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1. Introduction

Friedmann and Schouten [1] proposed the concept of a semi-symmetric connection
(SSC) on a differentiable manifold. If a linear connection satisfies the expression:

T (Xo, Yo) = wo(Yo)Xo — wo(Xo)Yo,

and is not torsion-free, it is referred to as a semi-symmetric connection (SSC), where T is
the torsion tensor, wy is a one-form, and Xy, Yy are vector fields. Hayden [2] introduced
the notion of the metric connection, which was called the Hayden connection. The semi-
symmetric metric connection (SSMC) satisfies the semi-symmetric condition and is known
to exist if Vgo = 0; otherwise, it is a semi-symmetric non-metric connection (SSNMC), and
it was further studied in [2,3]. Amari [4] was the first to study statistical inference problems
in information geometry, which was the concept of statistical structure. Every point on
a statistical manifold, a differentiable manifold, depicts a probability distribution. A
statistical manifold with infinite dimensions can be found in the collection of all probability
measurements. Furuhata et al. investigated the concepts of the Sasakian and Kenmotsu
statistical structures [5-7]. Kurose [8] studied the concept of the holomorphic statistical
structure as a generalization of Kahler’s structure. Kazan and Kazan [9] investigated the
SSMC on Sasakian statistical manifolds. In [10,11], the authors investigated connections on
statistical manifolds. Numerous geometers have explored the tangent bundle of differential
geometry, including Yano and Kobayashi [12], Yano and Ishihara [13], Tani [14], and Pandey

Mathematics 2024, 12, 226. https:/ /doi.org/10.3390/math12020226

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12020226
https://doi.org/10.3390/math12020226
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-6779-4883
https://orcid.org/0000-0003-3548-4239
https://orcid.org/0000-0002-9738-026X
https://orcid.org/0000-0002-9777-404X
https://orcid.org/0000-0002-8990-4609
https://doi.org/10.3390/math12020226
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12020226?type=check_update&version=1

Mathematics 2024, 12, 226

2 of 14

and Chaturvedi [15]. Yano and Ishihara [13] established the lifts of the manifold, as well
as the connection in the tangent bundle. Different manifolds associated with different
connections in the tangent bundle were studied in [16-24]. Kumar et al. [25] recently
studied the lifts of the semi-symmetric non-metric connection (SSNMC) from statistical
manifolds to the tangent bundle.

This Introduction is followed by a section on the preliminary materials. Section 3
investigates the statistical manifold and Sasakian statistical manifolds’ lifts to its tangent
bundle, and Section 4 computes the SSMC in the tangent bundle, whereas Section 5 is
concerned with the investigation of the lifts of the curvature tensor of a statistical manifold
with the SSMC in the tangent bundle. Section 6 investigates the lifts of some curvature
tensors of Sasakian statistical manifolds with the SSMC in the tangent bundle and proves
some theorems. Finally, in Section 7, an example is provided to demonstrate the lifts of
Sasakian statistical manifolds in the tangent bundle.

2. Preliminaries

In a differentiable manifold M, let ToM = U, n TopM be the tangent bundle, where
TopM is the tangent space at point p € M and 7 : TyM — M is the natural bundle structure
of TyM over M. For any coordinate system (Q, x") in M, where (x") is a local coordinate
system in the neighborhood Q, (7~ 1(Q), x",y") is the coordinate system in TyM, where
(x",y") is an induced coordinate system in 77~ 1(Q) from (x") [13].

2.1. Vertical and Complete Lifts

Let us define a vector field Xy, a tensor field Fy of type (1,1), a function fj, a one-
form wy, and affine connection V in M; its vertical and complete lifts are given by
fo, X8, wg, ES, V? and fo, X5, wg, F, Ve, respectively. The following formulas for
complete and vertical lifts were defined by [13]:

(foXo)” = f6 X5, (foXo)" = f5X0 + f5 X5, 1)
Xofo =0, Xofo = Xofo = (Xofo)?, Xofo = (Xofo)", )
wo(fy) =0, wy(Xp) = wy(XG) = wo(Xo)”, wy(Xp) = wo(Xo), 3)
FyX§ = (FoXo)”, FoXy = (FoXo)", 4)
[Xo, Yo]° = [X5, Y5 = [X0, Yol [Xo, Yol = [X5, Yol, (5)
Vie Yo = (VxoY0)", VY5 = (Vx,Y0)"- 6)

2.2. Statistical Manifold

In an n-dimensional Riemannian manifold (M, o) with Riemannian metric gy, we con-
sider V as an affine connection and V as its Levi-Civita connection. The structure (M, V, go)
is known as a statistical manifold if V satisfy an affine and torsion-free connection and Vgo
satisfies the Codazzi equation:

(Vxy80) (Yo, Zo) = (Vy,80) (X0, Zo), )

for all Xo, Yo, Zo € xo(M), where xo(M) is the set of all tangent vector fields on M. We
know that there exists an affine connection V*, which is the dual of V with respect to go
such that

Xog0(Yo, Zo) = 80(Vxy, Zo) + g0(Yo, Vi, Zo)- (8)

Also, the pair of connections V and V* satisfies (V*)* = V; one can obtain
~ 1 . N

The tensor field Ky of type (1,2) on (M, V, go) is defined by
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Ko(Xo, Yo) = Vx,Yo — Vx, Yo, Ko(Xo, Yo) = %(VXOYO - vBZOYo)/ (10)
and Ky is symmetric, which gives
80(Ko(Xo, Y0), Zo) = 80(Ko(Xo, Zo), Yo), Ko(Xo,Yo) = Ko(Yo, Xo)- (11)
The statistical curvature tensor field associated with V is defined as
R(Xo,Y0)Zo = Vx,Vy,Zo = Vy, Vo Zo — V [x,vo) Z0- (12)

By replacing V with V*, we can obtain the statistical curvature tensor field R*. The
curvature tensor fields R and R* satisfy

R(Xo, Y0)Zo = —R(Yo, X0) Zo, R*(Xo,Y0)Zo = —R*(Yo, Xo)Zo, (13)
90(R(Xo, Y0) Zo, Wo) = —g0(R*(Xo, Yo)Wo, Zo), (14)
R(Xo, Y0)Zo + R(Yo, Zo) Xo + R(Zo, X0) Yo = 0. (15)

2.3. Sasakian Statistical Manifolds

Let M be a (21 + 1)-dimensional differentiable manifold, and it is known to admit an
almost contact Riemannian structure (®g, wy, A, go), where ®g is a (1,1) tensor field, Aisa
vector field, wy is a one-form, and gp is a Riemannian metric on M such that

PyA =0, wo(A) =1, g(A,Xo) = wo(Xo), (16)
P3Xo = —Xo + wo(Xo)A, (17)
80(PoXo, PoYo) = go(Xo, Yo) — wo(Xo)wo(Yo), (18)

for all vector fields Xp, Yy on M. Also, if (Pg, wo, A, o) satisfy

dwy =0, Vx,A=dyXo, (19)
(Vx,P0) Yo = wo(Yo)Xo — g0(Xo, Yo) A, (20)

then M is called a Sasakian manifold [6,26].
A quadruple (V, go, Do, A) is known as a Sasakian statistical structure on M, if (V, go)
is a statistical structure and (go, Po, A) is a Sasakian structure on M and the formula:

Ko(Xo, PoYo) + PoKo(Xo, Yo) =0, (21)

holds for any vector fields Xy and Yy on M [6]. In a statistical structure (V, <o) and an
almost-contact metric structure (go, Py, A) on M, the structure (V, 20, Do, A) is known as a
Sasakian statistical structure if and only if it satisfies the following formulas [9,27]:

Vx,PoYo — PV, Yo = go(Yo, A)Xo — g0(Yo, Xo) A, (22)

Vx,A = ®oXo + g0(Vx, A, A)A. (23)

3. Statistical Manifold and Sasakian Statistical Manifolds in the Tangent Bundle

In this section, we obtain the complete lifts of the statistical manifolds and Sasakian
statistical manifolds to the tangent bundle.

Suppose ToM is the tangent bundle and Xy = Xé% is a local vector field on M; then,
its vertical and complete lifts in terms of partial differential equations are:

; d
Xp = XéaT,i’ (24)
, oxXi .
X§ = xi 9 4 %0, 9 (25)

09x T ani Y ayt
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Let the tangent bundle be denoted by TyM. Then, obtaining the complete lifts on
Equations (7)-(15) by mathematical operators, we obtain

(V5e0) (Y6, 25) = (V5,5 (X5, 26),  (26)
Xo80(Y, Zo) = 86(Vie Yo, Z5) + 86 (Y5, Vi Zo), (27)
~ 1 .
Ve=5(VE+ V), (28)
C(WC VC) — V€ VvC _ TC ¢
Ko(Xo, Y6) = Ve Y5 — Vi Yo, (29)
1, . .
K§(XE05) = 5 (VY5 ~ VEYS),  GO)
86(Ko (X5, Y6), Z5) = 86(K5(X5, Z5), Y6), K§(X5, Y5) = Ky(Y5, X5), (31)
RE(X5,Y§)Z5 = V5 V52— Ve Vi 26~ Vi, 32)
RE(Xo, Y5) Zo = =R (Yg, X5)Zo, R™(X5,Y5)Z5 = —R™(Yg, X5) Zo, (33)
8o (R(X, Y5)Z, Wo) = —&5(R™ (X, Y5)We, Z5), (34)
RE(XG,Y6) Zg + R (YG, Z5) X + R (Zg, X§) Y5 = 0. (35)
Similarly, obtaining complete lifts on Equations (16)—(23) by mathematical operators,
we obtain
(@A) =0, wy(A®) =1, g5(A%, X5) = wp(Xp), (36)
(PFX0)¢ = —XG + wh(X§)A? + wo(XF) AS, (37)
86 ((PoXo)*, (PoY0)) = &6(X5, Yg) — wo(Xp)ws (Yp)
—wp (X5)ws (Y6), (38)
dw§ =0, V5 A= (PXo)", (39)
(Vi ®)Ys = wf(Y5)XG +wf(Y5) X5 — 86(X5, Y5) A°
—80(X5, Y5) A%, (40)
K (X5, (PoY0)€) + PHKG(Xp, Yg) = 0, (41)
Vis®0Ys — PoVXYs = 86(Yg, AT)XG +86(Yg, AT)XG
—80(Y5, X5)A” — 85(Yg, X5) A, (42)
Vg A = PEXG + 86 (A, Vi A)A” + g5(AY, Ve AT A°. (43)

4. Semi-Symmetric Metric Connection in the Tangent Bundle

Let M be an n-dimensional Riemannian manifold; the linear connection V on M is
given by [3]

WXOYO = 6X0Y0 + wo(Yo)XO — go(Xo, Yo)A — Ko(Xo, Y()), (44)

for all vector fields Xy and Yy € x(M™"), and wy is a one-form associated with vector field
A and defined by

(Uo(Xo) = go(Xo,A). (45)
By using (10) in (44), we obtain

Vi, Yo = Vi, Yo + wo(Y0)Xo — g0(Xo, Yo) A + Ko(Xo, Yo), (46)

The torsion tensor is given by
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T(Xo, Yo) = wo(Yo)Xo — wo(Xo)Yp. (47)

A linear connection satisfying (47) is called a semi-symmetric connection (SSC). For
any vector fields Xy, Yo, Zp on M, we have

(Vx,80) (Yo, Zo) = X080(Yo, Zo) — g0(Vx, Yo, Zo) — g0(Yo, Vi, Zo)- (48)
Using (8), (11), and (44), we obtain
(Vx,80) (Yo, Zo) = 0. (49)

Hence, a linear connection V defined by (44) satisfies (47) and (49) and is called
an SSMC.

Let the tangent bundle be denoted by ToM, and we obtain the complete lifts of
Equations (44)—(49) by mathematical operators; we obtain

VS XS = Ve YS + wf (V) XS + wf (Y§)X§ — 85 (X5, Y§) A°
—80(X0, Y5) A — K§(X5, Y5), (50)
wo(Xp) = 86(Xp, A%), (51)
Vs = VEEYE +wY§)XE + wf (Y5) X5 — 86(X5, Y) A7
—80(X0, Y5)A® + K5(X5, o), (52)
TOXG5,Y5) = wh(Y5)X§ + wy(Y§)X§ — wi(XG)Y§
—wg(Xp) Yo, (53)
(Ve (Y6, Z6) = XG8°(YG, Z§) + X§8° (Y5, Z§) -
— 8 (V5 Y5, 26) — 8° (Y6, Vs Z6),
(V86 (Y6, Z5) = 0. (55)

Theorem 1. Let M be a Sasakian statistical manifold admitting an SSMC in the tangent bundle
ToM, which satisfies (53) and (55), then the SSMC of the Sasakian statistical manifold in the
tangent bundle is given by (50) and satisfies (52).

Proof. Let (V¢ be a metric connection in the tangent bundle satisfying (53) on a Sasakian
statistical manifold M defined by

VS = VY6 + (X, Y6), (56)

where V¢ is a torsion-free connection and HC is the tensor field of type (1,2) in the tangent
bundle. Using (27) and (56), we obtain

0= (V) (Y5, Z5)
= X587 (Y5, Z5) — 8° (Ve Y6, 28) — 8° (Y6, Vs Z5)
= XG8°(¥6, 26) — g (VY6 + H (X5, Y5), Z6)
— (Y6, V5 Z5 + B (X6, 25)) 7
= —2g°(K§ (X5, 26), Y5 ) — 8° (H°(X5,Y), 25

e (HC(XC, ZC),Yg).
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So,
g (HO(x,¥9), 2°) +g°(H (X5, 26), Y6 ) = —28°(K§ (X6, 7). ¥5). (59)
Now, using (56), we obtain
(X5, YG) = H(XG, Y§) — HE(YG, X5).- (59)
By using (53), we have
g (1906, Y6), 25) +8° (T(26, X6), Y5 ) + &° (T°(25, ¥6), X5
=g (HC X0, Y5) HC(YOIXO)rZO> +8° (HC(ZOI Xp) — H(XG, Zg),¥5>
+8°(HC(25, Y6) — HE(¥5, Z6), X5) “
= 287 (HU (X5, Y§), Z§) + 8 (K6 (X5, 28), ¥§) )
Using (53) in (60), we obtain
8¢ (HE(X5, §), 26) = 5 [°(wF (%) X5 + (46X
— @ (XE)YE — @ (X6)Y6, Z5)
+8°( W (X0)Z5 + w”(X5)Zg
— W (Z6) XE — " (Z6) X5, Y5 ) (61)

(
(
(

+8° (w8 (Y) 28 + " (¥) 2§

— w0 (Z§)Y5 — @ (Z§)Y5, X5 )|
(

Hence, we obtain
H (X5, Yp) = w0 (Yg) Xg + w® (Y5) Xp — 8°(Xp, Yp) A” — 8°(Xg, Yp) A — Ko(Xp, Yp). (62)
Further, by using Equations (29), (30), and (50), we obtain (52). O

5. Curvature Tensor of Semi-Symmetric Metric Connection on Statistical Manifolds in
the Tangent Bundle

In an n-dimensional Riemannian manifold M and the statistical structure (V¢, g5) on
M in the tangent bundle Ty M, we have the relation between the complete lifts of the SSMC
V¢ and torsion-free connection V¢ in the tangent bundle from (29) and (50) by

Vi Y6 = Vs Y6 + wh(Y5) X5 + wf (Y6) X5
c c C C (63)
— 80(Xp, Y5) A" — g5(Xq, Y5) A — K5(X5, Y5)-
The complete lifts of the Riemannian curvature tensor R¢ of M associated with the
SSMC V* in the tangent bundle are given by
RE(X§, Y$)Z5 = cv YeZo— Cyg vg%zg - vfxé,yé]zg, (64)

Using Equation (63) in (64), we obtain
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REXG,Y§)Z5 = RE(X5,Y6) Z + (wh(X6) A7 + w (X5) A
—wf(A§)X§ — wh(A9) X5 — Ve A + K§(X5,4%))
8605, Z6) — (wf(Y§)A” + b (Y§) A° — b (A5)Y§
—wB(AG)YS — VAT + K5 (Y6, A°) ) g5 (X5, Z5)
—g5 (wh(X5) A" + wh (X5) A — V5 A° + K5(X5, A%)
 Z§) Y + 85 (wh(Y§)A” + w (Y§)A° — Vi A°
K (Y6, A7), Z5) X6 — (Vi K§) (Y6, Z6)
(VK (X5, Z5) + K5 (X5, K5 (¥, 25))
K5 (Y6, K5(X5, Z5) ), (65)

where R¢ is the complete lifts of the curvature tensor of M associated with torsion-free
connection V° in the tangent bundle TyM and is defined as

RE(XG,Y5)Z = Vg Ve Zo — Ve Vi Z6 = Vixe ye Zov (66)

Similarly, we obtain the complete lifts of the relation between the SSMC V¢ and dual
connection V*¢ in the tangent bundle from Equations (30) and (63) as

V5 XS = VI VS + w§ (YS) XS + B (Y§) XS — g5(X5, Y§)A” )
— 95 (X5, YS) A+ K5 (X5, Y5).

The relation between the complete lifts of the Riemannian curvature tensor R¢ asso-
ciated with the SSMC V¢ and Riemannian curvature tensor R*¢ associated with the dual
connection V*¢ in the tangent bundle ToM is obtain by using Equation (67) in (64) by

RE(X6, Y§) 25 = (X5, Y§) 26 + (wp(X6) A7 + wf (X5) A°
— Wh(A5) X5 — Wi (46) X5 — ViEAS — K5(X5, 49))
86(Y6, Z5) — (wh(X) A” + wh (¥§) A° — i (A5) Y5
— wh(AG)YS — ViEA" — K5 (Y, A%) ) 85(X6, Z5)
— 85 (B (X6) A7 + wh (X§)A° — V36 A — K5 (X5, A4°) (68)
76 ) Y5 + 86 (wh (YE) A + w (¥§) A° — Vg AC
— K§(Y6, A%), Z5) X + (V35KE) (Y6, Z)
— (V3EK) (X6, 76) + K (X6, K5 (¥, 25))
— K5 (Y6, K5 (X5, 25) ).

where R*¢ is the complete lifts of the Riemannian curvature tensor of M associated with
the lift of the dual connection V*¢ in the tangent bundle ToM and is defined as

R*(X§,Y§5)Z5 = v’;(%Wgzg - v;gv;gézg -V f;iglyé]zg. (69)
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Theorem 2. In a Riemannian manifold M, let the complete lifts of the statistical structure be
(V¢,g5) in the tangent bundle ToM. Then:

1. The relation between the lifts of the Riemannian curvature tensor R¢ of SSMC V¢ and the
Riemannian curvature tensor RE of torsion-free connection V° in the tangent bundle ToM is
given by Equation (65).

2. The relation between the lifts of the Riemannian curvature tensor RS of SSMC V¢ and the
Riemannian curvature tensor R*¢ of dual connection NV *¢ in the tangent bundle ToM is given
by Equation (68).

Proposition 1. For a statistical manifold in the tangent bundle, the following relations hold:

(D) =85V AG WE) + 85 (K§(X5, AG), WG) = —86(V3E AG, W6) + 86 (KG(XG, AG), WE)-

(i) 85((V5K5) (X5, Z5), WS) — 85((V5:K9) (Y5, Z5), WE) = g5((V3EKE) (X5, W), Z§)
86((Vx:Ko) (Y5, W5), Zg)-

(i) g5 (K5 (X5, K5 (Y5, Z5)), WE) = g (KS (g, K5 (Xe, W), Z5).

Proof. Using (29) and (30), we obtain (i). For (ii), we use (31) and prove that
86(K§ (Ve X6, Z5), W5) —86 (K6 (Ve Y6, 26), W5) = 86(Ko (1Y, X5), Z5), We)

= 80(Ko([Yo, Xpl, Wo), Z5) (70)
g(c)(K(CJ( XO'WO) 0) — 80(K0(V YOIWO) Z5).

Now, using (27) and (31), we obtain

86((VYeKG) (X5, Z5), Wo)

= 80(Vye Ko (X5, Z6), Wo) — 86(K5(X5, VieZ5), W) — 80(Kg (Ve X5, Z5), Wg)
5g0(W0/KC(X0r Z5)) + Yo'86(Wo, K(X5, Z5)) — 86(K6(X5, Z5), VW)

— 80 (K5 (X5, W5), Vi Z6) — 86(K5 (Vi X5, Z5), W)
080 (W5, Ko (X6, Zg)) + Yo'g0(Wo, Ko (X, Zg)) — go(KO(XOrV Wo), Z5)
ogo(ZOrKo(Xof W5)) — Y580(Zo, Ko(X5, Wo)) + 80(Zo. V*CKO(XO/ W5))

— 8° (K5 (Ve X5, Z5), W)

= §°(Z§, VYEKG(X5, W) — 8° (K5 (X5, VYEWG), Z§) — 86(K5(Vie X6, Z5), WE).

(71)

From (70) and (71), we obtain
86((V§ v Ko) (Xo, Z5), Wo) — &6 6((\ g(gK(C))(YSrZ(C)) Wp)
= 86(Z5, V¥ <Ko (X0, Wo)) — g(C)(KC(X(C)/v*EWC) 6) — 86(KG(Vy: X0, Wo), Zg)
— 86(Z5, VX <Ko (Yo, Wo)) + 86 (K5(YS, V¥ <W5), Z§) + 85 (K5 (VX Yo, Wo), Z5)
= g5((Vy v Ko) (Xo, Wo), Z5) — 86((V xsKo) (Yo, Wo), Z5)-

(72)

For (iii), from the symmetry property of K¢, we deduce

0 (Ko(X5, Ko (Y6, Z5)), Wo) = 86(Ko (X, Wo), Ko (Y, Z5)) 73)
Cc C
0\™0

= 86(Kp (Y6, Ko (X5, W5)), Z5)-
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6. Curvature Tensor of Semi-Symmetric Metric Connection on Sasakian Statistical
Manifolds in The Tangent Bundle

Let (M, \3 86, PG, wi, A°) be the complete lifts of (21 + 1)-dimensional Sasakian
statistical manifolds in the tangent bundle Ty M. Then, the complete lifts of the curvature
tensors R¢ associated with SSMC V* in the tangent bundle are given by

RE(X§,Y§)Z5 =V cv YeZo — Cyévg(ézg—vfxglyé]zg. (74)

Using Equations (36)—(43) and (63) in Equation (74), we can obtain the relation of the
complete lifts of the curvature tensor R° of the SSMC V* and the curvature tensor R° of the
torsion-free connection V¢ in the tangent bundle TyM as

RE(XG, Y§)Z6 = RE(X§, Y8) Z6 + ((@8X0)° = (oX0)* ) g6(6, Z6)
— ((@§¥0)° — (@o¥0)* ) 25(X5, Z6) + 85 (PoX0)", 76 ) Y§
+ 85 ( (0X0)", 25 ) Y§ — 85 ((@o¥0)", 25) X§
((@0Y0)", 6 ) X5 — wh(X§)ws(Z6) S

75
X)wd (Z6) S — wd (X (Z8) Y )

(

+wp (Y5 (Z5) Xg + wp(Y)wp (Z5) X

+w (Y5)wi(Z6) X — (Ve KG) (Y6, Z5)
+ (VKD (X6, 26) + K5 (X6, K5 (%6, 26) )
— K5 (Y6, K5 (x5, 25) ).

Similarly, we obtain the relation of the complete lifts of the curvature tensor R° of the
SSMC V¢ and the curvature tensor R*¢ of the dual connection V*¢ in the tangent bundle
ToM by using Equations (36)—(43) and (67) in (74) as

RE(X§,Y6)Z5 = R(X5, Y6) 2§ + ((9FX0)° — (@0X0)° ) g5(¥5, Z6)
— ((@3¥0)° — (@o¥0)* ) 25(X5, Z6) + 5 (PoX0)", Z6 ) Y§
+ 85 ((®0X0)", Z6 ) Y5 — g6 ((@0Y0)*, Z6 ) X
— 85 ((P0Y0)°, 7§ ) X5 — o (X6)w§ (25) Y5
0(Xp)wp (Z5)Ys — wi(Xg)wp(Z5)Ys
+ @ (Y5)wp(Z5) X + wi(Yg)wp (25) Xp
0 (Y6)wi(Z6) X5 + (VXeKG) (Y6, Z5)

(76)

— (V3 KC)(XO,ZO)+KO(XO,KC(YO,ZO))
— K5 (Y5, K6 (X5, 25) )

Proposition 2. Let (M, V¢, g5, ®§, w§, A°) be the complete lifts of a (2n + 1)-dimensional Sasakian
statistical manifold in the tangent bundle ToM. Then, we have:

1 RC(X& Y§)AC = RE(XG, Y5) AC + wi(X5) (PoYo)® + wh(X5) (PoYo)? — wp (Y5)(PoXo)® —
wp(Y5) (P0Xo0)” — (ViKp) (Yg, A9) + (VicKp) (X5, A°).

2. RE(XE, YE)AC = R (XS, YE) A€ +wO(XC)(<pOY0) + WS (XE) (DYo)? — W (YS) (e Xo)C —
w§(Y§) (PoX0)? + (Vi KG) (Y5, A°) — (VIEKG) (X5, A°).
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3. RE(AS, X§)Y§ = RE(AC, X§)¥§ +w§(Y§) (®oXo)? +wf (Y) (PoXo)* — 85 ((@0X0)¢, ¥§ ) A°
— 85 ((@oXo)?, ¥§ ) A€ — (V5 K§) (X5, Y§) + (V5 K§) (A5, Y5) + K (A%, K§(X, ¥5) ) —
(x5 K54, 5)).

4. RE(A%, X§)Y§ = R¥ (A, X§)¥§ + wi(Y§) (@0X0)? + wf (Y§) (®oXo)” — g5 ((®oXo)", )
A? — g5 ((@0X0)?, Y5 ) A + (VEKS) (X5, Y§) — (VIEKE) (A5, Y§) + K (A4, K (X5, ¥E) ) —
K5 (X5, K5(A4°, ) ).

Proof. In a Sasakian manifold, we have from [6]

Vi, A = PpXg + wp(Vx,A)A. (77)
Obtaining the complete lifts of Equation (77), we have
X AT = (PoXo) + wi(VisAT) A" + wi (Vi A) A”. (78)
From Equation (29), we have
KG (X5, A%) = wi(Vie A)A” + wip (Ve A9 A (79)

So,

+ wf(V s AT )wi( v fe A A (80)
+ 8( CAC)(US( CAC)A
Hence, we obtain
K5 (X5, K6 (Y5, A%) ) = Ko (Y6, K§(X6,A%)). (81)

Using Equations (36)—-(38) and (81) in Equations (75) and (76), we obtain (1)—(4). O

6.1. Ricci Tensor Associated with Semi-Symmetric Metric Connection of Sasakian Statistical
Manifolds in the Tangent Bundle

The complete lifts of the Ricci tensor S¢ associated with the connection V¢ in the
tangent bundle ToM are given as

S¢(X§, Y§) = Trace of the map: Z§ — R°(X§, Y§)Z§. (82)
Then, from (75) and (76), we have

§°(X5, Y§) = §°(X5, Y§) — (2n + 1)88((<D0X0)C/ (®oYo) + Y5 )
2n+1

= L 0 ((V5KD) efef) = (VEs) (35, ) (83)

0 (Xo, Ky(ei, ef)) + Ko (ef, KS(X&E?)),YS)/

and



Mathematics 2024, 12, 226 11 of 14

§(X5,Y6) = §* (X5, Y§) — (21 + 1)g5 ((®oXo), (P0Y0)° + 5 )

2n+1 .
= Y 86 ((VEKS) (e, ef) — (VK (X ) (84)
i=1

-+ K5 (X5, K5 (ef, ) — K (ef, K6 (X, €6)), 5 )

Theorem 3. Let (M, V¢, g5, D5, w§, A°) be the complete lifts of a (2n + 1)-dimensional Sasakian
statistical manifold in the tangent bundle ToyM. Then:

1. The relation between the Ricci tensor S¢ of the SSMC V¢ and the Ricci tensor S of the
torsion-free connection V¢ in the tangent bundle TyM is given by Equation (83).

2. The relation between the Ricci tensor S¢ of the SSMC V¢ and the Ricci tensor $*¢ of the dual
connection VV*¢ in the tangent bundle ToM is given by Equation (84).

6.2. Scalar Curvature Associated with Semi-Symmetric Metric Connection of Sasakian Statistical
Manifolds in the Tangent Bundle

From Equations (83) and (84), it follows that

2n+1
Fo=iban—dn’ - )] 86(( VEKG) (5, ef) — (Ve K5) (e, €f)
ij=1 ! ’ : (85)

— K (e5, Kef,€6) + K5 (e, K (e, €0)) et ),

and
2n+1 .
o=t on Y gb((VEEKS)(ef ef) — (VIEKS)(e )
ij=1 ’ (86)

G (65, K5 (65, ) — K (65, K5 (&5, ). ).

where 7, ¢, and #*¢ are the complete lifts of the scalar curvatures associated with the
SSMC V¢, torsion-free connection V¢, and dual connection V* in the tangent bundle
ToM, respectively.

Theorem 4. Let (M, V¢, g5, S, w, A®) be the complete lifts of a (2n + 1)-dimensional Sasakian
statistical manifold in the tangent bundle ToM. Then:

1. The relation between the scalar curvature ¥ of the SSMC V¢ and the scalar curvature 7 of
the torsion-free connection V¢ in the tangent bundle TyM is given by Equation (85).

2. The relation between the scalar curvature ¥° of the SSMC V¢ and the scalar curvature #*° of
the dual connection VV* in the tangent bundle TyM is given by Equation (36).

Theorem 5. In a (2n + 1)-dimensional Sasakian statistical manifold in the tangent bundle TyM,
the complete lift of the Ricci tensor of the Sasakian statistical manifold associated with the SSMC
in the tangent bundle TyM is said to be Ricci flat if the complete lift of the scalar curvature with
respect to torsion-free connection V¢ and dual connection V*° in the tangent bundle Ty M satisfies

2n+1
= —2n b4+ Y g ((VERG (e ) — (VEKE) (¢ )
ij=1 (87)

— K (65, Kl ) + K5 (6, K5 (e5,¢0)) 6 ),

and
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2n+1

P = o 4 4n? — Z gc((V:jc_ch)(ef,ef) — (VZ,‘;:C 8)(6}:, ef)
i1 (88)

+K§ (e;?, K§(ef,ef)) — Kg (e, K§(ef, ef)), ef) )

Proof. Treating §C(X6, Y§) = 0in Equations (83) and (84), then contracting it with respect
to X and Y in the tangent bundle Ty M, we obtain the results. []

7. Example

In this section, we shall show an example of the lifts of a Sasakian statistical manifold
in the tangent bundle Ty M. Let us consider M to be a three-dimensional manifold, which is

defined as
M= {(xsz, x3) € R x5 #£ 0}, (89)
where R is the set of real numbers. Let x1, x2, x3 be given by
S e__x<i_i) 9 ,_10
= axl’ 2 1 8x1 8X3 aX2’ 5T 233(3’

where {eq, e, e3} are the linearly independent global frame on M. Let TyM be the tangent
bundle, and let the one-form wy be given by

wo(Xo) = go(Xo,e€3).
The Riemannian metric gy is defined by

(ese) = 1, i=j=1,23
goein€j) = 0, otherwise.

Let ®( be the tensor field defined by

—ey, 1=1
CDoel' =\ €1, i=2
0, i=3

Using the linearity of ®( and gy, we acquire wyp(e3) = 1, @%Xo = —Xpg + wp(Xp)ez and
20 (CD()X(), CDQYQ) =90 (X(), Yo) — wo(Xo)wO (Yo) Thus, for e3 = A, the structure (CD(), A, wo, go))
is an almost-contact metric structure on M. In addition, M satisfies

(ﬁqu)O)YO = wo(Yo)XO — go(Xo, Y0)€3.

Thus, for e3 = A, M is a Sasakian manifold.
Also, M satisfies

Ko(Xo, Vy,e3) + @Ko (Xo, Yo) = 0, (90)
Vo (Vy,e3) — PV, Yo = go(Yo,e3) Xo — go(Yo, Xo)es, (91)
Vxoes = Vixyes + 80(Vx,e3 e3)es. (92)

Then, M is called a Sasakian statistical manifold.
In tangent bundle ToM, let the complete and vertical lifts of ey, e, e3 be €{, €5, €5 and
ey, e3,e5 on M, and let g; be the complete lift of the Riemannian metric gg on ToM such that
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g (X5, e3) = (gC(Xoles)) = (wo Xo ) (93)

8(X5,¢5) = (8°(X0.e3)) = (wo(X0))’ (94)

g(es,e5) =1,  g(XG,e5) =0, g"(e3,€5) =0, (95)

References

and so on. Let ®f and ®f be the complete and vertical lifts of the (1,1) tensor field @y
defined by

Dy(e3) = Ph(e5) =0, (96)
Doler) =ef,  Phleq) = e, 97)
Pole3) =€, Phles) = e, (98)
Dy(es) =5, Pp(e) = es. (99)

Using the linearity of ®y and go, we infer that

(PFY0)" = Y5 + wi(Yo)es + w(Yo)es, (100)
§° ((@oes), (Poea)*) = g5(5,68) — wh(e§)acf (¢5) — w(§)wi(e5).  (10D)
(6%(1)8)‘35 = wi(ez)es + wi(ez)es — go(es,e5) A” — gg(e3, €5) A (102)
Also,

K§(e5, Ve A) + PHKG(e5,¢5) =0, (103)
§§(~5§AC> CDOVZCC@E = g0(e3, A%)e3 + 8o (€3, A%)e5 — gg (€5, €5) A° (104)

= 8o(ez,€5) A,
LA = ~%AC +80(A, Vi AT A” + g§(A?, Vi A9 A”. (105)

Then, for e3 = A in Equations (93)—(100), the structure (®§, A, wg, g§) is an almost-
contact metric structure on Ty M and satisfies the relation (102). Then, (®§, A, w§, 86, TéVI)
is a Sasakian manifold. Also, this structure satisfies the relation (103)-(105) and is called a
Sasakian statistical manifold.
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