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Abstract: In this work, a known Eddy Current (EC) model is adapted to characterize subsurface
defects in carbon fiber-reinforced polymer (CFRP) plates intended for the civil aerospace industry. The
considered defects include delaminations, microcracks, porosity, fiber breakage, and the simultaneous
presence of these defects. Each defect is modeled as an additive variation in the material’s electrical
conductivity tensor, allowing for a detailed mathematical representation of the defect’s influence
on the CFRP’s electromagnetic behavior. The additivity of the variations in the conductivity tensor
is justified by the assumption that the defects are not visible to the naked eye, implying that the
material does not require non-destructive testing. The adapted EC model admits a unique and stable
solution by verifying that all analytical steps are satisfied. To reconstruct 2D maps of the magnetic
flux density amplitude, a FEM formulation is adopted, based on the energy functional because it
ensures a stable and consistent numerical formulation given its coercivity. Moreover, the numerical
approach allows precise and reliable numerical solutions, enhancing the capability to detect and
quantify defects. The numerical results show that the obtained 2D maps are entirely superimposable
on those highlighting the distribution of mechanical stress states known in the literature, offering
a clear advantage in terms of detection costs. This approach provides an effective and economical
solution for the non-destructive inspection of CFRP, ensuring accurate and timely defect diagnosis
for maintaining structural integrity.

Keywords: EC; defects in CFRP; electrical conductivity tensor; Lax-Milgram theorem; solution
stability; 2D maps of magnetic flux density amplitude

MSC: 35Q61; 35Q74

1. Introduction

Non-Destructive Testing (NDT) techniques encompass a set of tests and inspections
carried out without destroying or removing samples from the specimen under examination,
aimed at detecting and identifying defects and, if possible, assessing their extent [1,2]. NDT
methodologies are varied, and each is suited, by its characteristics or type of instrumenta-
tion, to be used effectively in different situations depending on the product’s characteristics
to be analyzed [3]. Among these, liquid penetrant techniques and ultrasonic ones have
found extensive use but have specific limitations. In particular, liquid penetrants, while
effective for detecting surface discontinuities, struggle with reconstructing the shapes of
defects, similar to ultrasonic techniques, despite their notable versatility [1-3].

Mathematics 2024, 12, 2854. https:/ /doi.org/10.3390/math12182854

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12182854
https://doi.org/10.3390/math12182854
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-3837-6671
https://orcid.org/0000-0001-6846-1784
https://orcid.org/0000-0003-0734-9136
https://orcid.org/0000-0002-3153-9338
https://doi.org/10.3390/math12182854
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12182854?type=check_update&version=2

Mathematics 2024, 12, 2854

20f41

Eddy Current (EC) analysis is a widely used non-destructive investigation technique
for evaluating defects in conductive materials [4-8] with defects that alter its electrical
conductivity [9]. Recently, a lot of interest in applying this methodology to advanced
composite materials (which exhibit a certain degree of conductivity), such as Carbon
Fiber Reinforced Polymer (CFRP) plates, has increased significantly due to the growing
prevalence of these materials in various industrial domains [4,10-12]. The sectors show a
strong interest in these approaches because they allow for assessing the health of CFRP
components through cost-effective procedures [4,10,11].

The EC approach stands out for its versatility, allowing the detection of any inhomo-
geneity in the material through geometric, electrical, or magnetic variations [4,10-12]. By
adapting the method to the specific case, it is possible to detect inhomogeneities related
to the material’s geometry, such as cracks, deformations, inclusions, thickness variations,
oxidation, and thicknesses of non-conductive coatings on a conductive base or conduc-
tive coatings on a base of different conductivity, as well as variations in the material’s
permeability by measuring the intensity of magnetic fields. It is worth noting that a sig-
nificant reason for the widespread use of EC is their ability to produce 2D maps, such as
the modulus of the magnetic induction field, which are entirely superimposable on 2D
maps representing the distribution of local mechanical stresses. This allows for detecting
internal defects without needing expensive, non-portable machinery typical of mechanical
stress measurement techniques [9,13-16]. Additionally, because EC is susceptible to the
skin effect, the frequency of the external excitation current density produces a penetrative
effect in the material, facilitating the production of 2D maps for each depth, depending on
the type of defect to be detected [4,10,11,17].

Over the last decade, the aviation industry has also focused on this important NDT to
improve aircraft safety, particularly after several takeoff/landing cycles, by combining low
structural weight with high damage tolerance [18]. Consequently, new classes of CFRPs
have been used, which are thermosetting materials incorporating carbon nanotube fibers,
offering an exceptional combination of strength and lightness [18,19]. These materials are
designed to withstand high loads while maintaining a lightweight structure for the aviation
industry [18,19]. Although the production of CFRPs is expensive, their use is widely
justified, where a high strength-to-weight ratio and significant resilience are indispensable
requirements. The ability of CFRPs to maintain high structural integrity stressed and reduce
the aircraft’s overall weight significantly contributes to flight efficiency and safety [20].

Moreover, CFRPs offer excellent mechanical performance due to the strategic orien-
tation of the carbon fibers within the polymer matrix, optimizing load distribution and
increasing damage tolerance [20,21]. This characteristic is significant for resisting impacts
and cyclic stresses during service. Additionally, the good corrosion resistance of CFRPs
makes them suitable for operation in harsh environments, where exposure to moisture,
chemicals, and other corrosive agents can compromise the durability and reliability of
traditional materials [20,21].

However, CFRPs are susceptible to various types of defects (as mentioned above) that
can compromise the material’s quality by substantially changing the electrical conductivity
of the material [22,23]. Among these, delamination is considered the most severe defect, but
other significant defects such as microcracks, porosity, fiber breakage, and the simultaneous
presence of these defects also impair the material’s performance. Delamination in particular
is a problem exacerbated by low off-axis electrical conductivity, which causes the material
to heat up. The remarkable ability of these composites to absorb impact energy is another
cause of delamination. Furthermore, the cycles of loading and unloading during flights do
not prevent the onset of this dangerous phenomenon (in addition to the presence of other
defects), which, if neglected, can lead to structural collapse [22,23].

Due to the anisotropic behavior of CFRP conductivity, conventional NDT techniques
fail to detect defects in these composites quickly. However, only the major airlines possess
the equipment and specialized technical staff to conduct EC tests, while other companies
rely on specific software, generally based on the finite element method (FEM), to perform



Mathematics 2024, 12, 2854

3o0f41

these inspections [9,22,23]. From the perspective of EC, the problem of detecting the pres-
ence and extent of a defect translates into adequately formulating the variation in electrical
conductivity within the material where the defect is present [24]. In other words, effective
defect detection involves the ability to model how the defect affects the distribution of
electrical conductivity within the material, requiring a local formulation of the conductivity
tensor mathematically defined to represent the material’s properties accurately. A defect
alters the local electrical characteristics, causing a reduction in conductivity [9,24]. There-
fore, to properly model the presence of the defect, it is necessary to introduce a decrement
in the conductivity tensor that reflects the defect’s effect. This variation must be precisely
formulated to ensure that simulations and analyses conducted through EC techniques can
accurately detect and quantify defects. Such an approach enables a detailed representation
of the altered electrical properties of the material, facilitating the detection and assessment
of the extent of defects.

Recently, many researchers have worked hard to provide innovative formulations
of electrical conductivity and the possible variation that arises in the presence of defects.
In particular, ref. [25] uses electrical impedance tomography to determine the electrical
conductivity of anisotropic CFRP laminates and localize damage, while [26] presents a
CFRP evaluation model using high-energy EC imaging frequency to detect critical defects
that affect electrical conductivity. Furthermore, there is no shortage of work regarding
coupled mechanical and electrical models in CFRPs [27,28], with particular reference to
the distribution of EC in CFRPs and characterization of defects through the use of a tensor
conductivity model [24,29-32].

In this paper, starting from [9], we characterize the subsurface defects (delamination,
microcracks, porosity, fiber breaks, and their simultaneous presence) on CFRP tail rudders
for civil aircraft using, for each of them is an innovative tensor formulation that locally
models the lowering of electrical conductivity. In particular, unlike what was developed
in [9], where we observe a focus on CFRPs used in civil aeronautics by introducing the use
of fuzzy similarity for the classification and identification of sub-surface delamination, in
this paper, we introduce a FEM analysis based on a complete mathematical formulation [33]
of the EC on CFRP plates in which the conductivity tensor is altered by the presence of the
defect which induces a local variation of the tensor itself. Unlike what was elaborated in [9],
the analysis carried out is not limited exclusively to delaminations but rather to a wide
range of defects that could occur simultaneously. From this, it follows that the 2D maps
of the amplitude of the magnetic flux density, |B|, are considerably more complete and
completely superimposable (qualitatively) on the analogous 2D maps of mechanical tension
(obtained from plates with the same types and extensions of defects) which, notoriously, are
extremely difficult to obtain, often at very high costs [13,16]. These 2D maps of |B| represent
a valid tool of classification and evaluation of the extent of each defect or the concomitance
of them. Furthermore, unlike in [9], where the FEM approach was built directly from the
model equations, in this paper, the numerical model was obtained starting from the energy
functional associated with the weak form of the complete problem in which the presence of
the defect updates the conductivity tensor. From this, being the energy functional coercive,
and thanks to its stationary, the resulting numerical model was found to be stable. The
resulting algebraic system, characterized by a positive definite but still sparse matrix, was
solved using the conjugate gradient method with a Cholesky preconditioner. Furthermore,
appropriate error estimates defined in appropriate functional spaces made obtaining a
single sufficiently refined mesh capable of highlighting even the smallest defects possible.

Once the conductivity properties in CFRPs are defined in Section 2, Sections 3 and 4
detail each tensor formulation of the conductivity variation due to each hypothesized
defect. Then, once the domain is defined in detail (Section 5), the complete EC model
proposed in [33] is adapted in Sections 6 and 7 to our specific needs, also providing the
necessary observations to certify the use. Therefore, starting from the weak formulation of
the model (Section 8), the energy functional obtained allows us verification of the existence
and uniqueness of the weak solution (Section 9), also guaranteeing stability (Section 10).
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The FEM approach described in Section 11 produces a positive definite sparse matrix
algebraic system whose resolution proposed in Section 12 allows the error to be estimated
(Section 13). The following section offers an overview of the case studies considered,
providing a convergence analysis helpful in building a unique mesh for any defect to obtain
2D maps of magnetic flux density valuable amplitude for the detection and evaluation of
the entity of each defect or the concomitance between them. Finally, conclusions and some
future perspectives end the paper.

2. Conductivity Properties of CFRP

Modeling fiber orientation and its effects is vital for designing CFRP components,
optimizing performance for safety and efficiency. Therefore, let us consider two Cartesian
axis systems, one original and one rotated, representing the fiber orientation in CFRP
(Figure 1a). Indicating by Q¢ the domain of the CFRP (conductor), ¥x € Qc C R?, in CFRP
the base fiber orientation defines the conductivity tensor in the original configuration o (x)
as (in order not to burden the notation, the functional dependence on x is implied) [9,34-36]

O'H 0 0
co=10 o, 0 (1)
0 0 o

In (1), oy is the conductivity along the fibers, and ¢, is the transverse conductivity.
Locally, both are scalars, but their spatial distribution varies with fiber orientation, affecting
the overall material properties. When the fiber orientation is rotated by angle 6 relative to
the reference axes (crucial for determining changes in anisotropic properties), the rotated
conductivity tensor can be obtained using rotation matrix R(#). The rotation matrix in the
xy plane, for a rotation by 6 about the z axis, is given by

cosf —sinf 0
R(f) = [ sin® cosf O ()
0 0 1

Thus, o is then obtained by applying transformation

o) cos? 6 + o sin® 6 (0 —0y)cosfsind 0
o =R(0)ooR(H)T = (0 —0o1)cosfsind o sin0 40, cos?0 0 |, 3)
0 0 (24

which transforms ¢ to a rotated configuration, crucial for calculating property changes
due to fiber orientation, highlighting the changes in anisotropic properties.

Variation of Conductivity Tensor Components with ¢

() CFRP plate % 0
—> Original X - axis 5
— Original Y - axis .
—> Rotated X - axis
9 — Rotated Y - axis 0z —7
> "z
-04
o 1 2 3 4 5 o
0 (radians)
a b

Figure 1. (a) Relationship between the principal axes and the reference axes. (b) Dependence on 6 of
each element in (3).

Matrix (2) totally defines o for an anisotropic material as a function of 8. Particularly,
init, o) cos? 0 + o sin? 6, indicating the conductivity along the principal x direction after
rotation and influenced by both ¢j; and ¢, modulated by the squares of the cosine and
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sine functions of 0, reflecting the mixture of conductivities along and transverse to the
fibers, varying with 6. Moreover, (¢ — 0 ) cos fsin  in the off-diagonal positions manage
the mixed conductivity between x and y directions due to the inclined fiber orientation,
highlighting that the conductivity variation reaches its maximum at § = 45° and disappears
when the fibers are aligned along one of the principal axes, at 0 or 90 degrees. Moreover,
7 sin? + 0| cos? 8 corresponds to the conductivity in the y direction after rotation and,
like its symmetric counterpart in the first row and column, combines the parallel and
perpendicular conductivities influenced by the rotation angle. Finally, o , locally, remains
constant, suggesting that the conductivity in the z direction, perpendicular to the xy
plane, is unaffected by the rotation in the xy plane. This assumes an isotropic behavior of
transverse conductivity in the xy plane.

Figure 1b depicts the variation of the components of ¢ as function 6. The plot shows
three components of 0: 711, 012, and 027, which are represented by the blue, red, and green
curves, respectively. As 6 varies from 0 to 27t radians, 017 (blue curve) and o> (green curve)
exhibit a periodic behavior indicating that the longitudinal and transverse conductivities
are dependent on the fiber orientation, showing maximum values when the fibers are
aligned with the principal axes and minimum values when they are rotated by 7r/2 radians.
o1y (red curve), which represents the off-diagonal term of , also varies periodically with
6 and highlights the coupling between the longitudinal and transverse directions in the
presence of rotation, which is a characteristic feature of anisotropic materials. However, for
obvious computational reasons, in this paper, we consider 8 = 0 so that the direction of the
fibers coincides with that of the x-axis.

Remark 1. To be precise, when defects arise in CFRP, the reference frame should rotate in space,
necessitating the use of a set of angles (e.g., Euler angles). However, it has been demonstrated that
for typical CERP used in commercial aircraft construction, the anisotropies resulting from rotations
apart from 6 can be considered negligible.

3. Influence of Defects on Electrical Conductivity in CFRP: Some
Physical-Mathematical Properties

As detailed above, the baseline conductivity in a CFRP can be described by o, which
in ideal conditions (without defects) is primarily determined by the orientation and dis-
tribution of carbon fibers, ¢ = (0, Tfiper, Tmatrix) Where Tgper, Tmatrix are the electrical
conductivity of the carbon fibers within the CFRP and the electrical conductivity of the
polymer matrix in which the carbon fibers are embedded. These fibers are oriented in
specific directions, and their conductivity influences the overall anisotropic behavior of the
material. The matrix typically has a much lower conductivity compared to the fibers and
contributes to the transverse conductivity of the composite material [9,24]. Each type of
defect alters ¢ in specific ways. Therefore, in this work, we modify o as (the dependency
on x and 6 is implied) [37]

o' = o + Ao (defect) (4)

where Ao (defects) represents the variation in the conductivity tensor due to a specific
defect. Obviously, to ensure that Ao correctly represents the defects in the material and
that the resulting model is both mathematically and physically valid, it must satisfy the
following properties. Firstly, Ao (defects) must be physically compatible, that is,

0’ =0+ Ao(defect) >0, Vxe€Q o)

with sufficient regularity (Ao (defect) € C°(Q) or preferably Ac(defect) € C!(Q)). Fur-
thermore, it must be able to localize defects: Ao (defect) # 0 only in regions with defects.
Additionally, Ao (defect) must respect the isotropic or anisotropic properties of the material,
ensuring boundedness.



Mathematics 2024, 12, 2854

6 of 41

Remark 2. It is worth noting that in the local reference frame, Ao is indeed a diagonal matrix
because it represents the change in conductivity along the principal axes of the material, where the
directions are aligned with the eigenvectors of the conductivity matrix. However, when a rotation
is applied to the reference frame, the Ao matrix becomes a full matrix. This occurs because the
rotation mixes the components of conductivity along the different directions, introducing off-diagonal
terms in the resulting matrix. In other words, after the rotation, the conductivity is no longer
perfectly aligned with the original principal axes, leading to non-zero off-diagonal components in the
transformed Ao matrix. This process is imperative for accurately describing the anisotropy induced
by defects in the material.

4. Formulation of the Conductivity Tensor Variation as a Function of the Defect Type

In this section, we propose a detailed formulation for Ao representing the variation
in the conductivity tensor for each type of defect, including delamination, microcracks,
porosity, fiber breakage, and combinations of these defects. This approach allows us
to mathematically characterize the impact of each defect on the electrical properties of
CFRP materials.

4.1. Formulation of the Conductivity Tensor Variation Due to Delamination

Delamination disrupts the continuity in CFRP, reducing its electrical conductivity. This
phenomenon occurs due to separation between the laminate layers of the composite, which
disrupts the continuous conductive paths, causing the overall electrical resistivity [9,37,38].

Ao for delamination can be expressed as (for simplicity of notation, we consider the
dependence on 6 to be implicit) [37,38]

I’l% ninp; ninsg
_ PN oo 2
A0 gelamination = —& @ A = —a | nany ns nans |, (6)
nayny  ngny  n3

where 71 = (ny, np,n3) is the unit vector normal to the delamination surface and « is a pa-
rameter dependent on the extent and severity of the delamination. Since (6) is a symmetric
tensor, it can be deduced that, along a 6 direction, no anisotropic phenomena occur.

Figure 2a depicts the variation of the components of o as a function of 0. In the presence
of delamination, the oscillatory trend remains but with evident alterations in amplitude and
baselines, introducing a marked anisotropy, reducing the overall conductivity and altering
the distribution of the electric field within the material. 07 and 07, show a reduction in
overall conductivity by interrupting the conductive paths provided by the carbon fibers
(alteration between longitudinal and transverse directions).

Variation of ivity Tensor with 6 inati Variation of ivity Tensor with 9 (mi Variation ivity Tensor with § (porosity)
1t 1t
2
-, 05
2
0
5
05
0 \/\/\ s /\
os /\\/—\ s /\ \/ \
—

1]

05 05

Components of o«
Components of o«
Components of

Figure 2. Dependence on 6 of each element in o with (a) delamination, (b) microcracks, (c) porosity.
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4.2. Formulation of the Conductivity Tensor Variation Due to Microcracks

Microcracks, introducing discontinuities along specific directions, decrease conductiv-
ity along the directions of the microcracks themselves by interrupting conductive paths
and creating barriers to current flow. Ag, for microcracking, can be formulated as [39]

2
My MMy M3

AG yicrocracks = _,B Zwk (mk ® mk) = _,B Zwk MMy m%z Mg Mi3 7)
: k Mgy Mghty My

where wy represents the weight or relative influence of each group of microcracks oriented
along my(6), and B quantifies the reduction in conductivity per unit area of microcracking (k,
index identifying different groups of microcracks oriented in specific directions). my(0) ®
my (6) represents the influence of microcracks oriented along the direction my(6). It is easy
to prove the regularity of (7); since my(6) and wy are regular (because continuous and
differentiable), then A0 yicrocracks (0) is also regular. Finally, we observe that microcracks,
along a specific orientation 6, do not alter the anisotropy of the material since (7) is a
symmetric tensor.

Figure 2b highlights the variation of the components of ¢ as a function of € in the
presence of microcracks. In particular, the trends, while maintaining sinusoidal trends,
show a more limited reduction compared to delamination; furthermore, the baseline is
slightly shifted due to a minor alteration of the coupling between the longitudinal and
transversal directions [9,37,38].

4.3. Formulation of the Conductivity Tensor Variation Due to Porosity

Porosities in CFRP introduce voids in the material, reducing conductivity uniformly
in all directions. To model Ao due to porosity, we use the following formulation [9,37,38]:

AUporosity = _'Y(l - p)I, (8)

where (1 — p) represents the percentage of non-porous material, while 7y is a coefficient
quantifying the effect of porosity on conductivity. Moreover, I is the identity matrix,
indicating a uniform reduction in conductivity in all directions. Obviously, the regularity
of (8) is ensured, since p and v are continuous and differentiable. Moreover, since p
varies spatially, A0 porosity reflects these variations, localizing the effect of porosity in the
appropriate regions of the material. Finally, (8), for each 6, does not alter the material’s
anisotropy since I it is symmetric by definition.

As above, Figure 2c depicts the variation of the components of ¢ as a function of ¢
in the presence of porosity. Furthermore, in this case, while still maintaining the wave
phenomenon (but with reduced amplitude compared to previous cases), a reduction in
conductivity is observed due to the presence of voids in the material.

4.4. Formulation of the Conductivity Tensor Variation Due to Fiber Breakage

To model the variation of o due to fiber breakage that directly affects the conductivity
along the axis of the broken fibers, we exploit the following formulation [9,37,38]:

AT fiber breakage — —f®f. )

In (9), 6 quantifies the reduction in conductivity due to each broken fiber, while f
describes the direction of a specific defect. The tensor product f & f represents the direction
of the fiber and how conductivity is reduced along this direction. Obviously, (9) is regular
because J is a scalar. Moreover, since f @ f is a symmetric tensor, (9) does not alter the
material anisotropy for each 6.

Figure 3a shows how the breakage of fibers affects the components of o. Particularly,
it is clear that, unlike other defects, the influence that the breakage of the fibers manifests in
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terms of conductivity is considerably reduced. It follows that, on a hypothetical scale of
risk of defects, the breakage of the fibers does not raise particular concerns.

Variation of Conductivity Tensor Components with ¢ (breakage of fibers)  Variation of Conductivity Tensor Components with ¢ all defects)

Components of =

Figure 3. Dependence on 6 of each element in o with (a) breakage of fibers and (b) all defects.

4.5. Formulation of the Conductivity Tensor Variation When All Defects Act Simultaneously

For evaluating the overall impact of multiple types of defects on o, we combine all
formulations into a unified model,

AT 11 defects = AT gelamination + A‘Tmicrocracks + A‘7-p0rosity + A0 fiper breakage- (10)

Figure 3b plots A0 31 defects, from which it can be seen that the variation in conductivity
in the material is extremely marked. Additive property (10) is based on the independence
of effects, linearity of conductivity variations, and superposition of solutions. Furthermore,
if each variation Ao gefect is regular, the sum of these variations is also regular. Moreover, the
sum of conductivity variations maintains the localization of defects. The sum of these terms
does not alter this localization but simply superimposes the local effects. The symmetry of
the resulting conductivity tensor is preserved by the sum of symmetric variations.

5. Description of the Domain

Let us consider a bounded connected open set QO C R3, with boundary 9Q). The unit
outward normal vector on () is denoted by n. We assume that Q) is split into two parts,
Q = Qc UQj, where Q¢ is our CFRP plate and Q; (a perfect insulator) represents the
surrounding space. These are open disjoint subsets, such that Q¢ C Q because the CFRP
plate is immersed within a larger space, (), also including the surrounding area which
acts as a perfect insulator, (3;. These two domains, ()¢ and ()}, are open and disjoint sets,
and therefore non-superposable. Moreover, it makes sense to consider ()7 as connected
because it represents the continuous, uninterrupted space surrounding the plate, ensuring
that there are no other obstacles or materials between the plate and its surroundings.

We also suppose that ()} is connected because it represents the continuous insulating
space surrounding the CFRP plate. We denote by I' := 9Q); N Q)¢ the interface between
the two subdomains; note that, in the present situation, Q)¢ = I' and 9Q); = I' U0dQ,
which represents the common boundary between the two subdomains, clarifying that 00
coincides with I" and that the total boundary d(); is constituted by the union of I' and the
rest of the boundary of Q).

Moreover, we indicate by I';, i = 1, ..., pr the connected components of I' and by
(0Q)), t = 0,1,..., pyq the connected components of dQ) (in particular, we denote by
(0Q))¢ the external one (useful for distinguishing the external boundary from the rest of the
interfaces within the domain, especially when boundary conditions must be applied)).

The assumption that I' and d() have multiple connected components arises from the
fact that Q)¢ can have multiple contact surfaces (sides and edges of the plate) which can
be split into separate connected components, especially if the geometry of the plate or the
arrangement of the insulator presents complexity or peculiarities.

In the following, we let x € Q C R3 be the spatial coordinate regarding a system
of orthonormal Cartesian axes, Oxyz, integral with the plate whose origin O coincides
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with the left base angle of the plate, while the x and y axes represent the positions of the
predominant sides of the plate itself. We let ¢ be the time variable.

6. The Proposed Eddy Current Model
6.1. Analysis Regime

As is known, in EC models, a permanent sinusoidal regime is used to analyze the
response to harmonic AC signals at a constant angular frequency, w # 0. Then, all the
fields involved (electric E, magnetic H, electric displacement D, magnetic flux density B),
as well as the EC (J, the excitation current density (probe coil), J.), oscillate sinusoidally
oD(x, t)

ot

transient effects by focusing on constant harmonic oscillations. Therefore, it makes sense to
assume for E, H and J,, Re[E(x)e/“], Re[H(x)e/“’!], respectively. Likewise, J, also takes on
the same connotation (Re[J.(x)e/*!]). Obviously, e/“* # 0 disappears since it is present in
all terms of the equations and can therefore be eliminated from the computation [40].

at the same frequency. It follows that, in such regimes, is negligible, ignoring

6.2. Two Important Constitutive Laws

If u(x), i.e., the positive magnetic permeability, is a positive uniformly defined sym-
metric matrix with entries in L®(Q)), it follows that B = yH. The assumption that all
entries belong to L®(Q2) is justified both by physical considerations (realistic materials have
limited permeability) and by mathematical (stability and uniqueness of PDE solutions) and
practical needs (accuracy in numerical approximations). This allows us to accurately model
the electromagnetic behavior of the CFRP material within Q).

The constitutive law reads E and D is D = €E, where, in a linear and isotropic material,
electrical permittivity e(x) € L*(Q)) (with the same motivation concerning the magnetic
permeability), while in anisotropic materials such as CFRP plates, € is a second-order
tensor in which all entries €;; € L*(Q)). Finally, u(x) is a positive uniformly defined
symmetric matrix with entries in L®(Q)). Therefore, as specified above, it makes sense to
write Re[D(x)e/!] and Re[B(x)e/“!].

6.3. Ohm’s Law

Since Q) is a perfect insulator, we require that o(x) 0, = 0; moreover, considering (5),
the generalized Ohm’s law becomes

J =0 (NE+], (11)

where J,, being the external current density, does not vanish in (Oc. Then, it is the w
pulsation, through the skin effect, that manages the penetration depths for the analysis
of defects.

6.4. Some Remarks on the Skin Effect

Applying an AC J., H generated, produces flux lines mostly concentrated at the center
of the coil. H penetrates nearby ()¢, EC. These EC form a secondary H field that opposes
the primary field, influencing the test coil’s impedance, Z. As EC increases, Z decreases.
The presence of defects in the material impedes the flow of EC, increasing Z and reducing
the secondary field. o directly affects the penetration of EC into the material according to a
well-known formulation (see [9]). Then, by increasing w, the frequency, f, of the excitation
current is increased, so the higher the f, the lower the penetration depth, and vice versa.

6.5. Boundary Conditions

In the case under study, the CFRP plate can be considered as a plate within a cavity
surrounded by an infinitely permeable material. Therefore, we need to specify the boundary
conditions for both H and E. Concerning H, for an infinitely permeable material, the
tangential component of the magnetic field H vanishes on the boundary 02, H x n = 0,
where n is the unit outward normal vector on ). This condition implies that H is perfectly
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aligned with the boundary surface, which ensures that there is no tangential magnetic
field component at the boundary. Next, concerning E, the tangential component of the
electric field E also vanishes on d(), E X n = 0. This means that E must be perpendicular
to the boundary surface, ensuring that there is no tangential electric field component at
the boundary.

6.6. Some Additional Remarks on Q)

To guarantee the regularity of the solutions of the PDEs describing electromagnetic
fields, it is necessary to assume that either 9Q € C'! or Q) is a Lipschitz polyhedron.
Condition 9Q) € CU! means that 9Q) is differentiable with continuous first derivatives and
bounded second derivatives. This ensures that the surfaces are smooth and free of irregular-
ities. If () is a Lipschitz polyhedron, the boundaries are made up of flat segments, and this
property greatly simplifies the formulation and solution of equations on the domain. For
the CFRP plate (Q)¢), having a regular boundary or being a Lipschitz polyhedron ensures
that the electromagnetic properties can be accurately calculated and that the interactions
with the electromagnetic field are modeled correctly. Likewise, considering the surround-
ing space (()y) with these properties ensures that boundary conditions and interfaces are
treated rigorously and precisely. Consequently, as proved in [33,41], we need to consider
the following spaces of harmonic vector fields:

Hy, (4 T) = {vy € (L*(Q))° | V x vy =0, V- (uyv) =0,
vixn=00n9dQ, y;jvi-nj=0 onT} (12)

and

He, (T;0Q) == {v; € (L*(Q))* | Vxv; =0, V- (ev)) =0,
vxny=0onT, ¢(x)vi-n=0 ondQ}. (13)

Particularly, H,,, (9Q); T') has a finite dimension equal to pyn + 11, while the dimension
of He, (T;00), also finite, is equal to pr — 1 + nyq. The following results hold [33].

Theorem 1. There exist nr cuts &, which are the interiors of two-dimensional, mutually disjoint,
compact, and connected Lipschitz manifolds E; with boundaries 0Z;, such that & C Qp and
0Z; C I. In the open set Qp := Q7 \ U, &y, assumed to be connected, every curl-free vector field
with vanishing tangential component on dQ) has a global potential.

Remark 3. Theorem 1 provides a condition for the existence of a global potential in the context
of conservative vector fields in Qy (insulating space surrounding the CFRP plate), ensuring that
an irrotational vector field, with zero tangential component on 0Q, can be described by a global
potential in the context of CFRP plates. In other terms, this theorem guarantees that the electric
and magnetic fields within )y interacting with the conductive CFRP material can be consistently
described by potential functions. This enables precise modeling of the electromagnetic behavior
within the CFRP plate, ensuring that the boundary conditions are met and the fields retain their
physical significance.

Theorem 2. There exist nyn cuts Ly, which are the interiors of two-dimensional, mutually disjoint,
compact, and connected Lipschitz manifolds ¥ with boundaries 9%y. In the open set QO := Qy \
Uk X, assumed to be connected, every curl-free vector field with vanishing tangential component
on I has a global potential.

Remark 4. According to Theorem 2, the cuts within Q) ensure that the extended domain (TI
remains connected, which is essential for the existence of a global potential for irrotational vector
fields. This connection in Qf ensures that both the electric and magnetic fields can be described
consistently and continuously around the CERP plate. This is particularly important as it guarantees
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that the electromagnetic behavior in the insulating space surrounding the conductive plate is
accurately modeled, maintaining the physical integrity of the fields and ensuring that they meet the
required boundary conditions. This allows for a precise description of the interactions between the
electric and magnetic fields and the CFRP material.

In particular, np represents the number of singular (or non-bounding) cycles in Qf
of the first type. These are cycles on T that cannot be represented as 9S \ 7y, where S is a
surface contained in ); and +y is a cycle, possibly empty, contained in 9Q). Similarly, n3q
denotes the number of singular cycles in ()] of the second type. These are cycles on 9Q)
that cannot be represented as dS \ 7, where S is a surface contained in (; and v is a cycle,
possibly empty, contained in I'.

In the context where ()¢ is the CFRP plate and () is the surrounding space, these
definitions are particularly relevant. The first types of cycles, represented by nr, involve
the interactions at the interface I' between the plate and the insulating space. These cycles
reflect the complex geometries and potential discontinuities that can exist at the boundary
of the CFRP plate. The second types of cycles, represented by n,q), pertain to the boundaries
of the entire domain ). These cycles are essential for understanding the global topological
constraints and ensuring that the fields have appropriate potentials in the context of the
entire system, including both the plate and the surrounding space.

6.7. Necessary Conditions for External Current Density and Basis Functions

Let us assume that the external current density J. € (L2(Q))3 satisfies the necessary
conditions:
VJer=0 in Qy,

Jerrn=0 on 9Q,
JrJer mdl; =0 Vi=1,...pr—1,
fQ, Jer -mdQ =0 Vk=1,...,n5q,

(14)

where ) | are the basis functions of space He, (I'; 0Q)) that are not gradients. These con-
ditions are necessary for the following reasons. Firstly, J. € (L?(Q))® guarantees that J,
is square-integrable over () to ensure that the current density has finite energy (essential
for the physical realism and well posedness of the problem). Moreover, V -J,; = 0 in
) ensures that the external current density is curl-free in the insulating region. This is
because in the absence of sources or sinks, the external current must form closed loops or be
uniform. Furthermore, J,; - n = 0 as 9Q) ensures that there is no normal component of the
external current density on the boundary, which aligns with the physical scenario where
the current flows parallel to the surface of the CFRP plate. In addition, frj Je,1 -mdl'; = 0 for

allj =1,...,pr — 1 ensures that the total applied current through each cut X is zero. This
is necessary considering the Ampere law, since H x n vanishes on () and hence on 9.
Finally, sz Je-mdQr = 0 forallk = 1,...,ny0q, involves basis functions 7ty ; of space
He, (F; 0Q)) that are not gradients. This condition ensures that the external current density
is orthogonal to these basis functions, facilitating the existence of a unique potential.

6.8. Complete System of Equations for the EC Problem

The following assertion is valid.
Proposition 1. ¢’ is both symmetric and positive definite.

Proof. We first observe that ¢’ is symmetric, (¢/)T = (¢ + Ao)T = ()T + (A0)T =
0 + Ao = ¢’. Furthermore, Ao being a small perturbation with respect to o, it follows that
Vx € R", xT Aox is sufficiently small compared to x’ox. Therefore,

xLo'x = xT (o + Ag)x = xT (ox + Aox) = xTox + xT Aox ~ xTox. (15)



Mathematics 2024, 12, 2854 12 of 41

Therefore, o being positive definite, 0’ is also positive definite. [

Therefore, the complete system of equations describing the EC problem in terms of H
and Ec, proposed in [33], can be considered:

V X Ec+jwucHe =0, in Q¢

V xHe—0'Ec =]J,c, in Q¢

VxH;=J,, V-(uH)=0 in Q

Jioqy, iH - nd(9Q); =0 Vt=1,...,pa

Jo, jwonr - pr1dQ + [-(Ec xnc) -pdl =0, VI=1,... nr
H; xn=0, on JdQ

purHp-np+pcHe -nc =0 onT

(16)

H; xnj+HcXnc=0, on T,

in which o is replaced by ¢”, since the required properties for ¢’ are inherited from o, as
proved in Proposition 1.

In (16), for ensuring a consistent definition of the unit outward normal vectors, nc =
—n; on dQ) = I'. Furthermore, across I between the CFRP plate (()¢) and the surrounding
Space (Q]), EC = E‘QC’ E[ = E|Ql’ HC = H‘QC and HI = H‘QI'

Moreover, p; ; represent the basis functions associated with the space of harmonic
vector fields (12) that are not gradients.

It is worth noting that in [33], it has been proven that under the assumptions detailed
above, Problem (16) has a unique solution when ¢ is considered.

In this paper, as usual, we consider (16) in terms of the Coulomb-gauged vector
potential formulation, specifying that it is a well-posed formulation. These choices are
appropriate for our CFRP problem, as they ensure the accurate modeling of electromagnetic
fields in the complex structure of the CFRP plate and the surrounding space. By using
the Coulomb gauge, we simplify the mathematical formulation and maintain the physical
accuracy required for analyzing eddy currents in the CFRP material. It is important
to introduce a gauge in the solution of A to ensure that the divergence-free condition,
V - A =0, is satisfied. This condition is imperative because it ensures that the computed
magnetic field is physically consistent and free from spurious sources. However, at low
frequencies, the system of Maxwell equations tends not to naturally enforce this condition,
which can lead to ill-conditioned or physically incorrect solutions. Introducing a gauge,
such as the Lorenz condition, allows for control and correction of the behavior of the vector
potential A, ensuring that the solution remains consistent even in these particular cases.
This guarantees that the formulation remains valid and accurate regardless of the frequency
of the electromagnetic field under consideration.

Remark 5. We note that Problem (16) admits only one solution when considering o, at least when
domain Q) and Q¢ has rather simple geometries. Furthermore, assuming that the EC problem is
solvable in terms of Ec and H [33], the correct gauging conditions for the existence and uniqueness of
the potential can be determined to include magnetic vector A and scalar electric potential pc. However,
it is necessary to reformulate the problem in terms of vector potential and scalar to improve the accuracy
and handling of boundary conditions by reducing the number of equations and variables.

7. The Proposed Eddy Current Model: (Ac, ¢c) — A] Formulation

7.1. Vector and Scalar Potential Formulation for the Magnetic and Electric Fields in CFRP and
Surrounding Space

We seek magnetic vector potential A and scalar potential ¢¢, such that in the CFRP
plate, B¢ can be expressed by Ac, ucHc = V x Ac, where yc is the magnetic permittivity
of Q¢. Therefore, E- becomes

Ec = —jwAc — jwVgc, (17)
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from which, applying V x to both sides, we obtain V x Ec = —jwV x Ac = —jwucHc,
so that the Faraday equation is satisfied in ()c. Additionally, for (), it is appropriate to
express yrHj as V x Aj, where yjHj is a solenoidal field in (3; and has zero flux through
any closed surface in Q)}. In the case of the CFRP plate, this implies that the magnetic field
in the surrounding space behaves as a solenoidal field, meaning it is divergence-free and
the net magnetic flux through any closed surface is zero.

7.2. Matching Conditions and Coulomb Gauge

To guarantee the continuity and coherence of the electromagnetic fields across the
interface between Q)¢ and ()], we need to formulate appropriate matching conditions. They
ensure that the tangential and normal components of the potentials are coherent across (),
avoiding unrealistic discontinuities. Condition

A[Xn[+AanC:O on I, (18)

ensures that the tangential components of the vector potential are continuous I' (essential
for the continuity of H through I'). The imposition of the Coulomb gauge, V- A = 0,
simplifies equations and helps eliminate ambiguities in vector potentials. Furthermore,
A -n = 0 on dQ) completes the gauge definition and ensures that the vector potential is
well defined over the entire domain.

Therefore, applying the Coulomb gauge to (18), we obtain (V X Aj) -n;+ (V X A¢) -
n = 0 on I'. This condition maintains physical consistency, preventing abrupt changes or
discontinuities at the boundary. This is crucial for accurately modeling electromagnetic
interactions and satisfying Maxwell equations. Furthermore, we also impose the following
additional matching condition, Aj - n; + A¢ - n¢ = 0, on I' to ensure the continuity of the
normal components of the vector potential across I'.

Remark 6. In a general geometric setting, this condition alone may not be sufficient to uniquely
determine vector potential A in Q). This is because there can exist non-trivial, irrotational, solenoidal,
and tangential vector fields. These fields are elements of the finite-dimensional space of harmonic
fields, defined as [33]

H(m; Q) :={ve (L2(Q)}|Vxv=0,V-v=0, v-n=0ondQ}. (19)

The existence of such fields indicates that additional conditions are required to ensure a unique
solution for vector potential A. These harmonic fields are orthogonal to the gradients and capture
the degrees of freedom that are not fixed by the previous conditions. Imposing these additional
constraints is crucial for accurately modeling the electromagnetic interactions in complex geometries,
ensuring that the solution for A is both unique and physically meaningful.

Concerning space (19), to ensure that () remains connected and that every curl-free
vector field within this space has a global potential, we are allowed to introduce the
following Theorem [33].

Theorem 3. Let 1}, denote the dimension of vector space (19). There exist n}, cuts ¥.3, which are
the interiors of two-dimensional, mutually disjoint, compact, and connected Lipschitz manifolds
% with boundaries 9L} These cuts are such that £} C Q and 0¥ C 9Q), and in the open set
Q) := Q\ UL}, assumed to be connected, every curl-free vector field has a global potential. In other
words, each surface £7, z = 1,...,n}q, intersects a cycle on dQ) that does not bound a surface
contained within Q).

The application of Theorem 3 uniquely determines A in (). Furthermore, L} effectively
break non-bounding loops on d(), eliminating any topological impediments that prevent
the existence of a unique global potential. This allows for a consistent and unique solution
for A.
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7.3. Additional Conditions for Determining Unique Solutions in the Potential Formulation

In this context, we can specify the additional conditions that need to be imposed.
Returning to the family of 1y cuts £y, we assume that the family of cuts X} coincides with
the family of cuts Xy for z,k = 1,...,nyq (specifically, X7 C Q) foreachz = 1,...,1n3q),
while XX N Q¢ # @ for each z = 1y +1,...,15,. As a result, we have nyq < nj.

When nyq = nj,, it indicates that we can select the cuts in () associated with vector
space (19) without intersecting ()¢. For instance, this occurs when (2 and Q)¢ are two coaxial
tori, where n3n = 0 and n), = 1. In [33], it was shown that the number of additional
conditions required,

gk(A) =0 Vk=1,...,7’lag, (20)
to be imposed on vector field A(x, t)m, is 15y. Finally, to find a unique solution (Ac, ¢c)) —
A, we impose the following condition for ¢c: fQC,i Pcia c,idQCi = 0, where Qc;, i =
1,..., pr are the connected components of (). These additional conditions are essential for
ensuring that the vector potential A and the scalar potential ¢c are uniquely determined.
Cuts X} help in managing the topological constraints of the domain, ensuring that the
electromagnetic fields can be accurately modeled without ambiguities. This is crucial for the
precise analysis and detection of defects in CFRP plates using eddy current techniques, as it
allows for a consistent and unambiguous representation of the electromagnetic interactions
within the material and its surroundings.

7.4. Reformulated EC Model with Coulomb Gauge and Interface Conditions

Then, starting from the EC model (16) and considering what we just presented, the EC
model formulated with Coulomb gauge and interface conditions takes the following form:

V x (ﬂlv X AC> +jwo'Ac + jwo'Ve = Joc inQc
C

V x lVXA[ :Je,l inQI
Kr

fQC,i ¢C|Qc/idQC,i =0 Vi=1,...,pr
V-Ac=0 in Qc; V-A; =0 in Q

(21)
gk(A):O szl,...,nag
A;-n=0, (:VXAI>xn:O on 90

I

A nj+Ac -nc=0; A;xnj+Acxnc=00n T

iV><A1 X nj+ iV><AC xnc=0 onT.
Hi Hc

As it is well established [41], V- A = 0 in Q) can be integrated into the Ampere
equation. By introducing the constant y, > 0, which represents an appropriate average of
the entries of y in (), we consider the following formulation:

1 1
V x (VV X AC> - }TV(V -Ac) + jwo' Ac + jwo' Ve =T c in Qe
C *

V x (;V X A[) — ;V(V . A[) = Je,I e O (22)
1 *

V- (jwod'Ac + jwo'Vc) =V Jec in Oc
(jwo'Ac + jwo'V¢c) -nc =J,c-nc+J.r-ny onT,

However, in (22), the last two conditions being necessary as the modification in the
first two does not assure now that electric field (17) satisfies the following two necessary
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conditions: V- (0’'Ec) = =V -J,c in Q¢, and 0'Ec -n¢ = —J,c-nc —J,;-nyonT.
Therefore, the complete EC model becomes

V x (;V X Ac> — :V(V ~A¢) —i—jwa’Ac —Fj(uO'/V(PC =J.c InQc
C *

M1
V- (jwo'Ac + jwo'NVpc) =V - J,c  in Q¢
(jwo"AC +jwo’/V4)C) nc =Joc-nc+J, - onT
fQC,i ¢C|Qc,idQC,i =0 Vi=1,...,pr
Ge(A) =0 Vk=1,...,1my0
A;-n=0 on 9Q

V x <1V X AI> — :V(V : AI) = Jg,[ in Q[

(23)

Hi
V-Aj—V-Ac=0, A;'nj+Ac'nc=0 A;xnj+Acxnc=0, onT

<1V><A1> xny+ <1V><AC> xnc=0 on .
B Hc

The interface condition V - A; = V - Ac on I is necessary to assure that for a solution
to (23), one has V - A = 0 in the whole ), and therefore one can recover from (23) the
original system (21). The Lemma 2.1 in [33] proves this assertion.

<1V><A1> xn=0 on 9d0

8. Weak Formulation and Energy Functional for the EC Problem

The rule that the vector field must have both a well-defined and integrable curl and
divergence is crucial for writing the weak formulation of an EC problem, especially when
dealing with CFRP plates. This arises from the complex behavior of composite materials and
the nature of the non-destructive analysis techniques used to detect defects. In particular,
Ao, due to the presence of defects, significantly affects the local distribution of currents
within the material, altering the distribution of H and E. It is known that V- measures
how much a field tends to expand or contract at a point, while V x measures how much
the field tends to rotate around a point. Having both the divergence and the rotor well
defined and integrable ensures that the behavior can be accurately described throughout
Q). The weak formulation allows these fields to be considered in a more general and less
restrictive context, allowing the problem to be solved even in the presence of irregularities
in the material.

Therefore, as in [33], we are preliminarily considering the following functional spaces:

H(curl; Q) :={v e (L>()® | V x v € (L?(Q)))%}, (24)

and
H(div; Q) := {v € (L*(Q))® | V-v € L*(Q)}, (25)

in order the test function v, together, both V x v and V - v are square-integrable in ().

Remark 7. In the case of CERP plates, the request that curl and toe-out be quadratic-integrable,
rather than simply module-integrable, is important for several reasons. Firstly, quadratic integra-
bility ensures that local variations of o are correctly captured without introducing non-physically
realistic singularities or discontinuities. Furthermore, since both operators appear in the energy
functional, quadratic integrability ensures that the system has finite energy. In other words, if we
observe the problem from the perspective of signal theory, the definition of energy of any signal
always imposes quadratic integrability. Then, spaces (24) and (25) are chosen because they natu-
rally include the quadratic integrability condition for the vector field and its derivatives (rotor and
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divergence). Using these spaces allows exploitation of consolidated mathematical properties that
facilitate the analysis and resolution of the problem. Finally, as is known, quadratic integrability
ensures that numerical solutions are stable and convergent (if we only required module integrability,
we could have solutions that do not converge or that present numerical instabilities, making the
analysis less reliable). Therefore, v € H(curl; Q0) N H(div; QY), with v -n = 0 on 0Q).

To obtain the weak formulation, qw multiply its first equation by the complex conju-
gate of v¢, V¢, and its second equation for the complex conjugate of vy, v;. Therefore, it
integrates over (). Next, the well-known rule of integration by parts is applied to easily
obtain [33]

L (;Cw < Ac)- (VX V) + (V- A)(V -¥2)+

+]'w0"AC -Ve + ij'IV(PC . VC) dQc+

[V x Ac) xne | vedr — - [(ven) V- Acdr = [ Joc-vede, (6)
JT \ HC Hs JT Qc

for Q¢, and

/01 (:I(V x Ap) - (V x¥p) + yl*(v X AI)(V'VI)>dQI+

1 1
~ [ [ Z2(VxA)xn -*dl"——/*-n V-AdF:/ vidQ,, @7
/F<VI( 1) 1) Vi o r(VI 1) I QI]e,I vidQy (27)

for (3;. Obviously, to achieve both (26) and (27), the seventh and eighth equations in (23)
are exploited.

Since on T, both nc x (ve x n¢) = nj x (v x ny) and ve - ne + vy -n; = 0 hold, by
summing these equations and considering the interface conditions (specifically the second
and twelfth equations in (16)), we easily obtain

1 o 1 -
o (e (5400 (V500 4 L7 ANV ) Jaac

+ /Q (jwo' Ac - Ve + jwo' Ve - v )dQc+
C

+/01 (;I(V x Ap) - (V xv])+ Hl*(V'AI)(V "’I))dQI:

:/ Je,C'WdQch/ Jo - vidQy. (28)
Qc 0

Now, we multiply the third equation by the complex conjugate of ¢c, ¢c and integrate
over Q)c.

Remark 8. In CFRPs, the multiplication of the differential equation by ¢¢ and the integration over
Q¢ guarantee that the approximate solution is numerically stable, since it allows us to deal with
functions that may not be perfectly smooth or that may present local discontinuities due to defects
in the material. In other words, this procedure allows the effects due to defects to be integrated
without requiring the solutions to be extremely smooth everywhere, which would be unrealistic in
the presence of defects. Finally, this approach allows transferring some derivatives from the unknown
function to the test functions, which are chosen to satisfy certain reqularity properties, allowing to
obtain stable and convergent approximate solutions.
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Furthermore, by performing integration by parts and making use of the fourth equa-
tion in (16), it is easy to achieve [33]

/Q (jwo’' Ac - Vi + jwo' Ve - Ve )dOe = /Q Jec - VgcdQc + /r Joi-nigcdl. (29)
C C

When we multiply the third equation by the complex conjugate of ¢¢, ¢c, and in-
tegrate over ()¢, we obtain an expression that represents the integration of the electrical
components as a function of the scalar potentials and vector. This step is essential to
constructing an energy functional which includes all energy contributions relevant in the
() domain.

Therefore, to encapsulate the physical properties and constraints of the system, the
energy functional, £[(Ac, ¢c), (v, Pc)], designed to include all relevant energy contribu-
tions in (), represents the integral of the contributions of the magnetic energy, the electrical
energy and the terms of coupling between the magnetic vector potential and the electric
scalar potential. In particular [33],

El(Acg0). (v, @) = [ (;w X A)-(V x¥) + —(V-A)(V ~v>)do+

+/Q (jwo' Ac - Ve + jwo' Ve - ve)dQc+
C

n /Q (jwo' Ac - VOC + jwo' Ve - VB)AQe.  (30)
C

Remark 9. The energy functional € is defined over the entire domain ), which includes both Q¢
(the CFRP plate) and the insulating domain Q1. However, in this work, we refer to E[(Ac, ¢c),
(v, ®c)], where Ac and ¢ represent the vector potential and scalar potential in the conductive
domain Q¢, respectively. This choice is justified by the fact that the problem primarily focuses
on Q¢, as it is within this domain that the main electromagnetic interactions relevant to defect
characterization occur. Although the enerqy functional depends on the electromagnetic behavior
across the entire domain (), the behavior in the insulating domain Q) plays an auxiliary role,
mainly serving to satisfy boundary conditions and ensure solution continuity. Consequently, the
primary focus is on Ac and ¢¢ in Qc, where the most critical analysis takes place. Additionally,
the interface conditions between Q¢ and Q) allow the contribution of the insulating domain ()
to be expressed in terms of the quantities defined on Q¢. This justifies the decision to focus on Ac
and ¢c in the variational formulation and numerical calculations, as these quantities are sufficient
to accurately describe the system in the conductive domain while also indirectly addressing the
insulating domain. Finally, this choice simplifies the computational problem by avoiding the need to
explicitly solve the equations over the entire domain Q). By focusing the analysis on Ac and ¢c,
computational efficiency is improved, as attention is directed to variables that directly impact the
relevant electromagnetic properties of the material.

Each term of (30) represents specific components of electromagnetic energy and the
interactions between A and ¢. Let us look at each term in detail as it relates to CERP plates.

The term [ ;(V x A) - (V x ¥)dQ) represents the magnetic energy stored in the system

(probe-plate) where V x A is related to H. u~! considers the magnetic permeability of
the CFRP material, locally variable in (), which could present inhomogeneities due to
the presence of carbon fibers and the polymer matrix. It follows that any variation in
permeability could significantly influence the distribution of H (and therefore of B) within
the composite material.

*
permeability in (), y, guarantees the stabilization of the numerical solution which otherwise

would not be ensured due to the variable anisotropic properties of the CFRP.

1
The term [ ™ (V-A)(V -¥)dQ introducing the mediation constant of the magnetic
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The term |, 0c (jwo' Ac - V¢ + jwo' Ve - vo)dQc represents the electric energy and the
coupling between A¢ and ¢¢c within the domain ()¢. Parameter jw indicates that we are
considering the steady-state sinusoidal regime, which is typical in electromagnetic analyses
at constant frequency. The term o” reflects the electrical conductivity of the CFRP material,
considering any defects present. This term is crucial for representing ohmic losses and
electrical energy dissipation in the material, as the electrical properties in CFRP composites
can vary significantly due to discontinuities introduced by defects such as delamination,
microcracks, and fiber breakages.

The term |, e jwo'Ac - VOc + jwo' Ve - VO )dQc in (30) is essential for accurately
modeling the electrical behavior of CFRP plates in a sinusoidal steady-state regime with
defects. The first component, jwo’ Ac - V®c, represents the interaction between Ac and
¢c for capturing the coupling effects between the magnetic and electric fields in the CFRP
plate. The second component, jwo’'V¢c - V¢, accounts for the ohmic losses and the
dissipation of electrical energy within the material. This term ensures that (30) accurately
reflects the electrical energy dissipation and provides a comprehensive description of the
electromagnetic behavior of the CFRP plate.

Therefore, as in [33], problem (16) is equivalent to finding (A, ¢c) € W x Hi(Qc)
such that V(v, ®¢c) € W x Hj (Qc),

E[(Ac, bc), (v, @c))] = /Q Jo - VA + /Q Jec VcdOC+ /r Joi-n®cdl,  (31)

where
W:={ve H(cuw,Q)NH(div;Q) |[v-n=00n0Q, Gi(v) =0, Yk=1,...,n30}, (32)

and
H}(Oc) = {®c € H'(Qc) | /Q Placd0c; =0 Vi=1,...,pr}. (33)
Cr

Remark 10. The use of complex test functions rather than real ones is necessary because the
fields considered operate in a permanent sinusoidal regime, often involving a complex exponential.
Therefore, it is essential to formulate the problem in the Fourier domain. When formulating the
weak problem, it is necessary to consider scalar products defined to incorporate the oscillating
properties of the fields involved. Integrating these scalar products maintains the orthogonality and
energy conservation properties, accounting for the phase and amplitude components of each field.
Additionally, complex test functions offer significant analytical advantages due to their stronger
differentiability properties compared to real functions.

Remark 11. (33) proposed in [33] is suitable for several reasons related to the mathematical and
physical properties of the solutions of our electromagnetic problem with CERP plates not presenting
significant topological complexities such as holes or cavities (obviously, the analyzed CFRP plates
do not present rivets and/or bolts or holes/cavities of other nature, where the NdT techniques used
are purely specific). This makes using H'(Qc) appropriate to describe the properties of E in Q¢
within the domain because it includes quadratically integrable functions on Q)¢ together with its
defined first derivatives (sufficiently smooth solutions). The addition of condition ch,i D, =
0 Vi=1,...,pr implies that the mean of ®c, on each connected component, Q¢ ;, is zero to ensure
the uniqueness of the solution to the problem defined up to an additive constant (the zero mean
eliminates this indeterminacy, making the problem well posed).

9. Existence and Uniqueness of the Solution to the Weak Formulation

The CFRP plates used in the benchmark feature relatively simple geometry, without
holes or significant topological complexity. This implies that the domain can be considered
simply connected, where every closed cycle can be contracted to a point without leaving
the domain; there are no cycles of the second type (i.e., cycles that do not delimit a surface
contained in the domain itself). Moreover, since the domain is simply connected, we can
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assume that there are no cycles of the second type. This means we do not need additional
conditions to handle these loops, which translates to 13 = 0.

Condition n, = 0 comes from the fact that () does not require additional conditions to
obtain a global potential. This happens when there are no non-bounded loops intersecting
Qc. In our case, the considered CFRP plates do not exhibit such cycles due to its simple
and regular structure. Since there are no complex cycles requiring further conditions, we
can obtain the existence and uniqueness of the global potential without needing to consider
more complex cases. This greatly simplifies our analysis and allows us to focus exclusively
on the case of nyn = njy = 0.

Therefore, starting from [33], the existence and uniqueness result can be achieved
exploiting (a) the Lax-Milgram Lemma [40]; (b) the trace theorems from H(div; Q};) onto
H~Y2(T) and from H'(Qc¢) onto H'/2(T) (for the statements of these theorems, see Ap-
pendix A); (c) Cauchy-Schwarz inequality; the Poincaré inequality.

The following result concerning the existence and uniqueness of the solution to the
weak formulation holds [33].

Theorem 4 (Existence and Uniqueness). The weak formulation of the problem under study
admits only one solution.

Proof of Theorem 4. In retracing all the steps of the result already discussed in [33], we
highlight useful engineering clarifications.

Since (W x H}(Qc)) is clearly a Hilbert space with respect to the natural scalar
product, and the sesquilinear form £[-, -] is continuous in (W x H(Q¢)) x (W x HL(Qc)),
we only need to verify that the right-hand side in (32) and (33) is a continuous (antilinear)
functional in W x H}(Qc) and that €[+, ] is coercive in (W x Hi(Qc)) x (W x H(Qc)).
Specifically, there must exist a constant ko > 0 such that for every (v,®c) € W x H}(Qc),

€1(v, @0), (v, @) 2

2k0</0(|v2+|v><v|2+|V-v|2)dQ+/Q (|<1>C|2+|V<I>C|2)dﬂc). (34)
C

In EC testing, coercivity in the mathematical model ensures that measured responses
are proportional and consistent with the presence of defects that are identified without
false positives or negatives. Furthermore, the higher the coercivity, the greater the ability
of the test to detect small changes in the behavior of the magnetic field caused by even
small defects. Furthermore, EC-based tests that take advantage of coercivity can be per-
formed quickly, reducing time and costs. Finally, coercivity supports the development of
standardized and repeatable testing protocols.

On the right hand of (32) and (33), the only term to check is the third one. We have

Je,l

‘/F(Je,l'nl)@cdf < CillJer il 12y 1Pcll g2y < CollJetllzp Pl aae), (35)

having used the trace theorem from H(div; ;) onto H~/2(T) and from H'(Qc) onto
H'/2(T) (for the statement of this theorem, see Appendix A).

The passage focuses on the term [.(J.,r - ny)¢cdl of the equation which represents
the integral over the surface I' of the dot product between J, ; and nj, multiplied by the
complex conjugate of the potential ¢¢c. Practically, this term is critical, as it links the
boundary conditions of the external electric field with the physical properties of the CFRP
material. Moreover, the inequality used estimates the magnitude of this term through
functional norms. The norm |[J,1 - n| -1/2(r) measures the magnitude of the component
of the external current density normal to the surface I in a generalized sense (Sobolev
space), which is relevant to understand how effectively the external current interacts with
the material surface. Finally, the passage highlights the application of the trace theorem,



Mathematics 2024, 12, 2854

20 of 41

which allows linking norms defined on larger domains (like L?(Q;) and H'(Q¢)) with
norms defined on contours or surfaces (like H~1/2 (T)). This is fundamental in materials
engineering, especially in CFRPs, where boundary properties can significantly influence
the material’s response to external stimuli such as induced currents.

Regarding inequality (34), it is easy to write

1 1
£l e (moc) = [ (100 x0) v v
+jw /(; (O'/VC -W—i—o’VCDC . VC}ﬁc—l-OJVCDC . W—FU’IVC . vgc)dﬂc, (36)
C

from which, since 0/V®¢ - V¢ + 0've - VO = 2Re(0’ VD¢ - V¢) (see Appendix B), we
obtain

2
’E[(V,CDc)f(V,Cbc))]‘z = (/Q (;(V X v) - (V x¥) + ;*W : V|2) dQ) N
2
+w2</0 (O"VC Ve + o'V - VE+ZR9(UIVCDC 'VC))dQ(:> .37
C

On the other hand, given a couple of real numbers a e b, being (a + b)? > —a? — b?

N =

1
and also (a +b)? > 2p(a+ b)? > pa® — 2pb? for each 0 < p < 5 (besides the fact that

lab| < 11—6112 + 4b?), inequality (36), applying the Cauchy-Schwarz inequality, becomes

2
w? (/ ((TIVC Ve - —HTIVCDC : VQ+2RG(U’V¢C Vc))dﬁc> >
Qc

2 2
(4)2
> 02, / VO 2d0c | — 31wpo2,, / veldac |, (38)
QC QC

2
and o7 ;|

where 2

. . . /s .
Thax are the maximum and minimum eigenvalues of 0’ in ()¢, respectively.

1
The Cauchy-Schwarz inequality and the estimate |ab| < —a? + 4b? are exploited.

16

It is worth noting that the use of 02, and 02 contributes to the stability and distribu-
tion of ECs within the CFRP by defining the extreme limits of the electrical properties of the
material (usually along preferred directions). In particular, knowing the eigenvalues allows
us to predict areas of potential heat accumulation due to ECs, which can cause thermal or
mechanical damage if not managed adequately. These phenomena can compromise the
safety and reliability of CFRP components.

Furthermore, using the Poincaré inequality, one can also conclude that there exists a

constant K; > 0 such that
2 &or 2 2 2
[ IvacPiac =Y [ [9®cn, Pd0ci = Ki [ (VP + [DcP)d0c.  (9)
Qc i=1/Qc,i ’ Qc

The equation used for EC in CFRP materials is interpreted as an inequality (see (39))
within Q¢. This inequality establishes that the integral of the energy of the gradient of the
electric potential @ across the entire domain () exceeds the sum of the integrals of the
energies of the gradient and the potential itself over specific subdomains, multiplied by a
constant. Equation (39) reflects a fundamental property of ®¢, linking spatial variations of
the potential to its magnitudes across various material regions (since ()¢ is divided into
different regions ()¢ ;), each potentially corresponding to areas of the material with different
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electrical characteristics, such as variations caused by defects or discontinuities in the fiber
or matrix. The inequality indicates that the total electric field energy in the material cannot
be less than the sum of the energies measured locally, adjusted by a constant dependent on
the material’s physical properties. Practically, this inequality is essential for non-destructive
tests based on EC, as it provides a robust mathematical basis that ensures the predictability
and reliability of the material’s response to induced currents. It is particularly useful
to ensure that minimal variations in potential, caused by defects, are detectable. The
inequality ensures that local fluctuations in the electric field are significant enough to be
detected through standardized testing methods. The interpretation and application of this
inequality in the design and analysis of CFRP materials are crucial for the development of
advanced engineering solutions, particularly in sectors such as aerospace and automotive,
where safety and performance requirements are extremely stringent. This confirms that
the models used to simulate the behavior of materials under electrical stress are robust
and reliable, thus enhancing the effectiveness of non-destructive testing and significantly
contributing to the safety and reliability of critical components used in various industrial
applications.

Moreover, since n3n = nj, = 0, there exists a constant K, > 0 such that for any
function v € W, one has

2
(/Q;((vxv).(va>+V1*|v-v|2)dQ> >

2
2K§</Q(V < vl + |v-v|2+|v2>da> : (40)

where pmax is the maximum eigenvalue for y in (2. Moreover, choosing p such that
31lw?ol o < K3and 0 < p < %, from (36)—(40), we find at once (34).

The examined inequality correlates the magnetic field and induced currents with
material properties via rotational and divergent gradients. The magnetic permeability
eigenvalues, ymax and p, capture the limits of the magnetic properties within the (2 domain,
essential for controlling the total energy of the system and ensuring energy stability. The
constant K, and the choice of p guarantee that energy fluctuations remain confined within
safe limits, thus preventing unwanted effects such as overheating.

Particularly, (34) was claimed by the authors of [33] who considered the Coulomb
gauged and the Lorentz gauged vector potential formulations of the EC problem, respec-
tively; however, this proof does not seem to be complete, and it is valid only for small value
of w. Indeed, for completing the proof, it seems necessary to consider the crucial estimate
(40). O

10. Some Food for Thought on Stability

The fact that the energy functional is coercive guarantees the stability of the numerical
approach for the approximate solution. However, in the energy functional, the term
involving V - v has less impact than the terms involving V X v (the magnetic energy and
associated fields are described mainly in terms of rotor). So, we ask ourselves whether
stability is still assured, even in this case. To analyze the stability of the solution in terms of
perturbation of the conductivity tensor due to defects, we consider a perturbation of the
conductivity tensor ¢’ in the Q¢ domain, which becomes ¢’ + d0”/, where d0” represents
the change in the conductivity tensor due to perturbation. Therefore, in unperturbed
conditions, we have

1
El(Ac, éc), (v, dC)] = /Q LV X A) (VX9 [ jwo' Ac - VedQc+
C

+ / jwo' Ve - vedQc + / jwo' Ac - VBdOC + / jwo' Ve - VB, (41)
Qc Qc Qc
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In the perturbed case, the energy functional is defined as

LA 98, (v, @) = [ (VX A)-(V x w0

+ jw (o’ + 60" ) AP TEdQc + /Q jw (o + 80" ) VPR Ted O+
C C

+ jw (o + 80" ) AP VDcdOc + /Q jw(o + 60" VPET - VBdOe  (42)
C C

Remark 12. The choice to make AE; depend solely on A is intentional. In particular, while the
complete functional £, depends on A over all ) (see Remark 9), the perturbed functional A€y was
constructed to focus on defect-induced local variations within Qc. This approach simplifies the
perturbation analysis, since Ac is the component of A that directly contributes to the electromagnetic
variations relevant for defect detection and characterization. The choice to consider only Ac in
the definition of A&y also reflects the need to reduce computational complexity while maintaining
modeling accuracy in the regions of main interest.

Remark 13. The analysis carried out in the paper focuses mainly on &, to simplify the treatment of
the problem and to highlight the local variations induced by defects in Q)c. However, if we consider
the full energy functional €, the analysis remains conceptually consistent, but with some operational
differences. In particular, the inclusion of the functional integer £ implies an explicit treatment
of electromagnetic interactions in both Q¢ and Q. This would lead to greater computational
complexity, since it would be necessary to consider the field influences on the whole ), including
those of the insulating domain (), which in some cases can have a marginal impact on the detection
of defects in the CFRP plate. From a theoretical perspective, the transition from the analysis of &, to
& does not alter the fundamental conclusions of the work but requires a more complex management
of the boundary conditions and numerical solutions, with a consequent increase in computational
cost. The choice to focus on & is therefore motivated by the desire to obtain an effective and precise
solution in the regions of greatest physical interest, minimizing complications that do not make
significant contributions to the defect analysis.

The difference between the two functionals is given by
Ay = EFT(ART, 9F), (v, @c)] - Eil(Ac, ge), (v, D))=
:( / jw (o’ + 60" ) AP Ted O+
Qc

+ / jw(o' + 80" ) VP - e + / jw(o" + o) AP VB +
QC QC
+ / jew (o + 80’ ) VPt V<I>CdQC> - ( / jwo' Ac - vedQc+
Qc Oc
+/Q jwa’quc‘WdQC—k/Q jwa’AC'VQdQC+A jwa’Vch-V(DCdQC). (43)
C C C

Remark 14. Let us consider two solutions: the original one (Ac, ¢c) and the perturbed one

(A’éert,gb’ém). To find a relation that allows us to analyze 6Ac and é¢c, we subtract the equa-
tion of the original bilinear functional, &1[(Ac, ¢c), (v, Pc)] = F[(v, ®c)], from the perturbed
one, EFT(ALT, g, (v, @c)] = FPrt[(v, @c)], where F[(v, Dc)] and FPot[(v, ®c)] are the
functionals corresponding to the original and perturbed problems, respectively. In eddy current
problems, F[(v, ®¢)] represents the part of the problem that does not directly depend on the material
properties but rather on the external current sources and applied fields. Introducing a perturbation
in the conductivity tensor modifies only part of the equations that describe the electromagnetic field
behavior inside the material. However, the external current sources are not altered by the presence of
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defects in the material. Therefore, the linear functional, which depends on these external sources,
remains unchanged, FP"[(v, ®¢c)] = F[(v, ®¢)] (in other words, this condition allows writing
AE =0).

Remembering that AIEC)ert =Ac+JAcand (])léert = ¢c + d¢c and neglecting the second-
order terms, the first integral in (43) becomes

/Q jw(e’ + d0") AP . vEdOc = /Q jw(@ +60")(Ac + 0AC) - vedQe =
C C
- / jw(o'Ac +0'0Ac + 60’ AC) Vi, (44)
Qc
while the second integral becomes
/Q jw (o’ + 60 ) VR - vedOc = /Q jw(o' + 60" )V (pc + dpc) - VedQc =
C C
=/, jw(o' + 60" )V - vedQe +/Q jw(o!' + 60"V (6¢pc) - vedQe =
C C
_ / jwo' Ve - vedOc + / jwso' Ve - VedQe+
QC QC
n /Q jwo'V (S¢c) - VedQe + /Q jwso'V (6pc) -VedQe.  (45)
C JREC
Likewise, the third integral can be developed as follows:
/Q jw (o' + 60" ) AP . VDO = /Q jw(o" +007)(Ac + 6Ac) - VBcdQe =
JREC JREC
- / jw(0'Ac +0'6Ac + 60’ Ac) - VB, (46)
Qc
while the fourth integral provides
/Q jw (@ + 60" ) VP VBdOc = /Q jw(o! +60')V (g + 6¢c) - VBAQ =
C C
= /Q jw(o' + 60" )V - VOO + /Q jw(o' 4 00" \Vopc - VPcdQe.  (47)
C C
Then, substituting (44)-(47) in (43), we obtain
A&, — /Q jw(0'6AC + 60’ Ac) - VedQe+
C
+ / jwso' Vg - VedQe + / jwo'V (6¢c) - vedQe+
n /Q jwse' (5¢c) - VedQe + /Q jw(0'6Ac + 60" Ac) - VBAQC+
C C

+ /Q jwéa' Ve - VOAQC + /Q jw(o! + 607 )V (6¢c) - VA, (48)
C C
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from which, considering that A7 = 0, we can write
/ jwo'SAc - VEdQc + / jwo'V (6¢c) - VedQe+
Qc Qc
+ /Q jwo'SAc - VBcdOc + /Q jwo'V (6¢c) - VOO =
C C
S / jwéo' Ac - VedQe — / jwde' Ve - VedQe—
Qc Qc
. / jwde'V (5¢c) - VedQe — / jwéo' Ac - VO —
Qc Qc
— /Q jwde' Ve - VB — /Q jwde'V (5¢c) - VIcdQc. (49)
K C C

Therefore, from (49) and applying the Cauchy-Schwarz inequality, we can write
(remember that w > 0)

| / jo'sAc - VcdQc + / jo'V (6¢c) - vedQc+
Qc Qc

+ [ jo'sAc Ve + /Q 0V (8¢c) - VBcdQc| <
C . C

< [ ljoo'Ac-VeldOc + [ joe' Ve - veldOc+
Qc Qc
+/ 1j60"V (64¢) -TC\dQC+/ joo' Ac - VBC|dQc+
Qc Qc
+ /Q |j§0’lv¢c . V@ddﬂc =+ /Q |]50'/V(§¢C) . VCD(jldQC =
. C C

= [(HWHLZ(QC) +1IVecll2ia0) A2 a0+

+(Ivell 20 + 1IV®clliz0o) IV eell 200+

+(Ivellzae) + ||V3C||L2(QC))”v(égbC)HLZ(QC)} 160" 1200y =

= 100"l 2(00) (I¥Cll 200) + IV @cll12(00)) (IAC 2 00) +
Vel + V0Pl ae)) (50)

From inequality (50), it is easy to highlight that if ||é¢” || — 0, it follows that
‘ / jo'6Ac - vcdQce + / o'V (6pc) - VedQce+
Qc Qc

n /Q jo/6Ac - Ve + /Q 0V (6¢c) - VO] — 0 (51)
C C

Equation (51) represents a combination of integrals involving variations of the vector
potential JA¢, variations of the scalar potential d¢c, and their respective test functions
vc and ®c. Physically, this expression describes how variations in the potentials affect
the perturbed energy functional in the presence of perturbed conductivity o’ (regardless
of w). When the overall integral tends to zero, it means that the combined variations of
the electromagnetic fields (represented by the vector and scalar potentials) do not cause
significant changes in the perturbed energy functional. This behavior is fundamental for the
stability of the system. In practical terms, if the overall integral expression approaches zero,
it implies that the electromagnetic system is in a stable equilibrium state. Perturbations
in the potentials do not cause substantial energy variations, indicating that the system
returns to a state of minimum energy after a perturbation. This stability condition is crucial
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to ensure that the numerical solutions obtained through discretization and analysis are
reliable and accurately represent the physical behavior of the system. In other words, the
fact that the integral tends to zero ensures that variations in the electromagnetic fields,
due to defects or other perturbations, do not lead to instabilities or divergences in the
calculations. This means that the method used to model and analyze the system is robust
and that the solutions are physically meaningful.

Remark 15. Although the coercivity of the energy functional indicates that it has a unique minimum
and ensures numerical stability, it is still necessary to further evaluate stability for several reasons.
Coercivity ensures stability under small perturbations, but it is critical to evaluate how sensitive
the system is to these perturbations. Sensitivity analysis helps determine whether small changes in
inputs or parameters can lead to significant variations in the solution, which could indicate potential
instabilities in practical applications.

Remark 16. Numerical methods introduce approximation errors through discretization, and al-
though the coercive functional guarantees theoretical stability, these errors can accumulate and affect
the stability of the solution. Furthermore, nonlinearities and complex boundary conditions may
mean that the coercive functional alone may not capture these peculiarities.

Remark 17. In practice, CFRPs present inhomogeneities and anisotropies which can influence
the stability of the solution. Even with a coercive functional, it is important to evaluate how these
material properties influence the overall stability and whether the numerical method can accurately
account for them. Evaluating stability ensures that the chosen conditions do not lead to spurious
oscillations, divergences, or other instabilities in the solution.

11. Construction of a Numerical Approach

We discretize the EC problem starting from the energy functional. This is because,
first, the energy functional is coercive, which means that it tends to penalize non-physical,
unstable or oscillating solutions. This leads to numerically stable solutions. Furthermore,
the energy-based formulation ensures that energy conservation laws are respected in
the discrete model. Furthermore, boundary conditions are incorporated directly into the
variational formulation, simplifying implementation compared to other methods where
boundary conditions must be treated separately.

We use the finite element method (FEM) to discretize the functional spaces W and
Hj(Qc) [42,43]. Particularly, to represent A, we use Nédélec elements because they, ensur-
ing the that the tangential electric and magnetic fields are continuous across element edges,
are particularly suitable for electromagnetic problems, since they respect the continuity
of the curl and are well defined for A. Nédélec elements are particularly well suited for
the discretization of problems involving vector fields for maintaining the correct physical
behavior of the problem, especially in the presence of anisotropic materials and complex
domains. Additionally, the use of Nédélec elements guarantees an accurate representation
of the curl (V x) and divergence (V-) of the fields, which are essential for preserving the
conservation properties of the electromagnetic fields in the domain under consideration.
While nodal Lagrange elements are commonly used in many (A, ¢) formulations of the EC
model, as highlighted in the literature, the choice of Nédélec elements proves to be more
appropriate for our specific case study, ensuring greater accuracy and numerical stability
in solving the problem [42,43].

Remark 18. The comparison between the energy functional and the perturbed energy functional
highlights their advantages in different electromagnetic analysis contexts. The energy functional
represents the total energy of the electromagnetic system, offering intrinsic stability due to its coercive
nature, which guarantees a unique minimum and stable numerical solutions. It provides a global
understanding of the system, encompassing all energy components without focusing on specific
perturbations, making it general and versatile for a wide range of problems. In contrast, the perturbed
energy functional is tailored for analyzing system perturbations, such as changes in conductivity.
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This functional is particularly useful for detecting material defects, as it directly accounts for specific
perturbations, enhancing the precision of analyses where perturbations significantly impact the
system. Additionally, it is flexible and can easily incorporate new types of perturbations or changes
in system parameters.

With these purposed in mind, we require that the perturbed energy functional 5{) ert

is stationary, i.e., its variations are zero, 55{’ et _ 0. The stationary of Ef °t means that the
variation of the energy functional with respect to arbitrary variations of functions A¢ and
¢c must be zero.

Here, { is an infinitesimally small parameter that measures the magnitude of variations
0Ac and d¢c. For the stationary of the functional, this derivative must be zero for every
admissible variation (6Ac, é¢c).

Remark 19. Sf rt depends on Ac, ¢c, v, and . To find the equations that Ac and ¢c must
satisfy, we consider the variation of the functional with respect to arbitrary variations of Ac and ¢c.
Therefore, 5E7 m[(AC, ¢c), (6Ac, d¢c)] specifically represents the change in functional £} " due
to small perturbations (6Ac, d¢c) around functions (Ac, ¢c). This means we are looking at how
Ef ert changes when Ac is perturbed to Ac + (A and ¢c is perturbed to ¢pc + (opc.

Therefore, we start from the stationary condition of the energy functional for the
electromagnetic system with arbitrary variations, which requires finding (A¢, ¢¢c) such
that for every (dAc, d¢c)

/Q (;(V x Ac) - (V x 6A¢) —l—jth’AC -0Ac +jw0lv¢)c -0Ac+
C
+jwo’ Ac - Vépc + jwo' Ve - V&pc> dQc = 0. (52)

We divide ()¢ into small finite elements ()7, so that the sum of the integrals over
the elements QY. represents the integral over the entire domain O, |, 0c = Le J; e Thus,

formulation (52) becomes
Z/ ) (;(v X Ac) - (V X 5Ac) + jwo’ Ac - 6Ac + jwo' Ve - SAc+
e C
+jwa' Ac - Vépc + jwo' Ve - V(S(k) dQg = 0. (53)

To approximate A¢ and ¢c as linear combinations of basis functions N; and Ny;, we
write

N
AC ~ 2 NiAi/ (54)
i=1

and

N
$c ~ Y Negy, (55)
k=1
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where N; and N are the finite element shape functions, and A; and ¢; are the expansion co-
efficients. Thus, from (54) and (55), we achieve dA¢ =~ Zfi 1 N;0A; and d¢c ~ Z,I(\] 1 Nioopy.

Therefore, the first term in (53), since
N
(56)

(ZNA) Y (V x Nj)A;

i=1

and
N N L
V x (Z NkéAk> = Z(V X Nk)éAk, (57)
k=1 k=1
becomes
| LV % A) - (V x FAC) d. ~
K
1 N N
~ — (V X ZNZ-Al) . (V X Z Nk(SAk> dQyg =
ac # i=1 =
1 (N N
= (Z(v x N;) ) (Z (V x Ny §Ak> dOg. (58)
az K \,3 k=1

Furthermore, we have

i=1

(i (V x Nj) Al> (i(v ><Nk)5Ak> =

N N
(VX Np)A; - (VxNg)oAL) =Y. ) Ai(Vx Ny - (V x Ng)dA,.  (59)
i=1k=1

[
=
1=z

I
—

k=1

Thus, integral (58) becomes

N N
:ZZAiéAk/L (VXN (V x N a0, (60)
foN) (V x Ni) dQg&.

which reduces to YN | YN | Ky A;0 A, where Kj, = fnf
Considering the second term in (53), substltutmg in it the approximations, it is easy

to achieve
: N N
/Q jwo'Ac - FACAOL ~ /Q jwo' [ YN ) - (Y NpoAy | dog =
C vREC i=1 k=1

N N
jwo’ Z Z AN; - N ApdQS =

N N
=YY AvA / jwo'N; - Ny dQl = Z Z CikAibAy,  (61)
i=1k=

where Cjy = [ jwo’N; - N dOf.. Similarly, for the third term, we have
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N
/QE jwo' Ve - 5AC AOL N/ iwor <v Zqual) (2 Nk(SAk> 0L =
C

i=1
N N
iwo’ Z 2 1 NkéAk dQC =
Qc i—1k=1
N N o N
= Y Y geA [ jwo (V) - NedO = S Y QA (@)
i=1k=1 ¢ i=1k=1

where Q. = fo: jwo' (VN;) 'Wkdﬂé. The same procedure, applied to the fourth term,
provides

k=1
= | jwo')’ (VNS¢ QS =
O i=1 k:1
N N o N N
=Y )YaA 547k/ jwo N (VN 4Oz = ), ) EcAidpr, (63)
i=1k=1 i=1k=1

in which Ej = |, Qe jwo'N; - (VN) dQ%.. Finally, the fifth can be written as follows:

N N
/Q jwo' Ve - Vépc dQc ~ /QE jwo! (V ) Nizpi) . (V Zl\lkéqbk) dog =
. :

—/ ]wo’z Zgb, (VN;) - (VNR) Sy AL =

i=1k=

N
Y gid [ jawo (VNG - (VN 40 = > 2 Fxgiop,  (69)

1k=1 i=1k=

Il
M=

where Fy, = fQE jwe' (VN;) - (VNi) dQ¢..

Then, adding all the terms, we obtain

N N N N N N
Y Y KiAibAr+ ) ) CuAid A + Z Y Qupid A+
i—1k=1 i—1k=1 i1kt
N N N N
+Y ) ExAibpr+ ) 2 Fix¢piopy =0, (65)
i=1k=1 by

from which, collecting similar terms,

N N N N N N
Kic + Cit) Aib A+ Y Y Quedj6 A+ Y Y EicAibp+ Y Y Fieidp = 0. (66)

1 i=1k=1 i=1k=1 i=1k=1

[\12

3

i=1k

Now, arranging (66), we obtain
SA[(K+ C)A + Q] + 6p[EA + Fp| = 0 (67)

in which the matrices are defined as follows:

Kik = / E(V X Ni) . (V X Nk) dﬂc, Cik = / ij'/Ni . Nk dﬂc, (68)
Qc K Qc
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Qik:/Q jwe' (VN;) - NidQc, EikZ/Q jwo'N; - (VN) dQc, (69)
C C
Fj = /Q jwe' (VN;) - (VNg) dQc. (70)
C

Moreover, A = [A1 A, ... Ay] T while ¢ = [¢1 ¢ ... ng}T.

Matrix K represents the stiffness matrix from the discretization of the curl of vector
potential Ac. It accounts for the magnetic properties of the material and is associated with
the magnetic energy stored due to EC. Matrix C is the coupling matrix between vector
potential A and electrical conductivity o’. It accounts for the Joule losses caused by
induced currents, describing the interaction between the magnetic field and the conductive
response of the material. Matrix Q involves the scalar potential ¢ and the vector potential
Ac. It represents the effect of the electric potential distribution on the magnetic field,
describing how variations in the electric potential influence induced currents and the
magnetic field. Matrix E represents the coupling between the vector potential Ac and the
gradient of the scalar potential ¢¢. It describes how the induced magnetic field affects the
electric potential distribution within the material, indicating the interaction between the
magnetic field and the electric field. Matrix F involves the gradient of the scalar potential ¢¢.
It accounts for electrical conductivity ¢/ and describes how the electric field is distributed
within the material, representing the stored electric energy and the Joule losses associated
with electric potential distribution.

It is worth noting that (67) can be written as

(K+C)A+Q¢p| (K+C) QJ[A] _
[6A &p]{ EA + Fo ]_[5A (54;]{ E FH‘P}_O' (71)
Therefore, indicating by
A _ |6A _[(K+C) Q

<= o) =l M= § 7

Equation (71) becomes OxTMx = 0. Therefore, for in all variations 6X, it must be:

_[(K+C) Q][A] _

MX_[ : F]M_o, 73)

which represents a system of algebraic equations to be solved numerically.

12. On the Solution of the Algebraic System

To capture even the smallest imperfections in the material, it is necessary to prepare
a rather fine spatial discretization of the domain. This implies that the resolution of the
algebraic system must be addressed using a computationally suitable approach. In this
paper, we use a Preconditioned Conjugate Gradient (PCG) approach [43].

12.1. Preconditioned Conjugate Gradient (PCG) Method

Using the MATLAB isequal subroutine, we verified that matrix M is equal to its conju-
gate transpose. Furthermore, the eig subroutine allowed us to verify that the eigenvalues of
M are all positive. It follows that M is positive definite, so PCG can be applied exploiting
an invertible P preconditioner to improve convergence. We set an initial vector xq as a null
vector to then calculate the initial residual ry = b — Mxp, where b is usually the vector of
any known terms. The procedure requires solving Pzy = ry to obtain z(, and then setting
the initial direction vector pg = zg. Then, at each iteration k, the parameter is calculated,

rlz

k £k

ap = (74)
P;{ Mpy
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which allows the following update of the solution, xz;1 = Xx + axpx, and the residue,
rpp 1 = Iy — aMpy. If || q|| is less than a predefined tolerance, the iteration stops.
Then, the preconditioned system is solved, Pz 1 = ry1, by which the followimng ca be
calculated:
1'1{+1Zk+1
Br = T, (75)
k €k

used to update the descent direction vector, pxr1 = zx+1 — BxPkx. The entire procedure
repeats until convergence, or until the maximum number of iterations is reached [43].

12.2. Construction of the Preconditioner

The Cholesky preconditioner is used to improve the convergence of the PCG method.
It is based on the Cholesky decomposition of preconditioner P. To address efficiency, we
use the incomplete Cholesky decomposition which approximates P as P ~ LL*, where L is
a lower triangular matrix with positive diagonal elements and L* is the transpose conjugate
of L. To calculate all the elements of L, we use the Cholesky Banachiewicz algorithm which
determines the elements of the lower triangular matrix as follows:

i1
M;; — Z L?—k (diagonal elements), (76)
k=1

1

Lj;

-1

L;j (Mi]' — Z LiiL]'i> (elements below the diagonal) (77)
i=1

retaining only a part of the non-zero elements of L. This reduces the number of compu-

tations and memory requirements. This preconditioner is used to transform the original

system Mx = b into a preconditioned system P~'Mx = P~'b, which has better conver-

gence properties (for details, see [43]).

Remark 20. The Cholesky preconditioner combined with the conjugate gradient method was used
rather than a direct solver, both for problems of computational efficiency and for memory management
(linked to the fact that the algebraic system obtained is large with matrices sparse defined positive).
We observe that the use of a direct solver (e.g., direct Cholesky factorization) can be computationally
expensive, given the number of arithmetic operations required, often producing dense matrices.
Obviously, to avoid problems of bad conditioning of the matrix, a Cholesky preconditioner was used
(which preserves the sparse structure of the matrix), making the iterative solver more stable and also
accelerating convergence [43].

Remark 21. The accuracy of the iterative method compared to the direct method was evaluated
through a detailed analysis which involved both the comparison of the solutions obtained in terms
of relative errors and the monitoring of convergence through the residual norm. To measure the
relative error between the solutions, we compared the exact solution, obtained with the direct solver
via Cholesky factorization, with the approximate solution, derived from the use of the preconditioned
iterative method. The analysis strongly suggested that the resulting relative error was acceptable,
indicating that the iterative solution was very close to that obtained with the direct method. This
result confirms that despite the approximate nature of the iterative method, the quality of the solution
is adequate for the needs of the problem addressed, and the iterative approach is capable of providing
results that are significantly close to the exact solution.

Remark 22. Krylov subspace methods [44] are popular for solving large sparse linear systems, but
they were not used in this study for several reasons. These methods are useful for non-symmetric
or indefinite matrices, whereas our matrix is symmetric and positive definite, making the PCG
method more natural and efficient. Moreover, the PCG method, with appropriate preconditioning,
converges faster for large, sparse, and well-conditioned systems. The structure of the problem allows
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the PCG method to fully exploit the properties of the matrix, improving performance in terms of
computational resources and convergence rates.

13. Error Estimation

13.1. An Estimate of the Error in H(curl, Q¢)
13.1.1. Definition of the Finite Element Space V,

Space Vj, is defined as the set of vector functions that can be expressed as linear
combinations of the Nedelec finite element shape functions. Formally, for a discretization
with elements of order p, space V}, is given by

Vi, = {vy € H(curl, Q¢) | vi|k € Pp(K) for every finite element K C Oc},  (78)

where P, (K) represents the space of polynomials of degree p on a finite element K. Ned-
elec elements are particularly suitable because they ensure the continuity of the tangential
components of the vector field between finite elements. Moreover, their formulation accu-
rately represents the curl of the vector field, improving the precision in solving Maxwell’s
equations. Finally, they are very suitable for complex domains and irregular geometries,
maintaining discretization accuracy [43].

To obtain an error estimate for A, we use the well-known result from finite element
theory, according to which

”eAHH(Curl,QC) < C(vil’el{/h HAC - Vh”H(curl,QC))f 79)

where C is a problem-dependent constant.

13.1.2. Nedelec Element Approximation Properties

The Nedelec elements of order p have approximation properties which guarantee that
for every sufficiently regular function Ac € HP*1(Q(), there exists a v;, € V, such that

[Ac = Vil (cur,0c) < CiIP | Ac gr ) (80)

where C; is a constant depending on the shape of the finite elements and on the regularity
of the exact solution and

HP*1(Qc) = {v € 12(Qc) | D*V € L2(Qc)V multi-indices « with [a| < p+1},  (81)

where D* denotes the weak derivative corresponding to the multi-index «; C; is a constant
that depends on the shape and quality of the finite elements and the regularity of the exact
solution. Finally, combining the estimates above, we obtain

leallr(cur,ac) < C<C1hp||Ac||Hp+1(QC)) = CiP | Ac g1 (82)
where C{ = C - (Cq is a new constant.

Remark 23. Sobolev space HP+1(Qc) is critical in the context of finite element methods because
it characterizes the regularity of the exact solution. Functions in HP1(Qc) have sufficient
smoothness, allowing for higher-order derivatives to exist in the L2 sense. Degree p + 1 indicates
the level of derivative that needs to be square-integrable, and this level of regularity is directly related
to the convergence rate of the finite element approximation.

13.1.3. Significance of 1

h is defined as the maximum length of the edges of the finite elements in domain (¢.
Mathematically, for a tetrahedral finite element, /1 can be defined as i = max,cf length(e),
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where E is the set of edges of the finite element. Additionally, the mesh size h(T) can be
defined as the diameter of the element Tj:

h(Ty) = diameter(Ty) = sup ||x —y||, (83)
x,yeTy

and the characteristic dimension / of the mesh is given by i = maxr, et h(Ty), where T is
the set of all finite elements in domain Q)¢ and Ty is a single finite element in the domain.
Thus, h represents the maximum size of the finite elements used to discretize the domain.
The error estimate shows that the discretization error |[ea || g (curi,0.) is proportional to h7,
where p is the order of the polynomials used in the Nedelec finite element shape functions.
Consequently, reducing h (i.e., using a finer mesh) decreases the error, improving the
accuracy of the numerical solution. This highlights the importance of a well-refined mesh
to achieve precise results in electromagnetic problems.

13.2. An Estimate of the Error in H'(Q¢)

As in the previous case, we use the following result:

llepll 1 ae) < C(v;,igvah lpc — Uh|H1(QC)>’ (84)

where C is a problem-dependent constant and Wj, denotes the finite element space for ¢c.

13.2.1. Finite Element Space for ¢¢c
W), is defined as follows:

W, = {Uh € H'(O¢) | vplk € Py (K) for every finite element K C QC}, (85)
where P, (K) represents the space of polynomials of degree p on a finite element K.

13.2.2. Finite Element Approximation Properties for ¢

The finite elements of order p have approximation properties which guarantee that for
every sufficiently regular function ¢c € HP1(Qc), there exists a v, € W), such that

l¢c = vnllmae) < CilPllgcll graap)- (86)

Therefore, combining the estimates, we can easily write

legll 1 ae) < C(Clhp||4’CHHp+1(QC)> = Cih¥llpcll g (ap) (87)

where C| = C-(; is a new constant that encapsulates the dependencies on both the
problem and the finite element characteristics. The error estimate in the H! (Q¢) norm for
the finite element method shows that the error scales with mesh size & to the power of
polynomial degree p, and it is influenced by a constant related to the regularity of the exact
solution and the quality of the finite elements. This emphasizes the necessity of selecting
appropriate polynomial degrees and ensuring high-quality mesh elements to obtain precise
numerical solutions.

13.3. On the Procedure for Obtaining Triangulation

To develop the Delaunay triangulation mathematically, we start by defining a set of
points P in the two-dimensional plane. The Delaunay triangulation is a triangulation such
that no point in P lies inside the circumcircle of any triangle in the triangulation, thus
maximizing the minimum angle of all triangles. The process begins with the creation of
a supertriangle large enough to contain all points in P. Next, we insert each point p; one
at a time into the current triangulation. We find the triangle that contains p; and split this
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triangle into three new triangles, updating the triangulation. After each insertion, we check
that the triangles satisfy the Delaunay criterion: if a triangle does not meet this criterion, we
perform an edge flip, replacing the non-conforming edge with the other edge that divides
the four involved points. By continuing this process for all points, we obtain a triangulation
that satisfies the Delaunay criterion. Finally, we remove the triangles that share vertices
with the initial supertriangle. This method ensures a high-quality triangulation, which is
crucial for accuracy and stability in numerical simulations, such as those used for analyzing
electromagnetic fields in composite materials.

14. Numerical Simulation and Results

The proposed numerical procedure was implemented on a high-performance worksta-
tion with a 3.3 GHz Intel Core 2 CPU for MATLAB R2023b ToolBox simulations. This setup
effectively handled large datasets and complex algorithms, ensuring fast execution and
enabling comprehensive parameter analysis in a reasonable time.

14.1. The Domain under Study

In this study, we developed a detailed 3D model of a depth rudder using MATLAB®
R2023b tailored to represent a component typically found in modern commercial airliners.
The model meticulously delineates the depth rudder’s geometric dimensions, with a height
of 10 m, a width at the base of 2 m, and a thickness of 0.5 m, as shown in Figure 4a. These
dimensions were chosen to reflect common specifications for large, long-range aircraft, akin
to those used in transatlantic flights. The depth rudder is designed with a symmetrical
airfoil shape to optimize aerodynamic efficiency and control stability at various flight
speeds. This design is crucial for ensuring effective maneuverability and safety during
critical flight operations such as takeoff, cruising, and landing. A Fluxset type EC probe
(whose geometric characteristics of the probe and the E-shaped core are summarized
in Tables 1 and 2, respectively) was simulated to scan the study area by simulating a
step-by-step scanning system both along the width and along the height (see Figure 4b,c).

ne

a b C

3D Model of the Depth Rudder of an Airliner

»

Height (m)

D A S S S A S

Figure 4. (a) Three-dimensional representation of an airliner’s depth rudder modeled in MATLAB®,
tailored for scenarios with minimal delamination influence conductivity. The model meticulously
outlines the rudder’s geometric dimensions, including height, width, and depth, ensuring precise
detection of subtle conductivity changes. (b) Probe configuration for EC analysis and (c) a typical
section view.

Table 1. Geometric characteristics of the coil.

External Internal . Number of .
Diameter Diameter Height Lift-Off

Turns
56 mm 54 mm 32 mm 1200 0.05 mm
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Table 2. Geometric characteristics of the E-shaped core.
F E A B D D’ H
54 mm 58 mm 511 mm 55.25 mm 53.5 mm 51.5 mm 52 mm

14.2. External Excitation Source and Frequency

From an electrical perspective, as in [9], the domain under study was subjected to a
Je = Jo = /' where Jo = 110 mA/m? is the density magnitude of current and 0 is the

unit vector in the azimuthal direction. In Cartesian coordinates, using y(1/x2 + y2) ! and
cos(8) = x(/x2 +y2)~1, we can write
X,y t) = Joo! | ———L—f+ ———— 88

where 6§ = arctan(%), with frequency f = 1.05MHz deemed necessary to highlight sub-
surface defects. This formulation, as required, ensures that V-J, = 0. J. = ]oef‘*’té
is particularly significant for CFRP materials because it considers both orthotropy and
anisotropy characteristic of CFRPs [9]. Furthermore, the Cartesian decomposition (88)
illustrates how the field varies spatially depending on the position in the material. The
importance of considering both the orthotropy and anisotropy of CFRP materials is that
these materials, used extensively in the aviation industry and other advanced applications,
have mechanical and electrical properties that vary significantly depending on direction.
Therefore, correct modeling must take these variations into account to accurately predict
the behavior of the material under different operating conditions.

15. Convergence Analysis
From (82) and (87), considering two mesh sizes h; and hy, with by > hy, we can
easily write

h h
llex lneanoe) 1~ lleg iy 1’

" i v

n n
e 1Ecurl00) lleg Il ()

h1 hl hl h2
where |[e4 || g (curac) 1€ lH(cunac) 16y 151 (ac) and lleg [l 1 () represent the error es-
timates for Ac and ¢¢ at different values of k1 and hy, respectively. Therefore, from (89),
applying the logarithmic operator on both sides, we obtain

e 1
log{ 1 ;;12||H(curl,ﬂc) } log{ iz H(Qc) }
N 4 | Heurl, ) N ||e¢ HHl(QC)

7 P ~
hy ’ hy
log T log ™

which represents the convergence rates (i.e., they measure how quickly the error between
the numerical and exact solution decreases as the mesh resolution increases).

(90)

16. Numerical Simulations
16.1. Quantitative Analysis of Structural Defects: Scaling Factors a, B, vy, and 6 in Modelling the
Impact on Material Conductivity and Mechanical Properties

Parameters « and 8 quantify the impacts of delamination and microcracks, respectively,
on the structure and electrical conductivity of materials. Both serve as scaling factors: values
close to zero indicate the preservation of the material’s original properties, while values
near unity signal significant degradation due to the pronounced presence of delamination
or microcracks, resulting in reduced conductivity. Similarly, parameters v and J could
represent the influence of other structural defects or variations in physical properties,
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essential for modeling the overall impact of various defects on material performance and
developing appropriate mitigation strategies.

16.2. Mesh Setting

For each defect, including the concomitance of all defects, a considerable number of
numerical simulations were performed for increasing values of #;,i = 1,2,...,500 to select
the mesh with the best performances. In particular, for each simulation, [ea || f(curi,0.) and
lleg |l () Were evaluated (the exact solutions were obtained using the commercial soft-
ware MAPLE 2021. The obtained convergence rates, as formulated in (90), were compared
with the theoretical convergence rates predicted by the a priori error estimate: the best
mesh is the one for which the calculated convergence rates are close to p.

16.3. Link between Quantitative Parameters of Defects with Degree of Freedom

Tables 3 and 4 present |[ea || g (curl,0c) and [leg|| g1 () as @, B, v and J increase, high-
lighting that as the magnitude of each defect increases, the required degrees of freedom
(d.o.f.) decrease. This is mainly because, to detect large defects, it is not necessary to use
refined meshes. However, in these cases, despite not requiring extremely dense meshes, the
error increases: this should not worry us because even if the error begins to be significant,
the size of the defect is such as to make it necessary to replace the benchmark. Obviously,
common sense guides us: we consider a single mesh for all defects capable of detecting
even small defects. Figure 5a displays this mesh, which thickens near the attachment points
of the tail rudder to the fuselage. Furthermore, Tables 5 and 6 highlight the performance of
the iterative solver as the type and extent of the defect vary. The analysis of the obtained
results highlights the excellent performance both in terms of the number of iterations and
in terms of accuracy compared to the use of the direct solver. As expected, defects apart
from delamination require greater computational effort.

Table 3. [|ea || g(cur,0c) and [leg || () as both & and B increase.

o dof |leallg(cuoe) el B dof  |leallaunne  lleglla(ac)
0.1 91024 0.00591 0.0096 0.1 91024 0.00492 0.0096
0.2 89532 0.00615 0.0123 0.2 89532 0.00508 0.0104
0.3 88449 0.00686 0.0129 0.3 88449 0.00536 0.0129
04 87931 0.00743 0.0245 0.4 87931 0.00571 0.0185
0.5 86745 0.00819 0.0277 0.5 86745 0.00590 0.0210
0.6 85983 0.00887 0.0311 0.6 85983 0.00617 0.0235
0.7 82976 0.00909 0.0359 0.7 82976 0.00647 0.0267
0.8 79863 0.00155 0.0483 0.8 79863 0.00759 0.0291
09 78041 0.00126 0.0566 09 78041 0.00985 0.0308

1 74536 0.00994 0.0704 1 74536 0.00999 0.0357

Table 4. [|ea || g(cur,0c) and [|eg || () as both y and & increase.

v dof  lealluutae) llegllm@ey 6 dofe leallmunoe)  llepllmac)
0.1 91024 0.00579 0.0094 0.1 91024 0.00512 0.0090
0.2 89532 0.00586 0.0120 0.2 89532 0.00531 0.0099
0.3 88449 0.00594 0.0131 0.3 88449 0.00579 0.0122
0.4 87931 0.00601 0.0159 04 87931 0.00613 0.0139
0.5 86745 0.00620 0.0177 0.5 86745 0.00634 0.0158
0.6 85983 0.00644 0.0186 0.6 85983 0.00699 0.0183
0.7 82976 0.00693 0.0192 0.7 82976 0.00734 0.0207
0.8 79863 0.00722 0.0209 0.8 79863 0.00786 0.0235
0.9 78041 0.00769 0.0235 0.9 78041 0.00841 0.0266

1 74536 0.00833 0.0257 1 74536 0.00906 0.0286
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Table 5. Performance of the iterative solver as both a and f increase.
% fIteration  Relative Error (%) B fIteration  Relative Error (%)
0.1 45 10~% 0.1 46 10~4
0.2 42 1074 0.2 41 10~4
0.3 37 1075 0.3 39 107°
0.4 29 1075 0.4 27 10~
0.5 22 10~ 0.5 23 1076
0.6 18 10~ 0.6 17 10~
0.7 17 10~7 0.7 15 10~7
0.8 14 1077 0.8 11 1077
0.9 12 1077 0.9 9 1077
1 9 108 1 7 1077
Table 6. Performance of the iterative solver as both 7y and ¢ increase.
0% filteration Relative Error (%) ) fIteration Relative Error (%)
0.1 51 1074 0.1 54 1074
0.2 46 1074 0.2 44 10~4
0.3 44 1075 0.3 40 1075
0.4 41 1075 0.4 36 1075
0.5 37 1075 0.5 34 107>
0.6 34 1076 0.6 30 10~
0.7 30 107 0.7 25 106
0.8 28 10~ 0.8 19 1077
0.9 19 1076 0.9 17 10~7
1 14 1077 1 16 10~7
Tetrahedral Mesh of the Depth Rudder of an Airliner Delappination Detection Micggcracks Detection
9 9
8 8
7 7
6 [
E
: : :
3 3
2 2
1 1
0 0
0 1 2 0 1 2
Depth (m) position of linear scanning [m] position of linear scanning [m]
a b C

Figure 5. (a) Three-dimensional visualization of a depth rudder mesh model, featuring an irregular
tetrahedral mesh with enhanced densification. This finely tuned mesh is critical for accurately
capturing the smallest variations in conductivity due to the near-absence of delamination effects.
(b) Numerical simulation with sub-surface delamination (¢ = 0.7); (c) with sub-surface microcracks
(B=0.7).

17. Two-Dimensional Maps of |B|: Numerical Recovering

Let us preliminarily observe that near the connection points of the tail rudder to the
fuselage, the probability of defects occurring is rather high, unlike the central area where
this probability is considerably reduced. However, if the onset of defects (even minimal)
in the center of the benchmark is detected, the damage will certainly be greater at the
connections with the fuselage. Then, in order to have an effective and efficient defect
detection device, we assume that each defect is located at the center of the benchmark.
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Figure 5b displays the 2D map of the subsurface distribution of |B| obtained using
the proposed numerical approach. It is significant because despite the small amount of «
(parameter that weighs the extent of the delamination), the defect is clearly visible and is
qualitatively comparable with the similar 2D maps obtained in [9] (and therefore with the
2D maps of the mechanical stress distribution in the CFRP plate). Furthermore, compared to
what was obtained in [9], the proposed procedure highlights the defects in a more marked
way, considering the procedure as a real alarm system for the presence of even very slight
defects. Figure 5¢ highlights the 2D map of |B|, at the same depth as the previous case, but
in the presence of microcracks which are visible even with extremely reduced . The same
observations apply to the porosity (Figure 6a) and to the presence of fiber breaks (Figure 6¢)
which are clearly visible even if ¢y and ¢ are, respectively, extremely reduced. Finally,
the concomitance of all the defects simultaneously produces a 2D map of |B| capable of
highlighting the presence of the aforementioned defects. Furthermore, importantly, each
type of defect produces a 2D map of |B| characteristics that can be associated only with that
given type of defect. It follows that the proposed approach can act, at least qualitatively,
as a sort of defect classifier starting from the distribution of |B|. The ability to distinguish
between different types of defects precisely and reliably represents a significant advantage
for the maintenance and safety of CFRP materials, especially in critical applications such
as aeronautical. The proposed methodology not only improves defect detection, but also
offers greater reliability in determining their nature and severity, significantly contributing
to the prevention of structural failures.

P%osity Detection Fib%Breaks Detection Compo&;te Defects Detection

9 9

9

8

7

0 0 0
o 1 2 0o 1 2 0o 1 2
position of linear scanning [m]  position of linear scanning [m] position of linear scanning [m]

a b c

Figure 6. (a) With sub-surface porosity (v = 0.7); (b) numerical simulation with sub-surface fiber
cracks (6 = 0.7); (c) with all sub-surface defects present, including delamination, microcracks, porosity,
and fiber cracks (¢ = =y =0 =0.7).

18. Conclusions and Perspectives

In this study, we adapted an Eddy Current (EC) model to characterize subsurface
defects in Carbon Fiber Reinforced Polymer (CFRP) plates using approximate solutions via
finite element analysis. The defects considered include delaminations, microcracks, porosity,
fiber breaks, and the simultaneous presence of these defects. Each defect was modeled as an
additive variation in the electrical conductivity tensor of the material, allowing a detailed
mathematical representation of the defect’s influence on the electromagnetic behavior of
CFRP. The proposed model demonstrated a unique and stable solution, with numerical
results showing 2D maps of the magnetic induction field that are fully superimposable
with those highlighting the distribution of mechanical stress states.

The numerical model was constructed based on the energy functional associated with
the complete EC model, ensuring that the numerical approach enjoys the necessary stability.
This formulation allowed us to integrate the various energy contributions, ensuring that the
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electromagnetic behavior of the material was accurately described and that the obtained
solutions were stable and physically consistent. The numerical approach was used to
reconstruct the 2D maps of the subsurface distribution of |B|, resulting in defect classifi-
cation maps and an approximate estimate of their magnitude. These maps are analogous
to mechanical stress maps, whose determination is notoriously tricky and requires rather
expensive technical instrumentation.

In our analysis, parameters «, 8, ¢, and J were considered in isolation in modeling
the impacts of structural defects. These parameters weigh the magnitude of each defect:
« for delaminations, B for microcracks, 7 for porosity, and ¢ for fiber breaks. However,
it is evident that the separate evaluation of each defect may not accurately reflect the
cumulative effect when these defects coexist. The simultaneity of defects can amplify
the damage beyond the sum of individual effects. Therefore, we intend to develop an
integrated model with a multivariate analysis that considers the interactions among the
various defects. This model will include interactive coefficients and employ advanced
mathematical approaches to more faithfully represent the reality of compromised material.

The proposed methodologies improve defect detection and offer greater reliability
in determining their nature and severity, significantly contributing to the prevention of
structural failures. The numerical approach used to obtain the 2D maps of |B| has proven
effective in highlighting the presence of even very slight defects, acting as a real alarm
system. The ability to distinguish between different types of defects accurately and reliably
represents a significant advantage for the maintenance and safety of CFRP materials,
especially in critical applications such as aerospace.

Future perspectives include integrating multivariate models and implementing artifi-
cial intelligence algorithms to improve defect classification and detection further. These
algorithms could learn from the 2D maps of |B| to identify defects more precisely and
predict the evolution of damage over time. Furthermore, additional studies could focus
on optimizing the model parameters for different material configurations and operating
conditions to make the detection system more robust and versatile.

Therefore, the work carried out represents a significant step forward in non-destructive
testing of composite materials. The developed techniques offer high potential for practical
applications, improving the safety and reliability of structures made of CFRP materials. The
future evolution of the model, with the integration of multivariate analyses and advanced
algorithms, promises to make these technologies even more effective and applicable in
a wide range of industrial sectors. Finally, a promising future research area might be to
introduce scalar and vector degrees of freedom separately into formulation A — ¢. This
approach would allow a more detailed analysis of the impact of each component, the vector
potential A and the scalar potential ¢, on the overall behavior of the system, providing
valuable information regarding the differences in terms of numerical stability, convergence,
and accuracy of the solution. Everything will be subordinated to the possibility of imple-
menting this separation, starting from the current structure of the mathematical model
and its implementation in the numerical code. Otherwise, it is imperative to carry out a
significant reformulation of the model. This would allow us to analyze in depth the stiffness
matrices and load vectors associated with the vectorial and scalar degrees of freedom and to
evaluate how each of them influences the solver’s convergence and the solution’s precision.
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Appendix A. Trace Theorems (for the Proof, See, for Example, [40,45])
Appendix A.1. Trace Theorem form H(div; Qy) onto H='/2(T)

Mapping v, : v — v-nj defined on Q) can be extended by continuity to a linear
continuous mapping, still denoted by <y, from H(div; (1) onto H~/2(T).

Appendix A.2. Trace Theorem from H'(Q¢) onto H/2(T)
We let Q be a bounded open subset of RN with boundary T' € CF! and let p > 1 and

s > 0be two real numbers such thats < k +! 1,s—1/p =140, where! > Ois an integer and
0 < ¢ < 1. Mapping u — you defined on () has a unique linear continuous extension as an

operator from W? (Q)) onto Ws — 1/p, p(T). Moreover, in W7 (Q), Ker (o) = Wé’p(ﬂ).

Appendix B. A Useful Decomposition

Proposition A1l. Let 0’ be the complex conductivity, ¢c the scalar potential, and v¢ the complex
vector field. Then, the following identity holds:

O'/ngc Ve +o've- V&C = 2Re(0"V¢C -Ve). (A1)

Proof. We consider the term ¢V ¢ - V. We know that Re(0/ V¢ - V) represents the real
part of the complex dot product. Thus, we can write 7V ¢c - Ve as 0’ Ve - Ve = 0' Ve - Ve.
Now, we consider term ¢'v¢ - V.. We can use the property that the dot product of complex
vectors satisfies a-b = b - a. Applying this property, we obtaino’vc - Vo = 0'Vec - v =
0'V¢c - Vc. Noting that Ve = ve and ¢ = ¢c, we can rewrite 0've - Vo = 0’V - ve.
Now, we sum the two terms, 0'Vc - Vo +0've - VP = 0'Vc - Ve +0'Vc - V. Since
the two terms on the right-hand side are identical, we can write

(T/V(PC Ve +0o've- V@C = ZO'IV(PC V. (A2)

Now, we observe that 20V ¢c - V¢ is equal to 2Re(0’ V¢ - V) since 0/ Ve - Vi is
already a complex number, and multiplying by two yields twice the real part. Therefore,
we conclude the following:

0’V Ve +0've - Vg =2Re(cVc - Vo). (A3)
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