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Abstract: In this paper, a new analytic expression for the frequency of vibration of a strong nonlinear
polynomial-type oscillator is introduced. The method for frequency calculation is based on the
transformation of the nonlinear oscillators into linear ones using the equality of their amplitudes and
periods of vibration. The frequency of the linear oscillator is assumed to be the sum of frequencies
corresponding to each nonlinearity in the original oscillator separately, i.e., the sum of frequencies of
truly nonlinear oscillators. The obtained frequency is a complex function of amplitude, coefficient and
order of nonlinearity. For simplification, the frequencies of the truly nonlinear oscillators are modified
as power order functions of the exact frequency of the cubic oscillator which is linearly dependent on
the amplitude of vibration. In this paper, the approximate frequency expression is developed for the
harmonic any-order nonlinear oscillator and oscillators with the sum of polynomial nonlinearities.
The accuracy of the obtained frequencies is tested on the examples of non-integer order nonlinear
oscillators and also on a quadratic-cubic oscillator. The difference between the analytical and exact,
numerically obtained results is negligible. The suggested approximate frequency expression has a
simple algebraic form and is suitable for application by engineers and technicians.

Keywords: truly nonlinear oscillator; harmonic any-order nonlinear oscillator; integer and non-integer
nonlinearity; exact frequency; approximate frequency; He's frequency; oscillator transformation
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1. Introduction

There are a significant number of papers which consider the vibration properties of an
oscillator with nonlinear elastic force, described as

X+wix+ f(x) =0 1)

where wj is the coefficient of the linear term and f(x) is the nonlinear function of displace-
ment x. Nowadays, there is no general analytic expression of the exact frequency and
period of vibration of an oscillator (1).

A special type of oscillator which is most widely considered is the Duffing—harmonic
one [1-3] with a linear and a cubic nonlinear term. The equation was treated numeri-
cally and with semi-numerical methods (for example, the wavelet-based computational
algorithms method [4], the iteration method with the use of the Elzaki transform [5], the
modified variational iteration method with Adomian method [6], the variational iteration
method (VIM) associated with formable transformation [7], etc.) and semi-analytic meth-
ods [8]. To obtain the vibration property of (4), various analytic solving procedures are also
developed, including harmonic and energy balance methods [9,10], various perturbation
methods [11-17], the non-perturbative methodology [18], etc. Based on the obtained ap-
proximate results, it is seen that the frequency of vibration depends on the initial amplitude,
and the frequency—amplitude relation for the Duffing oscillator is defined [19-25]. As
for the special case of the Duffing oscillator, in papers [26-28], the truly cubic nonlinear
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oscillator is considered. It is obtained that the frequency of vibration depends directly on
the linear amplitude. However, generalization of the model of oscillator was necessary
and a truly nonlinear oscillator with integer or non-integer order was introduced. For the
truly nonlinear oscillators, the closed form frequency—amplitude relation exists [29-34].
Unfortunately, the expression is very complex, and the computation is not familiar to most
engineers and technicians. Namely, the analytical formula includes the special beta and
gamma mathematical functions, which lead to trouble in practical vibration analysis.

To overcome this lack, the aim of this paper is to determine the approximate analytic
formulation of the frequency and the period of vibration for the so-called harmonic any-
order nonlinear oscillator’ where

¥4 wix+Exlx[* =0 2)
and also the formulation for the oscillator with a sum of nonlinearities of different orders

Fwie+ Y Axlx[* =0 3)
4

where & > 1, « € Ris the order of nonlinearity, w% is the coefficient of the linear term, cﬁ is
the coefficient of the nonlinear term.

This paper is divided into five sections. After the Introduction, in Section 2 the new
approximate frequency of vibration for the truly nonlinear oscillator is introduced. Using
the fact that the frequency of the truly cubic oscillator depends on the linear value of
the initial amplitude, the approximate frequency of vibration for the integer and non-
integer order truly nonlinear oscillator is developed. The outcome of the suggested method
is a frequency—amplitude expression which is appropriate to calculate the approximate
period of vibration of the truly nonlinear oscillators. This new expression represents a
contribution of our research. In Section 3, the expression of the approximate frequency
of the harmonic any-order nonlinear oscillator is developed. The frequency is a complex
function of frequencies which correspond to a harmonic and a truly nonlinear oscillator
with the integer or non-integer order. As an example, the frequency of a non-integer order
nonlinear oscillator is computed. In Section 4, the generalized expression of the period of
vibration for the oscillator with a sum of nonlinearities of the polynomial type is designed.
As an example, an oscillator with linear, quadratic and cubic terms is considered. It is
proved that the difference between the newly introduced frequency of the linear oscillator
and the exact frequency, which corresponds to the nonlinear oscillator, is negligible. This
paper ends with conclusions.

2. Exact and Approximate Frequency of the Truly Nonlinear Oscillator

For the truly nonlinear oscillator [32],
4 3xlx* =0 4)

with initial conditions
x(0)=A4, x(0)=0 (5)

and the exact period of vibration T,y is (see [32])

1—a
4A 7 1 1
Tox = B , = 6
2+ 1) (zx+1 2) ©)
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where B is the incomplete beta function [35], « is the order of nonlinearity, c; is the coefficient
of nonlinearity and A is the amplitude of vibration. Using (6) and the relation [35],

B( 1 1>_W @)

x+1'2 3+
()
the exact frequency of vibration follows as
2 o
Wex = A ClATlcex (8)

with

Zetl) ©)
)

where I' is the gamma function and F(%) = /7. Due to the complexity of the special

function T, it is not an easy task to compute and analyze the coefficient c.x. This is the
reason that at this point the approximation of the frequency is introduced.

In papers [21,23], approximate frequencies for nonlinear oscillators with the integer
order of nonlinearity (cubic and quantic) are introduced. Comparing these relations with
(8), it is obvious that the expressions have the same form, but the difference is only in the
value of the constant c. Thus, for example, according to He’s theory [20] for the nonlinear
function C%x|x|“71, the approximate frequency relation follows as

WHe = a(x“*l)x:% = clAaZ;che (10)

where

Vi 1)

CHe = Sa—1)/2

Comparing (8) and (9) with (10) and (11), for the truly cubic oscillator it is obtained

that ¢,y = 0.84721 and cp, = ? = 0.86602, and the relative error of He’s approximate

solution is 2.22%. The aim of this paper is to minimize the error by introducing a new type
of approximate frequency.

The new approximate frequency, introduced in this paper, is based on the exact
frequency (8) of the cubic oscillator, i.e., w = ¢10.84721A. Namely, the frequency of the
cubic oscillator is the linear function of the initial amplitude A of vibration, while for & # 3
the amplitude function of the frequency is of an integer or non-integer order. Comparing the
frequencies of any-order truly nonlinear oscillator with a cubic oscillator, the approximate
solution is assumed as

Wappr = c1(0.847214) 41/ (12)

In Table 1, the exact frequency (8), He’s frequency (10) and the new approximate
frequency (12) for various orders of nonlinearity o and ¢; = 1 are presented. The relative
error for the coefficients is also calculated.

From the data in Table 1, it is concluded that the suggested approximate frequency is
closer to the exact one than to He’s frequency. The difference between the newly introduced
approximate frequency and the exact frequency of vibration depends on the order of non-
linearity: the higher the order of nonlinearity, the higher the error. However, the accuracy
of the approximate frequency is smaller than 4% for « < 6 . In addition, Formula (10) is a
simple algebraic expression suitable for application by technicians.

Using the data in Table 1, frequency—amplitude diagrams for ¢; = 1 and various values
of o are plotted (see Figure 1): the w,x — A diagram corresponds to the exact frequency (6)
and wgppr — A to the approximate frequency (12). For all diagrams, it is common that the
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frequency increases with increases in the amplitude of vibration. For A < 1, the frequency
decrease is faster, while for A > 1 the frequency increase is slower for higher orders of
nonlinearity. The frequency—amplitude relation is linear for «=3. In addition, comparing
the diagrams for the exact and the approximate values, it is obvious that the difference is
more evident for o < 3 than for « > 3, specially if A > 1.

Table 1. Exact and approximate frequencies of truly nonlinear oscillators of various orders for ¢; = 1.

« Wex WHe e e 100% Wappr “"‘%:‘:””"'100%
3/2 0.95450 Al/4 1.02988 Al/4 7.89 0.95939A1/4 0.51
2 0.91468 Al/2 1.00000 A1/2 9.32 0.92044 AY/?2 0.63
3 0.84721 A 0.86602 A 222 0.84721 A 0
4 0.79240 A3/2 0.70710 A3/2 10.7 0.77984 A3/2 1.58
5 0.74683 A2 0.55901 A2 25.1 0.71776 A2 3.89
1.4+
12 ]
1.0 e
§%L 0.8
i a=5 — Wex
* 06 | AL L L] e Wappr
a=3
04
a=2
a=2
0.2 2
0.0
0.0 0.2 04 0.6 0.8 1.0 1.2 14
A

Figure 1. w,x — A (full line) and wgppr — A (dotted line) for various «.

2.1. Transformation of the Truly Nonlinear Oscillator into the Linear One

The aim of the research is to transform the strong nonlinear oscillator (4) into a
harmonic one. The transformation is based on the equality of amplitude and frequency,
i.e., the period of vibration of the truly nonlinear oscillator and the linear one. Using the
approximate frequency (12), the nonlinear oscillator (4) is transformed into a linear one

X+ Whppx =0 (13)

To compare the nonlinear and linear oscillator, x-t diagrams, obtained by solving
(4) and (13), are plotted. Figure 2 shows diagrams for various orders of nonlinearity
(a = %; 2; 3; 5). The initial conditions (5) are A = 1, x(0) = 0 and the parameter is
c¢2=1. From Figure 1, it is obvious that the amplitude and the period of vibration of the
nonlinear oscillator and the corresponding transformed linear one are equal, but the shape
of the response diagrams differs. For ae[1,3), the difference is almost negligible, while for
a > 3 it is significant. As the order of nonlinearity increases, the difference is higher but

almost negligible.
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Figure 2. x-t response of the nonlinear oscillator (4) (full line) and of the linear oscillator (13) with
frequency (12) (dotted line) where ¢ = 1, x(0) = A = 1, x(0) = 0 and the order of nonlinearity is

@a=3/2b)a=2(c)a=3(d)a=>5
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Comparing the curves in Figure 2, it is also seen that for equal initial conditions, the
periods of vibration for oscillators with various orders of nonlinearity are different. To
obtain a certain constant period of vibration, the initial amplitude for each oscillator has to

be computed. Thus, the period

T = ZC—T (14)
can be realized with various truly nonlinear oscillators, where the amplitude of vibration
satisfies the relation (0.84721A) (@=1)/2 = 1. In Table 2, the amplitudes which satisfy (14)

are presented.

Table 2. Initial amplitudes Ag of the nonlinear oscillators having equal periods of vibration
T=2m/ C1.

(14 1 3/2 2 3 4 5
As any 1.20429 1.19526 1.18034 1.16780 1.15714

From Table 2, it is obvious that for the constant period of vibration, the amplitude of
vibration decreases with the increase in the order of nonlinearity. The transformation of
the nonlinear oscillator into the linear one based on the equality of the period of vibration
requires variation in the initial amplitude dependent on the order of nonlinearity. In
Figure 3, x-t diagrams for nonlinear (4) and linear (13) oscillators, having equal periods
of vibration (14), are plotted. The parameters are c3 = 1, x(0) = 0 and there are various
initial displacements A dependent on the order of nonlinearity, given in Table 2.

1.0t
0| \ /\
> 0.0 X1
........ X2
70.5
71.0
(a)
- ; , ‘ ;
0° \ /\
> 0.0
........ X2
-05 1
-1.0+ -
0 2 4 6 8 10

(b)

Figure 3. Cont.
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(d)

Figure 3. x-t response of the nonlinear oscillator (4) (full line) and of the linear oscillator (13) with
frequency (12) (dotted line) where w? = 1, c% =1,x(0) =0and (a) « = 3/2and A = 1.20429,
(b)a =2and A = 1.19526, (c) « = 3 and A = 1.18034, (d) « =5and A = 1.15714.

Remark: Comparing the truly nonlinear oscillator (4) and the linear oscillator (13) for
initial conditions (3), it is concluded that there exists a relation between the elastic forces
2|x |“_1x and w?x of the truly nonlinear and linear oscillators, i.e.,

F=c3x]* 'x ~ w?x (15)

In the model of the oscillator, the nonlinear elastic force C%|x|“71x is substituted with
the linear w?x one.

2.2. Example of a Truly Non-Integer Order Nonlinear Oscillator

The suggested method is applicable for computing the approximate frequency of any
truly nonlinear integer or non-integer order oscillator. For example, the oscillator with an
order of nonlinearity « = 2.55, i.e.,

X+ C%x|x|1'55 =0 (16)
has the approximate frequency (12)

Wappr = €1 (0.84721 A7 = 0.87941¢ A7 (17)

and period of vibration
2m 7.14433

Tappr = = 18
PP Gappr 1 ADTT (18)
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Using the obtained data and transforming the nonlinear oscillator (16), the harmonic
oscillator follows as
k—+(077336c§Ai55)x::0 (19)

In Figure 4, the x-t responses of nonlinear Equation (16) and of the corresponding
linear one (19) are plotted. The initial conditions are x(0) = A = 1, x(0) = 0 and the
coefficient of nonlinearity is c; = 1.

1.0¢

0.5¢

< 0.0 X4
PR X5
-0.5} .
10} J

Figure 4. x-t response for the nonlinear (16) (full line) and linear (19) (dotted line) oscillators when
x(0)=A=1,x0)=0andc; =1.

It is obtained that oscillators (16) and (19) have the same amplitude A of vibration and
almost equal values of the period of vibration. According to (18), the approximate period
of vibration is T,y = 7.14433. Figure 4 shows that the difference between the exact and
approximate period is negligible.

3. Approximate Frequency of Vibration of the Harmonic Any-Order
Nonlinear Oscillator

Let us extend the elastic force (15) with the linear term w(z)x. Then, the model of the
harmonic any-order nonlinear oscillator follows as

¥+ wix + Axlx[* =0 (20)

Using the previous conclusion about the elastic force (15), let us introduce the assump-

tion
F = wix + Ax|x|* ' ~ wix + w’x (21)
where w is expressed with (8) or (12). According to (21) and the method of equivalent

linearization based on the equality of amplitude and period of vibration, the nonlinear
oscillator (20) is transformed into a linear one, i.e.,

¥4+ w?x=0 (22)

where w” = y/wi + w2, i.e., for (8)
w* =\/wd+ C%A"‘—lc2 (23)

In (23) the principle of superposition, valid for the linear systems, is applied.
Unfortunately, the exact value of the period of vibration of the harmonic any-order
nonlinear oscillator (20) (except for @ = 3) is unknown. Because of that, in this section, the
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approximate period of vibration of the nonlinear oscillator (20) is assumed to be almost
equal to that of the linear oscillator (22), i.e.,

T— 2 (24)

2
\ w3+ c2A e

To prove the accuracy of the period expression (24), it is computed for « = 3 and
compared with the exact analytically obtained period of vibration for the Duffing equation

¥ 4 wix + AExlx* =0 (25)
For the initial conditions (5), the period of vibration (see [24]) is

4K (k)
Q

Tex = (26)

where K (k?) is the Jacobi integral of the first order [36], and 4K (k?), k? and Q) are the period,
parameter and frequency of the cosine Jacobi elliptic function, respectively,

2 cjA? 2 2 242
The assumed period of vibration (24) for x =3 is

2 27 27

T - % =
w* > > >
\/w% _|_27-[C%A2(rg§1%) \/wo +0.71705c1 A?
I'(g

The result (26) with (27) is compared with (28) for the numerical values A =1, ¢c; =1
and wé: 0;0.1; 0.5; 1; 5; 10 (see Table 3). The difference between solutions (26) and (28) is
computed by using the relative error.

(28)

Table 3. Exact T,x and assumed T period of vibration for the Duffing oscillator forc; =1, A = 1 and
various a}%.

w? 0 0.1 0.5 1 5 10
Tex (34) 7.41628 6.93312 5.66276 4.78227 2.6188 1.91641
T (36) 7.41628 6.93459 5.66872 4.78957 2.61931 1.91826
‘T;iT 100 (%) 0 0.06540 0.09634 0.09448 0.08693 0.09678

Analyzing the data in Table 3, it is seen that the results T and T,y are equal and the
difference is only the consequence of the computation error in the special functions used.

3.1. Approximate Frequency Based on the Approximate Frequency of the Truly
Nonlinear Oscillator

Substituting expression (12) into (21), the approximate frequency wy,,, and period

Tappr of the harmonic any-order nonlinear oscillator follow as

27T

VWi + (084721 A

(29)

Whppr = \Jwh + R (0847214) 01, Ty, =

The accuracy of expression (29) has to be tested for any order of nonlinearity of
oscillator (20). For this reason, the numerically obtained (exact) period of vibration of
(20) is compared with the analytically suggested one (see (29)). In Figures 5 and 6, the x-t
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diagrams obtained by solving (20) and (22) for x =2 and « =4, w(z) =0.1;1and 5, c% =1
and initial conditions A = 1, x(0) = 0 are plotted. It is obtained that the analytically
obtained period of vibration agrees with that obtained numerically. In addition, for the
lower orders of nonlinearity (« < 3) and higher values of the linear term, the analytic and
numeric x-t responses are close to each other, while for the higher orders of nonlinearity
(a > 3) and smaller w%, the difference is more evident.

B IR B o B e
05
> 0.0 X1
........ X2
05
1.0
0 2 4 6 8 10 12
(a)
1.0 ' o ] ' ]
05 /\ /-
x 00 be
nnnnnnnn XZ
05
1.0
0 2 4 6 8
(b)
gl ;
05t /\ /
x 0.0} ! X1
IR Xz
-05
1.0
0 2 3 4 5
4
(0)

Figure 5. x-t diagrams for nonlinear (20) (full line) and linear (22) (dotted line) oscillators for « = 2
2=1A=x)=1and: (@) w} =0.1,(b)w} =1, (c) wi =5

In Table 4, the periods of vibration (29) for various orders of nonlinearity o and
coefficient w3 are presented. The coefficient of nonlinearity is c; = 1 and the initial
amplitude is A = 1. It is obtained that for « = const., the period of vibration decreases by
increasing w(z).
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(b)

AN S

] \/ \/ """" “

(©

Figure 6. x-t diagrams for nonlinear (20) (full line) and linear (22) (dotted line) oscillators for « = 4,

2=1A=x)=1and: (@) w} =0.1,(b)w} =1, (c) wi =5

Table 4. Period of vibration Typpr (29) of oscillator (22) for ¢; = 1, A = 1 and various « and wg.

w} 0 0.1 0.5 1 5 10
a=1 6.28320 5.98774 5.12760 4.44063 2.56380 1.89349
a=3/2 6.57874 6.24500 5.28639 4.54257 2.582976 1.90118
=2 6.86579 6.48893 5.43191 4.63391 2.59943 1.90771
a=4 7.92930 7.36451 5.91625 4.92450 2.64853 1.92731
a=5 8.40887 7.74333 6.10616 5.03165 2.66385 1.93274
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The data in Table 4 show that for the same value of wj , the period of vibration is
higher for higher orders of nonlinearity o.. However, the period of vibration variation is
negligible when w% > 10w?.

Analyzing the approximate frequency and period of vibration (29), it is obtained that
for certain values of  and the constant w3 , the period of vibration decreases due to the
increase in the initial amplitude and the nonlinear coefficient c;. In Table 5, for various
initial amplitudes A and orders of nonlinearity « (3/2; 2; 3; 4; 5) and w% =1landc; =1, the
approximate periods of vibration are computed. Analyzing the data in Table 5, it is seen
that the period of vibration decreases by increasing the amplitude of vibration when the
order of nonlinearity is a constant value. For oscillators with different orders of nonlinearity
but the same initial amplitude A, which is smaller than the boundary amplitude Ag, the
period of vibration increases with the order of nonlinearity, while it decreases with the
increase in & for A > Ag. (For the boundary amplitude Ag, given in Table 2, the period of
vibration for all oscillators is equal to a constant value T).

Table 5. Period of vibration Tapp, (29) for ¢ =1, w% = 1, and various values of A and «.

A «=3/2 a=2 =3 a=4 =5
0 6.28320 6.28320 6.28320 6.28320 6.28320
0.1 5.53318 6.03271 6.25758 6.27803 6.27825
0.5 4.89737 5.43191 5.78258 6.04717 6.17332
1 4.54257 4.63391 4.79158 4.92205 5.03165
Ag (Table 2) 4.4429 4.4429 4.4429 4.4429 4.4429
(As =12043) (Ag=1.1953) (As=1.1803) (Ag=1.1678) (Ag=1.1571)
2 415113 3.84094 3.19187 2.55886 1.74517
3.60325 2.75842 1.33345 0.62784 0.33587

3.2. Example of a Harmoni—Non-Integer Order Nonlinear Oscillator

A model of an oscillator with a non-integer order of nonlinearity & = 2.55 is
¥4 wix 4+ AExlx|" =0 (30)
Using the expression for the approximate period of vibration (29)

2

Tappr = (31)
VWl + (084721 A)1
the equivalent linear oscillator is
i+ (w2 + c3(0.84721 A)1~55)x =0 (32)

In Figure 7, an x-t diagram obtained by solving the nonlinear oscillator (30) (full line)
and the linear oscillator (32) (dotted line) is plotted. The initial conditions are x(0) = A =1,
x(0) = 0 and the coefficients are w3 = 1and ¢; = 1.

From Figure 7, it is obvious that the equivalent transformation from the nonlinear
oscillator into the linear one has a high accuracy. In addition, the period of vibration
calculated according to (31) is Typpr = 4.71585, which corresponds to the period of vibration
of the nonlinear oscillator (30).
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Figure 7. x-t response for the nonlinear (30) (full line) and linear (32) (dotted line) oscillators for
w3 =1, ¢1 = 1 and initial conditions x(0) = A =1, x(0) = 0.

4. Frequency and Period of Oscillator with Sum of Nonlinearities of the
Polynomial Type

For generalization, the oscillator which, in addition to the linear term, has a sum of
various nonlinear terms, is considered. The model of the oscillator is

P+ wix+ Y Axlx| =0 (33)
14

where ¢, is the coefficient of the nonlinear term of order «. According to the previous
consideration and transformation of the nonlinear oscillator into the linear one, in this
paper the approximate frequency of (34) is assumed to be the sum of frequencies wy of the
linear oscillators and w, of truly nonlinear oscillators of order «, i.e.,

w?=wj+ Y Wl (34)
24

For the case when the exact frequencies (8) of the truly nonlinear oscillators are applied,
the approximate frequency of (33) is

w?=wj+Y g, A (35)
19

where ¢y, is the coefficient of nonlinearity and c, corresponds to (9). For the approxi-
mate frequencies of truly nonlinear oscillators (12), the approximate frequency of (33) is
assumed as
Wi = @+ L, (0847214) (36)
o

and the approximate period of vibration

27

\/ @ + Lo 3, ((0847214)

(37)

Tappr =

The period of vibration depends on each of the coefficients in (33) but also on the order
of nonlinearity and initial amplitude. Due to its simplicity, expression (37) is easily applied
to calculate the period in any nonlinear oscillatory system. However, to prove the accuracy
of the expression, two examples are calculated.

Example: Oscillator with Linear, Quadratic and Cubic Terms
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Let us consider an oscillator with linear, quadratic and cubic terms modelled as
X+x+xlx|+x3=0 (38)

After transformation of (38) for initial conditions (5), the equivalent linear oscillator
with approximate frequency (36) follows.

i+ x(1+0847214 +0717054%) = 0 (39)
To compare oscillators (38) and (39), x-t diagrams for A = 1 (Figure 8a) and for A = 0.1
(Figure 8b) are plotted.
1.0 [ - 1
) \ /\ /\
x 0.0 X4
........ Xz

0.5

-1.0
0 2 4 6 8 10
t
(a)
0.10
0.05
% 0.00 X4
-------- x2
~0.05}
-0.10
0 2 4 6 8 10
(b)

Figure 8. x-t diagrams for nonlinear oscillator (38) (full line) and linear oscillator (39) (dotted line) for
various amplitudes: (a) A =1, (b) A=0.1.

It is obtained that the approximate periods of vibrations T,pp,= 3.92174 for A =1 and
Tappr=6.02977 for A = 0.1 agree with the numerical values given in Figure 8a,b.

5. Conclusions

In this paper, the approximate frequency of a nonlinear oscillator is developed.
The advantages and disadvantages of the expression are discussed and the following
are concluded:

1. The method of transformation of the oscillator with a strong polynomial nonlinearity
of integer or non-integer orders into a linear oscillator, based on the equality or
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almost equality of periods of vibration, gives a result which is suitable for practical
application in technics.
2. The frequency of vibration of the truly strong nonlinear oscillator is approximately

equivalent to ¢ (0.84721 A) (@=1) where c; is the coefficient of nonlinearity, A is the
amplitude of vibration and « is the order of nonlinearity. The error of the approximate
frequency is up to 4% in comparison to the exact one. The difference between the
exact and suggested frequency is higher if the order of nonlinearity is lower and the
amplitude of vibration is higher than one. Otherwise, the difference is negligible for
higher orders of nonlinearity and amplitudes smaller than one.

3. The recently developed approximate frequency of the harmonic any-order oscillator
is the function of frequencies of the harmonic and the truly nonlinear oscillator. The
test of the approximate expression for cubic nonlinearity shows good agreement
with the exact frequency for the Duffing oscillator. For other orders of nonlinearity,
the difference between approximate and exact periods of vibration of the nonlinear
oscillator depends on the relation between the linear and nonlinear terms. However,
when the linear term is 10 or more times higher than the nonlinear one, the period of
vibration is negligible.

4.  The advantage of the suggested frequency expression is that it is useful for frequency
computation for any non-integer order nonlinear oscillator. The analytic formulation
is of the algebraic type and suitable for application by engineers and technicians.

5. The equivalent transformation of the nonlinear oscillator into the linear one, based on
the equality of the period of vibration, shows that the responses for these oscillators
are almost of the same form. It is valid for orders of nonlinearity up to four.

6.  Finally, in this paper it is suggested to apply the approximate linear oscillator obtained
with equivalent transformation instead of the original complex nonlinear oscillator.
The quantitative difference in the response and period of vibration is smaller than 5%,
while the amplitude of vibration is equal.

Finally, future research could focus on the extension and modification of the suggested

frequency formulation and also on developing a method to transform damped and forced
nonlinear oscillators (for example, [37,38]) into equivalent linear ones.
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