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Abstract


P.M. Pu and Y.M. Liu extended Moore-Smith’s convergence of nets to fuzzy topology and Y.M. Liu provided analogous results to J. Kelley’s classical characterization theorem of net convergence by introducing the notion of fuzzy convergence classes. In a previous paper, the authors of this study provided modified versions of this characterization by using an alternative notion of convergence of fuzzy nets, introduced by B.M.U. Afsan, named fuzzy net ideal convergence. Our main scope here is to generalize and simplify the preceding results. Specifically, we insert the concept of a fuzzy function ideal convergence class,  L , on a non-empty set, X, consisting of triads   ( f , e , I )  , where f is a function from a non-empty set, D, to the set   FP ( X )   of fuzzy points in X, which we call fuzzy function,   e ∈ FP ( X )  , and  I  is a proper ideal on D, and we provide necessary and sufficient conditions to establish the existence of a unique fuzzy topology,  δ , on X, such that   ( f , e , I ) ∈ L   iff f  I -converges to e, relative to the fuzzy topology  δ .
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1. Introduction


The main concept of this paper is the convergence of a fuzzy function, with respect to an ideal, in fuzzy topological spaces. In ordinary topological spaces, the notion of convergence of a function, with respect to an ideal, under the name function  I -convergence (see [1,2,3]), is the dual notion of convergence of a function, with respect to a filter, which H. Cartan introduced in [4] (see also [5] (p. 71, Definition 1)).



The concept of convergence of a function, with respect to a filter, naturally generalizes classical net and filter convergence in topological spaces (see [2,3]). It is worth noting that the concept of convergence of a sequence, with respect to a filter or ultrafilter, has been reintroduced and studied by many authors (see [6,7,8,9]). By using ideals instead of filters, the notion of convergence, with respect to a filter, can be equivalently reformulated (see, e.g., frequently quoted works [10,11,12]). The reason for this modified version of convergence was an effort to generalize previous results on statistical convergence (an extension of the classical notion of convergence of sequences relative to the asymptotic density, e.g., [13,14,15]).



B.K. Lahiri and P. Das, in [16,17], investigated the notion of the ideal convergence of sequences and nets in topological spaces. In the context of net ideal convergence, the authors of [18,19] provided a modified version of J. Kelley’s classical theorem [20] (p. 74, Theorem 9) for convergence classes. More precisely, in [18] they considered a non-empty set, X, and a class,  C , consisting of triples of the form   (   (  s d  )   d ∈ D   , x , I )  , where    (  s d  )   d ∈ D    is a net with a domain on the directed set, D, and values on X,  I  is a D-admissible ideal on D and   x ∈ X   and provided a set of axioms on the class,  C , which are necessary and sufficient to ensure the existence of a unique topology,  τ , on X, such that   (   (  s d  )   d ∈ D   , x , I ) ∈ C   iff    (  s d  )   d ∈ D     I -converges to x, relative to the topology,  τ . Subsequently, in [19], they provided similar results by considering arbitrary ideals. In continuation, in [21] they extended and simplified the results of the last two papers by considering functions instead of nets and a smaller set of axioms, to be fulfilled by class  C , in order for the last to be topological.



The introduction of the fundamental notion of a fuzzy set in 1965, by L. Zadeh [22], provided the natural background for generalizing many of the concepts of general topology to the fuzzy setting. Following the generalization of Moore-Smith convergence of nets (see [23,24,25]) to fuzzy topological spaces, which was provided by P.M. Pu and Y.M. Liu in [26,27], a characterization that correlates fuzzy topologies with fuzzy net convergence classes was introduced by Y.M. Liu in [28], which succeeded in generalizing J. Kelley’s theorem.



The concepts of  I -convergence,   I *  -convergence, and  I -Cauchyness for sequences of fuzzy numbers were defined and studied in [29]. The notion of  I -convergence of fuzzy nets in fuzzy topological spaces was provided by B.M.U. Afsan in [30]. Moreover, the authors of [31], by using the previous notion, obtained a modification of the Y.M. Liu characterization theorem on fuzzy convergence classes. Particularly, they introduced the concept of a fuzzy net ideal convergence class,  H , on a non-empty set, X, consisting of triples of the form   (   (  s d  )   d ∈ D   , e , I )  , where    (  s d  )   d ∈ D    is a fuzzy net in X,  I  is an ideal on D, and   e ∈ FP ( X )  , and provided a set of axioms on the class  H  to obtain the following result: there exists a unique fuzzy topology,   Ψ ( H )  , on X, such that   (   (  s d  )   d ∈ D   , e , I ) ∈ H   iff    (  s d  )   d ∈ D     I -converges to e, with respect to   Ψ ( H )  .



In this paper, we extend and simplify the results of the latter work by considering fuzzy functions instead of fuzzy nets and a concise set of axioms. We should note that previous ideas are reorganized efficiently and full proofs of the most important points are provided, rather than pointing out the necessary adaptations. In addition, this work extends the results of [21] to fuzzy topological spaces.



The rest of this paper is divided into three sections as follows. In Section 2, we provide the preliminaries that will be used later. In Section 3, we present some special properties concerning the convergence of a fuzzy function, with respect to an ideal, on fuzzy topological spaces. Finally, in Section 4, we consider the notion of a fuzzy function ideal convergence class on a non-empty set, X, and prove analogous to the results of [19] for the more general case of fuzzy function ideal convergence.




2. Preliminaries


In this section, we review basic concepts that will be used in the following sections, and we refer the reader to [22,26,28,32] for more details.



Let X be a non-empty set. We will use the symbols I and   I X   to represent the unit closed interval   [ 0 , 1 ]   and the set of all functions with domain X and range I, respectively. A function   A : X → I   is called a fuzzy set in X (due to Zadeh [22]), i.e., a fuzzy set in X is an element of   I X  . For every   x ∈ X  ,   A ( x )   is called the grade of membership of x in A and the set   { x ∈ X : A ( x ) > 0 }   is called the support of A. If A takes only the values 0 and 1, then A is called a crisp set in X. Particularly, we will use the notation  1  for the crisp set that always takes the value 1 on X and  0  for the crisp set that always takes the value 0 on X. In addition, if   A , B   are fuzzy sets in X, we say that A is contained in B, which we will denote by   A ⩽ B  , whenever   A ( x ) ≤ B ( x )  , for every   x ∈ X  .



Let   A = {  A λ  | λ ∈ Λ }   be a family of fuzzy sets in X, with  Λ  being the indexed set. The union   ∨ A   and the intersection   ∧ A   of the family are the fuzzy sets defined, respectively, by the following rules:


   ( ∨ A )   ( x )  = sup {  A λ   ( x )  : λ ∈ Λ } ,  x ∈ X  










   ( ∧ A )   ( x )  = inf {  A λ   ( x )  : λ ∈ Λ } ,  x ∈ X .  











If A is a fuzzy set, the complement   A ′   of A is a fuzzy set, defined by the formula:


   A ′   ( x )  = 1 − A  ( x )  ,  x ∈ X .  











The following De Morgan’s laws also hold:


    ( ∨  {  A λ  : λ ∈ Λ }  )  ′  = ∧  {  A λ ′  : λ ∈ Λ }   










    ( ∧  {  A λ  : λ ∈ Λ }  )  ′  = ∨  {  A λ ′  : λ ∈ Λ }  .  











A family,  δ , of fuzzy sets in X is called a fuzzy topology for X (due to Chang [32]) if



	(1)

	
  0 , 1 ∈ δ  ,




	(2)

	
  A ∧ B ∈ δ  , whenever   A , B ∈ δ  , and




	(3)

	
  ∨ {  A λ  : λ ∈ Λ } ∈ δ  , whenever    A λ  ∈ δ  , for every   λ ∈ Λ  .







Moreover, the pair   ( X , δ )   is called a fuzzy topological space, or fts for short. Every member of  δ  is called a δ-open (or simply open) fuzzy set. The complement of a  δ -open fuzzy set is called a δ-closed (or simply closed) fuzzy set. Let   δ 1   and   δ 2   be two fuzzy topologies for X. We say that   δ 2   is finer than   δ 1   and   δ 1   is coarser than   δ 2   if the inclusion relation    δ 1  ⊆  δ 2    holds.



In this paper, we adopted the notions of fuzzy point and Q-neighborhood from [26]. A fuzzy set in X is called a fuzzy point if its support is a singleton   { x }  , for some   x ∈ X  . If its value at x is   λ ∈ ( 0 , 1 ]  , we will denote the fuzzy point by   x λ  . The set of all fuzzy points in X will be denoted by   FP ( X )  . The fuzzy point   x λ   is said to be contained in a fuzzy set, A, or to belong to A, denoted by    x λ  ∈ A   if   λ ≤ A ( x )  . An arbitrary fuzzy set, A, is the union of all the fuzzy points that belong to A.



A fuzzy point   x λ   is said to be quasi-coincident with a fuzzy set A, which we will denote by    x λ  q A   if   λ >  A ′   ( x )   , or equivalently   λ + A ( x ) > 1  . If A and B are fuzzy sets in X, we will say that A is quasi-coincident with B, and we will denote this by   A q B  , if there exists   x ∈ X   such that   A  ( x )  >  B ′   ( x )   , or equivalently   A ( x ) + B ( x ) > 1  . In this case, we also say that A and B are quasi-coincident (with each other) at x. If A and B are quasi-coincident at x, both   A ( x )   and   B ( x )   are not zero. If A is not quasi-coincident with B, then we will denote this by   A  q ¯  B  .



Let   ( X , δ )   be an fts. A fuzzy set, A, in X is said to be a Q-neighborhood of the fuzzy point   x λ  , if there exists   B ∈ δ   such that    x λ  q B ⩽ A  . A Q-neighborhood A of a fuzzy point is said to be open if   A ∈ δ  . Generally, a Q-neighborhood of a fuzzy point does not necessarily contain the fuzzy point itself.



Definition 1 

([26]). Let   ( X , δ )   be an fts and A be a fuzzy set in X. The intersection of all the δ-closed fuzzy sets containing A is called the (fuzzy) closure of A, denoted by   A ¯  , or by    cl δ  A  . Obviously,   A ¯   is the smallest δ-closed fuzzy set containing A and     (  A ¯  )  ¯  =  A ¯   .





Definition 2 

([26]). A map,   σ :  I X  →  I X   , is called a fuzzy closure operator on X if f satisfies the following Kuratowski closure axioms:




	(FCO1)

	
  σ ( 0 ) = 0  ,




	(FCO2)

	
  A ⩽ σ ( A )  ,




	(FCO3)

	
  σ ( σ ( A ) ) = σ ( A )  , and




	(FCO4)

	
  σ ( A ∨ B ) = σ ( A ) ∨ σ ( B )  .









If X is an fts, then the map   ρ :  I X  →  I X    with   ρ  ( A )  =  A ¯    is a fuzzy closure operator on X, and conversely, every fuzzy closure operator on X determines a fuzzy topology for X. For this, we have the following:





Proposition 1 

([26]). If σ is a fuzzy closure operator on X and   κ = { A ∈  I X  : σ  ( A )  = A }  , then the family   δ = {  A ′  : A ∈ κ }   is a fuzzy topology for X, and for every   B ∈  I X   ,    cl δ  B = σ  ( B )   . In this case, δ is said to be the fuzzy topology associated with the fuzzy closure operator, σ.





A partially preordered set   ( D , ⩾ )   (simply denoted as D) is called directed if every two elements of D have an upper bound in D. If    {  (  E d  ,  ⩾ d  )  }   d ∈ D    is a family of directed sets, the cartesian product    ∏  d ∈ D    E d    of the family is directed by ⩾, where   f ⩾ g   if   f  ( d )   ⩾ d  g  ( d )   , for all   d ∈ D  .



A fuzzy net in X is an arbitrary function,   s : D → FP ( X )  , where D is directed. If we set   s  ( d )  =  s d   , for all   d ∈ D  , then the fuzzy net s will be denoted by    (  s d  )   d ∈ D   .



A fuzzy net,   t =   (  t λ  )   λ ∈ Λ    , in X is said to be a fuzzy semisubnet of the fuzzy net   s =   (  s d  )   d ∈ D     in X if there exists a function   φ : Λ → D   such that   t = s ∘ φ  , i.e.,    t λ  =  s  φ ( λ )     for every   λ ∈ Λ  . We write    (  t λ  )   λ ∈ Λ  φ   to indicate the fact that  φ  is the function mentioned above.



A fuzzy net   t =   (  t λ  )   λ ∈ Λ     in X is said to be a fuzzy subnet of the fuzzy net   s =   (  s d  )   d ∈ D     in X if t is a fuzzy semisubnet of s and for every   d ∈ D   there exists    λ 0  ∈ Λ   such that   φ ( λ ) ⩾ d   whenever   λ ∈ Λ   with   λ ⩾  λ 0   .



Let A be a fuzzy set in X. A fuzzy net   s =   (  s d  )   d ∈ D     in X is said to be



	(1)

	
quasi-coincident with A if, for each   d ∈ D  ,   s d   is quasi-coincident with A,




	(2)

	
eventually quasi-coincident with A if there is an element    d 0  ∈ D  , such that if   d ∈ D   and   d ⩾  d 0   , then   s d   is quasi-coincident with A,




	(3)

	
frequently quasi-coincident with A if for each   d ∈ D   there is    d ′  ∈ D   such that    d ′  ⩾ d   and   s  d ′    is quasi-coincident with A, and




	(4)

	
in A if for each   d ∈ D  ,    s d  ∈ A  .







We say that a fuzzy net   s =   (  s d  )   d ∈ D    , in an fts   ( X , δ )  , converges to a fuzzy point e in X, relative to  δ , if s is eventually quasi-coincident with each Q-neighborhood of e. In this case, we write    lim  d ∈ D    s d  = e  .



Proposition 2 

([26] (Theorem 11.1)). In an fts   ( X , δ )  , a fuzzy point   e ∈  A ¯    iff there is a fuzzy net   s =   (  s d  )   d ∈ D     in A such that s converges to e.





Suppose that D is a directed set and for each   d ∈ D   there is a directed set   E d   and a fuzzy net    s d  =   (  s d   ( n )  )   n ∈  E d     . Then, under product ordering, we have a directed set   F = D ×   ∏  d ∈ D     E d    and a fuzzy net s defined by


  s  ( d , f )  =  s d   ( f  ( d )  )  ,  d ∈ D ,  f ∈  ∏  d ∈ D    E d  .  











The fuzzy net s is called an induced net (associated with D and each   s d  ).



In what follows, let X be a non-empty set and let  G  be a class consisting of pairs   ( s , e )  , where   s =   (  s d  )   d ∈ D     is a fuzzy net in X and e is a fuzzy point in X.



Definition 3 

([28]). We say that  G  is a fuzzy convergence class for X if it satisfies the conditions listed below. For convenience, we say that s converges ( G ) to e or that    lim  d ∈ D    s d  ≡ e  ( G )    if   ( s , e ) ∈ G  .




	(G1) 

	
If s is such that    s d  = e  , for each   d ∈ D  , then s converges ( G ) to e.




	(G2) 

	
If s converges ( G ) to e, then so does each fuzzy subnet of s.




	(G3) 

	
If s does not converge ( G ) to e, then there exists a fuzzy subnet t of s, no fuzzy subnet of which converges ( G ) to e.




	(G4) 

	
We consider the following:



	(1) 

	
D is a directed set.




	(2) 

	
  E d   is a directed set, for each   d ∈ D  .




	(3) 

	
   s d  =   (  s d   ( n )  )   n ∈  E d      is a fuzzy net in X, converging ( G ) to   s d   for each   d ∈ D  , and the fuzzy net    (  s d  )   d ∈ D   , thus obtained, converges ( G ) to e.







Then, the induced net (associated with D and each   s d  ) converges   ( G )   to e.




	(G5) 

	
For each point   x ∈ X   and real directed set   D ⊆ ( 0 , 1 ]  , if   r ⩽ sup D  , then the fuzzy net    (  x d  )   d ∈ D    converges   ( G )   to   x r  .











Theorem 1 

([28]). Let   ( X , δ )   be a fuzzy topological space. Then, the class of pairs   { ( s , e ) :   the fuzzy net s converges to   e }   is a fuzzy convergence class, denoted by   ϕ ( δ )  .





Proposition 3 

([28]). Let Ω be a family of fuzzy points in X and   A = ∨ Ω  . Let the class of pairs,  G , satisfy the conditions   ( G 4 )   and   ( G 5 )  . If a fuzzy net s in A converges   ( G )   to e, then there exists a fuzzy net   s ¯   that consists of fuzzy points in Ω and converges   ( G )   to e.





Theorem 2 

([28] (Theorem 2)). (fuzzy convergence classes theorem). We consider a map,   c :  I X  →  I X   , induced as follows: for each   A ∈  I X   , we define


  G ( A ) = { e :   f o r  s o m e  f u z z y  n e t   s   i n   A ,  ( s , e ) ∈ G }  










  c ( A ) = ∨ G ( A ) .  











If  G  is a fuzzy convergence class for X, then the following holds:




	(1) 

	
The correspondence   A ↦ c ( A )   is a fuzzy closure operator and the fuzzy topology thus obtained will be denoted by   ψ ( G )  ,




	(2) 

	
  ϕ ( ψ ( G ) ) = G  , and




	(3) 

	
  ψ ( ϕ ( δ ) ) = δ  , for a fuzzy topology δ on X.









Therefore, there exists a bijective map between the set of all fuzzy topologies δ for X and the set of all fuzzy convergence classes  G  for X. Moreover, this map is order-reversing, i.e., if    δ 1  ⊇  δ 2   , then   ϕ  (  δ 1  )  ⊆ ϕ  (  δ 2  )   .





Let D be a non-empty set. A family,  I , of subsets of D is called ideal on D if  I  has the following properties:




	(1)

	
  ⌀ ∈ I  ,




	(2)

	
if   A ∈ I   and   B ⊆ A  , then   B ∈ I  , and




	(3)

	
if   A , B ∈ I  , then   A ∪ B ∈ I  .









The ideal  I  is called proper if   D ∉ I  . In some cases, we will also use the notation   I D   for the above ideal.



Definition 4 

([17,30]). Let D be a directed set and    M d  =  {  d ′  ∈ D :  d ′  ⩾ d }    for all   d ∈ D  . A proper ideal  I  on D is called admissible if   D ∖  M d  ∈ I   for all   d ∈ D  . Moreover,


   I 0   ( D )  =  { A ⊆ D : A ⊆ D ∖  M d    f o r  s o m e   d ∈ D }   








is a proper ideal on D.





Proposition 4 

([18]). We suppose the following:




	(1) 

	
D is a non-empty set.




	(2) 

	
  I D   is a proper ideal on D.




	(3) 

	
  E d   is a non-empty set, for each   d ∈ D  .




	(4) 

	
  I  E d    is a proper ideal on   E d  , for each   d ∈ D  .




	(5) 

	
   I D  ×  I    ∏  d ∈ D     E d      is the family of all subsets of   D ×   ∏  d ∈ D     E d    for which   A ∈  I D  ×  I    ∏  d ∈ D     E d      iff there exists    A D  ∈  I D   , such that


   { f  ( d )  :  ( d , f )  ∈ A }  ∈  I  E d   ,   for  each   d ∈ D ∖  A D  .  

















Then, the family    I D  ×  I    ∏  d ∈ D     E d      is a proper ideal on   D ×   ∏  d ∈ D     E d   .





Let D and  Λ  be non-empty sets and suppose that   φ : Λ → D   is a function. Then, for every ideal  I  on D, the family   { A ⊆ Λ : φ ( A ) ∈ I }   is an ideal on  Λ , which will be denoted by    I Λ   ( φ )   .



In the remainder of the current section, we review the concept of convergence of fuzzy nets, via ideals, in an fts. We note that although in [30] (Section 3) the ideals are supposed to be admissible, and therefore proper, the proofs hold for arbitrary proper ideals.



Definition 5 

([30]). Let   ( X , δ )   be an fts and  I  an ideal of a directed set D. We say that a fuzzy net    (  s d  )   d ∈ D     I -converges to a fuzzy point e in X, relative to δ, if for every open Q-neighborhood U of e we have   { d ∈ D :  s d   q ¯  U } ∈ I  . In this case, we write   I −  lim  d ∈ D    s d  = e   and we say that e is the  I -limit of the fuzzy net    (  s d  )   d ∈ D   .





Proposition 5 

([17,30]). Let   ( X , δ )   be an fts and e be a fuzzy point in X. A fuzzy net    (  s d  )   d ∈ D    in X converges to e iff the fuzzy net s    I 0   ( D )    converges to e.





Proposition 6 

([30] (Theorem 3.5)). Let   ( X , δ )   be an fts and A be a fuzzy set in X. If there is a fuzzy net    (  s d  )   d ∈ D    in A that  I -converges to the fuzzy point e in X, where  I  is a proper ideal on D, then   e ∈  cl δ   ( A )   .





In addition, the converse of Proposition 6 also holds, if we take into account Propositions 2 and 5.



Finally, the authors of [19] obtained the following results for the ideal convergence of fuzzy nets.



Definition 6. 

Let X be a non-empty set and let  H  be a class consisting of triads   ( s , e , I )  , where   s =   (  s d  )   d ∈ D     is a fuzzy net in X, e is a fuzzy point in X, and  I  is an ideal of D. We say that  H  is a fuzzy ideal convergence class for X if it satisfies the conditions listed below. For convenience, we say that s  I -converges ( H ) to e or that    I −  lim  d ∈ D    s d  ≡ e  ( H )     if   ( s , e , I ) ∈ H  .




	(C′1) 

	
If    (  s d  )   d ∈ D    is a fuzzy net such that    s d  = e   for every   d ∈ D   and  I  is an ideal of D, then    I −  lim  d ∈ D    s d  ≡ e  ( H )    .




	(C′2) 

	
If    I −  lim  d ∈ D    s d  ≡ e  ( H )    , where  I  is an ideal of D, then for every fuzzy semisubnet    (  t λ  )   λ ∈ Λ  φ   of the fuzzy net    (  s d  )   d ∈ D    we have     I Λ   ( φ )  −  lim  λ ∈ Λ    t λ  ≡ e  ( H )    .




	(C′3) 

	
If    I −  lim  d ∈ D    s d  ≡ e  ( H )    , where  I  is a proper ideal of D, then there exists a fuzzy semisubnet    (  t λ  )   λ ∈ Λ  φ   of the fuzzy net    (  s d  )   d ∈ D    such that     I 0   ( Λ )  −  lim  λ ∈ Λ    t λ  ≡ e  ( H )    .




	(C′4) 

	
Let D be a directed set and   I D   a proper ideal of D. If the fuzzy net    (  s d  )   d ∈ D    does not   I D  -converge ( H ) to e, then there exists a fuzzy semisubnet    (  t λ  )   λ ∈ Λ  φ   of the fuzzy net    (  s d  )   d ∈ D    such that:



	(1) 

	
No fuzzy semisubnet    (  r k  )   k ∈ K  f   of    (  t λ  )   λ ∈ Λ  φ     I K  -converges ( H ) to e, for every proper ideal   I K   of K.




	(2) 

	
   I Λ   ( φ )    is a proper ideal of Λ.








	(C′5) 

	
We consider the following:



	(1) 

	
D is a directed set.




	(2) 

	
   I 0   ( D )    is a proper ideal of D.




	(3) 

	
  E d   is a directed set for each   d ∈ D  .




	(4) 

	
   I 0   (  E d  )    is a proper ideal of   E d   for each   d ∈ D  .




	(5) 

	
   ( s  ( d , e )  )   e ∈  E d     is a fuzzy net in X for each   d ∈ D  .




	(6) 

	
    I 0   ( D )  −  lim  d ∈ D    t d  ≡ e  ( H )    , where     I 0   (  E d  )  −  lim  e ∈  E d    s  ( d , e )  ≡  t d   ( H )     for every   d ∈ D  .







Then, the fuzzy net   r : D ×   ∏  d ∈ D     E d  → FP  ( X )   , where   r ( d , f ) = s ( d , f ( d ) )  , for every    ( d , f )  ∈ D ×   ∏  d ∈ D     E d   ,    I 0   D ×   ∏  d ∈ D     E d    -converges   ( H )   to e.




	(C′6) 

	
For each point   x ∈ X   and real directed set   D ⊆ ( 0 , 1 ]  , if   r ⩽ sup D   then the fuzzy net    (  x d  )   d ∈ D       I 0   ( D )   -converges   ( H )   to   x r  .




	(C′7) 

	
If    (  s d  )   d ∈ D    is a fuzzy net in X, then    P  ( D )  −  lim  d ∈ D    s d  ≡ e  ( H )     for every fuzzy point   e ∈ X  .











Remark 1. 

Let   ( X , δ )   be a fuzzy topological space. Then, the class   Φ ( δ )   consisting of triads   (   (  s d  )   d ∈ D   , e , I )  , where    (  s d  )   d ∈ D    is a fuzzy net in X, e is a fuzzy point in X,  I  is an ideal of D, and    (  s d  )   d ∈ D     I -converges to x, relative to δ, is a fuzzy ideal convergence class since it satisfies all the conditions of Definition 6. We say that the fuzzy topology δ generates the fuzzy ideal convergence class   Φ ( δ )  .





Proposition 7. 

Let Ω be a family of fuzzy points in X and   A = ∨ Ω  . Let the class of triads  H  satisfy the conditions (C   ′  3), (C   ′  5), and (C   ′  6). If a fuzzy net   s =   (  s d  )   d ∈ D     in A  I -converges   ( H )   to e, where  I  is a proper ideal of D, then there exists a fuzzy net    s ¯  =   (   s ¯  k  )   k ∈ K     that consists of fuzzy points in Ω and    I 0   ( K )   -converges   ( H )   to e.





Moreover, the following theorem sets up a one-to-one correspondence between the fuzzy topologies for a non-empty set, X, and the fuzzy net ideal convergence classes on it.



Theorem 3 

(fuzzy ideal convergence classes theorem). Let  H  be a fuzzy ideal convergence class for a non-empty set, X. We consider a map   cl :  I X  →  I X    induced as follows: for each   A ∈  I X   , we define   cl  ( A )  ∈  I X    to be such that a fuzzy point   e ∈ cl ( A )   iff for a fuzzy net    (  s d  )   d ∈ D    in A and a proper ideal  I  of the directed set D,    (  s d  )   d ∈ D     I -converges   ( H )   to e, i.e.,   ( s , e , I ) ∈ H  . Then,  cl  is a fuzzy closure operator for a fuzzy topology denoted by   Ψ ( H )   on X and      (  s d  )   d ∈ D   , e , I  ∈ H   iff    (  s d  )   d ∈ D     I -converges to e, relative to   Ψ ( H )  .





Corollary 1. 

Let  H  be a fuzzy ideal convergence class and δ be a fuzzy topology for a non-empty set, X. We have the following:




	(1) 

	
  Φ ( Ψ ( H ) ) = H   and




	(2) 

	
  Ψ ( Φ ( δ ) ) = δ  .









Therefore, there exists a bijective map between the set of all fuzzy topologies δ for X and the set of all fuzzy ideal convergence classes  H  for X. Moreover, this map is order-reversing, i.e., if    δ 1  ⊇  δ 2   , then   Φ  (  δ 1  )  ⊆ Φ  (  δ 2  )   .






3. The Notion of Convergence of a Fuzzy Function


In this section, we examine the characteristic properties of the notion of convergence of a fuzzy function, with respect to an ideal, on an fts.



Let X be a non-empty set. We will say that a function   f : D → FP ( X )   is a fuzzy function in X, and we will use the symbolization   f | D  . Consequently, a fuzzy net is a fuzzy function.



Definition 7 

([30]). Let   ( X , δ )   be an fts and  I  be a proper ideal on a non-empty set, D. We say that the fuzzy function   f | D    I -converges to a fuzzy point e in X, relative to δ if, for every open Q-neighborhood U of e, we have


  { d ∈ D : f ( d )  q ¯  U } ∈ I .  








In this case, we write  I -  lim f = e   and we say that e is the  I -limit of the fuzzy function f.





The following example illustrates the concept of fuzzy function  I -convergence.



Example 1. 

Let   x ∈ X  ,   δ = { 1 , 0 ,  x  1 / 2   }   and   e =  x  3 / 4    , then the fuzzy open Q-neighborhoods of e in   ( X , δ )   are  1  and   x  1 / 2   . Let the fuzzy function   f | N   in X, where


   f  ( n )  =       x  1 / 2 − 1 / n + 3   ,     if  n   is  even         x  1 / 2 + 1 / n + 1   ,     if  n   is  odd  ,        








and let the proper ideal   I = { A : A ⊆ 2 N }   on  N . Then, f  I -converges to e, since for every fuzzy open Q-neighborhood U of e we have   { n ∈ N : f ( n )  q ¯  U } = ∅   or   2 N ∈ I  . However, f, as a fuzzy net, does not converge to e.





Let the fuzzy function   f | D   and A be a fuzzy set in X. We will say that f is inA if, for each   d ∈ D  ,   f ( d ) ∈ A  .



The proofs of the following propositions are similar to the proofs of Proposition 6, and Propositions 4.5 and 4.6 in [31].



In what follows,   ( X , δ )   is an fts and e is a fuzzy point in X.



Proposition 8. 

If there is a fuzzy function   f | D   that  I -converges to e and f is in A, then   e ∈  cl δ   ( A )   .





Note that the converse of Proposition 8 also holds.



Proposition 9. 

If   f | D   is a constant fuzzy function with   f ( d ) = e  , for every   d ∈ D  , then f  I -converges to e, for every proper ideal  I  on D.





A fuzzy function   g | Λ   is said to be a fuzzy subfunction of the fuzzy function   f | D   if there exists a function   φ : Λ → D   such that   g = f ∘ φ  . Occasionally, we will write   g φ   to indicate the fact that  φ  is the function mentioned above.



Proposition 10. 

If   f | D    I -converges to e, then for every fuzzy subfunction    g φ   | Λ    of f we have that   g φ      I Λ   ( φ )   -converges to e, whenever    I Λ   ( φ )    is a proper ideal on Λ.





Proposition 11. 

If   f | D   does not  I -converge to e, where  I  is a proper ideal on D, then there exists a fuzzy subfunction    g φ   | Λ    of f such that:




	(1) 

	
   I Λ   ( φ )    is a proper ideal on Λ.




	(2) 

	
No fuzzy subfunction    h θ   | K    of g  J -converges to e, for every proper ideal  J  on K.











Proof. 

Since the fuzzy function   f | D   does not  I -converge to e, there exists an open quasi-neighborhood, U, of e such that   { d ∈ D : f ( d )  q ¯  U } ∉ I  .



Let   Λ = { d ∈ D : f ( d )  q ¯  U }  , which is obviously a non-empty subset of D, and let   φ : Λ → D   be the inclusion map. Then, the fuzzy function   g = f ∘ φ   is a fuzzy subfunction of f and    I Λ   ( φ )    is a proper ideal on  Λ , since   φ ( Λ ) = Λ ∉ I  .



We will prove that no fuzzy subfunction    h θ   | K    of g  J -converges to e, for every proper ideal  J  on K. Let    h θ   | K    be a fuzzy subfunction of g and  J  be a proper ideal on K. It will suffice to show that


  { k ∈ K : h ( k )  q ¯  U } ∉ J .  











Indeed, let   k ∈ K  . Then,   h ( k ) = g ( θ ( k ) ) = f ( φ ( θ ( k ) ) ) = f ( θ ( k ) )  . Since   θ ( k ) ∈ Λ  , from the definition of  Λ  we have   f ( θ ( k ) )  q ¯  U  . Hence,


  { k ∈ K : h ( k )  q ¯  U } = K .  











Since  J  is a proper ideal on K,   { k ∈ K : h ( k )  q ¯  U } ∉ J  . □





Proposition 12. 

We suppose the following:




	(1) 

	
  t | D   is a fuzzy function that   I D  -converges to e.




	(2) 

	
   s  ( d , · )  |   E d    is a fuzzy function that   I  E d   -converges to   t ( d )  , for every   d ∈ D  .









Let the fuzzy function


    r | D   ×   ∏  d ∈ D    E d  ,   w h e r e   r  ( d , f )  = s  ( d , f  ( d )  )  ,   








for every    ( d , f )  ∈ D ×   ∏  d ∈ D     E d   . Then, r    I D  ×   ∏  d ∈ D     I  E d    -converges to e (see Proposition 4).





Proof. 

Let U be an open quasi-neighborhood of e. We must prove that


  A =  {  ( d , f )  ∈ D ×  ∏  d ∈ D    E d  : r  ( d , f )   q ¯  U }  ∈  I D  ×  I    ∏  d ∈ D     E d    .  











It will suffice to show that there exists    A D  ∈  I D    such that


   { f  ( d )  :  ( d , f )  ∈ A }  ∈  I  E d   ,   for  each   d ∈ D ∖  A D  .  











Indeed, we set


   A D  =  { d ∈ D : t  ( d )   q ¯  U }  .  











By condition (1),    A D  ∈  I D   . Let   d ∈ D ∖  A D   . Then,   t ( d ) q U  . Therefore, by condition (2),


   { ε ∈  E d  : s  ( d , ε )   q ¯  U }  ∈  I  E d   .  











Since


   { f  ( d )  ∈  E d  : s  ( d , f  ( d )  )   q ¯  U }  ⊆  { ε ∈  E d  : s  ( d , ε )   q ¯  U }  ,  








we have    { f  ( d )  ∈  E d  : s  ( d , f  ( d )  )   q ¯  U }  ∈  I  E d    . However,


  { f  ( d )  ∈  E d  : s  ( d , f  ( d )  )   q ¯  U } =  { f  ( d )  :  ( d , f )  ∈ A }  .  











Hence,    { f  ( d )  :  ( d , f )  ∈ A }  ∈  I  E d    . □





In addition, by taking into account Proposition 5 and condition (G5) in Definition 3, we have the following.



Proposition 13 

([31]). For every point   x ∈ X   and real directed set   D ⊆ ( 0 , 1 ]  , if   r ≤ sup D  , then the fuzzy function (net)    (  x d  )   d ∈ D       I 0   ( D )   -converges to   x r  .






4. Main Results


In this section, we give a modification of Theorems 2 and 3 for the fuzzy function ideal convergence. It is worth noting that, in this instance, we employ a restricted set of axioms that the fuzzy function convergence class must obey (see Definition 6).



Definition 8. 

Let X be a non-empty set and let  L  be a class consisting of triads   ( f , e , I )  , where   f | D   is a fuzzy function in X, e is a fuzzy point in X, and  I  is a proper ideal on D. We say that  L  is a fuzzy function ideal convergence class for X if it satisfies the conditions listed below. We say that f  I -converges ( L ) to e or that   I − lim f ≡ e ( L )   if   ( f , e , I ) ∈ L  .




	(L1) 

	
If   f | D   is a constant fuzzy function with   f ( d ) = e  , for every   d ∈ D  , then f  I -converges ( L ) to e, for every proper ideal  I  on D.




	(L2) 

	
If   f | D    I -converges ( L ) to e, then for every fuzzy subfunction    g φ   | Λ    of f we have that   g φ      I Λ   ( φ )   -converges ( L ) to e, whenever    I Λ   ( φ )    is a proper ideal on Λ.




	(L3) 

	
If the fuzzy function   f | D   does not  I -converge ( L ) to e, where  I  is a proper ideal on D, then there exists a fuzzy subfunction    g φ   | Λ    of f such that:



	(1) 

	
   I Λ   ( φ )    is a proper ideal on Λ.




	(2) 

	
No fuzzy subfunction    h θ   | K    of g  J -converges ( L ) to e, for every proper ideal  J  on K.








	(L4) 

	
We suppose the following:



	(1) 

	
  t | D   is a fuzzy function that   I D  -converges ( L ) to e.




	(2) 

	
   s  ( d , · )  |   E d    is a fuzzy function that   I  E d   -converges ( L ) to   t ( d )  , for every   d ∈ D  .







Let the fuzzy function


    r | D   ×   ∏  d ∈ D    E d  ,   w h e r e   r  ( d , f )  = s  ( d , f  ( d )  )  ,   











for every    ( d , f )  ∈ D ×   ∏  d ∈ D     E d   . Then, r    I D  ×   ∏  d ∈ D     I  E d    -converges ( L ) to e (see Proposition 4).




	(L5) 

	
For every point   x ∈ X   and real directed set   D ⊆ ( 0 , 1 ]  , if   r ≤ sup D  , then the fuzzy function (net)    (  x d  )   d ∈ D       I 0   ( D )   -converges   ( L )   to   x r  .











Remark 2. 

Let   ( X , δ )   be an fts. Then, the class   Ξ ( δ )   consisting of triads   ( f , e , I )  , where   f | D   is a fuzzy function on X and e is a fuzzy point in X such that f  I -converges to e, relative to δ, is a fuzzy function ideal convergence class since it satisfies all the conditions of Definition 6. We say that the fuzzy topology δ generates the fuzzy function ideal convergence class   Ξ ( δ )  .





Proposition 14. 

Let Ω be a family of fuzzy points in X and   A = ∨ Ω  . Let the class of triads  L  satisfy the conditions (L4) and (L5). If a fuzzy function   f | D    I -converges   ( L )   to e and f is in A, then there exists a fuzzy function    f ¯   | K    such that    f ¯   ( K )    consists of fuzzy points in Ω and   f ¯    J -converges   ( L )   to e.





Proof. 

Suppose that the fuzzy function   f | D    I -converges   ( L )   to e and f is in A. Then, we continue as in the proof of [28] (Proposition 1). For each   d ∈ D  , let y and r be the support point and the membership grade, respectively, of   f ( d )  , i.e.,   f  ( d )  =  y r   . Since    y r  ∈ A  , we can consider a family of fuzzy points   {  y  r n   } ⊆ Ω  , such that    y r  ⩽ ∨  {  y  r n   }   . If we denote   E d   to be the set of reals,   r n  , we obtain the fuzzy function (net)    t d  =   (  y  r n   )    r n  ∈  E d     . Since   r ≤ sup  E d   , by condition (L5) we have that   t d      I 0   (  E d  )   -converges   ( L )   to   f ( d )  . Now condition (L4) applies and we obtain the desired fuzzy function. □





The following theorem sets up a one-to-one correspondence between the fuzzy topologies for a non-empty set, X, and the fuzzy function ideal convergence classes on it.



Theorem 4. 

(fuzzy function ideal convergence class theorem) Let  L  be a fuzzy function ideal convergence class for a non-empty set, X. We consider a map   cl :  I X  →  I X    induced as follows: for each   A ∈  I X   , we define




	(i) 

	
  C ( A )   to be the set of all fuzzy points e in X for which there exists a fuzzy function   f | D  , in A, such that   ( f , e , I ) ∈ L  , and




	(ii) 

	
  cl ( A ) = ∨ C ( A )  .









Then,  cl  is a fuzzy closure operator for a fuzzy topology denoted by   Θ ( L )   on X and    f , e , I  ∈ L   iff f  I -converges to e, relative to   Θ ( L )  .





Proof. 

Firstly, we prove that a fuzzy point   e ∈ cl ( A )   iff for some fuzzy function   f | D  , in A, f  I -converges   ( L )   to e, i.e.,   ( f , e , I ) ∈ L  . It is enough to prove that for each fuzzy point   e ∈ cl ( A )   there exists a fuzzy function   f | D  , in A, such that f  I -converges   ( L )   to e. Indeed, let   e ∈ cl ( A )   and denote the support point and the membership grade of e by x and   λ ∈ ( 0 , 1 ]  , respectively, i.e.,   e =  x λ   . Let R be the set of all   r ∈ ( 0 , 1 ]   for which there exists a fuzzy function    s r   |   M r   , in A, such that (   s r  ,  x r  ,  I  M r    ) ∈ L   . Clearly,   R ≠ ∅   and   sup R ≥ λ  . Therefore, from (L5) the fuzzy function (net)    (  x r  )   r ∈ R       I 0   ( R )   -converges   ( L )   to e. Now from the definition of R there exists a fuzzy function    s r   |   M r   , in A, such that   s r     I  M r   -converges   ( L )   to   x r   for each   r ∈ R  . It follows from (L4) that there exists a fuzzy function, in A, such that    I 0   ( R )  ×  ∏  r ∈ R    I  M r    -converges   ( L )   to e.



Next, we prove that  cl  is a fuzzy closure operator on X.








	
(FCO1) Is clear.



	
(FCO2) Let   A ∈  I X    and   e ∈ A  . We consider the fuzzy function   f | D   in A, where   f ( d ) = e  , for every   d ∈ D  . By condition (L1) of Definition 6, we have that f  I -converges   ( L )   to e for every proper ideal  I  on D. Therefore,   e ∈ cl ( A )  .



	
(FCO3) Let   A , B ∈  I X   . Then,   cl ( A ) ⩽ cl ( A ∨ B )   and   cl ( B ) ⩽ cl ( A ∨ B )  . Therefore,   cl ( A ) ∨ cl ( B ) ⩽ cl ( A ∨ B )  . We prove that   cl ( A ∨ B ) ⩽ cl ( A ) ∨ cl ( B )  . Let   e ∈ cl ( A ∨ B )  . Then, there exists a fuzzy function   f | D   in   A ∨ B   such that f  I -converges   ( L )   to e. Denote


   D A  =  { d ∈ D : f  ( d )  ∈ A }    and    D B  =  { d ∈ D : f  ( d )  ∈ B }  .  
















Then, we have    D A  ∉ I   or    D B  ∉ I  , otherwise    D A  ∪  D B  = D ∈ I  , which is a contradiction. Without loss of generality, assume that    D A  ∉ I  . Let the inclusion map    φ A  :  D A  → D   and the fuzzy function    g |   D A    such that   g = f ∘ φ  . Then, g is a fuzzy subfunction of f with g in A. Since f  I -converges   ( L )   to e, by condition (L2) of Definition 6 we have that g    I  D A    (  φ A  )   -converges   ( L )   to e since the ideal    I  D A    (  φ A  )    on   D A   is proper because    φ A   (  D A  )  =  D A  ∉ I  . Thus,   e ∈ cl ( A )   and therefore   e ∈ cl ( A ) ∨ cl ( B )  .








	
(FCO4) We prove that   cl ( cl ( A ) ) = cl ( A )  . We have   A ⩽ cl ( A )   and so   cl ( A ) ⩽ cl ( cl ( A ) )  . We prove that   cl ( cl ( A ) ) ⩽ cl ( A )  . Let   e ∈ cl ( cl ( A ) )  . Then, there exists a fuzzy function   t | D  , in   cl ( A )  , such that t   I D  -converges   ( L )   to e. Therefore, for every   d ∈ D   there exist a fuzzy function    s  ( d , · )  |   E d   , in A, such that   s ( d , · )     I  E d   -converges   ( L )   to   t ( d )  . By condition (L4) of Definition 6 there exists a fuzzy function, in A, such that    I D  ×   ∏  d ∈ D     I  E d    -converges   ( L )   to e (   I D  ×   ∏  d ∈ D     I  E d     is proper). Hence,   e ∈ cl ( A )  .








Therefore,  cl  determines a fuzzy topology   Θ ( L )   on X.



We prove that if the fuzzy function   f | D    I -converges   ( L )   to the fuzzy point e in X, then f  I -converges to e, with respect to   Θ ( L )  . Suppose that f  I -converges   ( L )   to e and does not  I -converge to e, with respect to   Θ ( L )  . By Proposition 11 and its proof, there exist an open Q-neighborhood U of e and a fuzzy subfunction    g φ   | Λ    of f such that:




	
   I Λ   ( φ )    is a proper ideal on  Λ , and



	
  g  ( λ )  ∈  U ′   , for every   λ ∈ Λ  .








Since f  I -converges   ( L )   to e, by condition (L2) of Definition 6, g    I Λ   ( φ )   -converges   ( L )   to e. Therefore,   e ∈ cl  (  U ′  )  =  U ′   . This contradicts the fact that e is quasi-coincident with U.



We prove that if the fuzzy function   f | D    I -converges to the fuzzy point e in X, with respect to   Θ ( L )  , then f  I -converges   ( L )   to e. Suppose that f  I -converges to e, with respect to   Θ ( L )  , and does not  I -converge   ( L )   to e. By condition (L3) of Definition 6, there exists a fuzzy subfunction    t φ   | Λ    of f such that:




	
   I Λ   ( φ )    is a proper ideal on  Λ , and



	
no fuzzy subfunction    r ψ   | K   , of t,   I K  -converges   ( L )   to e, for every proper ideal   I K   on K.








By Proposition 10, t    I Λ   ( φ )   -converges to e, with respect to   Θ ( L )  . Set   A = ∨ { t ( λ ) : λ ∈ Λ }  . The fuzzy function t is in A, so by Proposition 6,   e ∈ cl ( A )  . By the property of   cl ( A )  , there exists a fuzzy function   w | N  , in A, such that w   I N  -converges   ( L )   to e. By Proposition 14, there exists a fuzzy function    w ¯   | K    such that    w ¯   ( K )    consists of fuzzy points in the set   { t ( λ ) : λ ∈ Λ }   (so   w ¯   is a fuzzy subfunction of t), that   I K  -converges   ( L )   to e, which is a contradiction. □





Additionally, we have the following, analogous to Corollary 1, result.



Corollary 2. 

Let  L  be a fuzzy function ideal convergence class and δ be a fuzzy topology for a non-empty set, X. We have the following:




	(1) 

	
  Ξ ( Θ ( L ) ) = L  , and




	(2) 

	
  Θ ( Ξ ( δ ) ) = δ  .









Therefore, there exists a bijective map between fuzzy topologies δ for X and the fuzzy function ideal convergence classes  L  for X. Moreover, this map is order-reversing, i.e., if    δ 1  ⊇  δ 2   , then   Ξ  (  δ 1  )  ⊆ Ξ  (  δ 2  )   .





Finally, in the following example, we see a class, under the morphology of the classes of Definition 8, which is not a fuzzy function ideal convergence class.



Example 2. 

Let X be a non-empty set and let the class


   L = { ( f | D , e , I ) : { d ∈ D : f ( d ) ≠ e } ∈ I ,   f o r  s o m e   e ∈ FP ( X ) } ,    








where   f | D   is a fuzzy function in X and  I  is a proper ideal on D. Then,  L  is not a fuzzy function ideal convergence class for X. Indeed, let   x ∈ X   and let the fuzzy function   f  ( n )  =  x  1 − 1 / n + 2    ,   n ∈ N  , then f    I 0   ( N )   -converges to   x 1  , relative to every fuzzy topology δ of X; however,   ( f ,  x 1  ,  I 0   ( N )  ) ∉ L  , since   { n ∈ N : f  ( n )  ≠  x 1  } = N  .






5. Discussion


It is commonly accepted that the notion of convergence is a fundamental topic in topology; moreover, topology and net convergence are characterized by each other, by using the so-called notion of net convergence class in [20] (the analogous characterization for fuzzy topology is given in [28]). In this paper, we insert the notion of fuzzy function ideal convergence as a natural generalization of both fuzzy net convergence in [26] and fuzzy net ideal convergence in [30,31] and provide a characterization of fuzzy topology via the notion of fuzzy function ideal convergence class. Specifically, we examine the necessary and sufficient conditions that a fuzzy function ideal convergence class  L , on a non-empty set X, should fulfill to determine a unique fuzzy topology  δ  on X such that  I -convergence ( L ) coincides with  I -convergence, with respect to  δ . All the results obtained here are parallel to and extend those given in [18,19,21], for the ordinary topology, while simultaneously simplify the exposition and the underlying theory. In order to increase the utility of the present work, future research options may include the extension of the lattice background, L, to completely distributive lattices with an ordering–reversing involution as a tool to investigate the notion of L-fuzzy function ideal convergence and its applications in the more general context of L-fuzzy topological spaces.
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