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Abstract: In this work we start developing a Riemann-type integration theory on spaces which are
equipped with a fractal structure. These topological structures have a recursive nature, which allows
us to guarantee a good approximation to the true value of a certain integral with respect to some
measure defined on the Borel o-algebra of the space. We give the notion of Darboux sums and lower
and upper Riemann integrals of a bounded function when given a measure and a fractal structure.
Furthermore, we give the notion of a Riemann-integrable function in this context and prove that
each y-measurable function is Riemann-integrable with respect to . Moreover, if j is the Lebesgue
measure, then the Lebesgue integral on a bounded set of R"” meets the Riemann integral with respect
to the Lebesgue measure in the context of measures and fractal structures. Finally, we give some
examples showing that we can calculate improper integrals and integrals on fractal sets.
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1. Introduction

Fractal structures were introduced in [1] to study non-Archimedean quasimetrization,
although it is true that they have a wide range of applications. Some of them can be
found in [2] and include metrization, topological and fractal dimension, filling curves,
completeness, transitive quasi-uniformities, and inverse limits of partially ordered sets.

One of the most recent applications of fractal structures is to construct a probability
measure by taking advantage of their recursive nature. For some reference on this topic,
we refer the reader to [3,4]. The idea of this construction is defining a pre-measure on the
elements of a fractal structure or some topological structures induced by it, so that, from
several sufficient conditions and characterizations, we have extended that pre-measure to a
probability measure on the Borel o-algebra of the space. Indeed, the authors proved that
each probability measure defined in a space with a fractal structure can be constructed by
following the procedure mentioned.

On the other hand, the classical theory of Riemann-type integration starts from a
bounded function on a compact rectangle of R" and a collection of almost disjoint compact
sets whose union is the said rectangle, which we refer to by the name partition. From
the function and the partition, the lower and upper Darboux sums are defined, and by
taking the supremum and the infimum of these sums over all the possible partitions, we
get the lower and upper Riemann integrals, respectively. Section 2.3 recalls, in more detail,
some different basic results and notions of this theory. Talking about a partition in the
environment of the calculation of Riemann-type integrals suggests considering a fractal
structure so that, based on each of its levels, we can obtain the lower and upper sums.
Consequently, it will make sense to talk about a Riemann integral, although the volume
can be replaced by a measure that is defined in the c-algebra of the space in which we
are working. Furthermore, it makes sense to think that considering a higher level of the
fractal structure can guarantee a better approximation to the true value of the integral.
Thus, interest arises in studying the application of fractal structures to the development of
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a Riemann-type integration theory, with respect to a certain measure defined in the space,
and that is the main objective of this work. For this purpose, we first give the notion of
Darboux sums with respect to a measure and a fractal structure in Section 3. After that,
we introduce the notion of a Riemann-integrable function with respect to a measure and a
fractal structure on a certain space in Section 4 and prove a Riemann theorem in this context
(see Section 5). Moreover, in Section 6 we prove that if a bounded function is Riemann-
integrable, its integral does not depend on the chosen fractal structure, so we just have to
refer to the measure defined on the o-algebra of the space. It is also shown that the integral
introduced coincides with the Riemann integral in R and with the Lebesgue integral with
respect to the measure. In the last section, we show some examples to illustrate this theory.
Finally, it is worth highlighting that in the literature there are already other works related
to the calculation of Riemann-type integrals on other types of spaces. For example, in [5-8].

2. Preliminaries
2.1. Fractal Structures

Despite being introduced in [1] for a topological space, fractal structures can be defined
in a set, and this will be the definition we use in this work, as has been used previously in
other works.

First, recall that a cover I'; is a strong refinement of another cover I';, written as
I', << T4,ifI'; is a refinement of I'y (that is, each element of I'; is contained in some element
of I'1), denoted by I'; < I'y, and for each B € Ty, it holds that B = U{A € T, : A C B}
(equivalently, for each B € I'; and x € B there exists A € I'; such that x € A C B). The
definition of a fractal structure is as follows.

Definition 1. A fractal structure on a set X is a countable family of coverings T = {I', : n € N}
such that 'y 1 << T'y. The cover Ty, is called the level n of the fractal structure.

A fractal structure is said to be finite if each level is a finite covering.

In what follows, we introduce two simple examples of fractal structures. The first is
defined in [0, 1] and its levels are given by I', = {[2%, kz*;l] :k=0,...,2" — 1} for each
n € N. Note that the previous fractal structure is finite (since it has a finite number of
elements at each level). However, if we consider the Euclidean space R, it is defined as the
countable family of coverings I' = {T', : n € N}, where ', = {[2%1, é‘,ﬁ L] k € Z} for each
n € N. In both cases, I' is known as the natural fractal structure.

A fractal structure induces (see [1]) a transitive base of a quasi-uniformity given by
{Ur, :n e N},where Ur = {(x,y) e Xx X:y € U{A €T :x & A}} for each cover I

If T is a fractal structure on a set X and A C X, the fractal structure induced on A
(see [1]) is defined as T4 = {T4 : n € N}, where 4 = {BNA:B €T,} foreachn € N.

2.2. Measure Theory

Now we recall some definitions related to measure theory from [9]. Let X be a set,
then there are several classes of sets of X. If R is a non-empty collection of subsets of X, we
say that R is a ring if it is closed under complement and finite union. Furthermore, given
Q is a non-empty collection of subsets of X, it is said to be an algebra if it is a ring such that
X € Q. Moreover, a non-empty collection of subsets of X, A, is a c-algebra if it is closed
under complement and countable union and X € A. If A is a 0-algebra on X, then the pair
(X, .A) is called a measurable space.

For a given topological space, (X, T), B = ¢(7) is the Borel o-algebra of the space, that
is, it is the o-algebra generated by the open sets of X.

A set mapping is said to be o-additive if u(U;_q An) = Y51 H(An) for each countable

collection {A; }?° ; of pairwise disjoint sets in .A.
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Definition 2 ([9], Section 7). Given a measurable space (Q), A), a measure y is a non-negative
and o-additive set mapping defined in A such that y(@) = 0. The triple (Q), A, ) is called a
measure space.

A measure is monotonic (which means that if A,B € A are such that A C B, then
u(A) < u(B)). Itis also continuous from below: if (A, ) is a monotonically non-decreasing
sequence of sets (which means that A, C A, foreachn € N), then u(A,) = u(Upen An).
Moreover, it is continuous from above: if (A;) is monotonically non-increasing (which
means that A, 1 C A, foreachn € N)and p(A;) < oo, then u(A,) — u(N,en An)- Finally,
it is sub-o-additive (which means that u(U5—; An) < Yoq 1(An) for each countable
collection { A} ).

2.3. Riemann Integration Theory

In this subsection, we base on [10] in order to give a generalization of the n-dimensional
Riemann integration theory.

A compact interval in the n-dimensional Euclidean space R" is a product | = [ay, by] x
... X [ay, by] where a;,b; € Rand a; < b; foreachi =1,...,n. A partition D of this interval
is an n-tuple (Dy, ..., Dy) where D; is a partition of [a;, b;] for eachi = 1,...,n, thatis, a
sequence ti1,tp, ..., i, such thata; =ty < tjp < ... < t;; = b;, which can also be seen
as the sequence of compact intervals [a;, tj2], [ti, ti3], . . ., [tin,_,,bi]- The partition norm is
defined as ||D|| = max{ty 1 —tx:k=1,...,n;i=1,...,n}.

The partition D is called a refinement of a partition D' = (Dj, ..., Dy,) if the sequences
on D are subsequences of the sequences a; = t/; < t,, < ... < t; = b;. Note that two
partitions always have a common refinement.

Moreover, we can define the volume of an interval | = [ay,b1] X ... X [ay, by] as the
number vol(]) = [T, (b; — a;). Let f be a bounded function on an interval | and let D be
a partition of J. The lower and upper Darboux sums of f in D are defined, respectively, by

s(f;D) = 2 mg-vol(K) and S(f;D) = Z M; - vol(K)
Ke|D| Ke[D|

where
mg =inf{f(x) :x € K} and My =sup{f(x):x €K}

and | D| denotes the family of all sets of the partition D. Note that if D is a refinement of D’,
thens(f; D) > s(f;D’) and S(f; D) < S(f; D’) and, if we consider a common refinement,
it can be proved that s(f, D) < S(f;D’) for each pair of partitions D and D’. Now, we
recall the definition of the lower and upper Riemann integrals of f over J.

Definition 3. Let f be a bounded function on an interval | = [ay,b1] X ... X [a, by] and D be a
partition of |. Then the lower and upper sums of f over | are defined, respectively, by

/]f:s;l)ps(f;D) and /]f:irleS(f;D)

and, in case that both values coincide, we refer to that number by the name of the Riemann integral
of f over ] and denote it by
f
)

Two of the most well-known theorems in the classical theory of Riemann integral are
the following ones:

Theorem 1. A function f is Riemann-integrable if and only if for each € > 0, there exists a
partition D such that
S(f;D)—s(f;D) <e
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A selection for a partition D is a collection of points { = (xp)pep such that xp € D
for each D € D. The Riemann sum for a function f relative to a partition D and a selection
¢ = (xp)pep is defined as S(f; D; &) := Y.pep f(xp) - vol(D).

The next theorem is sometimes referred to as Riemann’s theorem (see, for example,
[Th. 7.1.11] [11]).

Theorem 2. A function f is Riemann-integrable if and only if there exists a number L € R with
the following property: for each € > 0, there exists 6 > 0 such that |S(f;D;¢) — L| < ¢ for
each partition D with ||D|| < 6 and for each selection { = (xp)pep for D. Moreover, if f is
Riemann-integrable, then L = [ f.

3. Darboux Sums with Respect to a Measure and a Fractal Structure

In this section, we see how to define the Darboux sums from a measure defined on
a space with a fractal structure. This measure plays a similar role to that played by the
Lebesgue measure in the classical theory of Riemann integrals when defining Darboux
sums. For that purpose, we first need to give some conditions on the fractal structure we
define on the space.

Definition 4. Let (X, S, ) be a measure space and T be a fractal structure on X. T is said to be
u-disjoint if the following conditions hold:

1. T, C Siscountable for each n € N.

2. u(BNJ)=0foreach B,] € Ty such that B # ] and each n € N.

3. u(A) <ooforeach A €Ty andeachn € N.

Darboux sums are defined for each level of a fractal structure in a space as follows:

Definition 5. Let (X, S, jt) be a measure space, T = {T'y, : n € N} be a u-disjoint fractal structure,
and f : X — R be a bounded function. Then, for each | € ', we set

m(f;]) = inf{f(x) : x € J}
M(f;]) = sup{f(x) : x € J}

so that the lower and upper Darboux sums with respect to y for each level of the fractal structure are
given by
L(fiTw ) = Y}, m(f;D)p(])

Jeln

and

U(f;Tn, ) = Y, M(f;])u(])

JeTy,

respectively, when the series are absolutely convergent.

Next, we see that the first condition in Definition 4 allows us to calculate both the
Darboux sums and the measure of each element used in them, while the second condition
means that overlapping is not a problem.

Proposition 1. Let T = {I'y : n € N} and I* = {I'}, : n € N} be two fractal structures on X
andT =TV I* = {T, : n € N} the family given by T, = {BN]J: B €T, ] € [} for each
n € N. Then T, << T, T} foreach n € N and T is a fractal structure.

Proof. First, we prove that [, << I',. Given A € T, then there exist B € I', and C € T,
such that A = BN C. Itis clear that A C B and hence T, < T',. On the other hand, given
A €T, and x € A, since T}, is a covering, there exists B € I';; such that x € B and therefore
x€ ANBC Aand ANB €T,. It follows that T, << T},. Analogously, it can be shown
that T, << T}.
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Now we see that T is a fractal structure on X, that is, it is a countable family of
coverings of X such that T, ;1 << T, for eachn € N.

Let n € N. Given x € X, there exist B € I'; and | € T, such that x € Band x € |,
since I';, and T}, are both coverings of X. Hence, x € BN | € T, which means that T, is a
covering of X.

On the other hand, let H = BN ] € T4 be such that B € T, and | € T} ;.
Then there exist B' € T, such that B C B’ and ' € T} such that ] C J'. Therefore,
BNnJcB NJ €Ty,and hencel,, ;1 < T}.

Finally, let H = BN ] € T, besuchthat B’ € T,and ]’ € [, andx € H =B’ NJ.
Since I', 41 << Ty and I, ; << T}, there exist B € T,y such that x € B C B’ and
J €T}, suchthatx € ] C J'. It follows that x € BN] C B'NJ' = H and BN] € T,

Therefore, T, 1 << Ty, and T is a fractal structure. [

Remark 1. Let (X, S, ) be a measure space and T and T* be two u-disjoint fractal structures on
X. Then T V I'* is a p-disjoint fractal structure on X.

Proof. If A,B€T,andC,D € I’ then (ANC)N(BND) C ANBand (ANC)N(BND) C
CND.IfANC #BNDthen A # BorC # D and hence y(ANB) =0or u(CND) =0,
since I' and I'* are p-disjoint. It follows that 11((A N C) N (BN D)) = 0 by the monotonicity
of the measure. [

Lemma 1. Let (X, S, ) be a measure space and T be a y-disjoint fractal structure on X. Then:

1. u(AUB) = u(A) + u(B) for each A, B € T, such that A # B.
k

k
2. Given k different elements of T'y;, A1, ..., Ay, then p <UA1-> =Y u(A).
i=1 i=1
3. Let {A; : i € N} be a countable family of different elements of T,. Then u( | JA; | =
ieN

Proof.

1. LetA,B €T, with A # B. Then we can write y(AUB) + u(ANB) = u(A) + u(B).
Since jt(A N B) = 0 by hypothesis, it follows that p(A U B) = u(A) + u(B).
2. Let Ajy,..., Ay € I'y be such that they are all different. Reasoning by induction on k,
k k
we prove that u (UA,) = ) u(A;) for each k € N. For k = 1, it is clear. Suppose
i=1 i=1
that the equality holds for a certain k € N. Let us see that it also holds for k + 1:
k+1 k
First, we have U A= (U Al-) U Aj.11. Moreover, the induction hypothesis lets us
i=1 i=1
write

k k k k41
p ( (U Ai) UAk+1> +u ( (U Ai) N Ak+l> = (U Ai) +u(Ae) = Y u(Ay).
i=1 i=1 i=1 i=1
The fact that y is sub-c-additive implies that

K k k
P‘((U Ai) ﬂAk+1> = ﬂ(U(AiﬂAkH)) <Y (AN Agia)
i=1 i=1

i=1
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and the fact that T is p-disjoint means that 5, #(A; N A1) = 0. Consequently,

(e

If we join all the previous equalities, we conclude that

() (§) o)

3. Let {A; : i € N} be a countable family of different elements of I',. Since

k
U A; kg U A; and yu is continuous from below, it holds that
i=1 ieN

i —y<UA> <UA>:§#(AI

ieN

where we have taken into account the previous item in the first equality.
O

The next proposition gathers some relationships between both Darboux sums with
respect to two p-disjoint fractal structures defined on a space.

Proposition 2. Let (X, S, u) be a measure space and T = {T, : n € N} and T* = {T}; : n € N}

be two y-disjoint fractal structures on X. Let f : X — R be a bounded function and n,m € N. Then:

Lo L(f;Twp) SU(f;Tn; ).

2. IfTy, <<Ty,, then L(f;Ty; pt)
it holds that L(f;Tp; u) < L(f;

3. L(f;Twp) SU(f;Thin).

Proof.

1. Itis clear since m(f;]J) < M(f,])and u(J) > 0 for each | € I'y.
2. SinceT;, << T, if | € T';, then we have that:
@ p()=p(U{HET,:HCJ}) = ), p(H)byLemmal.
HeT, HC |
(b)y IfHeT;,andH C J, thenm(f;]) <m(f;H) <M(f;H) < M(f;]).
(c) Each H € T}, such that y(H) # 0 is contained in exactly one | € T},.

S(f#
T (

< (f Tiou) <U(f; Ty ). In particular,
iu) < T

)
f; )<U(f T ), ifn < m.

For the proof of (c), note that H is contained in some | € Iy, since I';;, < I';,. Suppose
that H C [y, Jo, where |1, ], € T, with J; # J,. Then H C |1 N J and since yu is
monotonic and y(J; N J2) = 0 (because the fractal structure is u-disjoint), we have
u(H) = 0, a contradiction.

Item (a) lets us write

L(f;Tw;p) = ), m(f;)u()) = ZM(/‘;D[ Y #(H)l
Jely Jely HeTl;, HCJ
and, by item (b), it follows that
zmm[ y u<H>]§2 Y mif )
Jel'y HeTy, HCJ Jel'y Hel';, , HCJ

Now, by item (c),
m(f; Hyu(H) = Y m(f; H)u(H) = L(f; Ty )

Jel'y Hel HCJ HeT},
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and, by the first item, it holds that

L(f;Thspn) SU(f;Thsn) = HZF M(f; H)u(H)

Now we use item (c), so that

Y, M(fFHuH) =), Y, M(f;H)u(H)

HeTy, Jel'y HeT '}, , HCJ
and item (b) lets us write

Y, Y M(fEH)uH) <Y M)

u(H)
Jely HeTy HCJ JeTn HeT;,u(H)>0,HC]

Finally, item (a) means that

= Y M(£; Du()) = U(f;Tus o).

Jeln

Y, M(fi)) pu(H)

Jeln [Herfn,;t(H)>O,HC ]

3. LetT =T'VI*and p = max{n,m}. ThenT, << T}, I}, Note that T is y-disjoint by
Remark 1. By the previous items, we have that

(2) _ (1) _ (2) .
L(f;Twpu) < L(fiTpp) < U(f;Tpu) < U(f;T5H)-
O

We can also observe the next result from the previous proposition.

Remark 2. Under the hypothesis of the previous proposition, it follows that L(f;Ty;u) <
L(f;Tyi;m) < U(f;Theu) < U(f;Tuu) for each n € N, which means that
lim, U(f;Tp; ) = inf{U(f;Ty; u) : n € N} and lim,, L(f;T,) = sup{L(f;T,) : n € N}.

4. Riemann Integral with Respect to a Measure and a Fractal Structure

Once we know how to define the lower and upper Darboux sums when given a
bounded function, a measure y, and a p-disjoint fractal structure on a space X, the next
step is defining the lower and upper Riemann integrals with respect to the measure and the
fractal structure. Moreover, we can give some conditions so that both integrals coincide.

Definition 6. Let (X, S, i) be a measure space, T = {T, : n € N} be a y-disjoint fractal structure

on X, and f : X — R be a bounded function. We define the lower and upper Riemann integrals of
f with respect to y and T on X as follows:

1. Upper Riemann integral of f with respect to y and T':

—(uT)
/X f::inf{U(f;Fn;y):nGN}zliyran(f;Fn;y).
2. Lower Riemann integral of f with respect to y and I':
() .
/X f= sup{L(f;I’n;y):nEN}:hgnL(f;l’n;y).

(nX)

Remark 3. Note that, by Proposition 2, fX(V’r)f <[ f
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Definition 7. Let (X, S, i) be a measure space, T = {T, : n € N} be a y-disjoint fractal structure
on X and f : X — R be a bounded function. f is said to be Riemann-integrable with respect to
——(uTI . . . —(u,T
and T on X iffx(y )f is finite and fx(”’r)f = fX(H )f.
If f is Riemann-integrable with respect to y and T on X, we define the Riemann integral of f
with respect to p and T on X, |, )((” T f, by

/X(}l/r) fe /X(H,r)f _ /X(%r)f-

We denote by R(X; u; T) the set of Riemann-integrable functions with respect to y and T on X.

Remark 4. If u(X) =0, then R(X; i;T) = {f : X — R: f isbounded} and f)gy’r)f = 0 for
each f € R(X; u;T).

Proposition 3. Let (X, S, i) be a measure space, T = {I', : n € N} be a u-disjoint fractal
structure on X and f : X — R be a bounded function. The following statements are equivalent:

1. feRXwTI).

2. Foreache > 0, there exists n € N such that U(f;Tp;u) — L(f; T ) <e.

3. Foreache > 0, there exists ny € N such that U(f;Tp;p) — L(f;Tu; ) < € for each n > ny.

Proof. (1 < 3) By definition of Riemann integral, we have that
—(nT) (1,T)
feR(X;V;F)®A f:/X f

— () 7(]4,1")
& /x f—A f=0
& liﬁnlI(f;l"n;y) —liﬁnL(f;l"n;y) =0

1)

what is equivalent, in terms of convergence, to claim that for each ¢ > 0, there exists ng € N
such that U(f;Ty; u) — L(f;Ty; i) < e for each n > ny.

(2 = 3) Suppose that for each ¢ > 0, there exists nyp € N such that U(f; T, 1) —
L(f;Tyy; 1) < e. Letn > ng. Then, by Proposition 2, it follows that U(f; ;) — L(f; Ty u) <
U(f;Tngipt) = L(f; Tngi ) < e.

(3 = 2) It is immediate. O

Note that the third condition in the previous proposition is equivalent to

Jim (U (f; Tug; i) = L(f; T ) = 0
Corollary 1. Let (X, S, ) be a measure space and T = {I, : n € N}, I* = {I}, : n €
N} be two p-disjoint fractal structures on X such that T, << T for each n € N. Then
R(X;u,T) C R(X;u,T").

Proof. Let f € R(X;u,T). By Proposition 3, limy o (U(f;Ty; ) — L(f;Tn; u)) = 0. By
Proposition 2, L(f;Tp;u) < L(f;T5u) < U(f;Th;u) < U(f;Th;p) foreachn € N Tt
follows that lim, e (U(f;T5; 1) — L(f;T; #)) = 0 and hence, by Proposition 3 again,
feRX;uI"). O

5. Riemann Theorem for Fractal Structures

In what follows, we prove a theorem which is analogous to the Riemann theorem in
R", but for bounded functions defined on a space with a p-disjoint fractal structure. This is
one of the main results of this work.
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Definition 8. Let I be a fractal structure on a space X such that T, is countable for each n € N. A
selection for Ty is a collection of points  := (x4 ) acr, such that x4 € A foreach A € T'.

Definition 9. Let (X, S, i) be a measure space, T = {T', : n € N} be a y-disjoint fractal structure
on X and f : X — R be a bounded function. Let n € N and { = (x4) aer,, be a selection for T,.
The Riemann sum for f relative to Ty, § and y is denoted by S(f;Tn; &; p) and is defined as follows:

S(fiTw &) i= Y, flxa)u(A).

AeTly,

Theorem 3 (Riemann’s Theorem). Let (X, S, i) be a measure space, T = {I', : n € N} bea

u-disjoint fractal structure on X, f : X — R be a bounded function and C € R. The following

statements are equivalent:

1. feR(X;uT)and [V f=cC.

2. Given ¢ > 0, there exists ng € N such that |C — S(f;Ty; En; 1t)| < € for each n > ngy and
each selection for I'y, Cy.

3. Givene > 0, there exists n € N such that |C — S(f;Tn; & )| < € for each selection for T'y, ¢.

4. S(f;Tw;Cmsn) o C for each sequence (&) such that &y, is a selection for T'y, for each
m € N.

Proof. (1 = 2) Suppose that f € R(X; ;T) and f}((”’r) f =C. Then

(wT) —(uT) (u,T) . .
o f=fo f=)0 S =mUGT = Hn LT = C

X

Let ¢ > 0. By Proposition 3, there exists ny € N such that U(f;Tpm; u) — L(F; Ty p) < €
for each m > ny.

Now let m > ng. Note that U(f; Ty; 1) > S(f; T Ens ) = L(f; T; ) for each selec-
tion for I'y, &,. Moreover, since lim, U(f;Ty; ) = lim,, L(f;T; ) = C, by Proposition 2 it
holds that U(f; Tym; u) > C > L(f; T ).

Suppose that ¢, is a selection for I';; and m > ng. It follows that

IC = S(f;Tm; S )| S U(f;Tis ) — L(F; T ) < e

——(uT
(3 = 1) It is enough to prove that fx(ﬂ’r)f = fX(y )f = C. Let ¢ > 0. Then there

exists n € N such that |C — S(f;T; & )| < § for each ¢, selection for I',. We distinguish
two cases:

1. Ty={Ay.. As,}isfinite. Let {1 = (ya,, Y4, ) Cn2 = (24, 24,,) be two se-
lections for I', such that
IM(f;A) — f(ya)|u(A) < for eachA € T,

im(f; A) = f(za)[u(A) <

N
M »|m
S

for eachA € T,.

N

Sn
Then we have that

Sn e e

\U(f; T ) = S(f;Tw; Gn)| < ;E =5

3 s

Sn
Twipt) = S(fiTwiEnn)| < Y e = £
IL(fiTuipt) = S(fi T Gn)| < =2s, 2
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2. T, ={A;:ic N}isinfinitely countable. Let §,, 1 = (ya,)a,er,, $n2 = (24,) Aser, b

two selections for I';, such that

m

IM(fF; A1) = Flya) l#(A)) < oo foreachi €N,

€ .
|m(f; Ai) — f(za,)|n(A;) < s for eachi € N.

Then we have that

S g
(T p) = S(iTaidun) | < 1 s = 5
1=

&€ S

IL(FiTwi ) = S(FiTniGn)l < Yo 57 = 3
i=1

Hence, in both cases, we can write

\U(f;Tusp) = Cl = [U(f;Tw; ) = S(fiTniGn1) + S(fiTn;Gnp) — Cl <
e ¢
< [UCF T ) = SU T En) |+ 1S(F5Twi ) — Cl < 5 + 5 =
which implies that
—(u.T)
| feutin) <c+e
What is more,
|IC—L(f;Tuip)| = |C = S(fiTn;Cn2) + S(fiTn;Cnp) — L(fiTws )| <
e ¢
< ‘C - S(f}rn;gn,2)| + ‘S(f}rn;én,Z) - L(f;rn;]/l” < 5 + 5 =g,
which means that
(nT)
/X F>L(f;Twp) >C—e¢
It follows that
(uX) —(u.T)
C—-e< / < / <C
€< Jx f=f, f<Cte
for each € > 0. The arbitrariness of ¢ > 0 leads us to conclude that f € R(X;u;T) and
f)(g"r) f=C= &(P"r)f - TX(F'r)f.

(2 & 4) It is immediate.

(2 = 3) It is immediate.
O

6. Riemann Integral with Respect to a Measure

The next result allows us to claim that the Riemann integral of a bounded function with
respect to a measure and a fractal structure, in fact, does not depend on the fractal structure.

Proposition 4. Let (X, S, u) be a measure space, T = {T, :n € N} and IT* = {T'}, : n € N} be
two p-disjoint fractal structures on X and f : X — R be a bounded function. If f € R(X; u;T)

and f € R(X; 5 T*), then [0 f = [T 5,
— (wI) _ (u,T*)
Proof. LetC = |. x f,and D J: X f, and suppose that C < D. Then

lirIan(f;l”n;;t) = li’EnL(f;l"n;y) =C<D= li}IinLI(f;l";‘l;y) = liyrlnL(f;FZ;]/t).
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Then
W U(f; T p) <l L(f; T3 ),

which is a contradiction with Proposition 2, since U(f;T,; 1) > L(f;T};u) for each
ne N. O

Therefore, if a bounded function is Riemann-integrable with respect to a measure,
u, and different p-disjoint fractal structures, then all the integrals have the same value.
Therefore, it makes sense to introduce the following concept:

Definition 10. Let (X, S, i) be a measure space and f : X — R be a bounded function. f is
said to be y-Riemann-integrable if there exists a y-disjoint fractal structure I on X such that f is
Riemann-integrable on X with respect to y and T'. Moreover, if so, the integral is defined as

/Xﬂ fo /X(%F) 5

From now on, R(X; ) will denote the set of all bounded functions that are p-Riemann-
integrable on X.

The proof of the following result is straightforward.

Lemma 2. Let T be a fractal structure on a set Y, X be a set and f : X — Y be a map. Then
FYT) = {f~U(T,) : n € N} is a fractal structure on X, where f~1(T';) = {f1(A): A € T}
foreachn € N.

Once we know that the Riemann integral does not depend on the chosen fractal
structure, we give some sufficient conditions to ensure that a function is Riemann-integrable
with respect to a measure.

Proposition 5. Let (X, S, jt) be a finite measure space and f : X — R be a bounded measurable
function. Then f € R(X; ) and [¥ f = [ fdu.

Proof. Let A = {A, : n € N} be the fractal structure in R given by A, = {[£, 52 [: k € Z}
foreachn € N,and let T = f~!(A). Note that I is a fractal structure by the previous lemma
and it is p-disjoint since f is measurable, X has finite measure and AN B = @ for each
A,B €T, with A # Band eachn € N.

Now, we prove that f is Riemann-integrable with respect to y and I'.

Givenn € Nand i € Z, let E! = f~!([4, Si]) and consider the simple functions
(since f is bounded) I,,(x) = Yz 2%?@{’ (x) and u,(x) = Yz "zi,,lxgln (x), where x 4 is the
characteristic function of A. Then it is clear that [,,(x) < f(x) < u,(x) for each x € X.

Given n € N, it follows that [l,dy = Yicz ﬁy(El”) < Yiezm(f;ENu(E!) =
L(fiTwp) < U(fiTwip) = Lieg M(GENH(E!) < Yiep 5t u(Ef) = [undp. Since
In < f <o, U(f;Tusp) = L(FTwn) < [ (un —In)dp < Yieg gop(Ef) = rp(X) and
X has finite measure, then f is Lebesgue integrable and [ fdy = limy e [ lidy =
limy,e0 [ undp. It follows from Proposition 3 that f is integrable with respect to # and T

and [ f= [V f= [ fap. O

The previous result states that, for bounded functions and finite measure spaces, the
Riemann integral with respect to a measure is the same as the classic Lebesgue integral
with respect to that measure. An open question is if this result is still true for non-finite
measure spaces.

Another interesting interpretation of the previous result is that the Lebesgue integral
with respect to a measure can be calculated by choosing some simple and easy fractal
structure, since the calculation of the Riemann integral with respect to that fractal structure
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and the measure is easier since it only involves the calculation of the Darboux sums and
some limits. This is particularly true when it is easy to calculate the measure of the elements
of the fractal structure.

An obvious consequence of the previous proposition is that continuous maps are
Riemann-integrable with respect to any measure on the Borel c-algebra.

Corollary 2. Let (X, T) be a topological space, ji be a finite measure on the Borel o-algebra and
f : X — R be a bounded continuous map. Then f € R(X; u).

Riemann Integrability vs. Riemann Integrability with Respect to the Lebesgue Measure

Functions that are Riemann-integrable (in the classic sense) in a rectangle in RN are
also Riemann-integrable with respect to the Lebesgue measure, and both integrals coincide.

Proposition 6. Let X = [a1,b1] X ... X [an,bn], f : X — R be a bounded function, T = {T}, :
n € N} be the natural fractal structure on RN induced on X. Then f is Riemann-integrable (in the
classic sense) if and only if it is Riemann-integrable on X with respect to the Lebesgue measure A
and I'. Moreover, if f is Riemann-integrable on X, both integrals coincide.

Proof. On the one hand, suppose that f is Riemann-integrable (in the classic sense). Let
e > 0. Then, by Theorem 2, there exists § > 0 such that |S(f;D;¢) — fo| < ¢ for each
partition D with ||D|| < ¢ and for each selection ¢ = (xp)pep for D.

Let n € N be such that % < ¢ and ¢ be a selection for I';;. Then it is clear that
IS(fiTw; &G A) — [ fI = |S(f;Tu; &) — [x f| < & since 'y is a partition of X with norm %,
which is less than 4. It follows from Theorem 3 that f is Riemann-integrable on X with
respect to A and I’ and || )((A,l") f=Jxf

On the other hand, suppose that f is Riemann-integrable on X with respect to A and T
and let ¢ > 0. By Proposition 3 there exists n € N such that U(f;T;A) — L(f;Ti;A) < e
Since I'y, is a partition, it follows from Theorem 1 that f is Riemann-integrable (in the
classic sense).

— —(AT
Finally, by definition, it is clear that | g;\,l") f<f X fF<f<S g( ) f. Hence, if f
is Riemann-integrable on X, then it is Riemann-integrable with respect to A and I and it
follows that f)gA’r)f =[x f O

Corollary 3. Let X = [a1,b1] X ... X [an,bn] and f : X — R be a Riemann-integrable function
(in the classic sense), then f is A-Riemann-integrable and both integral coincide, where A is the
Lebesgue measure.

7. Examples

In the previous section, we have shown (Proposition 6 and Corollary 3) that the classic
Riemann integral is a particular case of the theory, since it is the Riemann integral with
respect to the natural fractal structure and the Lebesgue measure.

Also, we have shown (Proposition 5) that, for bounded functions on finite measure
spaces, the classic Lebesgue integral with respect to the measure is a particular case of the
theory, since it coincides with the Riemann integral with respect to a certain fractal structure
and the measure. In this case, the fractal structure depends on the function, while in the
classic Riemann integral, we can always use the natural fractal structure for any function.

In this section, we give three examples in which an integral is calculated according to
the theory that has been developed before.

In Corollary 3 it was shown that each Riemann-integrable function (in the classic sense)
is Riemann-integrable with respect to the Lebesgue measure. The first is an example of a
function that is not Riemann-integrable (in the classic sense), but it is Riemann-integrable
with respect to the Lebesgue measure.
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7.1. Example 1
Let f : [0,1] — R be the function defined by

(0 x€[0,1]-Q
f(x)_{1 J;ce@m[o,u

First, we prove that f is not Riemann-integrable with respect to a certain fractal
structure when considering the Lebesgue measure. Let I';,4+ be the natural fractal structure
on [0,1]. Then,

k k+1

r”_{[zn’zn} :ke{O,...,Z"—l}}

for each n € N. Note that given n € N and | € I',, we have that M(f;]) = 1 and
m(f;]) = 0. Hence, the lower and upper Darboux sums are, respectively,

1 2'=1
U(f;Tw) = ) MDA = Y AD =5 X 1=

JeT, JeT, k=0
and

L(f;Tu) = Y, m(f;)A(J) =0

J€Tn
for each n € N. It follows that
—Lnat Chat
[o,1]f 7 ;[0,1]](

which means that f is not Riemann-integrable on [0, 1] with respect to the natural fractal
structure and the Lebesgue measure.
However, let A be the fractal structure defined by

Ap = {{x}:x€QNI0,1]} U{[0,1] — Q}

for each n € N. Since for each n € N, it holds that BN | = @ for each B, ] € A, such that
B # ], it follows that A(BNJ) = A(®) = 0 for each |, B € A, such that B # | and each
n € N. It follows that A is A-disjoint. Now, let n € Nand | € A;,. Then

P J=[01-0Q
MED=mED={ | |~ (o whoren e 00 (0.1

Since A({x}) = 0 for each x € QN [0, 1], we have that

U(f:8nA) = 3 M(f;])A(J) = M(f;10,1] = Q)A([0,1] Q) = 0

JeD,
and

L(fidmA) = ) m(f;)A(]) = m(£;[0,1] = Q)A([0,1] - Q) = 0.

Jebn

A (AA) —(A, (A8)
= = - = 0
/{auf [0,] f / [0,1] f / [01] /

and, hence, f € R(X; 7).

We conclude that
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7.2. Example 2

In [3,4] it is shown how to define a finite measure from the elements of a fractal
structure. This case is particularly interesting, since you know the measure of the elements
of the fractal structure. By the results in [3,4] you can prove that a pre-measure defined
in the elements of the fractal structure can be extended to the Borel o-algebra. But if you
are only interested in the calculation of integrals, you do not need to bother about how
the extension is done or how to calculate the measure of other sets, since you only need
the measure of the elements of the fractal structure in order to calculate integrals. This
is similar to the case of the classic Riemann integral where you only need to know the
measure of an interval in order to calculate integrals. Next, we present a simple example.

The next example shows that there exist Riemann-integrable functions with respect to
a certain measure on fractal sets. Indeed, in the following, we work on the Cantor set in
order to calculate integrals.

Let fo, f» : [0,1] — R be the functions given by fy(x) = % and fo(x) = % + 3.
Recall that the Cantor set, C, is defined as the unique compact subset on [0, 1] such that
C = fo(C)U f2(C). Now let g : [0,1] — [0, 1] be a function defined by the following rule:
given x € [0, 1], we write it in base 3. Next, we truncate it by the first 1 (if it is not the case,
we consider the whole expression of x in base 3). In the resulting expression, we exchange
twos by ones. Then we have a number in base 2 whose decimal value is g(x) for some
x € [0,1]. This function is known as devil’s staircase (see, for example, [12]), and its graph
can be seen in Figure 1. We are interested in the integration of the restriction of this function
to the Cantor set.

10

08

0.6

04

02

0.0

0.‘0 0.‘2 0.‘4 O.‘é 0.‘8 l.‘l)
Figure 1. Devil's staircase.

Now, let I be the natural fractal structure as a self similar set (see [13]), defined by the
following levels:

I = {/(C), 2(C)}
Tt = {fi(J):i=0,2] €Tyl
Let | = fa,fay - - - fa, (C) € Ty be such thata; € {0,2} foreachi =1,...,n. Then

= L a; L a; > 2 é a; 1 L a;
]: [(0.611...an)3, (0&11[1;12)3} NC = Z§,2§+ 2 § NnC = 25,374'25 NC.
j i j i=1 i=1

Note that ¢(J) = [(0.x1...x4)2,(0.x1 ...x,1)2], where a; = 2x; foreachi =1,...,n,
and hence M(g|c;]) = (0.x1... )2 + 5 and m(g|c; J) = (0.x1 ... xp)o.
Let | € T, for some nn € N. We define the set function y by
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By [4], it is known that u can be extended to a measure on the Borel o-algebra.
Consequently,

12n1 1 on _ 1)2n 1
U@bﬂw%-zwmmnmnp_x;+p>—<>

€T, 22n+1 on
11 11
BT
and
120 m  (2n—1)2n
L ;T ; —— o _ e T e
(8lciTn Zr @le: Du() = 5 L ot
1 1 1
T2 o
Hence, lim,, U(g|c; Tn; 1) = limy, L(g|c; T 1) = 3.
1
We conclude that g|c € R(C; u) and/ glc = 5

7.3. Example 3
Let X =] — 0,0], A be the Lebesgue measure, f : X — R be the map defined by
f(x) =e*and T = {I';, : n € N} be the natural fractal structure induced on X. Then
L(f;Tu;A) = lel 21,,(3_2% and U(f;T;A) = Zf"ozlne_zl” Therefore, U(f;Ty, A)—
L(f;Tn;A) = 57 foreachn € N. It follows from Propos1t10n 3 that f is Rlemann—lntegrable

with respect to A and T and f = limy 00 Ying 276 o= = limy_se0 » 5 Licg @ o=

1
hmn%oo 1 — =1
1—e 27

It also follows that f is Riemann-integrable with respect to A and [ }? f = 1. Note that
the integral coincides with the improper classic Riemann integral.
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