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Abstract: The main motivation for the present work is to provide an improved description of the
response of Functionally Graded (FG) structures under a spherical indenter, considering material
nonlinearities. This is achieved through the implementation of elastoplastic material behavior using
integration points to avoid the division of the structure into multiple layers. The current paper
proposes a numerical investigation into the mechanical response of functionally graded materials
(FGMs) in contact with a rigid hemispherical head indenter. The numerical model considers both the
Mori–Tanaka model and self-consistent formulas of Suquet to accurately model the smooth variation
of material properties through the thickness of the elastoplastic FG material. The model execution in-
volves a UMAT user material subroutine to implement the material behavior into ABAQUS/Standard.
The user material UMAT subroutine is employed to introduce material properties based on the inte-
gration points, allowing for an accurate representation and analysis of the material’s behavior within
the simulation. The developed numerical model is validated through a comparison with experimental
results from the literature, showing a good correlation that proves the efficiency of the proposed
model. Then, a parametric study is conducted to analyze the effect of the indenter dimension, the
indentation depth and the gradient index on the indentation force, the contact pressure evolution,
von Mises equivalent stress and equivalent plastic strain distributions located on the vicinity of the
contact zone. The results showed that the elastoplastic response of TiB/Ti FG plates is significantly
influenced by the gradient index, which determines the properties of the FG composite through the
thickness. These results may help development engineers choose the optimal gradation for each
industrial application in order to avoid contact damage.

Keywords: indentation; elastoplastic FGM; FE model; gradient index

MSC: 74M20

1. Introduction

Functionally Graded Materials belong to the family of advanced composite materials
that attract several promising industrial applications. FG sheets have been generally
generated by combining at least two components from different materials in the form of
particles by varying the constituent’s volume fractions. This specific combination leads to
create a new material by varying the composition, microstructure and properties through
a given direction of the structure and thus a variation in the mechanical behavior of the
FG material. These advanced composite materials can be designed for a wide range of
potential applications including innovative technologies. Furthermore, FGMs possess
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better resistance to indentation due to their tailored microstructure compared to a reference
material, which is typically the bulk or base material from which the FGM is derived. By
selecting materials with varying hardness or toughness, FG sheets can withstand external
forces and deformations more effectively than conventional sheets.

Experimental tests performed on FG materials proved that these promising composite
materials with their specific features present tailored properties compared to conventional
mono-material [1–3]. Moreover, it is noteworthy that FG materials have addressed numer-
ous interface problems encountered in multi-layered composite materials. This has led
engineers to extensively employ FGMs in various industrial applications, including elec-
tronics, sensor technology, biomechanics, thermos-fluid applications, spacecraft structures,
tribology applications, etc. [4–6]. Regarding the simulation exercises, mechanical properties
such as material density, Young’s modulus, Poisson’s coefficient, and shear modulus are
defined continuously as functions of the thickness of the FG sheet. In other words, the
gradient of these input parameters depends on the position inside the material.

FGMs have been the subject of numerous studies and research in the field of materials
science and engineering. For example, Kumar and Harsha [7] studied the static and free
vibration response of hybrid FGM plates under thermal, electric, and mechanical loads.
The results from the static and free vibration analyses indicate the prospective utilization
of the functionally graded piezoelectric material plate. This material holds promise for
applications in piezoelectric actuators and for sensing deflection in bimorph structures.
In Jrad et al. [8] and Mallek et al. [9], the authors numerically investigated the response
of FGM shells containing piezoelectric layers; it was found that the power-law index and
the piezoelectric layer thickness have a major impact on the static response of the piezo-
laminated FGM structure. Recently, there has been a growing focus among researchers
on considering the effects of porosity in the analysis of functionally graded structures.
As a result, porous FGMs have been subjected to numerical investigations under hygro-
thermo-mechanical coupling loadings for buckling as well as static bending and buckling
behaviors, as conducted by [10] and [11], respectively. Additionally, ref. [12] has numerically
analyzed the thermodynamic behavior and service reliability of thermal protection systems
employing bolted joints made of porous ZrO2/(ZrO2+Ni) functionally graded materials.
Furthermore, ref. [13] has conducted a field distribution measurement of the residual stress
in porous ZrO2/(ZrO2+Ni) ceramic–metal FGMs based on nano-indentation tests.

Moreover, many researchers have recently been investigating contact problem. It is
interesting to note that the authors confirmed that the use of a suitable gradient of Young’s
modulus could overcome the contact damage occurring in several tribology applications.
For example, one can avoid conical cracking in Hertzian indentation [14], improving
the wear resistance [15]. Zhang et al. [16] demonstrated that the gradient of Young’s
modulus, loading condition and the geometry of the FG structure have a direct impact on
the crack propagation and shape in FGM coatings. From a procedural point of view, most
of the works present in the literature, which investigate contact problems for FGMs, are
performed in a theoretical way. Indeed, FG structures have been investigated in numerous
studies using various kinematic models [17] taking into account piezoelectric [18–20] and
environmental effects [21,22].

In the meantime, macro-indentation tests are widely applied on an industrial scale to
identify mechanical properties data of solid structures under significant loading, such as
ceramics and aluminum, but not for their mixture like FGMs. Only a few developments in
the literature are related to the impact response of FG plates or shells. Two behaviors were
considered: linear [23] or nonlinear elastic [24] and elastoplastic [25,26]. Gunes et al. [27]
studied the response of Al/SiC FG circular sheets subjected to low-velocity impact. The
isotropic–elastic behavior is considered for the silicon carbide layer. However, the elasto-
plastic behavior is taken for the aluminum layer. In this work, the Tamura–Tomota–Ozawa
model [28], referred as the TTO model, integrating J2 plasticity has been used to model the
elastoplastic behavior of the composite material. Note that the TTO model is widely used
in the literature to model the elastoplastic behavior of FGMs [29]. With this model, some
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references can be added: pressure vessels [30], elastoplastic buckling of rectangular FG
sheets [31], and thin coatings behavior [32]. Along with the TTO model, other efficient theo-
retical solutions can be cited here: incremental methods [33], the second-order method [34]
and the Artificial Neural Network (ANN) approach in Atrian et al. [35]. The asymptotic ho-
mogenization algorithm was employed for elastoplastic FGMs with pure elastic inclusions
along with elastoplastic metallic matrix integration using the Ludwik hardening law [36].
This algorithm is implemented through ABAQUS software. Comparing this method with
the mechanical homogenization one, based on the self-consistent methods [37], it appears
that the different results are in concordance. However, asymptotic homogenization meth-
ods have a significant drawback, which is the increased computational time due to high
computer hardware requirements. Consequently, the self-consistent formulas of Suquet
are well applied, given their simplicity. While the self-consistent formulas of Suquet pro-
vide a straightforward and computationally efficient approach for the homogenization
of heterogeneous materials, they also come with certain limitations. Firstly, the isotropic
assumption implies that the method assumes material behavior is isotropic, potentially
leading to inaccuracies in predicting anisotropic behaviors [38]. Secondly, the validity of the
method may be compromised in the presence of strong heterogeneity, particularly when
material properties vary significantly [39]. Additionally, the lack of microstructural detail
limits the method’s ability to capture intricate features of the material’s internal structure.

The main objective of the present paper is to enhance the knowledge about the mechan-
ical response behavior of FG structures subjected to a rigid indenter with a predefined geom-
etry. Unlike other methods that rely on a multilayered division of the structure [25,27,40,41]
to implement material properties of FGMs, this approach stands out by utilizing the coordi-
nates of integration points. By implementing the FG material properties based on these
coordinates, it successfully prevents stress discontinuity in the thickness direction of the
structure, and a reduction in simulation time is achieved. The numerical model developed
for this purpose takes into account the material’s nonlinearity. For the material behavior
model implemented in ABAQUS/Standard via a UMAT user material, the gradient index,
Mori–Tanaka model, and self-consistent formulas of Suquet are taken into account to model
the smooth variation of elastoplastic material properties based on the ceramic volume
fraction in the ceramic/metal composite.

2. Constitutive Model for Elastoplastic FGM
2.1. Effective Elastic Properties of FGM

Functional Graded Materials are characterized, in their structure design, by a gradation
in the distribution of composition and mechanical properties over their volume or thickness.
In the present investigation, the two FGM layers consist of nonhomogeneous materials.
Hence, the ceramic/metallic TiB/Ti mixture is smoothly and continuously varied over the
sheet thickness according to the following power-law distribution.

Vc(z) = 1 −
(

1
2
− z

h

)k
; Vc(z) + Vm(z) = 1 (1)

where:

Vc: The ceramic volume fraction;
Vm: The metal volume fraction;
H: Thickness of the structure;
k: The power-law index which describes the continuous gradation of material properties
through the thickness of the FGM plate.

In this study, the elastoplastic behavior of ceramic-reinforced metal matrix FGMs
is micromechanically modeled in FE simulation by integrating Mori–Tanaka model and
self-consistent formulas of Suquet. According to the Mori–Tanaka model, the effective bulk



Mathematics 2024, 12, 209 4 of 22

modulus k(z) and the effective shear modulus G(z) of the components can be written as
follows [42].

k(z) = km

1 + Vc

(
kc

a1km
− 1

)
1 + Vc

(
1
a1
− 1

) ; G(z) = Gm

1 + Vc

(
Gc

b1Gm
− 1

)
1 + Vc

(
1
b1
− 1

) (2)

where a1 and b1 refer to:

a1 = 1 +
(1 + νm)

3(1 − νm)

(
kc

km
− 1

)
; b1 = 1 +

2(4 − 5νm)

15(1 − νm)

(
Gc

Gm
− 1

)
(3)

Using the mixture rule, both the Poisson’s ratio and the Young’s modulus will take the
following forms:

ν(z) =
1
2

3k(z)− 2G(z)
3k(z) + G(z)

; E(z) = 2G(z)(1 + ν(z)) (4)

2.2. Elastoplastic Stress–Strain Relation

The formulation of the complete elastoplastic numerical model given in this section
to assess the response of the TiB/Ti FG structure is based on our previous works [42].
Plasticity models based on iterative calculations are written using the flow rule, the yield
surface, and the homogenized expansion laws that give the formulation of the hardening
behavior of the ceramic-reinforced metal matrix of the composite material. In this study,
vectors are referred to using bold letters.

Elastic εe and plastic εp strains can be expressed:

ε = εe + εp (5)

The elastic strain rate is expressed using the stress rate by

.
σ = D :

.
ε

e
= D :

( .
ε − .

ε
p
)

(6)

D: The general elastic operator.
The yield surface concerning the plastic deformation can be formulated as follows:

f (σ, r) = φ(σ)− σp(r) = 0, σp(r) = σY + Q(r) (7)

σY, Q and r refer to, respectively, the yield stress, the drag stress in isotropic hardening and
the internal variable attributing to the isotropic hardening. Using the Von-Mises J2 plastic
criterion with isotropic hardening, the function φ(σ) represents the equivalent stress and
takes the following form.

φ(σ) = ∥σ∥P =
√

σT P σ where [P] =



1 −0.5 −0.5 0 0 0
1 −0.5 0 0 0

1 0 0 0
3 0 0

Sym 3 0
3

 (8)

Hence, the plastic strain rate can be expressed using the following formula:

.
ε

p
=

.
γ

∂ f
∂σ

=
.
γ n; n =

1
φ

P σ (9)
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n is the flow vector and
.
γ is the plastic multiplier defined according to the load-

ing/unloading terms given by:

.
γ ≥ 0; f ≤ 0;

.
γ f = 0 (10)

2.3. Effective Elastoplastic Properties of the FGM

The FGM’s two phases are studied by assuming that the plastic deformation occurs
only on the metallic on (matrix). The behavior of the ceramic phase is assumed to be in
concordance with a linear elastic attitude when deformation occurs.

Plastic hardening law of Ludwik is used to reliably predict the effective properties of
the metal matrix [32].

σm = σYm + Km rnm (11)

σYm: The metal yield strength;
Km: Metal strength coefficient;
nm: Metal strain-hardening exponent;
r: The cumulated plastic strain.

To describe the elastoplastic response of the studied FGM, the same hardening law of
Ludwik is considered.

σp = σY + K rn (12)

σY: The effective yield strength;
K: The effective strength coefficient;
n: The effective strain hardening parameter of the studied ceramic/metal FGM.

Using the homogenization method and self-consistent model of Suquet, the effective
elastoplastic coefficients of the TiB/Ti FG structure are expressed as follows.

σY =
E

Em
σYm; K = Km

1 + Vc

(1 − Vc)
n ; n = nm (13)

The elastoplastic indentation behavior of the ceramic/metal FG structure is modeled
adopting the formulated elastoplastic constitutive relations as it is described schematically
in Figure 1.
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2.4. Numerical Integration Scheme

The integration of Equation (5) gives the evolution equation as follows:

ε
p
n+1 = ε

p
n + ∆γ nn+1 nn+1 =

1
φn+1

H σn+1 (14)
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Using the decomposition of strain shown in Equation (5) and the elasticity relation in
Equation (6), we obtain the formulation for the stress tensor as follows:

σn+1 = D(εn+1 − εP
n+1) (15)

σn+1 = σtrial − ∆γD·nn+1, σtrial = σn + D·∆ε (16)

And finally

σn+1 = I−1
c ·σtrial , Ic = I + uDH, u =

∆γ

φn+1
(17)

From Equations (7) and (17), the condition of algorithmic consistence is as follows:

f (∆γ) = φ − (σY + Q(r)) = 0, φ =
[
σtrialT · I−T

c ·H ·I−1
c ·σtrial

]1/2
(18)

2.5. Closed-Form Tangent Operator

Differentiating the plastic strain Equation (14) gives

dεP
n+1 = H[udσn+1 + u1σn+1d(∆γ)] (19)

Differentiating the stress tensor Equation (15) gives

dσn+1 = D(dεn+1 − dεP
n+1) (20)

Inserting Equation (19) in Equation (20) gives

[I + uDH]dσn+1 = Ddεn+1 − u1DHσn+1d(∆γ) (21)

Or, with Equation (17)

Icdσn+1 = Ddεn+1 − xd(∆γ) with x = DHx1, x1 = u1σn+1 (22)

And Equation (22) became

dσn+1 = D∗dεn+1 − V1d(∆γ) with D∗ = I−1
c D and V1 = I1

c x (23)

The differentiation of Equation (18) defining the consistency condition gives the final
formula of the elastoplastic consistent tangent modulus expressed as follows:

dσn+1

dεn+1

∣∣∣∣
n+1

= Dep = D∗ − 1
q

V1 ⊗ V2 V1 = D∗P x, V2 = Dt
cnn+1 (24)

q = α + nT
n+1· V1 and α =

∂Q(r)
∂∆γ

(25)

This formulation has been taken into account in developing the material behavior for
the two constituents of the FGM structure investigated in this work. The material behavior
model is implemented through a user material subroutine UMAT in ABAQUS Standard,
as mentioned earlier. The UMAT incorporates an algorithm developed to simulate the
present plasticity model, utilizing the fully implicit backward Euler integration. This
integration scheme is commonly employed in elastoplastic numerical problems due to its
unconditional stability.
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3. Numerical Approach and Model Validation
3.1. Finite Element Model

Figure 2 shows the axisymmetric model created through ABAQUS/Standard mod-
eling. This specific model is employed to simulate the indentation process of a circular
ceramic/metal (TiB/Ti) FG plate, with dimensions of 50 mm in diameter and 10 mm in
thickness, subjected to a spherical rigid indenter. The contact between the elastoplastic
composite plate and the indenter is assumed frictionless all over the contact interface.
To adhere to the half-space assumption of the substrate, a rectangular specimen with a
thickness of 10 mm and a length of 5 mm was selected. This ensures that for all loading and
material conditions considered, both the contact radius-to-specimen thickness ratio and the
contact radius-to-specimen length ratio remain below 0.1. The boundary conditions were
simulated by incorporating a fixed support at the non-indented surface, thereby restricting
the movement of nodes on this surface, as illustrated in Figure 2. The problem is treated as
axisymmetric due to the homogeneous symmetry exhibited by the various elements. This
facilitates the simplification of the 3D indentation problem into a 2D problem, resulting
in reduced calculation time. Four nodes’ axisymmetric elements CAX4 are used to mesh
the FG plate. A mesh sensitivity analysis is performed, focusing on the expected contact
pressure variations near the contact zone at the end of the indentation act. It is observed
that the expected stress remains constant when the mesh size is equal to or less than
0.02 mm in the vicinity of the contact zone. The indenter is assumed to be rigid, featuring a
variable radius R with a pilot reference point. The boundary conditions for this reference
point involve fixing it in all directions except allowing sliding along the normal vector to
the FGM plate. To define the contact between the indenter and the FGM plate firstly, a
“Hard contact” law is chosen; then, a “surface-to-surface” condition is selected to define the
sliding formulation used for the contact interactions. A numerical simulation is conducted
with the ABAQUS commercial software to analyze the elastoplastic indentation response of
TiB/Ti FG circular plates. To mitigate stress-discontinuity issues arising from the modeling
of multi-layered structures, the UMAT subroutine is incorporated into ABAQUS. This
subroutine defines material properties based on the coordinates of the integration points,
as illustrated in Figure 2. The UMAT subroutine interface is employed to implement the
elastoplastic mechanical behavior across the thickness using the integration points. Figure 3
provides a better explanation of material implementation methodology.
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3.2. Model validation

With the aim of assessing the efficiency and accuracy of the numerical model described
in the previous section, it is important to compare the FE model prediction with the
experimental results found in the literature. It is important to mention here that there
are few experimental investigations on FGM plates that have undergone indentation
phenomena in the literature. After a deep analysis of the literature, it seems that the work
presented by Atrian et al. [35] can be a good reference for our work. In fact, the authors
investigated experimentally some indentation tests to obtain the tensile stress–strain curve
of Al7075-SiC material. The elastoplastic material properties of Al7075 taken from this
work are as follows: E = 16 GPa, ν = 0.3 and σY = 105 MPa. The spherical indenter has a
0.5 mm diameter.

To verify the accuracy of our numerical model, all these parameters are introduced
to the FE model, after the simulation results of the indentation, the load–depth is com-
pared versus the experimental curve presented by Atrian et al. [35]. Figure 4 shows this
comparison between numerical and experimental response to the indentation in terms of
load–depth curve. Analyzing this figure, it is observed that the strength of the material
increases when the indentation depth decreases. A similar effect is denoted also for the
curvature of the loading curve.

A global analysis of the curves plotted in Figure 4 indicate that the numerical elasto-
plastic indentation response and the experimental result of Atrian et al. [35] are in good
correlation. This may confirm the efficiency and the accuracy of the FE model used in the
present work to predict the indentation response of ceramic/metallic FGM plates. In fact,
this model can anticipate the maximum contact load and the residual indentation depth.
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4. Numerical Results and Discussions

As mentioned previously, the main purpose of this numerical study is to investigate
the indentation loading response of elastoplastic ceramic/metal FG sheet plates. The
elastoplastic constitutive relations described in Section 2 have been implemented into
ABAQUS/standard via a UMAT user-defined material subroutine. Several numerical
simulations of indentation tests are conducted to assess the accuracy of the proposed model,
initiating a parametric study with the primary objective of enhancing the understanding of
the behavior of the circular titanium monoboride/titanium (TiB/Ti) Functionally Graded
plate. Table 1 shows the elastoplastic properties of this material.

Table 1. Elastoplastic material properties of TiB/Ti material.

Ec (GPa) νc Em (GPa) νm σym (MPa) Km (GPa) nm

375 0.14 107 0.34 450 14 1

Aiming to analyze the elastoplastic behavior of the FG circular plate indented with a
stiff indenter, a parametric study is considered based on two types of input parameters:
geometrical parameters and material parameters. Mainly, the effect of the indenter head
radius and gradient index is examined concerning the load–indentation depth curve,
contact pressure dispersion, von Mises stress distributions and displacement beneath the
indenter. Three indenter radii are considered: R = 0.2; 0.5 and 1 mm. During the simulations,
the rigid indenter is subjected to a vertical displacement (which is the only movement)
d = 0.1 and 0.2 mm. The gradient index values used in the material phase’s gradation are
k = 0.5; 2; 4; 6 and 10. Table 2 draws the maximum of indentation load measured for these
input parameters.

Table 2. Maximum of indentation load in kN for different indenter radius and gradient index.

Indenter Radius
R (mm)

Displacement
d (mm)

Gradient Index k

0.5 2 4 6 10

1
0.1 2.5 6 12 16 18
0.2 7 17 35 50 57

0.5 0.1 2 4.5 8.5 11 13
0.2 0.1 1 2.5 5 7.5 9
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Analyzing this table, it is observable that when the indenter displacement d is doubled,
with the same indenter R = 1 mm, the indentation force rise up approximately three times
with the increase in the gradient index. In fact, the increase in the vertical displacement of
the indenter will maximize the contact surface; the indenter head will be more emerged on
the graded substrate, which increases the load needed to indent the FG plate.

4.1. The Gradient Index Effect

The present section analyzes the effect of the material gradation on the indentation
response of the elastoplastic TiB/Ti plate. Figures 5–8 depict the load to indentation depth
curves considering the variable material gradient index.
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From the results shown in Figures 5–7 and summarized in Table 2, it can be noted
that the rise of the gradient index pushes up the indentation force, which can be ex-
plained by the increase in the material stiffness as the effective Young’s modulus increases
(see Equation (4)). Therefore, the FG plate needs more effort to be deformed as the elastic
modulus of the substrate increases.

For a given indentation depth, as the diameter of the indenter decreases, the contact
area is correspondingly reduced. This reduction in contact area leads to a decrease in the
applied force. Consequently, the penetration of the indenter into the material becomes
progressively easier as the contact area decreases.

For a given indentation depth and indenter radius, an increase in the material gra-
dation index results in increased material hardness. This, in turn, necessitates a higher
indentation force for a given indentation depth. Moreover, an elevated material gradation
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index implies a higher ceramic content in the Functionally Graded Material, which reduces
the enclosed loop between loading and unloading paths, leading to an elastic response at
higher values of k (k = 10). The gradient index has a significant impact on the elastoplastic
indentation response of the FG plate in terms of the penetration tendency of the spherical
indenter. Indeed, the springback phenomenon can be clearly observed with the augmen-
tation of the gradient index. A typical elastic behavior is denoted for a gradient index of
10, which can be explained by the increase in the material elasticity due to the rise of the
percentage of ceramic across the thickness of the FG plate. In addition, ceramics are hard
materials with a high resistance to indentation, which is similar to what it is measured in
the Brinell hardness test.

One can remark that the increase in the gradient index leads to a stiffer response of
the TiB/Ti FGM structure. As the gradient index k increases from 0.5 to 10, the residual
indentation depth is decreased until it disappears as the gradient index approaches 10. This
kind of behavior is explained by the fact that the increase in the gradient index increases
the portion of the ceramic phase in the FGM structure. The typical behavior is measured
for the gradient index k of 10; at this value, the material nearly attains the ceramic phase,
which is expected to behave entirely elastic. It is noteworthy that plastic deformation
becomes more pronounced with a lower gradient index. Hence, Figure 8b illustrates
the load/indentation–depth curves of the TiB/Ti plate for lower values of the gradient
index (k = 0, 0.25, 0.5, and 1). In this scenario, the generated residual indentation depth
is larger. It should be emphasized that extending the gradient index expands the elastic
energy expressed as the area below the unloading curve, and consequently, it reduces
the dissipated energy, which is represented by the area enclosed within the loading and
unloading curves (see Figures 7 and 8a).

Figure 9 plots the evolution of the contact pressure in the contact interface for different
gradient index values. The contact pressure is measured at half load or half contact length,
which is equivalent to the indentation depth d = 0.1 mm. As depicted in this figure, the rise
of the gradient index leads to an apparent intensification of the contact pressure. Indeed,
when gradient index values pass from 0.5 to 4, the maximum of the contact pressure rises
by approximately three times.
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(indenter radius R = 1 mm and d = 0.1 mm).

To assess the contact pressure response of the elastoplastic FGM along the loading
stages, the contact pressure is measured at both full and half loads, which is equivalent
to a vertical displacement of 0.1 mm for a half load and 0.2 mm for a full load. Figure 10
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plots the evolution of the contact pressure through the indentation interface at full and
half loads corresponding to these two vertical displacement values. For the two cases,
the rise of gradient index helps the expansion of the contact pressure with an observable
range. Looking to the case of a low power index of 0.5, it is clear that the full and half
load response are approximately similar in contrast to the observable difference at high
power index values. This is due to the high level of contact force needed to deform the
FGM structure with a higher elasticity rate when the ceramic phase portion increases at
these values of gradation.
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Figure 10. The contact pressure evolution at half load considering indenter radius R = 0.5 mm, k = 0.5;
4 and d = 0.1; 0.2.

Figure 11 plots the von Mises equivalent stress (Figure 11a) and the equivalent plastic
strain (Figure 11b) distributions at variable gradient index values. This figure assesses the
effect of this key parameter on the material solicitations during the indentation process
of the ceramic/metal FGM plate. The maximum values of stresses and plastic strains are
located on the center of the contact zone.

The stress concentration at the center of the contact zone and at the end of the loading
phase is illustrated in Figure 12a. The equivalent plastic strain at the center of the contact
zone and at the end of the loading phase is presented in Figure 12b. Figure 12 shows that
increasing the gradient index leads to an increase in stress at the center of the contact zone
and a decrease in the equivalent plastic strain. The maximum von Mises stress is measured
for the highest value of the gradient index (k = 10). However, the plastic strains values
decreased at this gradient, which is due to the increase in the material elasticity. In fact, the
elastoplastic reply of the structure helps plastically deform the sheet at the beginning of
loading. The deformation ability of the FGM structure can be initiated by the elastic reaction
at the indentation loading; this reaction is trigged by the elastoplastic characteristics of the
material. In addition, the increase in the gradient index, as said previously, enhances the
stiffness of the FGM structure certainly at the contact zone. In addition, the increase in the
ceramic volume fraction has the effect of increasing the surface hardness, which increases
the stresses at this zone precisely at the vicinity of the indenter when the composite material
starts deformation. Summarizing, any variation in the elastoplastic properties through
the thickness of the FGM plate leads to an observable impact on the induced stresses and
strains especially if the gradation goes for increasing the volume fraction of the hardest
material with higher elasticity levels.
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Figure 13 presents shapes of the vertical and horizontal displacements generated
at the indented zone at a half load of the indenter under variable gradient index values
k = 0.5, 2 and 4. The profile of these displacements is measured on the upper surface of the
indented zone of the FGM plate. It is observed that the gradient index has a negligible
impact on both the profile and values of the vertical displacement, owing to the nature of
the applied load. In contrast, the horizontal displacement exhibits a significant variation
with the rise in the gradient index. This variation is attributed to the concentration of
stresses under the indenter during loading, as depicted in Figure 12b. Therefore, the surface
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affected by the horizontal displacement is increased by increasing the gradient index with
negative slopes in contrast with the positive slopes in the lower gradient index. Note that
the compression stresses created by this type of force around the surface of the contact
area during the indentation test can lead to forward wrinkles at the circumferential surface
around the indenter.
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Figure 13. (a) Vertical displacement, (b) horizontal displacement under variable gradient index values
considering R = 0.2 mm and d = 0.1 mm.

Figure 14 depicts the impact of the gradient index on the residual vertical and horizon-
tal displacements. The evolution of residual vertical and horizontal displacements plotted
in Figure 14 shows that with the increase in the stiffness of the Functionally Graded Material
under higher gradient index, the structure dissipates the applied energy, resulting in low
permanent deformations. The shapes of residual horizontal and vertical forces have the
same trends in the loading stage (Figure 7). However, the difference between the applied
displacement and the residual ones were more pronounced at the higher gradient index.
This difference can be attributed to the FG structure’s capacity to dissipate deformation
energy, which increases with its elasticity, as mentioned earlier. Therefore, it is clear that
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the phenomenon of springback is more accentuated with a higher gradient index, which
explains the residual vertical displacement reductions from k = 0.5 to 4.
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4.2. Influence of the Indenter Radius

The impact of the indenter radius on the response of the TiB/Ti FGM is assessed
in term of load–indentation depth curve, contact pressure, and vertical and horizontal
displacements. Three indenter radii are used: R = 0.2, 0.5 and 1 mm, which are initiated by
a vertical displacement d = 0.1 mm and considering two gradient indexes k = 0.5 and 2.

From Figure 15, it can be observed that the increase in load values is influenced by
the augmentation of the indenter radius. In fact, by increasing the tool radius, the surface
of contact also increases, pushing up the indentation load. This increasing effect will be
amplified by the increase in the FGM stiffness when the gradient index increases, which
means that the resistance of the composite material to deformation will increase. Note
that the influence of the indenter radius is more observable in contrast with the gradient
index. The shape and trend of the load/indentation depth curves is similar with different
indenter radii.
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The profile of the contact pressure measured on the contact zone between the spherical
indenter with variable diameter (0.2, 0.5 and 1 mm) and the FG plate is plotted on Figure 16.
Here, it is observable that the rise of the indenter radius distributes the contact pressure
over a larger surface, which decreases its value. Hence, smaller indenters will cause more
pressure in a smaller contact area, which is a stress concentration in a smaller zone located
on the vicinity of the tool head.
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Figure 16. Contact pressure distribution under variable indenter radius with k = 2 and d = 0.1 mm.

Figure 17 plots the effect of the variation of the indenter radius on the evolution of
the horizontal and vertical displacements with a gradient index of k = 2 and pre-described
vertical displacement of d = 0.1 mm. Indeed, there is no notable difference in the behavioral
response of the FG plate in terms of vertical displacements when the indenter radius
varies. There is merely an increase in the indented surface, as illustrated in Figure 17a.
Figure 17b demonstrates that the increase in indenter radius results in a reduction in
residual horizontal displacement.
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in residual horizontal displacement, as depicted in Figure 18b. That means the surface of 
the TiB/Ti FGM plate will undergo fewer deformations with larger indenters. 

Figure 17. Displacement evolutions under different indenter radius: (a) vertical displacement,
(b) horizontal displacement considering k = 2 and d = 0.1 mm.

Figure 18 depicts the residual vertical and horizontal displacements for various in-
denter radii. From Figure 18a, one can observe that after unloading, the springback
phenomenon is more prominent for the higher indenter radius. This is coupled by a reduc-
tion in residual horizontal displacement, as depicted in Figure 18b. That means the surface
of the TiB/Ti FGM plate will undergo fewer deformations with larger indenters.

Comparing the profiles of horizontal displacements plotted in Figures 13 and 14 with
those plotted in Figures 17 and 18, it can be concluded that changing the spherical indenter
radius has almost no significance on the qualitative displacement shapes response of the FG
structure. However, the influence of the gradient index is most noticeable. This emphasizes
the significant role of the elastic parameters of the FG plate in affecting the residual effects
after an indentation test, such as hardness tests.
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5. Conclusions

The present paper has developed a numerical investigation analyzing the mechanical
behavior described with an elastoplastic 2D axisymmetric contact model. The properties of
this contact model have been implemented into ABAQUS by a UMAT subroutine based
on a mathematical model detailed on the text. This model has described the gradation
through the thickness of the elastoplastic properties using a power-law function with
a Mori–Tanaka model and self-consistent formulas of Suquet. The aim of the different
simulations prepared using this model is to assess the response of a ceramic/metallic
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FG structure to a spherical indentation. The efficiency of the developed model has been
highlighted through a comparison with experimental results from the literature. From the
parametric analysis presented in this work, it is concluded that the increase in the gradient
index is the key parameter influencing the behavior of the TiB/Ti FG structure. In fact, by
increasing the ceramic volume fraction, the FG plate becomes more resistant to indentation,
as indicated by the rise in its stiffness and surface hardness. The ability of a high elastic
FG structure to overcome the indentation is highlighted by an observable springback that
happens after indentation unloading. This behavior can be widely beneficial in several
industrial applications such as the coating of aerospace and aircraft components, for sport
cars, medical implants, etc. The results presented in the present paper could be helpful to
guide developers to study the damage of indented structures or those that have undergone
a crash test. Indeed, using FG surfaces with a suitable gradation of elastic parameters could
restrain contact damage in tribological applications.
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