastic deformation of the joint asperity; thereby, the contact stiffness increases.

Figure 6d shows the relationship between the dimensionless normal contact stiffness
and the dimensionless normal load of the bi-fractal surface joint under different friction
factors. It can be seen from Figure 6d that in the case where the normal load of the joint is
constant, the normal contact stiffness of the joint decreases with an increase in the friction
factor, and the deceleration is large when the friction factor is large. Therefore, in the
calculation of the normal contact stiffness of the joint, the friction factor should not be
ignored, especially the large friction factors.
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4. Validity Verification of Model

In order to validate the effectiveness of the contact stiffness model proposed in this
paper, the fractal parameters in the theoretical calculation expression of the normal contact
stiffness for the bi-fractal surface joint are obtained through the structural function method,
and the normal contact stiffness theoretical value of the bi-fractal surface joint is obtained
based on Section 2. Then the experimental value of the normal contact stiffness obtained
through the dynamic characteristic identification experiment of the rail slider joint. Finally,
the theoretical and experimental results are compared and analyzed.

4.1. Experimental Equipment and Principle

The schematic diagram of the rail slider joint is shown in Figure 7a. The material of
the test platform rail base is HT300, the slider material is 45#steel, and the slider is used
as the mass block. During the experimental testing, the normal load on the rail slider
joint is changed by changing the pre-tightening force of the bolts on the slider. The joint
characteristic parameter identification experiment uses the guide rail slider joint surface,
and the guide rail slide test bench can be equivalent to a single degree of freedom vibration
system, as shown in Figure 7b, ks and ¢, represents the equivalent stiffness and equivalent
damping of the joint, respectively.

In the dynamic characteristic identification experiment of the joint, the normal excita-
tion force is applied to the mass, and the motion equation of the mass under the excitation
force can be expressed as follows [28]:

mx () +cs[x(t) — xp(8)] + ks[x(t) —xp(£)] = f(2) (38)
The equivalent frequency response function of the joint surface can be expressed

as follows:
_ Hx_x,(w)
1 — mw?[kk-Hx x, (w) — Hx(w)]

H(w) (39)

In the dynamic characteristic parameter identification experiment of the joint, the FRF
Hx(w) of the mass block and the FRF Hy, (w) of the fundamental are collected, and then
the vector difference of the mass block and the fundamental FRF Hx_x, (w) is calculated,
and the FRF H(w) of the equivalent single degree of freedom vibration system is obtained
by Equation (39). Therefore, the contact stiffness of the joint can be obtained.

rail slider

n B

1. Rail substrate
2. Rail

3. Slider

4. Bolts

5. Pad

| P

(@ (b)
Figure 7. The rail slider joint. (a) The schematic diagram; (b) The equivalent mechanical model.

4.2. Solution of Surface Fractal Parameters

The two contact surfaces of the joint have bi-fractal characteristics. The contact stiffness
analytical model of the bi-fractal surface joint needs to identify the fractal parameters of the
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SIid!:l |

two contact surfaces, and the structural function method is used to calculate the equivalent
fractal parameters of the joint.
The structural function of a rough surface can be expressed as follows [29]:

S(2) = ([elx-+ 1) = 2(x)?) = "2 IGO0 )

The linear equation of 1g5(7) — 1g7 is established on the double logarithmic coordinate
system. The scaling parameter G and fractal dimension D can be calculated by the intercept
of the straight line on the ordinate and the slope of the line, written as follows:

oG — = 18{T(2D = 3)sin[(2D — 3)7/2)/[(4— 2D) In 1]}
8% = 2(D—1)
4

(41)

—k

For the two rough surface contact problems of the mechanical joint, the structural
function of the equivalent rough surface of the joint can be obtained by superposing the
structural functions of the two rough contact surfaces, which can be expressed as follows:

S(1) = S1(7) + Sa(7) (43)

where S(7) is the structural function of the equivalent rough surface of the joint; and 51 (1)
and S, (7) are the respective structural functions of the two contact surfaces. Therefore,
according to Equations (41)-(43), the fractal parameters of the equivalent rough surface can
be obtained.

In order to verify the effectiveness of the model, the rough surface profile measurement
of the three different sliders was measured with the Olympus LEXT OLS4100 laser digital
scanning microscope (as shown in Figure 8). Since the actual slider surface topography pro-
file cannot be measured directly on the measuring instrument, the test specimens with the
same surface machining process as the rail and slider joint are fabricated. The relationship
is as follows: the upper surface of the rail corresponds to the surface topography of sample
0, and the inner groove surfaces of sliders 1, 2, and 3 correspond to the surface topography
of samples 1,2, and 3.

Slider l
sample ¥

(@ (b)

Figure 8. (a) Slider with different surface roughness; (b) Process diagram of sample surface
profile measurement.

Figure 9 shows the test results for four sets of samples.

Since the joint is formed by the contact of two rough surfaces and the structural func-
tion of the equivalent rough surface of the joint can be obtained according to Equation (43).
Figure 10 shows the equivalent structural functions of three joints. Fractal parameters
are derived from the effective section of structural function with self-affinity. The scaling
parameter and fractal dimension are calculated by the intercept and slope of the fitting
curve of the effective part for the equivalent structure function. The relation between
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the three-dimensional fractal dimension and the two-dimensional fractal dimension is

D = Ds +1[30].

Sample 0 |

AW

Surface profile height (um)

0 500 1000 1500 2000 2500 3000 3500 4000
Sampling length (um)

15

12 ¢ Sample2 1
9t ]

R AA A

9t j
-12¢ 1

Surface profile height (um)
o

-15
0 500 1000 1500 2000 2500 3000 3500 4000
Sampling length (um)

Sample 3

owﬁwmmww

Surface profile height (um)

Sample1 |

Ty

0 500 1000 1500 2000 2500 3000 3500 4000

Sampling length (um)
15

12
9|
6 I
3

-3
-6

|

-12¢

Surface profile height (um)

Sample 3 |

"

-15
0 500 1000 1500 2000 2500 3000 3500

Sampling length (um)

(b)

Figure 9. (a) Surface morphology of sliding rails with different roughness; (b) Surface profile of
sliding rails with different roughness.
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Figure 10. The equivalent structure function of the joint surface. (a) Joint 1, (b) Joint 2, (c) Joint 3.

Table 1 shows the fractal dimension and scaling parameter values of the equivalent
rough surface calculated from the equivalent structural functions of each joint. By substi-
tuting this parameter into the proposed model, the theoretical contact stiffness of the joint
can be calculated. From Table 1, it can be seen that the fractal parameters of the joint are
different under different roughness levels.
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Table 1. Fractal parameters of equivalent rough surface.
Joint Number Fractal Dimension D¢,D; Scaling Parameter G1,G»(m)
. 2.5162 5.9058 x 10~7
2.7828 1.1811 x 10°
) 2.4853 3.7237 x 1077
2.7054 8.9543 x 107
3 2.4613 6.4363 x 1077
2.6779 1.3073 x 10~°

(@)

Rail

Slider

Bolt

L7 7

Pl

essi
/— processing Joiit Bolt é

4.3. Dynamic Characteristics Identification Experiment

The test principle is shown in Figure 11a, and the test process is shown in Figure 11b.
During the experiment, a digital torque wrench is used to change the torque of the loading
bolt to change the normal load. The excitation force hammer is applied to the joint, and
the response signal is picked up by the acceleration sensor and transmitted to the data
acquisition system. The collected signal is analyzed by the computer to obtain the frequency
response function of the system. Finally, the dynamic characteristic parameters of the joint
are calculated by the peak resonance method and the half-power method.

Figure 12a,b show the FRF diagrams of the slider and foundation structure of joint
1 under different normal loads, respectively. The equivalent FRF test results of the three
joints are shown in Figure 13.

Hammer PC data Hariae

Slider " \ x_ =

Rail

<— Accelerometer

v
Data

acquisition|~ PC data
system processing

v

Data acquisition
system

Figure 11. Testing of dynamic characteristics of joints. (a) Schematic diagram of test, (b) The process
of dynamic characteristic test.

The experimental value of the contact stiffness of the joint can be calculated from
Figure 13 and Equation (39). Figure 14 is the experimental results of the normal contact
stiffness for the joint compared with the theoretical values of the model proposed in this
paper and the other fractal model. From Figure 14, it can be seen that the experimental
value of the normal contact stiffness for the joint increases with an increase in the normal
load, which is consistent with the theoretical prediction trend. At the same time, it can be
seen that considering the elastic—plastic deformation of asperity, the theoretical calculation
results are more in line with the experimental values, which also indicates that the existence
of elastic—plastic deformation stages on asperity and the generation of normal contact
stiffness is reasonable. By comparing the three-dimensional fractal model (with elastic—
plastic deformation of asperity) with the model proposed in this paper, it can be found
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that the bi-fractal model is more accurate in predicting the normal contact stiffness of
the joint due to its ability to accurately characterize the true fractal characteristics of the
rough surface at the joint. Figure 14d shows the experimental results of the normal contact
stiffness of the joint under different roughness levels. From Figure 14d, it can be seen that
under constant normal load, as the roughness of the joint contact surface increases, the
normal contact stiffness of the joint gradually decreases. This is because under the same
normal load, an increase in the roughness of the joint contact surface means a decrease in
the actual contact area, which in turn reduces the normal contact stiffness of the joint.

Q
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)
Imaginary part (m/N)
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Imaginary part (m/N)
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(b)
Figure 12. The FRF diagrams of joint 1 under different normal loads. (a) The slider; (b) The foundation
structure.

Taking Joint 1 as an example, an error analysis was conducted on the normal contact
stiffness model established in this paper. Table 2 shows the experimental results and
theoretical predicted values of the normal contact stiffness of the joint under different
normal loads. From Table 2, it can be seen that the experimental error is larger when the
load is small or large. Under moderate loads, the theoretical calculation values of the model
established in this paper are more consistent with the experimental results, with an average
error of less than 15%.

Table 2. Prediction error of normal contact stiffness model of joint 1.

Normal Load Experimental Results  Theoretical Results

P(N-m) K (%10 N/m) K, (x101 N/m) Exror (%)
8 0.7740 0.3802 50.9
14 0.8240 0.6626 196
20 1.0150 0.9439 7.0
26 1.3510 1.2244 9.4
3 1.5504 1.5035 3.0
38 1.6305 1.7837 94

44 1.7107 2.0627 20.6
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Figure 14. Comparison of theoretical and experimental of the normal contact stiffness. (a) Joint 1,

(b) Joint 2, (c) Joint 3. (d) Comparison of experimental results for joint with different roughness.
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5. Conclusions

The normal contact stiffness of the bi-fractal surface joints is proposed in this paper,
which takes into account the effects of elastoplastic deformation of the asperity and fric-
tion factor. Through numerical simulation and experimental verification, the following
conclusions are obtained:

(1) Fractal dimension and scaling parameter are the main factors affecting the topography
of the bi-fractal surface. The roughness of the bi-fractal surface decreases with the
increase in the fractal dimension and the decrease in the scaling parameters.

(2) The true contact area of the bi-fractal surface joint increases linearly with an increase
in the normal load, increases first and then decreases with an increase in the fractal
dimension, and monotonously increases with a decrease in the scaling parameter.

(3) The normal contact stiffness of the bi-fractal surface joint is affected by fractal pa-
rameters, material properties, friction factor, and applied loads. The normal contact
stiffness of the joint increases with an increase in the normal load. When the normal
load is constant, the increase in the fractal dimension and the material properties
are beneficial for increasing the joint contact stiffness of the joint. A reduction in the
scaling parameter and friction factor increases the normal contact stiffness of the joint.

(4) By comparing the traditional fractal model with the proposed model, it can be found
that the bi-fractal model is more accurate in characterizing the true fractal features
of the rough surface of the joint, so the theoretical calculation of this normal contact
stiffness of the joint is more consistent with the experimental results.

It should be pointed out that the normal contact stiffness model of bi-fractal surface
joints established in this study is expected to be further analyzed in the joint with oil media.
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