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Abstract: Third-order fuzzy differential subordination studies were recently initiated by developing
the main concepts necessary for obtaining new results on this topic. The present paper introduces
the dual concept of third-order fuzzy differential superordination by building on the known results
that are valid for second-order fuzzy differential superordination. The outcome of this study offers
necessary and sufficient conditions for determining subordinants of a third-order fuzzy differential
superordination and, furthermore, for finding the best subordinant for such fuzzy differential su-
perordiantion, when it can be obtained. An example to suggest further uses of the new outcome
reported in this work is enclosed to conclude this study.
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1. Introduction

Examples of differential inequalities that can be used to generate constraints on a
function using its derivatives of a given order are frequently seen in the theory of differential
equations. A new theory known as differential subordination theory was developed
when the concepts concerning differential inequalities for real functions were extended to
complex functions. S.S. Miller and P.T. Mocanu proposed this theory in two papers that
were published in 1978 [1] and 1981 [2]. The dual notion of differential superordination
was introduced by the same authors in 2003 [3].

The present paper deals with the dual concept of the special form of fuzzy differ-
ential subordination, namely, fuzzy differential superordination. The fuzzy differential
subordination concept was introduced in 2012 [4], embedding the concept of the fuzzy set
introduced by Lotfi A. Zadeh in 1965 [5]. The theory of fuzzy differential subordination
follows the general theory of differential subordination as seen in [6]. Geometric function
theory scholars quickly adopted the concept, and all of the established research lines in
this field have started to take into account the new fuzzy elements. The first published
works on this topic were included in the references of a review paper released in 2017 [7],
supporting the topic’s development. Following the ideas of the classical theory of differ-
ential superordination initiated by S.S. Miller and P.T. Mocanu in [3], the dual notion of
fuzzy differential superordination was further developed in 2017 [8]. The idea of a fuzzy
set was one that mathematicians were eager to incorporate into their work, and numerous
mathematical fields accomplished it. In honor of Zadeh’s 100th birthday, a review paper [9]
highlights the development of fuzzy set theory in relation to certain scientific fields and
emphasizes the role of Professor I. Dzitac, one of Zadeh’s disciples, in the advancement of
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soft computing techniques related to fuzzy set theory. In honor of their friendship with the
renowned scientist Lotfi A. Zadeh, Professor I. Dzitac wrote the preface for a fuzzy logic
special issue that was released in association with Zadeh’s 100th birthday [10].

The notion of the fuzzy set is applied in some fuzzy linear fractional programming
cases in [11]. PID (Proportional Integral Derivative) and fuzzy-PID control data analysis
for quadcopter movement and control is investigated in [12], and a development of the
notion of fuzzy normed linear spaces is provided in [13]. Applications in quantum calculus
of the notion of fuzzy differential superordination can be seen in [14-16]. The study [17]
describes the latest developments in ordinary fuzzy sets and then reviews the literature
on how fuzzy sets might be integrated with other artificial intelligence methods. A multi-
attribute approach to decision making based on derived operators for intuitionistic fuzzy
soft numbers, with the goal of applying machine learning or artificial intelligence to the
evaluation of particular industrial situations, is presented in [18].

The concepts of fuzzy differential subordination and superordination continue to
generate interesting outcomes as seen in recent publications regarding fuzzy differential
subordination [19-21] or combining the two dual concepts [15,22].

The concept of third-order fuzzy differential subordination was introduced and de-
veloped in [23]. In their paper, the authors developed the concept of third-order fuzzy
differential subordination building on the idea established by José A. Antonino and Sanford
S. Miller in 2011 [24] and that continues to be studied by researchers to this day. The core
ideas of the third-order fuzzy subordination approach and fundamental concepts to be
employed for the studies concerning this part of the fuzzy differential subordination theory
were presented, such as admissible functions class and certain fundamental theorems.

As said before, the differential superordination concept was introduced as a dual
notion to that of differential subordination. Considering this idea, the generalizations of
the classical theories of differential subordination and superordination, namely, strong
differential subordination and superordination and fuzzy differential subordination and
superordination, have discussed both dual theories. Furthermore, studies involving the
concepts of differential subordination and superordination, separate or together, have
been developed. With this motivation, since the concept of third-order fuzzy differential
subordination was introduced in [23], in this study, we address of the dual problem of the
third-order fuzzy differential superordination by introducing the basic notions related to
the concept of third-order fuzzy differential superordination. Further motivation for the
present study is provided by the fact that results on the classical third-order differential
superordination are in trend nowadays, with studies like [25-28] being recently published.
Hence, there are many results obtained that could be adapted to the third-order fuzzy
differential superordination theory once the fundamentals are established here. In Section 3
of this paper, the definition of a third-order fuzzy differential superordination is given,
the admissibility condition and the class of admissible functions are established, and
also specific methods are developed to be applied for finding fuzzy subordinants and,
furthermore, the best fuzzy subordinant when it exists.

2. Preliminaries

This section contains the terminology, notations, and previously established findings
that were applied in the investigation.

H(U) indicates the class of holomorphic functions in U, where U = {z € C: |z| < 1}is
the unit disc of the complex plane, withU = {z € C: |z] <1}andoU ={z € C: |z| = 1}.

The following subclasses of H (U) are familiar to geometric function theory researchers:

Ap={feHU): f(z) =z+a,2"" +..., zc U},
where A1 = A,

Hla,n)={f€ H(U): f(z) =a+az"+a, 12" +..., z€ U},
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where Hy = H[0,1], witha € C and n € N*, and
2"(2)
f1(z)

denoting the class of convex functions.
Furthermore,

K_{fEH(U):Re( +1)>O,f’(0)7é0,zeu},

S={fcA: f(z) =z+az*+...,f(0) =1, (0) =1, f is univalent forz € U}.

Definition 1 ([6,29]). Let f and g be members of H(U). The function f is said to be subordinate
to g or g is said to be superordinate to f, written f < g or f(z) < g(z), if there exists a function w
analytic in U, with conditions w(0) = 0 and |w(z)| < 1, z € U and such that f(z) = g(w(z)).
If g is univalent, then f < g if and only if f(0) = g(0) and f(U) C g(U).

Following Definition 1, we can write the following:
Proposition 1. Let f,g € H(U). If f < g, then f(0) = ¢(0) and f(U) C g(U).

Definition 2 ([6]). Let Q denote the set of functions q that are analytic and univalent on U \ E(q),
where

Eq) = {¢ € autimg(z) = o

and are such that Min |q'(C)| = p > 0for { € oU \ E(q). E(q) is called the exception set, and the
subclass of Q when q(0) = a is denoted by Q(a).

Remark 1. The set Q is not empty. The function q(z) = £t} € Q, since Min |q'({)| = 5 > 0 for
ge€aU\ E(1).

In order to prove the results related to third-order differential superordination, the
following lemma must be employed:

Lemma 1 ([24,30]). Let q(z,) = a+ anz" + a, 12" + ... € H(U), with q(z,) # a, n > 2
and let p € Q(a). If q is not subordinate to p, then there exist points zg € U, zg = roe'® and
Co € OU\E(p) such that the following conditions are satisfied:

i) q(z0) = p(Zo), q(Uy,) C p(U);

(ii) Reg%(/gf)) > 0 and Zq’f/((gz)) < n, where z € Uy, { € OU\E(p), then there exists a real

m > n > 2, such that:
(iii) Cop'(Go) = w;

. Zor" (%o) 1 209" (20) )

(iv) Re(z 7 (%0) +1> §2 Re( 70) +1>,
25" (o) 1 1,z59" (20)

) RSy < weReyry

Next, certain notions and definitions regarding the fuzzy differential subordination
and superordination theories are recalled.

In [31], the following definitions were used for introducing the notion of fuzzy subor-
dination as a generalization of the classical notion of subordination:

Definition 3 ([31]). Let X be a non-empty set. An application F : X — [0,1] is called a fuzzy
subset.

A more accurate alternative definition is as follows:
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A pair (A, F4), where F4 : X — [0,1] and
A={xe X:0<Fy(x) <1},

is called a fuzzy subset of X.

The set A is called the support of the fuzzy set (A, F4 ), and F is called the membership
function of the fuzzy set (A, Fq).

One can also denote A = supp(A, Fa).

The notion of fuzzy subordination as a generalization of the classical notion of subor-
dination was given in [31] as:

Definition 4 ([31]). Let D C Cand let zg € D be a fixed point. We take the functions f,g €
H (D). The function f is said to be fuzzy subordinate to g or g is said to be fuzzy superordinate to f
and we write f <p g or f(z) <p g(z), if there exists a function F : C — [0, 1], such that:

(i) f(z0) = g(zo0);
(i1) Ff(D)f(z> < Fg(D)g<Z)/ z € D.

Remark 2.

(a)  The following definitions are considered:
f(D)={f(z):0 < Fyp)f(z) <1, z€ D}

and

g(D) = {g(z) 10 < Fypyg(z) <1, z€ D}.

(b)  Relation (ii) given by Definition 4 is written equivalently as

f(D) € g(D) and 9g(D) £ f(D), 1)

0g(D) being the border of the domain g(D).
(c) Sucha function F : C — [0,1] can be considered as

2]

(d) If D = U then inequalities (i) and (ii) become:

(@) f(0) = g(0);
@) f(U) < g(U),

which is equivalent to the classical definitions of subordination and superordination, respectively.

3. Results

For obtaining the original results, the following notations are used.
Let F: C — [0,1].
Denote by
Q= (O, Fy) =supp(Q), Fq) ={z € C:0< Fo(z) <1},

A= (A Fy) =supp(A,Fa) = {z€C:0 < Fy(z) <1},
peHU),
p(U) = suPP(P(U),Fp(u)) = {p(z) 10 < Fypy(pl2)) < l},z cu,
andp: Cx U — C
$(C* x U) = supp (<c4 x U, p(@@) _

{0 < Fw(@xg)lp(p(z),zp’(z),zzp”(z),z3p’“(z),‘z> < 1},2 e u.
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Fq (Z) <

Next, the class of admissible functions is introduced regarding the third-order fuzzy
differential superordinations.

Definition 5. Let O C Cand let g € Q,n € N,n > 2. Denote by ®,,[Q), q| the set of functions
¢ : C* x U — C, satisfying the condition

F¢(C4XU)¢(1’,S, Lul) < Fa(z), 0< Fa(z) <1, )
where (2) , . "(2)
B _zq'(z t 1. [29"(z
r=gq(z),s = - ,Re<s+1> < mRe[ 70 +1}
and

ReE<—ReMz€U§68U\E()andm>n>2
s —m2 T q(z) -

Condition (2) is called the admissibility condition.
In the special case when h is an analytic mapping of U onto Q) # C, the class @, [h(U), q] is
denoted by ®,h, q).

Third-order fuzzy differential superordination can be seen as the dual problem of the
third-order fuzzy differential subordination in the following form:

Consider QO € C,A C Cand let p € H(U) with p(0) = a,a € C. For a function
¢(r,s,t,u;z) : C* x U — C, the problem consists of investigating the following implication:

Fa(2) < Fyeony @ (p(2), 20 (2),29"(2), 29" (2):2) = Fa(2) < By (p(2): - @)

If A # Cis a simply connected domain with a € A, there exists a function g which
maps conformally the unit disc satisfying the condition g(0) = a. Then, implication (3) can
be rewritten as

(e #(P(2)20'(2), 20" (2), 2" (2):2) = Eyun(@(2)) < By (p(2)), @

ie.,
q(z) <pp(z), zel.

If O # Cis also a simply connected domain, there exist a function # which maps
conformally the unit disc satisfying the condition #(0) = ¢(a,0,0,0;0). If we also have that
¢(p(2),zp'(z),22p" (2),2°p" (z);z) € H(U), then implication (3) can be rewritten as:

h(z) <r ¢(p(2),2p' (2), 22" (2), 29" (2);2), 5)
Fuy (h(2) < Fyenay® (p(2), 29 (2), 229" (2), 2% (2);2),
which implies

q(z) <r p(z) or Fu(q(z) < Fyu)(p(2),z € U.

Remark 3. Relation (5) is valid even if functions h and q are only analytic functions and not neces-
sarily univalent. Relation (5) leads to the definition of third-order fuzzy differential superordination.

Definition 6.

(1) Let ¢ : C* x U — C and consider function h analytic in U.
If functions p and ¢ (p(z),zp' (z),2%p" (z), 22p"" (2); z) are univalent in U, satisfying

h(z) <r ¢(p(2),20'(2), 29" (2), 2" (2);2) ©)
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or
Fuwy (h(2)) < Eyend(p(2), 20/ (2), 29" (), 2" (2);2) 2 € U,

then function p is called the solution of fuzzy differential superordination (6).

(2)  Fuzzy differential superordination (6) is called third-order fuzzy differential superordination
and a univalent function q is called fuzzy subordinant of the third-order fuzzy differential
superordination (6) if q(z) <p p(z) or it is equivalently written as F,1)(q(z)) < Fyu)p(2),
z e U

(3) A fuzzy subordinant § which is univalent and satisfies q(z) <p §(z) or is equivalently
w'ritten Eq(u)q(z) < .Fq(b.l) (g (z)?, z € U for all fuzzy subordinfmts q of the th.ird—order fuzzy
differential superordination (6) is called the best fuzzy subordinant of the third-order fuzzy
differential superordination (6).

Remark 4.

(1) The best fuzzy subordinant of the third-order fuzzy differential superordination is unique up
to a rotation in U.
(2) If Q) C Cand functions ¢ and p are univalent in U, then relation (6) can be replaced by

Q¢ {9(p(), 2 (2), 2" (2), 2" (2);z);z € U}, )

which is a differential inclusion. In this case, the terms of third-order fuzzy differential
superordination and the solution of the third-order fuzzy differential superordination are also
used.

In the text theorem, an important result established for the second-order fuzzy differential
superordinations is extended for the case of third-order fuzzy differential superordination.

Theorem 1. Let QO C C, g € H[a, n|, n > 2, functions ¢ € ®,[Q,q], F: C — [0,1] given by

F(z) = ﬁ and p € Q(a), p(0) = q(0) = a, satisfying the following conditions:
Re éqq/’;(g@)) >0 and ZE/((CZ)) <m, (8)

wherez € U,{ € U\ E(p), m>n>2.

Ifp(z) and ¢(p(z),zp' (), 22p" (z),22p"" (2); z) are univalent functions in U, then

QcC {47(p(z),zp’(z),zzp”(z),z3p”’(z);z);z € u} 9)
ot, equivalently,
1 1
< , zel,
L1z = 1+ 19(p(z), 20/ (2), 29" (2), 2P (2);2)|
which implies
q(z) <p p(z) or L o1 zel.

1+ lg(z) ~ 1+ p(x)[

Proof. For a fixed z = zy € U, relation (9) becomes
1 < 1
1+ |zol = 1+ 1[9(p(20), 200" (20), 20*P" (20), 20> P" (20))|
Using relation (1), for { € oU \ E(p), we obtain

1 1
T+ 10(p@). 27 @), 7" @), Cr" Q) ~ T+ I

(10)

,zel, (11)
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since d¢(U) = ¢(p(2),2p'(2), 2%p"(2),3p"" (), € dU. For a fixed z = zg € U and for
{ = {o € 90U \ E(p), relation (11) becomes

L ’ > 1 ! .
L+ 19 (p(%0), S0’ (20, 20" (o), %P (20) ) |~ 1+ 120l

(12)

In order to prove this theorem, Lemma 1 is applied and the admissibility condition (2)
is also used. We proceed by assuming that g(z) Ar p(z). In this case, from Lemma 1,
we deduce that there exist points zg € U, zg = roe'® and 7y € OU\E(p) such that the
conditions (i)—(v) are satisfied, and we write

_ gy = 200(z0) g (GoP" (G0) 1 (209" (20)
0(z0) = pléo), Gop'(Go) = 2T, Re(SFL) 1) < Do) 1) 1y

and

e
P (C) T mz p'(z0)
Using the conditions given by (13), for fixed { = {p and z = zp and choosing

r=4q(z0) = p(lo),s = L = Cop' (o), t = zop "(zo),u = Co?’p’”(éo) in the admissibility
condition (2), we obtain

52 ///(go) R qu/”( )

1 1
< )
T+ \4’(P(CO),COP'(CO),COZP”(C()),Co3p”’(€o)> |~ 1+ |zl

(14)

Since relation (14) contradicts relation (12), we conclude that the assumption made is
false, hence we must have gq(z) <r p(z) or zelU. O

1 1
<
1+[g(z)] = 1+|p(z)]

We next consider & a conformal mapping of U, h(U) = Q) C C. In this case, the class
®,[h(U),q] is denoted as P, [h, q] and the next theorem follows directly from Theorem 1.

Theorem 2. Let q € Hla,n|,n > 2 let h be analytic in U, and consider ¢ € ®yh,q],
F:C — [0,1] given by F(z) = 1+‘ i and p € Q(a), p(0) = q(0) = a, satisfying the following
conditions:

Regqq//;(gg)) >0 and
wherez € U, € U\ E(p), m>n>2.
Ifp € Q(a) and ¢(p(z),zp'(2),2%p" (), 2°p" (2); z) are univalent functions in U, then

<m, (15)

hz) <e (p(2),20' (2), 229" (2), 20" (2);z), 2 € U, (16)
or, equivalently,
L < ! zelU
L+ [h(z)] = 1+1o(p(2), 29 (2), 229" (2), 2°p" (2); 2) | '
which implies
10 < p2) o oy < o U

1+1q(z)| = 1+p(2)

Remark 5. Theorems 1 and 2 show that the fuzzy subordinants of a third-order fuzzy differential
superordination can be established simply by finding functions that satisfy the admissibility condition (2).

The next theorem provides the sufficient conditions for a fuzzy subordinant of a third-
order fuzzy differential superordination to be the best fuzzy subordinant for the third-order
fuzzy differential superordination considered.
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Theorem 3. Let h € H(U), ¢ € ®y[h,q] and F : C — [0,1] given by F(z) = 1+1|Z‘.
Assume that the differential equation,
¢(9(2),24'(2),2%0"(2), 24" (2);z € U) = h(z), (17)

has a solution q € Q(a). If functions p € Q(a) and ¢(p(z),zp'(z),2%p" (2),2°p" (z);z € U)
are univalent functions in U satisfying the conditions

g9"(%) zp'(2)
Re >0 and ,
q) ~ qe 1~
and the following third-order fuzzy differential superordination holds,
h(z) <r ¢(p(2),2p (2), 29" (2), 2p" (2);2) 2 € U, (18)
ot, equivalently,
L < ! zel
L+ [h(z)] ~ 1+19(p(2),2p'(2), 22p" (2),2p" (2);2)|” ’
this implies
q(z) <p p(z) or ! ! zel,

< 7
T+g(z)| = 1+ p(2)]
and q is the best fuzzy subordinant for the third-order fuzzy differential superordination (18).
Proof. According to Definition 4 and condition (1), using the third-order fuzzy differential
superordination (18), for a fixed z = zgp € U we have
1 < 1
1+ |h(z0)| = 1+19(p(20), 200" (20), 20*p" (20), 20°p"" (20))|”

and, at the same time,

(19)

1 1
L+ 10(p(@), 27 @), 29", P Q)] ~ T+ 1h(2)

For a fixed { = {g and z = zg € U, relation (20) becomes
1 1

> .
1+ |<P< (20), 0P’ (20), 20*P" (Z0). Lo p”’(§0)>| 1+ [h(z0)|

|,§ €dU\E(p),zeU. (20)

(21)

For completing the proof, Lemma 1 is necessary, alongside relation (2). Assume that
g Af p. Then, from Lemma 1 we can write

i) = p(@o), Cop'(@o) = 2L, e(SF L)1) < Lo B q), o

and

éz ///(go) < Rezgq///( )
P(G) T m2 pl(zo)

Using the conditions glven by (22), for fixed { = (o and z = zy and choosing
r=aq(z0) = p(Go),s = 2LE) = Zop'(¢o), £ = ZBp" (20),u = Lo (Zo) in the admissibility
condition (2), we obtain

1 1

< .
1+ |4’( (20), S0P’ (o), 20°P" (Z0), Co P"'(Co))l 1+ [h(zo)]

(23)
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false, hence we must have gq(z) < p(z) or

Since relation (23) contradicts relation (20), we conclude that the assumption made is

1 1 . . .
< .
T S 1+|P(Z)|’Z € U. Since g is the solution

for the differential Equation (17), we conclude that g is the best fuzzy subordinant for the
the third-order fuzzy differential superordination (18). O

Remark 6.

(1) Theorem 3 shows that finding the best fuzzy subordinant of a third-order fuzzy differential
superordination reduces to finding a univalent solution for the differential equation associated
with the third-order fuzzy differential superordination.

(2)  The conclusion of Theorem 3 involving the third-order fuzzy differential superordination (18)
can be written in the equivalent form:

#(0(2),20 (2), 224" (2), 29" (2);z € U) <p ¢(p(2),29'(2), 22" (2), 2°p" (2);2) 2 € U.

(3) In all three proved theorems, the function ¢ can be given, for example, as ¢((r,s,t,u) =

r+s+ 2t +3u.

Example 1. Let ¢(r,s,t,u;z) : C* x U — C given by ¢((r,s,t,u) = r+s + 2t + 3u and let

q(z

) =1+ % a solution of the differential equation
4
h(z) = p(a(=),2'(2), 220" (2), 20" (2)iz € U) = p(1+ 24,324 62) =1+ 10:12
Considerthefunctions p( ) =1+2z+2% andgb( (z),2p' (z), 229" (2), 2p"( ) _

142z + 2% +z(2 + 2z) +22% = 1+ 4z + 722 univalent in U. Furthermore, take F (C —10,1]

given by F(z) =

1+\z\ ’
Using the findings given by Theorem 3, the following numerical illustration is obtained.

Let q(z) =1+ %, a univalent solution of the differential equation

4
1(e) = 9 (a(2), 20/ @), 24" (2), 20" @iz € U) = 91 + 5 2,3 624 =14 1007

Consider the functions p(z) = 142z +z% and ¢(p(z), zp' (), 22p" (z), 22p"" (z);z € U) =

1+ 4z + 722 univalent in U. If the following conditions are satisfied:

" 2 2
Regql () >0 and 22+ 2%) —2 2) <m,
q'(%) 4
then
1+ 101z* ) 1 1
T 14424723, . zel,
4 rl+4z+7z%, or 1—1—‘14—10124 ST 144172 z
which implies
4
z 1 1
1+—<F1+22+22,or < , z€elU,
4 4 1+ 2 2
1+‘1+% + [2z + 22|

and q(z) =1+ % is the best fuzzy subordinant.

Indeed, we prove that the conditions of Theorem 3 are satisfied.

We evaluate "o s

cq" (¢ 30

Re = Re—=-

7(0) 2

_ 2|21 + 7|
<]

=32>0.

’2(1+z)

7 = 20142 = 2/1+ 2 +2pcosa.
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For p — 1, we have

2(1
(1+2) =1lim2v1+2cosa > 2 =m.
& p—1
Next it is proved that the function p(z) = 1+ 2z + z? is convex, hence univalent.
zp”(z) 2z 1 3
R 1) =Rel =——=—+1)=1+R =14+-==->0
e( ) ‘27zt TR T T

Since p/(0) = 2 # 0 and Re(zﬁ,léz))

+ 1) > 0, we conclude that p is a convex function,

hence univalent.
We next prove that the function ¢(z) = 1+ 4z + 72% is convex. For that, we evaluate

i 2
Re(z¢ (Z)+1>:Re( 14z +1):1+7Re 2 _ g 2pcosatTp

¢ (2) 4+ 14z 247z 4+ 28p cos a + 49p%°
For p — 1, we obtain:
z¢" (z) . 20 cosa + 7p? 5+2(1+ cosa)
R 1)=1+71 =147
e( ¢ (2) + + plil} 4 + 28p cos a + 4902 15 +28(1 + cos a)
Since ¢p1(0) = 4 # 0 and Re(zg/ﬁ((zz)) + 1) > 0, we conclude that ¢ is a convex function,

hence univalent.
Having all the conditions required by Theorem 3 satisfied, we obtain that

4

1+ZZ-<F1+22+22

and q(z) =1+ % is the best fuzzy subordinant.

4. Discussion

The new results obtained as part of the investigation contained in this paper contribute
to the development of the theory of differential superordination. The original results pre-
sented in Section 3 of the paper add knowledge regarding the topic of fuzzy differential
superordination, a relatively new area of research in geometric function theory initiated
in 2017 [8] that incorporates fuzzy set aspects into the study of differential superordina-
tions. This study introduces the concept of third-order fuzzy differential superordination
in Definition 6, the class of admissible functions in Definition 5, and the necessary tools
for conducting investigations for obtaining fuzzy subordinants are given in Theorems 1
and 2, furthermore, the best fuzzy subordinant of the third-order fuzzy differential su-
perordination that allows it in Theorem 3. The introduction of the concept was inspired
by the successful extensions concerning the case of the classical third-order differential
superordination theory [27] and the study proposed for the dual notion of third-order
fuzzy differential subordination [23]. The foundations of the present work are given by
the previously published papers [4,8,23,31] concerning the fuzzy aspects incorporated in
the differential subordination and superordination studies as well as by the results estab-
lished in [24,30] for the classical third-order differential subordination and superordination
theories. A numerical example is developed based on the findings of Theorem 3.

5. Conclusions

The outcome of this study aims to lay the foundations for future studies regarding the
newly highlighted notion of third-order fuzzy differential superordination which has not
been explored so far. The topic could be extended, building on the concepts presented here
by involving different types of operators such as quantum calculus operators previously
used in very recent studies involving second-order fuzzy differential superordination
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like [15,22,32], linear operators used in studies like [33,34], or fractional calculus operators,
as seen in [14,35,36].
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