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Abstract: An analytical derivation of the conditional moment-generating function (MGF) for a regime-
switching nonlinear drift constant elasticity of variance process is established. The proposed model
incorporates both regime-switching mechanisms and nonlinear drift components to better capture
market phenomena such as volatility smiles and leverage effects. Regime-switching models can
match the tendency of financial markets to often change their behavior abruptly and the phenomenon
that the new behavior of financial variables often persists for several periods after such a change.
Closed-form formulas for the MGF under various conditions, which are then applied for option
pricing, are also derived. The efficacy and accuracy of the results are validated through a discrete
Markov chain simulation. The results obtained from the proposed formulas completely match with
those from MC simulations, while requiring significantly less computational time.

Keywords: nonlinear drift CEV process; regime switching; moment-generating function; option
pricing; analytically pricing; CIR process; inverse Feller

MSC: 60J27; 65C05; 91G20

1. Introduction

The study of stochastic differential equations (SDEs) has become a cornerstone in
modeling financial markets, particularly in the context of asset pricing and derivative
pricing. Traditional models such as the Black–Scholes–Merton framework, which assumes
constant volatility, have been widely used due to their analytical tractability. However,
these models often fail to capture observed market phenomena such as volatility smiles and
the leverage effect, especially when financial markets change their behavior rapidly [1,2].
This has led to the development of more sophisticated models that incorporate stochastic
volatility and regime-switching mechanisms. The constant elasticity of variance (CEV)
model, introduced by Cox [3] and Cox and Ross [4], extends the Black–Scholes model by
allowing the volatility of the underlying asset to change as a function of the asset price.
This model is particularly adept at capturing the volatility smile observed in the options
markets. The CEV model assumes that the volatility of the asset price follows a power-law
relationship with the price itself, making it more realistic for modeling financial markets
where volatility is higher when asset prices are lower and vice versa. The inclusion of the
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nonlinear term in the CEV model, governed by the elasticity parameter, enables the model
to capture a range of behaviors, particularly in terms of the shape and dynamics of the
implied volatility curve. The specific behavior exhibited by the model varies depending on
the value of the elasticity parameter [5–7]. This process, which we refer to as the nonlinear
drift CEV (NLD-CEV) process, was proposed by [8] and is capable of encompassing diverse
dynamics. The given processes are the Ornstein–Uhlenbeck (OU) process, Cox–Ingersoll–
Ross (CIR) process [9], geometric Brownian motion, which is similar to the Black–Scholes
model [10], and the inverse Feller (IF) process, commonly known as the 3/2-stochastic
volatility model (SVM).

Recent advancements in financial modeling have seen the integration of regime-
switching mechanisms into stochastic models, allowing parameters such as volatility and
drift to switch between different states, typically governed by a Markov chain. These
models capture changes in market conditions or economic regimes, effectively reflect-
ing the effects of macroeconomic factors and market anomalies, thus providing a more
comprehensive framework for asset pricing. The foundational work by Hamilton laid
the groundwork for regime-switching models, which have since been applied to various
financial processes, including interest rates and stock returns [11]. By introducing a level of
flexibility and realism that constant-parameter models lack, regime-switching models can
capture different market regimes, such as bull and bear markets, and provide a better fit to
historical data.

Regime-switching models are frequently employed in the pricing of financial deriva-
tives, as they allow different pricing models under varying market conditions. For exam-
ple, Buffington and Elliott [12] extended the Black–Scholes framework to include regime-
switching mechanisms, where parameters such as interest rates, drift, and volatility depend
on the state of the economy. They derived the characteristic function for occupation times
and extended the Barone–Adesi–Whaley approximation for valuing American options
under regime switching. This work significantly advanced the valuation of both European
and American options in a regime-switching context. In another significant work, Zhu, Bad-
ran, and Lu [13] provided an analytical solution for European option pricing in a two-state
regime-switching economy. By reducing the final form of the closed-form solution from a
double integral to a single integral comprised of elementary functions, this model enhances
computational efficiency and accuracy. Li [14] extended the optimal VIX futures trading
problem in a regime-switching model, utilizing the CIR process with regime-switching to
reflect market changes. By incorporating a finite-state Markov chain, the model allowed
investors to adapt trading strategies based on regime changes. Optimal entry and exit
strategies were developed by solving variational inequalities using numerical methods.
Building on these advancements, Lin and He [15] investigated European option pricing
under the fractional Black–Scholes model, capturing key characteristics of asset returns
with regime-switching. They developed a two-step solution procedure for the coupled
fractional partial differential equation (PDE) system and derived an exact pricing formula
using the Fourier cosine series expansion, demonstrating rapid convergence and practical
applicability. Indeed, there are additional models that incorporate regime-switching, for
more details, see [16–21].

In addition, the conditional moment-generating function (MGF) is crucial in the context
of financial derivative pricing. The MGF provides a convenient way to obtain the moments
of a probability distribution, which can be directly calculated using the SDE transition
probability density function (PDF) [22]. In derivative pricing, particularly for options, the
conditional MGF allows the characterization of the asset price distribution under different
market conditions or regimes. However, the conditional MGF cannot be derived directly
using the transition PDF due to the regime-switching property in the process, which makes
the transition PDFs unknown. Investigating the conditional MGF of these SDEs remains
imperative and challenging. This is particularly important in models that incorporate
regime switching, as the ability to compute the MGF for different states can significantly
enhance the accuracy and efficiency of option pricing models. By transforming complex
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SDEs into more manageable forms, the MGF facilitates the derivation of closed-form
solutions for derivative prices, making it a powerful tool in financial mathematics.

This work has three key contributions. First, we derive closed-form formulas for
the conditional moment-generating functions of the asset price process described by the
NLD-CEV model with two-state regime-switching. These formulas are presented for two
scenarios: when the elasticity parameter is within the range [0, 2) and when it is greater
than 2. Second, we apply these theoretical results to the practical problem of option
pricing. Third, we validate our closed-form formulas through extensive Monte Carlo
simulations by utilizing the Euler–Maruyama discretization method to simulate processes
and approximate MGFs.

The rest of the paper is organized as follows: Section 2 describes the regime-switching
NLD-CEV process, outlining the model’s dynamics and mathematical formulation. In
Section 3, we derive the conditional MGFs for the model under different parameter condi-
tions and present the theoretical results. Section 4 is dedicated to applying these results in
European option pricing. Section 5 presents experimental validations based on Monte Carlo
simulations to verify the accuracy and efficacy of the proposed results. Finally, Section 6
concludes the paper, with a summary of the findings.

2. The Regime-Switching NLD-CEV Process

Let (Ω,F ,Q) be a probability space with filtration (Ft)t≥0 and a risk-neutral probabil-
ity measure Q. We begin by introducing the NLD-CEV model, which is assumed to follow
the dynamics:

dRt = κ
(

θR−(1−β)
t − Rt

)
dt + σR

β
2
t dWQ

t ,

with elasticity parameter β ∈ [0, 2) ∪ (2, ∞), where κ, θ, σ are constant parameters and WQ
t

is a standard Wiener process. In order to perform with the process Rt for some cases of β,
we will assume some sufficient assumptions: κ, θ and σ are strictly greater than zero and
2κθ ≥ σ2 for β ∈ [0, 2); while −κ, θ and −σ are strictly greater than zero for β ∈ (2, ∞). By
considering different values of β, the model can capture different dynamics: for β = 0, the
NLD-CEV model behaves like an Ornstein–Uhlenbeck (OU) process when Rt is very large;
for β = 1, the process transforms into a Cox–Ingersoll–Ross (CIR) process, characterized
by mean reversion; for β = 2 and θ = 0, the model reduces to a geometric Brownian
motion, akin to the Black–Scholes model; for β = 3, it transitions into an inverse Feller (IF)
process, also referred to as the 3/2-stochastic volatility model (SVM). Additionally, the NLD-
CEV process can be found in the alternative form [23]. Incorporating regime-switching
mechanisms into the NLD-CEV model enhances its ability to describe the dynamic behavior
of financial markets under varying economic conditions. We present a regime-switching
version of this model in which the constants θ and σ are allowed to transition between
different states following a Markov chain Xt; that is,

dRt = κ
(

θXt R
−(1−β)
t − Rt

)
dt + σXt R

β
2
t dWQ

t . (1)

When the economy is believed to be in state i, the continuous-time irreducible m-state
Markov chain with generator Q = (qij)m×m, which is independent of WQ

t , is defined as
follows:

P(Xt+δ = j | Xt = i) =

{
qijδ + o(δ) if i ̸= j,
1 + qijδ + o(δ) if i = j,

where δ > 0 and if i ̸= j, the transition rate from i to j satisfies qij ≥ 0 and qii = −∑i ̸=j qij.
This Markov chain serves as a representation of the evolving financial market regime,
exerting a substantial influence on the dynamics of the index. To take into consideration
the effect of regime switching, for simplicity of derivation, we assume a two-state Markov
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chain; however, extending this to a scenario with an arbitrary but finite number of states
is relatively straightforward. We propose two different cases according to β with regime-
switching model (1) as follows:

In the case of β ∈ [0, 2), we set β = 2α−1
α for α ≥ 1

2 , the regime-switching NLD-CEV
process can be expressed as

dRt = κ

(
θXt R

α−1
α

t − Rt

)
dt + σXt R

2α−1
2α

t dWQ
t . (2)

Conversely, when β ∈ (2, ∞), we set β = 2α+1
α for α > 0, the regime-switching NLD-CEV

process is given by

dRt = κ

(
θXt R

α+1
α

t − Rt

)
dt + σXt R

2α+1
2α

t dWQ
t . (3)

It is noted by Sutthimat [24] that β → 2 in (1) is equivalent to α → ∞ for both (2) and (3).

3. Conditional Moment-Generating Function

The derivation of the conditional MGF for the regime-switching NLD-CEV process is
a complex yet crucial task in financial mathematics. This section focuses on the analytical
computation of the conditional MGF depending on the range of the elasticity parameter
β for the processes (2) and (3), providing a foundation for further applications in option
pricing. The key idea relies on the Feynman–Kac formula, which involves expressing the
solution of the corresponding hybrid system of PDEs and solving for the coefficients to
obtain the closed forms, for more motivation, see [25–27].

3.1. Conditional Moment-Generating Function of the Model When β ∈ [0, 2)

In this subsection, we derive the conditional MGF for the regime-switching NLD-CEV
process when the elasticity parameter β is within the range [0, 2). The following theorem
establishes the foundation by providing a closed-form expression for the conditional MGF.

Theorem 1. Suppose that Rt follows the system of SDEs (2) on [0, T] with initial values Rt = R
and Xt = i, i ∈ {1, 2}. Then, the conditional MGF is defined by the following:

V⟨δ⟩
α,i (τ, R) : = EQ

[
eδR

1
α
T

∣∣∣∣ Rt = R, Xt = i
]

= e
1{1}(i)

(
A⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ)

)
+1{2}(i)

(
B⟨1⟩

α,δ (τ)R
1
α +B⟨0⟩

α,δ (τ)

)
, (4)

where τ = T − t ≥ 0, 1 is the indicator function, A⟨k⟩
α,δ(τ) and B⟨k⟩

α,δ (τ) for k = 0, 1 can be solved
by the system of Riccati differential equations:

d
dτ

A⟨1⟩
α,δ (τ) + κ

1
α

A⟨1⟩
α,δ (τ)−

1
2

σ2
1

1
α2

(
A⟨1⟩

α,δ (τ)
)2

= 0, (5)

d
dτ

B⟨1⟩
α,δ (τ) + κ

1
α

B⟨1⟩
α,δ (τ)−

1
2

σ2
2

1
α2

(
B⟨1⟩

α,δ (τ)
)2

= 0 (6)

with the initial conditions A⟨1⟩
α,δ (0) = B⟨1⟩

α,δ (0) = δ and the system of nonlinear ordinary differential
equations (ODEs), as follows:

d
dτ

A⟨0⟩
α,δ (τ)− γα,1 A⟨1⟩

α,δ (τ) + q12 − q12e
(

B⟨1⟩
α,δ (τ)−A⟨1⟩

α,δ (τ)
)

R
1
α +
(

B⟨0⟩
α,δ (τ)−A⟨0⟩

α,δ (τ)
)
= 0, (7)

d
dτ

B⟨0⟩
α,δ (τ)− γα,2B⟨1⟩

α,δ (τ) + q21 − q21e
(

A⟨1⟩
α,δ (τ)−B⟨1⟩

α,δ (τ)
)

R
1
α +
(

A⟨0⟩
α,δ (τ)−B⟨0⟩

α,δ (τ)
)
= 0 (8)
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with the initial conditions A⟨0⟩
α,δ (0) = B⟨0⟩

α,δ (0) = 0, where γα,i = κθi
1
α + 1

2 σ2
i

1
α

(
1
α − 1

)
.

Proof. According to Yao et al. [28], the conditional MGF in (4) satisfies the PDEs, as follows:

∂V⟨δ⟩
α,i

∂τ
− κ
(

θiR−(1−β) − R
)∂V⟨δ⟩

α,i

∂R
− 1

2
σ2

i Rβ
∂2V⟨δ⟩

α,i

∂R2 − ∑
j ̸=i

qij

(
V⟨δ⟩

α,j − V⟨δ⟩
α,i

)
= 0 (9)

with β = 2α−1
α , where (τ, R) ∈ [0, T]×R+ subject to the initial condition at τ = 0:

V⟨δ⟩
α,i (0, R) = eδR

1
α for i = 1, 2. (10)

The demonstration is split into two cases contingent on the condition Xt = i, where i = 1, 2.
For i = 1, we compare the coefficients of (4) with (10) to obtain the initial conditions
A⟨1⟩

α,δ (0) = δ and A⟨0⟩
α,δ (0) = 0. Substituting the partial derivatives, we have the following:

∂V⟨δ⟩
α,i

∂τ
=

(
d

dτ
A⟨1⟩

α,δ (τ)R
1
α +

d
dτ

A⟨0⟩
α,δ (τ)

)
eA⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ)

∂V⟨δ⟩
α,i

∂R
=

1
α

A⟨1⟩
α,δ (τ)R

1
α −1eA⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ)

∂2V⟨δ⟩
α,i

∂R2 =
1
α2

(
A⟨1⟩

α,δ (τ)
)2

R
2
α −2eA⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ)

+
1
α

(
1
α
− 1
)

A⟨1⟩
α,δ (τ)R

1
α −2eA⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ)

into (9). This implies the following simplified form:

A⟨1⟩
α,δ (τ)R

1
α eA⟨1⟩

α,δ (τ)R
1
α +A⟨0⟩

α,δ (τ) + A⟨2⟩
α,δ (τ)e

A⟨1⟩
α,δ (τ)R

1
α +A⟨0⟩

α,δ (τ) = 0, (11)

where

A⟨1⟩
α,δ (τ) =

d
dτ

A⟨1⟩
α,δ (τ) + κ

1
α

A⟨1⟩
α,δ (τ)−

1
2

σ2
1

1
α2

(
A⟨1⟩

α,δ (τ)
)2

, (12)

A⟨2⟩
α,δ (τ) =

d
dτ

A⟨0⟩
α,δ (τ)−

(
κθ1

1
α
+

1
2

σ2
1

1
α

(
1
α
− 1
))

A⟨1⟩
α,δ (τ) + q12

− q12e
(

B⟨1⟩
α,δ (τ)−A⟨1⟩

α,δ (τ)
)

R
1
α +
(

B⟨0⟩
α,δ (τ)−A⟨0⟩

α,δ (τ)
)

. (13)

As a result, we can directly follow from the previous case to derive the state i = 2, as
follows:

B⟨1⟩
α,δ (τ)R

1
α eB⟨1⟩

α,δ (τ)R
1
α +B⟨0⟩

α,δ (τ) + B⟨2⟩
α,δ (τ)e

B⟨1⟩
α,δ (τ)R

1
α +B⟨0⟩

α,δ (τ) = 0, (14)

where

B⟨1⟩
α,δ (τ) =

d
dτ

B⟨1⟩
α,δ (τ) + κ

1
α

B⟨1⟩
α,δ (τ)−

1
2

σ2
2

1
α2

(
B⟨1⟩

α,δ (τ)
)2

, (15)

B⟨2⟩
α,δ (τ) =

d
dτ

B⟨0⟩
α,δ (τ)−

(
κθ2

1
α
+

1
2

σ2
2

1
α

(
1
α
− 1
))

B⟨1⟩
α,δ (τ) + q21

− q21e
(

A⟨1⟩
α,δ (τ)−B⟨1⟩

α,δ (τ)
)

R
1
α +
(

A⟨0⟩
α,δ (τ)−B⟨0⟩

α,δ (τ)
)

(16)

with the initial conditions B⟨1⟩
α,δ (0) = δ and B⟨0⟩

α,δ (0) = 0. We conclude from (11)–(16) to
complete the proof.
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A simple form of the MGF can be obtained as shown in the following corollary, making
the results more tractable.

Corollary 1. Keeping the notations as in Theorem 1, the moment-generating function (4) can be
rewritten in the following form:

EQ
[

eδR
1
α
T

∣∣∣∣ Rt = R, Xt = i
]
= 1{1}(i)Ã⟨0⟩

α,δ eÃ⟨1⟩
α,δ (τ)R

1
α
+ 1{2}(i)B̃⟨0⟩

α,δ eB̃⟨1⟩
α,δ (τ)R

1
α , (17)

where Ã⟨0⟩
α,δ (τ) and B̃⟨0⟩

α,δ (τ) can be solved by the system of ODEs:

d
dτ

Ã⟨0⟩
α,δ (τ)−

(
γα,1 Ã⟨1⟩

α,δ (τ)− q12

)
Ã⟨0⟩

α,δ (τ)− q12D(τ)B̃⟨0⟩
α,δ (τ) = 0, (18)

d
dτ

B̃⟨0⟩
α,δ (τ)−

(
γα,2B̃⟨1⟩

α,δ (τ)− q21

)
B̃⟨0⟩

α,δ (τ)− q21D−1(τ)Ã⟨0⟩
α,δ (τ) = 0 (19)

with the initial conditions Ã⟨0⟩
α,δ (0) = B̃⟨0⟩

α,δ (0) = 1 and D(τ) = e
(

B̃⟨1⟩
α,δ (τ)−Ã⟨1⟩

α,δ (τ)
)

R
1
α

,

Ã⟨1⟩
α,δ (τ) =

2αδκ

δσ2
1 +

(
2ακ − δσ2

1
)
e

κτ
α

and B̃⟨1⟩
α,δ (τ) =

2αδκ

δσ2
2 +

(
2ακ − δσ2

2
)
e

κτ
α

. (20)

Proof. The solutions A⟨1⟩
α,δ (τ) and B⟨1⟩

α,δ (τ) from the Riccati Equations (5) and (6) can be

solved by using the substitution technique to obtain Ã⟨1⟩
α,δ (τ) and B̃⟨1⟩

α,δ (τ) as defined in (20),

respectively. For the transformed system of ODEs (7) and (8), we let Ã⟨0⟩
α,δ (τ) = eA⟨0⟩

α,δ (τ) and

B̃⟨0⟩
α,δ (τ) = eB⟨0⟩

α,δ (τ) to obtain (18) and (19) with the initial conditions Ã⟨0⟩
α,δ (0) = B̃⟨0⟩

α,δ (0) = 1.
Then, the conditional MGF (4) can be written as follows:

EQ
[

eδR
1
α
T

∣∣∣∣ Rt = R, Xt = i
]
= e

1{1}(i)
(

Ã⟨1⟩
α,δ (τ)R

1
α +A⟨0⟩

α,δ (τ)

)
+1{2}(i)

(
B̃⟨1⟩

α,δ (τ)R
1
α +B⟨0⟩

α,δ (τ)

)

= 1{1}(i)Ã⟨0⟩
α,δ eÃ⟨1⟩

α,δ (τ)R
1
α
+ 1{2}(i)B̃⟨0⟩

α,δ eB̃⟨1⟩
α,δ (τ)R

1
α .

This proof is complete.

The following corollary addresses the specific condition corresponding to the case
when there is no switching regime, i.e. by using the same parameters of both states.

Corollary 2. Keeping the notation as in Corollary 1 with θ1 = θ2 = θ and σ1 = σ2 = σ, then the
moment-generating function (17) can be expressed in the following form:

EQ
[

eδR
1
α
T

∣∣∣∣ Rt = R, Xt = i
]
= eγαC̃α,δ(τ)+Cα,δ(τ)R

1
α , (21)

where γα = γα,1 = γα,2,

Cα,δ(τ) =
2αδκ

δσ2 + (2ακ − δσ2)e
κτ
α

and

C̃α,δ(τ) =
2α

σ2

(
κτ + α ln

(
2ακ

δσ2 + (2ακ − δσ2)e
κτ
α

))
.
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Proof. The system of ODEs (18) and (19) can be written in the matrix differential equation,
as follows:

u′
α,δ(τ) = Pα,δ(τ)uα,δ(τ) with initial conditions uα,δ(0) = [1, 1]⊤, (22)

where

u′
α,δ(τ) =

[
d

dτ
Ã⟨0⟩

α,δ (τ),
d

dτ
B̃⟨0⟩

α,δ (τ)

]⊤
, uα,δ(τ) =

[
Ã⟨0⟩

α,δ (τ), B̃⟨0⟩
α,δ (τ)

]⊤
,

Pα,δ(τ) =

[
γα,1Cα,δ(τ)− q12 q12

q21 γα,1Cα,δ(τ)− q21

]
.

Then, the solution of the homogeneous problem (22) can be solved as follows:

uα,δ(τ) = eP̃α,δ(τ)uα,δ(0), (23)

where

P̃α,δ(τ) =
∫ τ

0
Pα,δ(ξ)dξ =

[
γαC̃α,δ(τ)− q12τ q12τ

q21τ γαC̃α,δ(τ)− q21τ

]
,

C̃α,δ(τ) =
∫ τ

0
Cα,δ(ξ)dξ, and γα = γα,1 = γα,2.

To obtain the result in the form of (21), we write the solution (23) using eigenvalue-
eigenvectors of P̃α,δ(τ). It is easy to verify that the eigenvalues of P̃α,δ(τ) are
λ1(τ) = γαC̃α,δ(τ) and λ2(τ) = γαC̃α,δ(τ)− (q12 + q21)τ and correspond to the eigenvec-
tors, respectively v1 = [1, 1]⊤ and v2 = [−q12, q21]

⊤. Let S = [v1, v2] and
Λα = diag{λ1(τ), λ2(τ)}. Consequently, the solution (23) can be expressed as follows:

uα,δ(τ) = SeΛα S−1uα,δ(0) =
[
eγαC̃α,δ(τ), eγαC̃α,δ(τ)

]⊤
. (24)

We conclude from (17) and (24) and complete the proof.

The following corollary provides a method to calculate the conditional moments of
the asset price distribution using the complete exponential Bell polynomials, offering a
straightforward way to obtain higher-order moments from the conditional MGF.

Corollary 3. According to Corollary 2, the conditional n
α -moment for n ∈ Z+

0 satisfies the complete
exponential Bell polynomial, as follows:

EQ
[

R
n
α
T

∣∣ Rt = R, Xt = i
]
= n! ∑

j1+2j2+···+njn=n

n

∏
ℓ=1

1
(jℓ)!

(
1
ℓ!

∂ℓH
∂δℓ

∣∣∣
δ=0

)jℓ

=: B⟨n⟩
α,i (τ, R)

where H(τ, R, δ, α, i) = γαC̃α,δ(τ) + Cα,δ(τ)R
1
α and j1, j2, . . . , jn are non-negative integers.

Proof. The conditional n
α -moment is obtained by calculating the derivatives of the MGF (21)

with respect to δ evaluated at δ = 0, which satisfies the complete exponential Bell polyno-
mial as follows:

EQ
[

R
n
α
T

∣∣ Rt = R, Xt = i
]
=

n

∑
j=1

Bn,j

(
∂H
∂δ

∣∣∣
δ=0

,
∂2H
∂δ2

∣∣∣
δ=0

. . . ,
∂n−j+1H
∂δn−j+1

∣∣∣
δ=0

)

=
n

∑
j=1

∑
j1+j2+···+jn−j+1=j

j1+2j2+···+(n−j+1)jn−j+1=n

n!
j1!j2! · · · jn−j+1!

(
1
1!

∂H
∂δ

∣∣∣
δ=0

)j1
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(
1
2!

∂2H
∂δ2

∣∣∣
δ=0

)j2
· · ·
(

1
(n − j + 1)!

∂n−j+1H
∂δn−j+1

∣∣∣
δ=0

)jn−j+1

= n!
n

∑
j=1

∑
j1+j2+···+jn−j+1=j

j1+2j2+···+(n−j+1)jn−j+1=n

n−j+1

∏
ℓ=1

1
(jℓ)!

(
1
ℓ!

∂ℓH
∂δℓ

∣∣∣
δ=0

)jℓ

= n! ∑
j1+2j2+···+njn=n

n

∏
ℓ=1

1
(jℓ)!

(
1
ℓ!

∂ℓH
∂δℓ

∣∣∣
δ=0

)jℓ

,

where the second equality is obtained by applying Faà Bruno’s formula [29].

In order to illustrate the computation of conditional moments in Corollary 3, we
provide some cases in the following example.

Example 1. By utilizing Corollary 3, we obtain the n
α -moment when n = 1 and n = 2, respectively.

B⟨1⟩
α,i (τ, R) = −αγαe−

κτ
α

κ
+

αγα

κ
+ R

1
α e−

κτ
α ,

B⟨2⟩
α,i (τ, R) =

α2γ2e−
2κτ

α

κ2 − 2α2γ2e−
κτ
α

κ2 +
α2γ2

κ2 +
γσ2e−

2κτ
α

2κ2 − γσ2e−
κτ
α

κ2 +
γσ2

2κ2

+ R
2
α e−

2κτ
α − 2αγR

1
α e−

2κτ
α

κ
+

2αγR
1
α e−

κτ
α

κ
− σ2R

1
α e−

2κτ
α

ακ
+

σ2R
1
α e−

κτ
α

ακ
.

This example shows the specific conditional moments based on the process (2), where
α ≥ 1

2 , which is derived from conditional MGF. For n = 1, α = 1 provides the first
conditional moment of the CIR process, while α = 1

2 yields the second conditional moment
of the OU process. For n = 2, α = 1 gives the second conditional moment of the CIR
process, and α = 1

2 results in the fourth conditional moment of the OU process.

3.2. Conditional Moment-Generating Function of the Model When β ∈ (2, ∞)

This subsection focuses on deriving the conditional MGF for the regime-switching
NLD-CEV process when the elasticity parameter β lies within the range (2, ∞). The
following theorem lays the groundwork by presenting a closed-form expression for the
conditional MGF.

Theorem 2. Suppose that Rt follows the system of SDEs (3) on [0, T] with initial values Rt = R
and Xt = i, i ∈ {1, 2}. The conditional moment-generating function is defined by the following:

EQ
[

eδR
− 1

α
T

∣∣∣∣ Rt = R, Xt = i
]
= e

1{1}(i)
(

A⟨1⟩
α,δ (τ)R− 1

α +A⟨0⟩
α,δ (τ)

)
+1{2}(i)

(
B⟨1⟩

α,δ (τ)R− 1
α +B⟨0⟩

α,δ (τ)

)
, (25)

where τ = T − t ≥ 0, 1 is the indicator function, and A⟨k⟩
α and B⟨k⟩

α for k = 0, 1 can be solved by
the system of recursive nonlinear differential equations, as follows:

d
dτ

A⟨1⟩
α,δ (τ)− κ

1
α

A⟨1⟩
α,δ (τ)−

1
2

σ2
1

1
α2

(
A⟨1⟩

α,δ (τ)
)2

= 0,

d
dτ

B⟨1⟩
α,δ (τ)− κ

1
α

B⟨1⟩
α,δ (τ)−

1
2

σ2
1

1
α2

(
B⟨1⟩

α,δ (τ)
)2

= 0

with the initial conditions A⟨1⟩
α,δ (0) = B⟨1⟩

α,δ (0) = δ and

d
dτ

A⟨0⟩
α,δ (τ) + γα,1 A⟨1⟩

α,δ (τ) + q12 − q12e
(

B⟨1⟩
α,δ (τ)−A⟨1⟩

α,δ (τ)
)

R− 1
α +
(

B⟨0⟩
α,δ (τ)−A⟨0⟩

α,δ (τ)
)
= 0,
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d
dτ

B⟨0⟩
α,δ (τ) + γα,2B⟨1⟩

α,δ (τ) + q21 − q21e
(

A⟨1⟩
α,δ (τ)−B⟨1⟩

α,δ (τ)
)

R− 1
α +
(

A⟨0⟩
α,δ (τ)−B⟨0⟩

α,δ (τ)
)
= 0

with the initial conditions A⟨0⟩
α,δ (0) = B⟨0⟩

α,δ (0) = 0, where γα,i = κθi
1
α − 1

2 σ2
i

1
α

(
1
α + 1

)
.

Proof. The proof is similar to Theorem 1 and is omitted.

Corollary 4 makes the expression derived in Theorem 2 more tractable by simplifying
it through the resolution of the system of recursive nonlinear differential equations.

Corollary 4. Keeping the notations as in Theorem 2, the moment-generating function (25) can be
rewritten as follows:

EQ
[

eδR
− 1

α
T

∣∣∣∣ Rt = R, Xt = i
]
= 1{1}(i)Ã⟨0⟩

α,δ eÃ⟨1⟩
α,δ (τ)R− 1

α
+ 1{2}(i)B̃⟨0⟩

α,δ eB̃⟨1⟩
α,δ (τ)R− 1

α , (26)

where A(τ) and B(τ) can be solved by the following system of ODEs:

d
dτ

Ã⟨0⟩
α,δ (τ) +

(
γα,1 Ã⟨1⟩

α,δ (τ) + q12

)
Ã⟨0⟩

α,δ (τ)− q12D(τ)B̃⟨0⟩
α,δ (τ) = 0

d
dτ

B̃⟨0⟩
α,δ (τ) +

(
γα,2B̃⟨1⟩

α,δ (τ) + q21

)
B̃⟨0⟩

α,δ (τ)− q21D−1(τ)Ã⟨0⟩
α,δ (τ) = 0

with the initial conditions Ã⟨0⟩
α,δ (0) = B̃⟨0⟩

α,δ (0) = 1 such that D(τ) = e
(

B̃⟨1⟩
α,δ (τ)−Ã⟨1⟩

α,δ (τ)
)

R− 1
α

,

Ã⟨1⟩
α,δ (τ) =

−2αδκ

δσ2
1 −

(
2ακ + δσ2

1
)
e−

κτ
α

and B̃⟨1⟩
α,δ (τ) =

−2αδκ

δσ2
2 −

(
2ακ + δσ2

2
)
e−

κτ
α

.

Proof. The proof is analogous to that of Corollary 1 and is omitted.

The following corollary builds on the results of Corollary 4 by applying them to the
case where the parameters of both states are similar, resulting in a more streamlined form
of the conditional MGF.

Corollary 5. Keeping the notation as in Corollary 4 with θ1 = θ2 = θ and σ1 = σ2 = σ, then the
moment-generating function (26) can be expressed in the following form:

EQ
[

eδR
− 1

α
T

∣∣∣∣ Rt = R, Xt = i
]
= e−γαC̃α,δ(τ)+Cα,δ(τ)R− 1

α ,

where γα = γα,1 = γα,2,

Cα,δ(τ) =
−2αδκ

δσ2 − (2ακ + δσ2)e−
κτ
α

and

C̃α,δ(τ) =
2α2

σ2 ln

 2ακ

2ακ − δσ2
(

e
κτ
α − 1

)
.

Proof. The proof is essentially the same as the proof of Corollary 2, so it is omitted.

Corollary 6 presents a technique for computing the conditional moments of the asset
price distribution utilizing the findings of the conditional MGF.
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Corollary 6. According to Corollary 5, the conditional n
α -moment for n ∈ Z−

0 satisfies the complete
exponential Bell polynomial, as follows:

EQ
[

R
n
α
T

∣∣ Rt = R, Xt = i
]
= |n|! ∑

j1+2j2+···+|n|j|n|=|n|

|n|

∏
ℓ=1

1
(jℓ)!

(
1
ℓ!

∂ℓH
∂δℓ

∣∣∣
δ=0

)jℓ

=: B⟨n⟩
α,i (τ, R),

where H(τ, R, δ, α, i) = γαC̃α,δ(τ) + Cα,δ(τ)R
1
α and j1, j2, . . . , j|n| are non-negative integers.

It is important to note that these moments can be directly calculated using the transition
PDF, which is often unknown or not available in closed form. Additionally, the formulas
for the conditional moments of the SDE may also be unavailable in closed form, making
practical applications, such as the valuation of volatility swaps, particularly challenging,
especially when half-moments are required. In such cases, Corollaries 3 and 5 can be
directly applied to compute the values of volatility swaps when α = 2, see also [22].

To demonstrate the calculation of conditional moments in Corollary 6, we present
some instances in the following example.

Example 2. Applying Corollary 6, we can calculate the n
α -moment for the cases where n = −1 and

n = −2, respectively, as follows:

B⟨−1⟩
α,i (τ, R) = −αγe

κτ
α

κ
+

αγ

κ
+ R− 1

α e
κτ
α ,

B⟨−2⟩
α,i (τ, R) = −2α2γ2e

κτ
α

κ2 +
α2γ2e

2κτ
α

κ2 +
α2γ2

κ2 +
γσ2e

κτ
α

κ2 − γσ2e
2κτ

α

2κ2 − γσ2

2κ2

+
2αγR− 1

α e
κτ
α

κ
− 2αγR− 1

α e
2κτ

α

κ
− σ2R− 1

α e
κτ
α

ακ
+

σ2R− 1
α e

2κτ
α

ακ
+ R− 2

α e
2κτ

α .

This example shows the specific conditional moments based on the process (3) where
α > 0, which is derived from the conditional MGF. For n = −1 and n = −2 with α = 1, we
obtain the first and the second inverse conditional moment of the IF process, respectively.

4. Integral Representation for European Options

Based on the formulas derived in the previous section for the conditional MGFs of the
asset price governed by the regime-switching NLD-CEV processes (2), we can employ the
Fourier transform method to compute the option price. In the following Lemma, we utilize
the Fourier transform technique proposed by Andersen and Piterbarg [30].

Lemma 1. Let ξ be a random variable with a moment-generating function defined by Mξ(t). Then,
for k ∈ R, we have the following:

E
[
(ξ − k)+

]
=

dMξ(t)
dt

∣∣∣∣
t=0

− k +
1
π

∫ ∞

0
R
(

e−k(−λ+iω)Mξ(−λ + iω)

(−λ + iω)2

)
dω, (27)

for any λ > 0 for which the right-hand side exists.

Then, we can express the closed-form formula of the European call option price as
follows:

Theorem 3. Suppose that the underlying asset price Rt follows the NLD-CEV process in (2) with
positive integer α. Let C(t, R, i) be the value European call option price on an underlying asset spot
price R at time t with state i(i = 1, 2), and with a strike price K and an expiration date T. The fair
value of the European call option is represented in the following integral form:

C(τ, R, i) = e−rτEQ[(RT − K)+
∣∣ Rt = R, Xt = i

]
(28)
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= e−rτ

 dα

dδα
V⟨δ⟩

α,i (τ, R)
∣∣∣∣
δ=0

− K +
1
π

∫ ∞

0
R

 e−K(−λ+iω)V⟨−λ+iω⟩
α,i (τ, R)

(−λ + iω)2

 dω

,

where V⟨·⟩
α,i (τ, R) is defined in (4) and τ = T − t ≥ 0.

Proof. Lemma 1 can be utilized to directly implement option pricing.

The important benefit of our conditional MGF formula is its direct application to option
pricing. The option price is calculated by performing optimized numerical integration
once the conditional MGFs are determined. By employing advanced numerical methods,
the computational complexity of the integration process is reduced, enabling faster and
more precise calculations. This efficiency makes our approach highly suitable for real-time
financial applications. This reduction in computational burden also allows for the handling
of more complex financial instruments with greater accuracy.

5. Experimental Validations

Let Xt be a homogeneous continuous-time Markov chain defined on a finite state space
{1, 2}. The generator matrix of Xt, denoted as Q = (qij)2×2, is defined such that qij ≥ 0
if i ̸= j and qii = −∑i ̸=j qij, for all i, j ∈ {1, 2}. Assuming that the transition probabilities
from a state i ∈ {1, 2} at time t toward a state j ∈ {1, 2} at time t + h are stationary, we
define P(h) as the matrix of transition probabilities, with Pij(h) = P(Xh = j | X0 = i), for
all i, j ∈ {1, 2}. Then, the following relation holds:

dPij(h)
dh

= Qij

for all i, j ∈ {1, 2}. Note that this relation implies that Pij(h) =
(

eQh
)

ij
.

To simulate the discrete Markov chain {Xk, k = 0, 1, . . .}, we define Xtk := Xk = X(kh)
for k ≥ 0 as follows:

1. Calculate the one-step transition probability matrix, P(h) = ehQ.
2. Set the initial state X0 = i0. Generate a uniformly distributed random number ω on

[0, 1] to determine the next state according to the following:

Xk =

{
1, if ω ≤ Pik1,
2, if Pik1 < ω ≤ Pik1 + Pik2.

Then, update ik+1 = Xk+1.
3. Repeat the second step until reaching k∗ such that hk∗ equals the final time, thus

completing the discrete Markov chain {Xk, k = 0, 1, 2, . . . , k∗}.

We utilize the EM discretization method directly with the discrete Markov chain
{Xk, k = 0, 1, 2, . . . , k∗} to simulate the processes (2) and (3) and approximate the MGF. Let
R̂ represent a time-discretized approximation to R, with R̂k = R̂(tk), R̂0 = Rt0 , ξ0 = i0 and
h = tk+1 − tk. The EM approximation of (1) is defined by the following:

R̂k+1 = R̂k + κ
(

θXk R̂−(1−β)
k − R̂k

)
h + σXk R̂

β
2
t

√
h Zk (29)

where Zk is the standard normal distribution; see also Algorithm 1.
Next, we validate the closed-from formula for the MGF in Theorem (1) and (2) based

on the process (2) and (3), respectively. In this validation, we parameterize the process (2)
as follows: κ = 0.5, θ1 = 1, θ2 = 0.5, σ1 = 0.01, and σ2 = 0.3. Similarly, for the process (3),
the parameter values are κ = −0.5, θ1 = 1, θ2 = 0.5, σ1 = −0.01, and σ2 = −0.3. MC
simulations are implemented to generate 10,000 sample paths of Rt, where each path
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consists of 10,000 time steps over the time interval [0, 5]. The results of these simulations
are illustrated in Figure 1.

Algorithm 1 Simulation of the continuous-time Markov chain and EM approximation

Input: Generator matrix Q, time step h, terminal time T, initial state i0, initial value Rt0 ,
parameters κ, θXk , σXk and β

Output: Simulated discrete Markov chain {Xk, k = 0, 1, . . . , k∗} and R̂k
1: Calculate the one-step transition probability matrix P(h) = ehQ

2: Set t0 = 0 and k = 0
3: Set X0 = i0 and R̂0 = Rt0

4: while tk ≤ T do
5: Generate a uniformly distributed random number ω ∈ [0, 1]
6: if ω ≤ Pik1 then
7: Xk+1 = 1
8: else
9: Xk+1 = 2

10: end if

11: Compute R̂k+1 = R̂k + κ
(

θXk R̂−(1−β)
k − R̂k

)
h + σXk R̂

β
2
k

√
h Zk

12: Update ik+1 = Xk+1

13: Update tk+1 = tk + h
14: Update k = k + 1
15: end while
16: return Simulated discrete Markov chain {Xk, k = 0, 1, . . . , k∗} and R̂k

(a) The conditional MGF of the OU process
(β = 0) when δ = 1 and α = 1

2 .
(b) The conditional MGF of the CIR process

(β = 1) when δ = 1 and α = 1.

(c) The conditional MGF of the process (β = 5
2 )

when δ = 1 and α = 2.
(d) The conditional MGF of the IF process

(β = 3) when δ = 1 and α = 1.

Figure 1. The conditional MGF of the NLD-CEV model.
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In Table 1, we present a comparison between a closed-form Formula (4) and Monte
Carlo (MC) simulations for the conditional moment-generating function (MGF) of an
Ornstein–Uhlenbeck (OU) process. The comparison is quantified by using the mean
absolute deviations (MADs). The OU process parameters are set to δ = 1, α = 1

2 , with
an initial value R0 = 0.8. The table explores two initial states (X0 = 1, 2) and four-time
points (τ = 1, 5, 10, and 15). For each combination, MC simulations are run with increasing
numbers of paths (5000, 10,000, 20,000, and 40,000) to assess convergence. We can see that
the closed-form formulas and the MC simulations provide highly accurate results, thus
verifying the formula’s reliability and resilience. Furthermore, the accuracy of the MC
simulations improves as the number of paths increases, although this comes at the expense
of a longer computing time.

Table 1. The MADs between our closed-form Formula (4) and MC simulations of the conditional
MGF of OU process with parameters δ = 1, α = 1

2 and initial value R0 = 0.8.

X0 No. of Paths
τ

1 5 10 15

1 5000 8.756 × 10−4 2.789 × 10−3 4.204 × 10−3 4.041 × 10−3

10,000 6.379 × 10−4 1.596 × 10−3 2.043 × 10−3 3.746 × 10−3

20,000 4.224 × 10−4 6.450 × 10−4 5.622 × 10−4 2.373 × 10−4

40,000 2.652 × 10−4 8.463 × 10−4 6.305 × 10−4 2.466 × 10−4

2 5000 2.599 × 10−3 3.562 × 10−3 8.097 × 10−3 7.673 × 10−3

10,000 5.147 × 10−4 2.672 × 10−3 6.019 × 10−3 4.853 × 10−3

20,000 2.780 × 10−4 1.753 × 10−3 2.390 × 10−3 3.165 × 10−3

40,000 2.573 × 10−4 8.578 × 10−4 1.759 × 10−3 2.405 × 10−3

6. Conclusions and Discussion

This work investigates the MGFs for asset price processes that are governed by the
NLD-CEV model with regime-switching. The objective of our investigation was to generate
closed-form formulations for these MGFs under a variety of parameter conditions and to
apply these findings to option pricing. The key contributions of our work are summarized
as follows. Firstly, we derived closed-form formulas for the conditional MGFs of the asset
price process under the NLD-CEV model with two-state regime-switching. These formulas
were developed for two scenarios: when the elasticity parameter β is within the range (0, 2]
and when it is greater than 2. Figure 1 demonstrates that the results obtained from the
proposed formulas completely match those from MC simulations, while also requiring
significantly less computational time.

This significant achievement provides a robust framework for comprehending the
behavior of asset prices under different market conditions and regimes, thus enhancing the
understanding of financial market dynamics. Secondly, we applied the derived MGFs to the
practical problem of option pricing using previously established methods. This approach
not only demonstrated the applicability of our theoretical results but also showcased how
MGFs can facilitate efficient and accurate option pricing. By transforming complex SDEs
into more manageable forms, MGFs enable the derivation of closed-form solutions for
derivative prices. This is a crucial advance as it simplifies the complex mathematical
procedures involved in pricing financial derivatives. Thirdly, we validated our closed-
form formulas through extensive numerical simulations. Utilizing the EM discretization
method, we simulated the processes and approximated the MGFs. The validation involved
generating multiple sample paths and time steps to ensure the robustness and accuracy of
our results. These simulations confirmed that our theoretical findings are consistent with
empirical observations, reinforcing our models’ reliability and practical relevance.

The findings of this study have substantial implications for financial mathematics,
particularly in derivative pricing. The ability to derive closed-form MGFs under the NLD-
CEV model with regime-switching offers enhanced accuracy, efficiency, and a more precise
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representation of asset price distributions, reducing reliance on computationally inten-
sive numerical methods. The flexibility in modeling market conditions allows for better
capture of dynamic market behaviors, making the model applicable across various con-
ditions. Additionally, the broader applicability of our findings extends beyond European
option pricing to other financial derivatives, benefiting a wider audience. Future research
could explore multi-state regime-switching processes and the impact of different elasticity
parameters, further enhancing the robustness and applicability of financial models.
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