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Abstract: This paper investigates the observer-based adaptive fuzzy quantized control problem for
a class of fractional-order nonlinear time-delay systems with unknown control gains based on a
modified fractional-order dynamic surface control (FODSC) technique and an indirect Lyapunov
method. First, a fractional-order, high-gain state observer is constructed to estimate unavailable state
information. Furthermore, the Nussbaum gain technique and a fractional-order filter are adopted to
cope with the problem of unknown control gains and to reduce the computational complexity of the
conventional recursive procedure, respectively. Moreover, through integration with the compensation
mechanism and estimation model, the adaptive fuzzy quantized controllers and adaptive laws are
designed to ensure that all the signals of the closed-loop system are bounded. In the end, the proposed
controller is applied to a numerical example and a single-machine-infinite bus (SMIB) power system;
the simulation results show the validity, superiority, and application potential of the developed
control strategy.

Keywords: adaptive quantized control; dynamic surface control; fractional-order nonlinear time-
delay systems; fuzzy logic systems; Nussbaum gain technique

MSC: 93C10; 93C40; 93B52

1. Introduction

Recently, fractional-order nonlinear systems (FONSs), as the extension of integer-order
nonlinear systems, have received considerable attention due to the attractive properties
of fractional calculus in modeling and characterizing accurate dynamical properties of
natural phenomena. To achieve the predefined control goals, numerous control methods
have been presented to design controllers for FONSs, such as robust control [1,2], adaptive
control [3,4], sliding mode control (SMC) [5,6], etc. In particular, the adaptive intelligent
backstepping control technique has been widely used to handle the control problem of
fractional-order nonlinear systems through integration with recursive control and an in-
telligent approximator [7-9]. Furthermore, motivated by the integer-order results [10-15],
the modified fractional-order dynamic surface control technique was introduced to over-
come the problem of computational complexity encountered in the traditional recursive
procedure [16-18]. In [16], an auxiliary function was adopted to compensate for unknown
disturbances and approximation errors. In [17], an online composite adaptive learning
control method was proposed to relax the limitation generated by PE conditions. Moreover,
the command-filtered backstepping control technique was extended to FONSs, which
ensured that the filter error caused by the introduction of the filter could be effectively
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eliminated. However, the assumption that information about control gains is available
prior is strictly required in the abovementioned scenario, which may result in limitations
for practical applications to some extent .

The Nussbaum gain technique (originally proposed in [19]) has been widely used to
address the adaptive control problem for nonlinear systems with unknown control gains,
and many remarkable results have been obtained [20-23]. In [21], a composite adaptive
neural control approach was developed to guarantee the convergence of the tracking error
to an arbitrarily small neighborhood, even if the sign of the control gain was unavailable.
In [22], an adaptive neural control algorithm the can be easily implemented in practical
systems was developed for nonstrict-feedback nonlinear systems with unknown control
directions and input dead zones. In contrast, only a few results have been reported for the
adaptive control of FONSs without knowledge of control gains. Although the adaptive
control problem for FONSs subject to unknown control gains was first investigated in [24],
the observer-based adaptive control issue for fractional-order nonlinear time-delay systems
(FONTDSs) with unknown control gains has not been fully investigated, which remains
challenging.

Another point regarding the control of nonlinear systems is that the data to be trans-
mitted are usually quantized in real communication systems under the influence of band-
width limitations. Therefore, quantized control has become a very significant research
topic [25-29]. In [27], a state-observer-based adaptive quantized control problem was stud-
ied, where a high-gain fuzzy state observer was constructed to estimate unmeasurable
system states. In [28], an adaptive neural output feedback quantized control problem for
FONTDSs was discussed. On the other hand, time delays usually appear in most real appli-
cations, often degrading the system’s performance and even leading to system instability.
As a result, many attempts have been made to handle the adaptive control problem for
nonlinear systems with time delays. In [30,31], the influence of time-varying state delays
was eliminated by establishing a Lyapunov—Krasovskii functional. In [32,33], an auxiliary
system was used to overcome the influence of input delays. The adaptive control issues
of FONTDSs were also discussed in [34,35]. However, it is worth noting that adaptive
quantized control for FONSs with time-varying delays remains an open problem.

Inspired by the observations reported above, an observer-based adaptive fuzzy quan-
tized tracking control problem for FONTDSs with unknown control gains is investigated in
this paper. The main contributions in comparison to the existing results are summarized
as follows.

(1) Inmost of previously reported results with respect to adaptive control for FONSs [8,9,16-18],
the system states must be available a priori, which may not be easily satisfied in prac-
tice. In contrast to the aforementioned results, only the system output—rather than all
state information—is required for the controller designed in this work by constructing
a high-gain fuzzy state observer. Time-varying delays and input quantization are
simultaneously considered in the investigated system. Therefore, the system model
considered in this paper is more general than previous proposals.

(2) In [8,9,16-18], prior knowledge of control gains of the investigated systems was
assumed, which also implies that previously proposed methods in [8,9,16-18] may
be not valid when exact information about control gains is not accessible in advance.
In contrast to the methods proposed in [8,9,16-18], in our work, the dependence
of controller design and stability analysis on control gains were fully removed by
incorporating an indirect Lyapunov method and Nussbaum gain technique, making
the obtained results more relaxed in comparison to the abovementioned results.



Mathematics 2024, 12, 314

3o0f24

2. Preliminaries and System Description
2.1. Fractional Calculus

Definition 1 ([36]). The fractional integral of order « for a function (p(t)) is expressed as:

_ 1t p(r)
Drp(t) = o | 1

to ™t p(t) T(x) b (l’—T)lfD‘dT 1
where p(t) is an arbitrary integrable function, ¢, D, * denotes the fmctional integral of order o on
[to, ], and T(+) is a well-known Gamma function satisfying T'(z) = [;~ e '#*~1dt.

Definition 2 ([36]). The Mittag—Leffler function with two parameters is expressed as follows:

(<) Zk

E -y 2
0223 = 2 gy ) @

where q1 > 0, q2 > 0, and z is a complex number. Using the Laplace transform for the above

equation, one can obtain £ {127 E, o (—pt1)} = g?,i;’*;

Definition 3 ([36]). Let p(t) be a real continuously differentiable function. Its Caputo fractional
derivative of a function with order w is defined as:

WDEP() = gy [ (6= 0 (2, ®

fo

wheren —1 < a < n, and p(”) denotes the n-th derivative.
For simplicity, we denote ;, D as D* when ty = 0 in the subsequent parts of this work.

Lemma 1 ([37]). A FONS (D*x(t) = p(x(t))) with order a € (0,1) and pseudo-state x(t) € R"
is essentially a continuous-frequency distributed model expressed by

0Z(w,t)
ot

x(t) :/Om 1 (@) Z (@, 1) ded

= —@Z(@,t) + p(x(t))
4)

sm(txr[)

where (@) = denotes the weighting function of the state variable (Z(w, t)) with fractional
order , and @ denotes the elementary frequency.

2.2. Nussbaum-Type Function

For any continuous function (N(§)), if the properties
1 /!
lim n sup 7/ N(g)dg = +oo,

hm inf ~ i /

hold, then N(¢) is called a Nussbaum-type function. In fact, many continuous functions

)

can be chosen as Nussnbaum-type functions, i.e., & sin(¢), & cos(¢) and ot cos(%). In
this paper, we choose N (&) = &% cos(¢).
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Lemma 2 ([38]). We define two smooth functions as §(-) on [0, ts) and V(t) > 0,Vt € [0,t;). If
N(¢) is an even, smooth Nussbaum-type function satisfying

t . t
V(t) <m + e*ng/ @N(&)&e™bdg + e*"%/ ge™bdc (6)
0 0

then, V (t),E(t) and fot N(¢)&dg are bounded on [0, ts), where my > 0 and my > 0 are constants.

2.3. Fuzzy Logic Systems

To better achieve the abovementioned control goal, fuzzy logic systems (FLSs) are
adopted in this article to handle unknown nonlinearities. We consider k fuzzy IF-THEN
rules with the following form [39,40]:

R*: IF xq is F{ and ... and x; is F;

THEN, yis G%,s =1,...,k
where R° represents the sthrule, 1 < s < k,x;(i = 1,...,n), and y € R denotes the
linguistic variables associated with the inputs and outputs of the FLSs. F? and G* are the
fuzzy set. Then, the FLSs are described as

Yoq s (H?:l MEs (xi)>
Y (H?:1 MEs (xi)> .

y(x) = )

We define the weight vector and fuzzy basis function vector as W = [Wy, ..., W]T and
9(x) = [p1,.., ¢i]", respectively, in which ¢ = [ ([T s (xi))/ Ty (T s (1)) |

then, the above expression can be represented as y(x) = WT¢(x).

Lemma 3 ([39,40]). For any continuous function (F(x)) defined over a compact set (©) and a
desired level of accuracy (o > 0), there exist an FLS such that

sup |F(x) — WT4>(x)| <o. (8)
xe®

2.4. Nonlinear System Model

We consider FONTDSs with unknown control gains and quantized input as:

D*Ci = @iCiv1 + fi(Zi) + &i(Zi(t — () +di(G,t), i=1,...,n—1
D*Cn = @uq(u) + fu(Zn) + 8n(Zn(t — Tu(t))) +du(Z,t) )
y==0

where « denotes the fractional order satisfying 0 < o < 1; =1, .,Q]T eR,i=1,...,n,
y € R, and u € R are the state vector, the system output, and the control input, respectively;
fi(Z;) stands for an unknown but smooth nonlinear function; 7;(#) is an unknown bounded
time delay satisfying specific constraints |7;(t)| < T and 7;(t) < T < 1, where T and 7* are
known constants; ¢; is an unknown constant; d;((, t) represents the unknown but bounded
disturbance term; and (1) represents the quantized input. According to [27], the following
hysteresis quantizer is considered to reduce chattering phenomena while obtaining the
quantized control signal:
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u; .
uisgn(u), 1+15 < |u| <wuji < 0,0r
u; < |u| < 1155,11>0
u;j(1+40)sgn(u), u; < |u| < 1%5»2 < 0,or
g(u) = Mgy < W0FI) (10)
1_(5<|u|_ 13 ,10>0
0, 0< |ul < ;‘f’g,u<o,or
Ui .
11”25 < |M| < Ui, 1t >0
qg(u(t™)), otherwise,

where u; = Qlfium(i =12,..)with0<g<landd = }J_r—g, and u,, is the range of the

dead zone for a quantized input (g(u)) taking a value from the set U = (0, +u;, +u;(1+ 0)).

Remark 1. For system (9) without time-delay terms, some adaptive control methods were presented
in [8,9,16-18]. However, ¢; = 1(i = 1, ...,n) is assumed, and information about control gains was
assumed to be available in advance in the aforementioned studies. Motivated by the results reported
in [27,41], an adaptive fuzzy quantized control scheme is established for FONTDSs with unknown
control gains by integrating an indirect Lyapunov method and Nussbaum gain technique, which
can ensure that the relaxed results in comparison to those reported in [8,9,16-18] can be obtained.

To facilitate the stability analysis and controller design, some necessary assumptions
are provided as follows.

Assumption 1 ([30]). For nonlinear function G;(-)(i =1,2,...,n), there exist known functions
(xi(z1(t — 7i(t)))), bounded functions (x;(y4(t — 7;(t)))), and positive scalars (m;) such that the
following inequality holds:

IGi(Gi(t = w(1)I? <z1(t — T()xi(21(t = T(1))) + Ki(yalt — (t))) +m;
where z1 = y — y4 and y, denote the tracking error and reference signal, respectively.

Assumption 2 ([41]). The unknown control gain (¢;) is a non-zero and bounded constant, and
there exists a positive scalar (¢;) such that |¢;| < ;.

Assumption 3 ([42]). The reference signal (y;) is a known smooth, bounded signal. Its fractional
derivative (D"y,) is also bounded.

2.5. Model Transformation

To overcome the negative influence caused by unknown control gains in the system (5),
the transformation is expressed as

x1=1{1
. 11
o & (1)
Piron
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wherei =2,...,1n, @iy =b; - by.
Using (11), system (9) can be rewritten as:
D%xy = gx2 + Fi(x1) + G1 (X1, (1)) + 91
D*x; = xiy1 + F(%) + Gi(Ziq) + i, 2<i<n-—1 12)

D“xn: ( )+Fn( n)+G (ann )+IIJ"

y=x

where ¢ = H] 19j Xn = [x1,...,x,)T € R",{ = B%,B —diag{l H? 2P ,q)n}, +(x) =
fi(0)/ Pinn, Gi(% Xin(t) ) gl(Cl,T,'(t))/(PiNn with gi,’r = (i(t — T(t)), and ; = d;/ i

Based on fuzzy approximation, system (12) can be rewritten as:

D*xy = x3+ F1(2,01) + 65 91 (%2) — 6] 1(%2) + G1(%11, (1) + 1
sz—xz+1+F(z|9)+9*T¢1(x1)_9¢1( i)+ (z'r, )+ i

(t)
_ (13)
D xn:q( )+Fn( |9n)+9*T4)n( )*lepn(&n)+Gn(f ())‘i”l,bn
y=x1
where2 < i < n-13% = [3?1,...,321-]T e R, %; is an estimation of x;, which can be

directly obtained by the state observer designed herein. Fy (%,|61) = 67y (%,), ﬁj(ij ]éj) =
9T1[J]( ) F1(X1) + ((P — 1)x2 = 91”1[]1 (3?2) + 01 (fz),lrj(x]‘) = 97Tl/)]‘(f]‘) + Oj(fj),l[_il =1+
01(X2) IIJ] l[)]+0]( )withj:Z,...,n

The control goal of this work is to propose an observer-based adaptive fuzzy quantized
control scheme for system (9) via an indirect Lyapunov method and FODSC technique such
that all the signals of the closed-loop system (CLS) are bounded and the system output can
track the preassigned reference signal.

3. Main Results

In this section, we propose an observer-based adaptive fuzzy quantized control scheme
for FONTDS (9). First, a fractional-order, high-gain fuzzy state observer is constructed to
estimate unavailable state information. Subsequently, the controller design and stability
results are obtained by means of the FODSC technique, an indirect Lyapunov method, and
a Lyapunov-Krasovskii functional.

3.1. High-Gain Fuzzy State Observer Design

Considering that the system states may not be not available, an FO fuzzy high-gain
observer is first designed to estimate the immeasurable system states. According to system
(9), the high-gain observer is constructed as:

D*%1 = 22+ Fy(2a]61) + i L1 (y — 1)
D*%; = Riy1 + Ei(&16) + w'Lily —£1),2<i<n—1 (14)
D"y = q(u) + Fa(%,100) + " Lu(y — £1)

By defining the observation error ase = x — £ = [ey,...,e,]! and invoking (13) and
(14), the observation error dynamics are
D% = e + 67" 1(%2) — 0] 1(%2) + G1(%1,4,(1) + 1 — w1l (y — £1)
D%e; = ei1 + 6 9i(%) — 0] 9i(&) + Gi(%i 1)) + P — #'Li(y — £1) (15)
D%eq = 6,7 pn(%n) — O3 u(%,,) + G (%5, (1)) + Pn — p"Lu(y — £1)
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wherei =2,...,n—1.
To facilitate further analysis, system (15) is rewritten as:

n
D% :AVLE + Z [B,’GTTI/JI‘(JZI‘,&) + B,’@iTl/Ji(ii) + BiGl'(xi,Ti(t))} +Y (16)
i=1
where ¢;(%;, %;) = ¢;(%;) — ¢ (&),AHL =A—LE,L=[uLy,...,u"Ly)7, 4 > 1isa constant,

) — i
Y = [¢1,...,Pn]", and B; = [0,...',0,1,0...,0]Twith

1

0 1 117
0
A= 0 ' ,E=
1
00 --- 0 0

Then, through coordinate transformation of & = ye with y = diag{l, ;fl, s, yl’” },
one can obtain

n
D*& :‘IJAL(E) +Xx Z [BiejTlpi(xilii) + BlelTllJl(il) + BiGi(xi,Ti(t))] +x¥Y (17)
i=1
where
—L; 1
A= |2
: 1
—-L, O 0

It can be easily observed that A is a strict Hurwitz matrix. Therefore, for a given
matrix (Q > 0), there exists a matrix & > 0 such that the following equation holds:

Al? 4+ 2AL = —Q. (18)

To analyze the performance of the error dynamic (17), a frequency-distributed model
is adopted to rewrite the system (17). According to Lemma 1, one has

aZg(CO, t)

n
T @Zg(@,t) +pALE+ X ) [Bi97T¢i(fi,ii)
i

=1
+Bi6] (&) + BiGi(Xi,ri(t))} +x¥ (19)

5= /O°° 1 (@) Z (@, )ded

where p (@) = sin(ar)/ To®.
Then, the following Lyapunov function is selected:

Vo = Voo + Vou (20)
where

1 (o]
Voo :5/0 o (@) ZE(@,t) P Ze(@,t)deo,

v 2B S [ eneitar )
’ a(l — ’f) = Jt-T(t) ! '
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The derivative of V) is calculated as:

. 00 2> &
VOZ_/O @ (@) ZE(@, ) P Z (@, t)d@ — l a” Ze T 21 2 Xi(Z1,101))
—uETQE — oV + ET Py lZB 07Ty (%, &) + ZB 0] i(%;)
4 2] &
+ZB1‘G4( zr,())+‘f 1—T Zzl Xl Zl (21)
i=1 i=1

where z; - () = z1(t — (1)), @ = 5 Q.
According to Assumption 2.1 and Young’s inequality, one has

n n
ET2xY B Tyi(x, %) < 6T+ || 2|* Y 0:To;

i=1 i=1
T AT T IIF/"II2 <
ETPxY Bbpi(x) < £TE+ Ze
i=1 (22)
T - i, b T || |2 - -
& «@XZBiGi(xi,q(t))Sito@ T Zzlrz WXi(Z1g) + ) h
i=1 i=1
2
ET 2 Y < %5T5+ ”g;H ¥

where iy = U212 (5, (y4 (¢t — 1:(1))) +my), b =
is an unknown constant satisfying |[¥|]> < ¥.
According to the definition of ¢, we can obtain

=max{7n(t),...,w(t)}, and ¥

2% 2 n P 2 1 -
H 27” Zzl,Ti(t)Xi(Zl,Ti(t)) _ || aH Ze ‘TT’(t)Zl,'L’i(t)Xi(Zl,Ti(t)) <0 (23)
i=1 i=1

It follows from (22) and (23) that

. © olla||2e—0t 1 t o
Vo:—/0 wﬂa(@)Zg(w,t)@Zg(w,t)d@—!(1_%)i_zl/t T,( $21(¢)xi(z1(c))dg

1o, 2|2 ¢ 23" giTgr ;
—ensTE + i Labna®) + 121k L erTe + Z
i=1 i=1 =1
n §74 2_
Yl 2|| ¥ (24)
i=1

where ¢ = A, (Q) — 3L,

Remark 2. In view of the complexity of the fractional derivative, it should be pointed out that
the Lyapunov functions in most of the existing IO/FO results, such as those reported in [16-18],
are rarely used to handle the control problem of FONSs subject to unknown control gains and
time-varying delays. Therefore, an indirect Lyapunov method is employed to finish the predefined
control goal. Moreover, the method proposed in this paper is easily extended to investigate the control
problem of incommensurate FONTDSs.

3.2. FODSC-Based Adaptive Fuzzy Quantized Control Design
Step 1. First, we define the following change of coordinates:

21=Y—Ya
25
{Zi—ﬁ?i—)\i,f,(i—z,...,i’l) ( )
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where z; (j = 1,2,...,n) denotes surface error, and the virtual control signal (1;_1) and
Ai—1,f are the input and output of the modified FO filter to be designed, respectively.
The FO derivative of z; is expressed as follows:

D%z, :§9(22 +ex + /\zrf) + 9:1]“1/751(}(1) + Gl(fl,ﬁ(t)) + M (26)

where the term F; (x1) — D"y, is approximated by the FLS with X; = [x1,y4, D"y,] and
A1 = 051 + 1, satisfying ||A1]]? < Apur-

To overcome the complexity issue existing in the traditional backstepping control
method, we let 771 pass through the following modified FO filter to obtain a filtered signal.

lZD“)\Z,f + /\2,f =1, /\er(o) =1 (0) (27)
where 1, > 0 is a time constant. By defining the filter error as €; = A f — 771, we have

DMy = — 2 (28)
%)

The first virtual control input (771) and update laws are designed as:

m = N(&)n, (29)
(5 342k X1 (21()) 121> &

Ql - <(pM+ 2 > l+6 lPSl(X1> 20(1—’?) 1—T ;Xl (30)

DD‘(% =1 (22)21 — 0191, (31)

D*0s1 = ps1(X1)z1 — @165, (32)

where k is a positive constant, and ¢y is a constant satisfying |¢| < ¢
According to (28)-(30), we have

D% = —f—j + 0y (%) (33)

where (),(+) is a continuous function concerning variables z;,¢. Based on previously
reported results [16], there exists a constant (M) such that | (*)| < M.
According to Lemma 1, we can rewrite D*z;, D*61, D*¢; as:

0Z;, (w,t)

5 =—0Z;(@,t) + ¢(za+ e+ 11 +€2)

+ 05 ¥1(X1) + G1(%y 1y ) + M (34)

7 = /0 1o (@) Zs, (@, 1) ded

aZ§l ((O/ t) . .
ot (DZgl (@,t) + ¢1(&p)z1 — 4164
* (35)
0= [ (@) 2, (@ )i
025 (@,1) )
o = @25, (@ 1) + ¢ (Xi)z1 — @165
® (36)
051 = /0 pa(@) 25 (@, t)do
azezai(ta),t) =— @2, (®,t) - & + Oy(*)
2

- (37)
&= /0 12(@) Ze, (@, H)d
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Then, we select the following Lyapunov function:

Vi=W+Vii+Vip+Vig+Viga+Vis (38)

—ot

=7 . o € z(Q)x1(zi(e))dg, Vip = (1/2) f5 pa(@) 22 (@, t)d,
Vig=(1/2) [;° a(w)ZT(w t) (@, t)do, Via = (1/2) [ pal@ ZT (@, t)Zhl(w,t)dco,
)22

V15— 1/2 f() le(w ( ) @.
The derivative of V1 is

where Vi1 =

2 n
V1 <= (Eoo+Zo1 +E11+E12+E13) —o (Vo +Vi1) + H Zzl )xi(z1(t
n 2 n 2
T 23 T 2N ¥ 415 ||«@H z1(H)xa(z1(t))
— T g Tg. . ¥
cus' &+ 12| 1;91 67 + 7 ];9] ]+i;hl+ 5 +Z 20(1—7)

670T1 (t)

— 5 AamX1 (Zug ) 2 {90(22 +er 11+ €) + 05 Y1(X1) + Gi (T 4(s)

+01 461 1 (Xp) — 6] ¢y (iz)} =61 (y1(&2)21 — mbr) — 65 (Y1 (X1)z1 — a1651)

m(—fj 4 02(*)> (39)

where g = [ @pa(@)ZL(@, 1) P Zg(@,t)d@, By = [y wya(a))zg;l (@,1) 2, (@, t)do,
Ei1 = Jy @pa(@)Z2 (@, t)do, Erp = [ @ya(w)ZéTl (@,1) 25 (@, t)d@, By 5 = )
ZZ (@, t)d.

Substituting (29) and (30) into (37) and using Young’s inequality, one can obtain

Vi < —(Bop+ o1+ Z11 + E1p + Ers) — (Vo + Vig) — cus’é

23 g:Tgr 4 H%I T IE4I5
+[|2|1? Y 6;T6; + 29 9]+Zh +
j=

)y ‘f+z1((pzz+qm71 +17)

U JUS A 0112 - 1 1 1
—klz%+a19{91+a19;951+M+M+h— —— )&+ -M3 (40)
2 2 L 2 2
where ¢ = ¢ — % >00<ipp<2h= %[Xl(yd(t— 7 (t))) + my].
We set ¢ = z; n, Then, invoking (40) yields

Vi < — (Bop +Eo1 + E11 + 1o+ E13) — Vo1 —0Vig + ¢N(&)E + & — k23

M P I2IP & s
+ + 29.9j+A1 (41)
2 2 2 =

+ @z122 + a191 91 + a19 951 + —=
where A1 = ||=@||2 10710+ i+ R+ |22 + Ay /2.
Stepi (i =2,. 1) Slmllar to step 1, D%z; is calculated as:
D"z = 2i11+ 6] 9i(&;) + W' Li(y — £1) — D"\ (42)

By adopting the FO filter (1;11D%Ai11,f + Air1,r = 1;) with A;11£(0) = #;(0) and
defining the filter error as €; 11 = A;; 1,7 — 77;, we can obtain

Dlx)\i+1,f = —7€i+1/ (43)
liv1
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The virtual control input (1;) and parameter update law are designed as:

i = —zi1 — (ki + 1)z — 6] i(%;) — 9’ Li(y — £1) + D"\ g (44)

D%0; = ¢;(&;)z; — a;0;, (45)

where k; and a; are positive constants.
Then, we can obtain

€
Dleisy = =+ Qi (%), (46)
1

where (); 1 (%) is a continuous function concerning variables zy, . ..., z;, 01, . .., 6;, A; 7 DA g
There exists a constant (M;, 1) such that |Q; 1 (*)| < M, 1.
Similar to (34)—(37), we have

02, (w,t)

ot = (DZZZ' (‘Dr t) +5€i+1 +élT¢l(iI)

+ 'Ly — £1) — DA (47)

Zi= / " (@) -, (@, ) do
0

0Z; (@, t) 5 5
lait =—wZy (@, t) + ¢i(&;)z; — a;b;
N (48)
Wi = /O Ha (cD)Zgi (c’O,t)d(O

€
— @Ze,p, (@) = L+ 044 ()
ot Lit1 (49)

€1 = /O 1o (@) Ze.,, (@, H)ded
Then, we construct the following Lyapunov function:
Vi=Via+Vii+Via+Vig (50)

where Vi1 = (1/2) [ ta(@) Z2 (@, t)d@, Vip = (1/2) [§° pa(@ (a) t) 25 (@, t)do,

Viz = (1/2) [§" pa(@) 22, | (@, t)dcd.
Calculating the der1vat1ve of V; yields

i

=
+wi§T§4+i§Hé]’H2+i§a9 0; — Zkz + pz12p + zi_1zi + A
2 '1j]‘12 ’1]] Pz122 i—1%i i—-1
j= = j=
+zi {Zi+1 +eian 0+ 07 9i(%) + W' Lily — 3?1) — DA g+ 0] i(%;) - 91'T1Pi@i)]
< . A €
— 0] (pi(&)zi — aibi) + €1 (— :11 +Qi+1(*)> (51)
1

inwhichg = ¢ —1,A;_1 = A1+2l ! 13M7 1,0 < i1 < 2,8 = [ ope(@) 22 (@, H)ded,
Bi2 = [y wya(w)Z{%(cD,t)Zgi((D t)dco, Biz = [y @a(@ )Zéﬂ( tdeo.
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Substituting (48) into (50) and using Young’s inequality, one can obtain

n ||g||2iéTé'+i Héf||2+i Zk F+ 2122 + 2iZig1 + A (52)
5 Iy ;60 + l 5 1 Pz2123 i%i+1 i
j= = i=
where A; = A1 + Zl ]+1

Step n. In this step, the control input is designed. Along with step i, we have
D"z = q(u) + 6y g () + "Ly — £1) = D*Ang (53)
The intermediate control input (v) and parameter update law are designed as:

UV=12zZ,_1+ (kn + 1)Zn + é;{lpn(in) + V"Ln(y - 3?1) - Da/\n,f (54)
Dtxén = Py (Xn)zn - anén (55)

Using Lemma 1 again, we can rewrite systems (53) and (55) as:

azuai(;ﬂ'f) @2, (@, £)q(u) + 61 (2,)
+ W Ln(y — %1) — Dlx/\”'f )
Zn —/ Ho(@) 2z, (@, t)d@d
0Z5 (@,t)

p) - wzén (@, ) + Pn(2,)zn — anén
t 57)

- e}
b, = /O 1 (@) 25, (@, 1) dd
Then, we set the Lyapunov function as:
Vi = Vn—l + Vn,l + Vn,2 (58)

where V1 = 1 [° 5o (@) 22 (@, t)d@, Vio = % [ pa(@) 2 i (@125 (@,)de.
The derivative of V, is

n
Vi <= (Eo0 + Eop1) Zl(ujﬁru]z) Zu;a* o(Vo1+Via) + oN(E)E+ &+ a105 05
j=
+ 121? i9T~'+i 16511 +iu 9T9 — Zklzz+ 5212y + Zy_12n + A
7 ‘1]‘] ‘12 '1] 1]]' Pz122 n—14n n—1
1= = =
+za [+ 8 (2 >+y”Ln(y—f1)—D”‘An,f+9£¢n(in)—é,ftpn@n)]
79771“(4) (Xn)zn*anen) (59)

where 5,1 = [~ @pa(@) 22 (@,1)d@,Byp = [, @pa(@) Z]

3, (@,t)Z5 (@, t)d@.
Substituting (54) into (59) yields
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n n—1
Vi <—(B00+Z01) — Y (Bj1+8j2) — ) Eiz—0(Vo1+ Vi1) + N(E)E+ ¢
=1 =
e 2 n n é n . —
+a10504 + ZGJT Z +) 4 9 0 — Z z + ¢z122 + Ay
j=1 =1 j=1 =1
1
— (kn + Z)Z% +ZnU+Zn(M+h) (60)
where A, = A1 + Z” ! 1M]2Jrl
Then, the actual Control input is designed as:
2
u=— Zn? (61)

(1 —6)\/z2v% + N2

where N is a positive parameter to be determined.
Based on the abovementioned analysis, the following theorem is proposed.

Theorem 1. For the considered FONTDS (9) under Assumptions 1-3, the presented control scheme
including an FO high-gain fuzzy state observer (14); intermediate control laws (29), (30), (44) and
(54); actual control law (61); and parameter update laws (31), (45) and (55) can guarantee that all
the signals in the CLS are bounded and that the system output (y) can track the given reference
signal (y4).

Proof. According to Lemma 3 and given the fact that z,u < 0, we have

zph <8|zyu| + |2y |thypin < —0zpu + 22 + umm (62)
Substituting (62) into (60), one can obtain
n
Vi <= (Zo0+E01) — ) (Ej1 +Ej2) — 2~]3*0(V01+V11)+(PN(§)§+§
=1
radhoy + 1205 5 grg 4 v 1 + Y adh _z 24 izt A
1Y51Ys1 5 ‘1]] <2 1]]] Pz122 n
= = =
1
+ (1= 8)zpu + z4v + Euﬁm (63)
It follows from Lemma 3 in [43] that
(1~ Szt < o] - — 21 <y 64
22U+ (1 = 8)zpu < |zpv| — —=LE—o <
V25v? + N2
Invoking (63) and (64) and utilizing Young’s inequality yields
. n —
Vi <— (8004 801) — Y (Bj1 +Ej» 25]3— (Vop + V1)
=1 =1
2P & ars v %ars : N"TL2 . R
3 Jg 6; j—]; 26016+ (pN(©) +1>c—];ka,» + An (65)

- 2 _ B .
where kl = (kl — (Péw),kz = (kz* %),k] = k](] = 3,...,11) and An = A+ 7{11“625”‘2 +

n H]H ||

j=1 +2 mm+N‘
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Furthermore, by choosing the appropriate design parameters (k;, a;,(i = 1,...,n)), the
following inequality holds
Vi < —kV+ R+ 9N(E)E+¢ (66)
where ¥ = min{®, c'}.
Multiplying inequality (66) by ¢/ on both sides yields
eV, 4k Vet <Ayet + e oN(E)E + eFE (67)
Furthermore, we have
d( Vet o . .
W) < Ruert+ e pN(@)E + 078 (68)
Then, we take the integration for (68) over [0, ] to obtain
/_\n /_\n —xt —Kt ' K
Vi <54 (Va(0) = 22 e e [ (pN(E) +1)Ee e (69)
By utilizing Lemma 1, it can be determined that e~ fg (pN(&) + 1)ée*edg is bounded.
Subsequently, we have
A A
V, < 7” + (Vn(o) — K”).e—’“ +T (70)

where T denotes the upper bound of e~ ** fot (¢N(&) + 1)é&e**dg. Moreover, it can be con-
cluded from (73) that all the signals of the closed-loop system are bounded. This completes

the proof. O

A block diagram is presented in Figure 1 to clarify the structure of the proposed

control scheme.

)215 ”%u ’Ql
[ — A A I
g <—¢—¢ Error Transformation ‘:i
= Zy ! I €-e,
Q z -
g | li |
L'é‘ —‘—+ Adaptive Fuzzy NNs |
3 : | - I Xpsts Xy Plant
2 3 0w '
Z ' '
Z : Ly Virtual Control Law | ,-/ Equivalent
— | : ¢ System Model
Dyl o i
—» o) wn
U35 Model
X g 73] i
= I
Il
%, 0y, ' Original
System Model 4
- /
E‘ 5 < } ‘ Error Transformation | ! e,
S >
@ 5 ‘ lz" | Tq(u)
= - \ | !
o % Adaptive Fuzzy NNs ‘ I I lg(u) :
< = s I - | | 3
e S |0 r
25, I i
U
} ‘ Actual Control Law ‘ } : . |
- : ]

- ;;;F_;

Figure 1. Block diagram of the proposed control scheme.
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4. Simulation Verification

To demonstrate the effectiveness of the developed control strategy, a pair of simulation
studies are conducted in this section.

4.1. Numerical Example
Example 1. We consider the following FONTDS with unknown control gains and input quantization.

3(t—
D*G1 = ¢142 — 0.50% + % +d1(¢,t)
t

4(t— sin
D2 = gaq(u) + 133 + SHE ) + da(C,1) 7
y=2=a,

whereaw = 0.9, p1 = 1.5, ¢y = 2,d1({,t) = 0.2sin(t) +0.1sin({1(2),d2(C, t) = 0.3 cos(1.5¢) +
0.1sin(¢3¢2), T (t) = 0.2+ 0.2sin(t), 2 (t) = 0.1 + 0.1sin(t).

For each variable input into the FLS, we define nine Gaussian membership func-

tions (GMFs) as: ypll(Xl) = exp[_(x%ﬂf’)z} and VFlz(XZ) = exp{_(&%i%)z} with i =

1,2,...,9, uniformly distributed on [—4,4], as demonstrated in Figure 2, where X; =

[x1,y4, D*y4], Xo = [#1, 2], and %; is the estimate of the system state (x; = (Pf;in ).

Membership functions

Input variable

Figure 2. Membership functions of the FLSs.

The initial conditions are set as: ;(0) = 0.1,{,(0) = —0.2,;(0) = 0.2,
$2(0) = —0.1,8,,(0) = 8,(0) = 6,(0) = 0, and y; = sin(0.5t). To verify the effect of
the selection of design parameters on system performance, we investigate the following
three cases.

Casel. ky = ky = 15,41y = a, =5,6 = 06,0 =025,: =001,y =2,L, = 15,L, = 10,
1 = 0.02.

Case 2.0 =0.75,p = %, and the other design parameters are the same as in Case 1.

Case 3. k1 = kp = 30, 1 = 4, and the other parameters are the same as in Case 1.

The simulation results are presented in Figures 3-11. Figures 3-5 display the time
response of the reference signal (i), system output (x1), and its estimation (£1), respectively,
for each of the three cases. The curves of the tracking error (y — ;) are shown in Figures 6-8.
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—y, in Case 1
--y in Case 1
2 in Case 1

/ N
/ |
/

N/
\_/

|
10 15 20 25 30
Time(s)

[==]
t

Figure 3. Trajectories of y;,y, and % for Case 1.

Furthermore, three kinds of performance index—integral absolute error (IAE), integral
time-weighted absolute error (ITAE), and integral square error (ISE)—are introduced to
quantify the tracking performance by choosing different control parameters. It can be
concluded from Figures 6-8 and Table 1 that better tracking performance can be achieved
by increasing parameters k; and ;. Meanwhile, it is easily observed that the tracking
performance is degraded by increasing the quantization parameter (4), which also confirms
that the larger the quantization parameter (4), the coarser the quantizer. The trajectories
of the Nussbaum parameters (¢, N(&)) and adaptive parameters (| |85, ||6;]|(i = 1,2)) are
depicted in Figures 9 and 10, respectively. The curves of the control signal (1) and the
quantized control signal (q(u)) are presented in Figure 11. Although the tracking accuracy
can be effectively enhanced by increasing k;, it follows from Figure 11 that more efforts need
to be dedicated to this task. Therefore, a relative tradeoff between tracking performance
and control cost can be achieved by selecting appropriate design parameters. In addition,
Figures 2-11 prove that the boundedness of the resulting signals can be guaranteed.

1.5

—yq in Case 2
--y in Case 2
271 in Case 2H

~15 | | | | |
0 5 10 15 20 25 30

Time(s)

Figure 4. Trajectories of y;,y, and £ for Case 2.
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—yqg in Case 3
--y in Case 3

1k - //« I in Case 3Q
0.5+ / . 1
5 / //

0 v \ / _
\ / \\ /
/ \ /
—0.5 / \ / J
\ / \\ /,
1k \ // A _
_15 | | | | |
0 5 10 15 20 25 30
Time(s)

Figure 5. Trajectories of y;,y, and % for Case 3.

0.1
0.05 4
0 |
_005 | | L L L
0 5 10 15 20 25 30

Time(s)

Figure 6. Tracking error of y — y,; for Case 1.

To further illustrate the validity and the practical potential of our method, an applica-
tion example is considered in Example 2.

0.1
0.05 - e
oK i
_005 | | | | L
0 5 10 15 20 25 30
Time(s)

Figure 7. Tracking error of y — y,; for Case 2.
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0.1
0.08 - B
0.06 _
0.04
0.02
0
—0.02
70'04 | | | | |
0 5 10 15 20 25 30
Time(s)
Figure 8. Tracking error of y — y,; for Case 3.
Table 1. Performance comparisons among different methods.
Performance Index Item Case 1 Case 2 Case 3
IAE fT |21(t) |dt 0.4701 0.4704 0.3675
ITAE fO t|21 (t) |dt 4.241 4.244 3.096
ISE fOT Z%(t)dt 0.017 0.017 0.0138
1 —¢&in Case 1
-~ N(€) in Case 1
O B
—1 T T T L .
L L L L L
0 5 10 15 20 25 30
1 T T T T T
0 e |
—1 T T T it FE =
0 5 10 15 20 25 30
f T T T T T
0 P -
1k T ST T Tt e -=
L L L L L
0 5 10 15 20 25 30
Time(s)
Figure 9. Trajectories of ¢ and N(¢) for the three cases.
001 -
[6.1]] in Case 1
-~ /64]] in Case 1
0.005 i 35 0]] in Case 1
0 - ~ - ~ -
0 5 10 15 20 25 30

0.005

— 16| in C:

~~ 16| in C
6] in Case 2

10

15
Time(s)

20

20

25 30

— || in Case 3
—~1|6,]| in C
[6]| in Case 3

25 30

Figure 10. Trajectories of ||0; || and ||§;]|(i = 1,2) for the three cases.
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- - uin Case 1

0 [.W —q(u) in Case 1

- - uin Case 3

) — —q(u) in Case 3

~100 ! ! ! ! !
0 5 10 15 20 25 30

Time(s)

Figure 11. Trajectories of u and q(u) for the three cases.

4.2. Application Example

Example 2. We consider the single-machine-infinite-bus (SMIB) power system shown in Figure 12.
According to [44], the mathematical model of the SMIB power system can be described by the
following swing equation:

M6 + D6 + Pgsin® = Py (72)

where 0 is the relative angle in rads, § = w denotes the relative speed in rad/s between the generator
(G1) and G, M denotes the moment of inertia in s, D represents the damping coefficient in p.u., Pg
is the maximum power of the generator in p.u., and Pyy = A sin(Qt) represents the power of the
machine in p.u.

District 1 District 2

Transformer

Transformer

Circuit Breaker 1 Circuit Breaker 2

Loads 1 Loads 2

Figure 12. Diagram of the SMIB power system.

Then, by defining 6 = x1, w = x, the SMIB power system can be rewritten as:

X1 = X3
{ Xy = —axy — bsin(x1) + f sin(Q) (73)

where a = % =050b= P—]\f[ =1,0=1and f = % = 2.66 are system parameters.
Furthermore, considering that the fractional-order model can provide a more accurate

description of physical behavior and the actual system [45], the fractional-order model of the

SMIB power system with input quantization and time-varying delays can be expressed as:
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Bt—n(t)
1+x2(t—7y (1))

D*xy = —axy — bsin(xq) + fsin(Qt) + +

D%x1 = x3 + +di(x,t)

(74)

X} (= (t)) sin(xp)

T2nm) dy (x, 1)

where a = 0.95 represents the fractional order, and d;(x, t) denotes the disturbance term
withi=1,2.

The control parameters, initial conditions, and disturbances are provided in Table 2.
Similar to Example 1, seven GMFs uniformly distributed on [—3, 3] are defined for fuzzy
approximation as shown in Figure 13. Furthermore, the fuzzy adaptive backstepping
control (FABC) method proposed in [8] is used to show the superiority of the proposed
method. The comparative tracking performance results are exhibited in Figures 14 and 15.
Figure 14 displays the trajectories of the reference trajectory (y;) and the system output
(v). Figure 15 depicts the time response of tracking error (y — y;) under different control
methods. Figures 14 and 15 show that better tracking performance can be achieved by
using the proposed method in comparison to the FABC method proposed in [8]. The
curves of parameter ¢ and the Nussbaum function (N(¢)) are plotted in Figure 16. The
trajectories of adaptive parameters (||0s1]|,||8||) and control signals (, 4(u)) are shown in
Figures 17 and 18, respectively.

Table 2. Selection of simulation parameters.

Design Parameters Disturbance Terms

ki1 =k, =30,a1 =a, =5,:=0.01,
0=06,0=025u=2L =5L, =10,
7 = 0.5+ 0.2sin(t), 2 = 0.3 + 0.1sin(#).

Initial Conditions
x1(0) = 0.1,x2(0) = —0.1,£(0) = £,(0) = 0,85,(0) = §(0) = 0.
Reference Signal

yr = 0.5sin(t) + sin(0.5¢)

dy(x,t) = 0.3sin(1.5¢) + 0.2 cos(x1x2),
dy(x,t) = 0.2cos(1.5¢) + 0.1 sin(x3xy).

09 4

Membership functions
o o o o e
. = T > =
T T T T T
L L L L L

=

S
T

|

=
T
|

=)

|

|
[}

|
-

0 1 2 3
Input varibale

Figure 13. Membership functions of the FLSs.
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1.5
. —Yd
7\ / N\ -~y by FABC method
1 \ y by the proposed method[
/ /
05/ / ]
oL i
//
0501 | i
\ /
\ /
_]_ [ \ / _
\/
— 1 5 1 | - | | |
0 5 10 15 20 25 30
Time(s)
Figure 14. Trajectories of y; and y.
—1} — ya by FABC‘method
--y — yq by the proposed method

0.1

_01 | | | | |
0 5 10 15 20 25 30
Time(s)
Figure 15. Trajectory of y — y;.
1
—&
0+ N}
-1 4
9L 4
2L 4
I - i
ok _
L Tl P i
_2 | L L L L
0 5 10 15 20 25 30
Time(s)

Figure 16. Trajectories of ¢ and N(¢).
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0.1 —
(16
- él

0.08

0.06 - j

0.04

0 5 10 15 20 25 30
Time(s)
Figure 17. Trajectories of ||0y || and ||8]|.

6

76 1 1 1 1 1
0 5 10 15 20 25 30

Time(s)

Figure 18. Trajectories of u and q(u).

5. Conclusions

In this article, a high-gain observer-based adaptive fuzzy quantized tracking control
strategy is proposed for FONTDSs with unknown control gains. Based on an indirect
Lyapunov method, the Nussbaum gain technique, and the Lyapunov—Krasovskii functional,
a recursive control framework was established, and the stability of the closed-loop system
was analyzed. In contrast to most existing adaptive control results of fractional-order
nonlinear systems, the proposed controller does not depend on information about all
system states and control gains, which also ensures that the system output can track the
given reference signal, even if time delays and input quantization cause negative effects
on tracking performance. The reported simulation results prove that the presented control
approach is effective.
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