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Abstract: Due to their high specific stiffness, particularly in bending, along with their strong design
capabilities, stiffened plates have become a prevalent structural solution in aerospace and various
other fields. In pursuit of optimizing such structures, a topology optimization method named
Heaviside-function-based directional growth topology parameterization (H-DGTP) was proposed
in our previous work. However, this approach is limited to designing planar, single-sided stiff-
ened structures. Thus, this paper extends the scope of this method to encompass double-sided,
curved, stiffened panels, presenting a topology optimization technique tailored for such configura-
tions. Specifically, considering the position, shape of the curved panels, and the arrangement and
height of the stiffeners as design variables, while prioritizing structural stiffness as the objective, a
topology optimization model for double-sided curved stiffened plate structures is established, and
the corresponding sensitivities of the objective with respect to the design variables are analytically
derived. Numerical examples illustrate that simultaneously optimizing the position and shape of the
plate, as well as the layout and height of the stiffeners on both sides of the curved plate, results in
greater stiffness compared to optimizing only part of these variables, validating the necessity and
effectiveness of the proposed method.

Keywords: topology optimization; Heaviside function; curved stiffened structure

MSC: 74P05

1. Introduction

The stiffened plate structure, composed of a base plate and several stiffeners, is of great
significance in the fields of machinery, aerospace, etc., for its high rigidity-to-weight ratio
and strong design freedom. Previous studies have shown that by reasonably optimizing the
plate shape and stiffener layout, the mechanical properties of the stiffened plate structure
can be improved effectively [1-3]. Therefore, establishing a systematic optimization design
method for a stiffened plate structure has become a research hotspot [4-7]. In recent years,
applying genetic algorithms and other intelligent algorithms to optimize stiffened plate
structures has made great progress [8]. However, the shortcomings of these methods, such
as low computational efficiency, few achievable design variables, and limited optimization
space, limit their application. Casting is a very commonly used manufacturing process
for the stiffened structure due to its advantages, including cost-effectiveness, complex
shape formation, and high material utilization [9]. Hence, casting provides a mature
manufacturing technology for complex stiffened plate structures. However, the casting
process also has requirements regarding the shape of the casting; for example, the shape of
the casting should be protruding, and internal holes should be avoided [10]. If this is not
the case, the casting may have defects, or casting failure may be experienced.

Topology optimization is currently one of the most powerful structural design meth-
ods. It can obtain innovative configurations with an excellent performance by seeking
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the optimal layout of materials under given objectives and constraints [11]. As an intel-
ligent and systematic optimization design method, it can design products according to
performance requirements and manufacturing capacity. Therefore, topology optimization
is widely used to improve the structural properties of materials in aerospace and other
fields [12,13]. Various topology optimization methods have been proposed in the past few
decades, including homogenization-based methods [14], density-based methods [15], level
set methods [16], evolution methods [17], and feature-mapping methods [18,19]. In the con-
text of topology optimization, how to generate designs that can be manufactured by casting
is of great importance. In this direction, several studies have been conducted. For example,
a level-set-based method for the conceptual design shape and topology optimization of
castings is proposed in the work of Wang et al. [20], and this method can conveniently
consider casting constraints and traditional material volume constraints. Xu et al. [21]
proposed a topology optimization method for natural frequency optimization considering
casting constraints.

So far, several topology optimization methods for the stiffened layout of plate and
shell structures have been developed [22-24]. Cheng and Olhoff developed a topology
optimization method to design the thickness of plates to realize the optimal design of stiff-
ened plate structures [25]. Rais-Rohani and Lokits also utilized the topology optimization
method to explore the design aspects of composite stiffeners [26]. Furthermore, Krog and
Olhoff [27] derived a stiffened structure by employing the homogenization method and
strategically designing laminated microstructure parameters. In addition, Gersborg and
Andreasen proposed a parametric interpolation format based on a three-dimensional struc-
ture to delineate stiffener height [19]. The underlying concept was to identify the interface
between the solid and hollow materials along the stiffener to attain an optimal structure.
Moreover, Liu et al. [28] developed a novel parametric method for the design of single-
sided stiffened plate structures by using the Heaviside function, which is referred to as
Heaviside-function-based directional growth topology parameterization (H-DGTP). Also,
Sun et al. [29] proposed a multiple unidirectional material field-based topology optimiza-
tion method for thin-walled structures with directional straight stiffeners. Huang et al. [30]
developed a mesh-deformation-based integrated topology and shape optimization frame-
work for stiffened curved shells. Sun et al. [31] proposed an isogeometric-analysis-based
stiffness spreading method for stiffener layout optimization. Up to now, the above works
have mainly focused on single-sided stiffened structures. However, the design space of
a single-sided stiffened structure is not large enough to accommodate complex design
requirements. Hence, developing a design theory and method for single-sided stiffened
plates to increase the design space is an important direction.

Under above context, an improved H-DGTP-based topology optimization method for
double-sided stiffened plates is proposed in this paper, where the main contribution is that
the scope of the improved method is extended from single-sided stiffened plates to double-
sided ones. In the proposed method, two types of design variables are introduced: one is
used to describe the shape of the reference plate in relation to the height of the interpolation
point of the reference plate; the other is used to describe the double-sided stiffener layout
above and below the reference plate in relation to the density field of the bidirectional
stiffener distribution and the height field describing the height of the stiffeners. Several
numerical results indicate that the aforementioned optimization variables have a significant
impact on the optimization outcomes, thereby validating the necessity of the collaborative
optimization approach presented in this paper. Here, it is worth mentioning that the results
obtained by the method proposed in this paper naturally satisfy the casting constraints
of vertical stiffeners, thereby removing the barriers from design to manufacturing and
greatly improving the possibility of engineering applications using the optimization method
presented, and the corresponding results.
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2. Topology Optimization Model
2.1. Parameterization Model for the Curved-Plate Structure with Double-Sided Stiffeners

The parameterization of double-sided curved stiffened plates is a prerequisite for
achieving their topological optimization. Therefore, this section proposes a new param-
eterization model for such structures based on the Heaviside function. This model can
simultaneously describe the shape of the curved plates and the layout of the stiffeners, as
illustrated in Figure 1.
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Figure 1. Illustrative sketch of the curved-plate structure with double-sided stiffeners.

To determine the location of the reference plate, a set of design variables is defined. The
height values of the reference plate center are equally distributed: sqc = [S4c0, Sdc2, - - - » Sden) T
The coordinates are x = [xg, x2, ..., xn]T, and the spacing is h. In this paper, cubic spline
interpolation with natural boundary conditions is applied to determine the height of any
element of the reference plate center whose expression is

sq = Ay *m+ Aj %84, 1)

where m = [My, My, ..., M| can be obtained by

2 )\0 M dO

o2 M M, d
Hno1 2 Ay M4 dy—1

Un 2 M, dn

where d = [do, dy, ..., dy,] is computed by

0 --- 0
1 -2 1
3 1 -2 1
d:ﬁ . . . * Sdc 3)
1 -2 1
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where u, v, « and B are computed by
10 ) e 1) B ; ; N
u(i) = e , x(j—1)<i<x(j), j=23,...,n
v(i) = (ifx(f?l))s;ii];x(jfl))z*hz, x(j-1)<i<x(j), j=23,...,n -
afi) = = x(j-1)<i<x(j), j=23,...,n
B(i) = ==, x(j-1)<i<x(j), j=23,...,n

Through the above formulations, the specific position of the center of a series of
reference plate centers in the X and Y directions can be determined.

The thickness of the reference plate is J;. Thus, when only considering the influence
of the reference plate, the density of any element in the design domain can be obtained:

1 Se — 54j S%d
21
2

Xie = Hy (se, sd]-), where Hq (se, sd]-) = 5
0 |se — S4j >

(6)

where s, = x/1 € [0,1] is a normalized coordinate of the center point of any element in the
Z direction, s4; is the height of any element on the reference plate to the lower boundary
of the design domain, and H; is the first Heaviside function, whose specific expression is
as follows:

2(se—s ) \2P1
-3

H](SEISC[) =e (7)

where the parameter 31 > 0 determines the smoothness of the approximate function. The
larger the 31 value, the steeper the approximation, as shown in Figure 2.
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Figure 2. The second smooth Heaviside function with different $; values.

Now, after the reference plate has been determined, the next step is to model the
stiffeners. The direction of the stiffener is first determined, and sets of elements above and
below the reference plate (usually judged by the position of the center point of the element)
are regarded as two stiffeners. Here, four design values are defined: the design variable
that describes the layout of the stiffeners above the reference plate L;, the design variable
that describes the height of the stiffeners above the reference plate #;, the design variable
that describes the layout of the stiffeners below the reference plate Ly, and the design
variable that describes the height of the stiffeners below the reference plate 77,. Thus, when
considering the influence of stiffeners, the density of any element is formulated as follows:
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Ly; - Hy (1), s1¢) above
Xpe =14 Y j 8
2e {sz : Hl (1’]2]‘, 523) below ( )
where
1s;, <wii .
Ha (13, s1e) = { 0 S: > Z’l]] i=1,2 )

where s;, = x;/1; € [0,1] is the normalized coordinate of the center point of any element
above/below the reference plate; 7;; is the height of the j-th stiffener above/below the
reference plate; H; is the second Heaviside function; and L;; € [0,1] is the density of the
j-th stiffener above/below the base surface which can be penalized to 0 or 1. Because the
Heaviside function is a sudden-change function and its first derivative is discontinuous,
in order to adopt a gradient optimization algorithm, it usually needs to be approximately
smoothed. In this paper, the Sigmoid function commonly used in artificial neural network
theory is used to approximate the Heaviside function, and the modified form is as follows:

3.52*(’71‘_51‘)

HZ(”I'/ Si) = 1 —|—e:32*(77i_5i)

i=1,2 (10)

where the parameter 3, is similar to 81, which determines the smoothness of the approxi-
mate function, and the larger the 8, value, the steeper the approximation, as is shown in
Figure 3.

Nn;=0.5

0.8 |
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0.0 |
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§i
Figure 3. The first smooth Heaviside function with different 8, values.
When the two conditions of the stiffeners and the base plate are considered simulta-
neously, the relations of their values with the density of all elements are determined, as
shown in Table 1.

Table 1. The relationship between p, and X;, X».

Different Combinations of X1, X, Interpolated Elemental Density
X; =1 pe =1
X;=0,X =1 pe =1
X1=0,X,=0 e =0

Therefore, as is shown in Figure 4, the density of all elements in the 3D design domain
can be interpolated as follows:

e = X1+ Xz(l — Xl) (11)
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p=X X, (1-X,)

Figure 4. The interpolation function for element density p,.

Now, Equation (11) is the final developed parameterization model for the curved-plate
structure with double-sided stiffeners, and it is used to realize the topology optimization of
such structures in the next section.

2.2. Topology Optimization Model

In this paper, the compliance optimization problem is considered. The optimization
formulation is given as follows:

min c=UTF

subject to  K(p.)U=F
§<0 (12)
0 < 1nq(i),n(i), L1(i), La(i), 8. (i) <1 for i=1,...,m

find N1(0),m2(0), L1 (i), La (i), s4c (i) € R™

where c is the compliance, U is the displacement vector, F is the external load vector, and K
is the global stiffness matrix, which can be assembled by

N
K(p) = Y- (p+ (P —p)o} ) Ke (13)

e=1

where K. is the element stiffness matrix and N is the number of elements. p = 0.001 is
the lower limit of density to avoid the singularity of the global stiffness matrix; p = 1
is the upper limit of density. p is a penalization parameter, and is set as 3 in this paper.
Because of only considering volume constraint in this paper, the constraint function can be
expressed by

g="—-1 (14)

where 1, is the element volume, 7 is the allowed volume fraction, and V is the total volume
of the design domain.

3. Sensitivity Analysis
The sensitivity of the objective function ¢ with respect to the design values
Sde = [Sdc1, Sdcos -+ - sdcn}T can be obtained by the chain rule as follows:

(15)

oc  Ne ac <ape 90Xy dsg | 9pe 9Xp 05 asd>

954 = 9pe \9X; ds; dsgc = 9Xp ds ds sy

where Ne is the number of elements in the design domain, and dp,/0X; can be written as

0pe

x —lX (16)
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In addition, the term dXj /ds; can be formulated as
— Se—S$ 2p
0% _ 9Hi _ 261 2se—sa) P 3™ a7
an an (5d 5[1

Also, dsq/0s4. is the sensitivity of the height of the reference plate to the equally
distributed height of the reference plate s4., which can be expressed by

-1

2 A
“Ll1 2 )\1
od
an =A- om + A, =A;- . + A, (18)
anc anc asdc
Un—1 2 /\n—l
Hn 2
Now, dp./0Xp, 0X/09s can be similarly written as follows:
dpe
=1-X 19
9%, 1 19)
Bax(1i—si)
Xy _ _p P Si=1,2 (20)
ds; (1+ eﬂz*('?i—si))
Based on the relationship between s and s, say that
§p =323 5,>5
R P @)
52 — T Se < Sd

5 = (22)

ds1 _ s.—1
s T (1:sd)2 Se 2 Sd
E)sz

According to Equations (1), (10), and (11), the sensitivity of the objective function c to
the design values 71, 172, L1, Ly by the chain rule can be obtained as follows:

9c N\ 0c 9pe 0%, | 9pe 9Xp, N Oc Ope OMa(i,s1)
M 10 09Xy I 0Xp I’ 190 0Xa o

ac  Net 9c 9p, 9X;  9p. 90Xp. Net 9c 9

S = p o (SRe ST SRy S S (g, s)
8L1 e=1 ape aX1 aL1 8X2 8L1 e=1 ape aXZ

(23)

Oc _ % 0c 0p. 90Xy | 9pe 0Xp, N2 Oc Ope; OHa(ig252)
My S 0pe 0Xy dpp | 0Xp o’ S 9pe0Xz © O

dc Nex gc  dp, 9X7 | dp. 9X2, Ne dc dp,
_— = e e e H
Ay = 0pe 0X; oL, | 9Xa L) .k e 9X> 2(12,%2)

where Ne;j is the number of elements in a stiffener above the reference plate, Ney is the
number of elements in a stiffener below the reference plate, and dc/dp, is the sensitivity of
compliance to element density, whose expression is

Jdc

5= P[0~ P UgKeUe (24)
Oe
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where Uk, is the displacement vector of the element and K is the stiffness matrix of the
element. dH,/dy; is the sensitivity of the Heaviside function with respect to the design
variable 7;, which can be expressed by

B1*(17i—5;)
OHy _ _ poe070 S =12 (25)
o (1+ 3/52*(771'*51))

The values of parameters 1 and B, determine the size of the transition domain of
the Heaviside function, so choosing reasonable values of parameters 1 and f; is very
influential to the optimization process. To determine their value, numerical experiments
were carried out to show that the height of the stiffeners 7; varied by 0.0001 steps from
0to 1, and the other design variables were all 1. For different 31 values, the curves of the
objective function on the variable are shown in Figure 2.

4. Numerical Implementations

Next, the process of topology optimization with the parameterized methods is sum-
marized. First of all, we need to determine the position of the reference plate by setting the
initial design variable, and then substituting the initial design variable into cubic spline
interpolation to obtain the height of the reference plate with a set of elements in the X
direction. The height of each set of elements in the Y direction is the same, so the height
of all elements on the reference plate can be obtained. The element density within the
thickness of the reference plate is 1. The direction of the stiffeners is positive and negative
in the Z direction. Secondly, the element density should be calculated by the parameterized
optimization method, which is the key to the realization of the algorithm. Third, a new
iterative process is started by updating the design variables through MMA. The specific
optimization process is as follows:

Step 1: Initialize design variables. Determine the position of the base surface and
set up the direction of the stiffeners and the maximum design variable change Apmax,
maximum iterations imax = 400, and the iteration countersi = 0, 1 =5, and B = 1. Set
up the system of equations and choose the filter method, etc.

Step 2: While mapriJrl — pi H > Apmax and i < imax, theni =i+ 1 and go to Step 3,
else go to Step 9.

Step 3: Calculate element density from design variables.

Step 4: Solve elastic problems.

Step 5: Calculate objective function and constraint function.

Step 6: Solve sensitivity.

Step 7: Update design variables based on MMA optimization algorithm.

Step 8: If mod(7,30) =1 | max||p'™ — p/|| < 0.01, then f= min(B + AB, 128) and go
to Step 2.

Step 9: Post-processing after optimization convergence.

5. Numerical Examples

Based on the topology optimization method presented above, the topology optimiza-
tion design is carried out for two typical examples. In the examples, the material is isotropic,
the elastic modulus is E = 1 MPa, and Poisson’s ratio is v = 0.3. The design domain is
divided by a hexahedral eight-node grid. The interpolation parameters p for the SIMP
interpolation start at 1 and increase by 1 for every quarter of the operation. The maxi-
mum is 3. Sensitivity filtering is used to avoid the checkerboard phenomenon and grid
dependence, and the filtering radius is 2.5. The design variables are updated based on
the MMA algorithm. A parameter is introduced in order to describe the dispersion of the
optimization results, which is

§4P6(1 — Pe)Ve
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where p, is the element density and v, is the element volume. The smaller the value of
Mnd, the closer the optimized element density is to the 0-1 distribution, and the better the
optimization effect.

5.1. Example 1: Simply Supported Plate

In this section, the structure of a simply supported plate is designed, as shown in
Figure 5, to obtain the optimal reference surface position, stiffener height, and layout
simultaneously. The design range is a 192 x 192 x 128 cube, and the four edges of the
lower end face are fixed in three directions. Vertical point loads F are applied to the upper
bottom, as shown in Figure 5. In order to better optimize the structure, select the element
near the load and constraint as the undesignable domains.

| F
LR

I

zZ Y

Vi

Figure 5. The design domain of the simply supported plate structures.

First, the topological optimization results obtained by the four methods are shown in
Figure 6 with a volume fraction of 40%. The red represents the reference plate, the green
represents the stiffener structure, and the remaining colors are gray elements. Figure 6a is
the result of the topology optimization under the condition where the reference plate is
a flat plate and the height is fixed to 0.5. It can be seen that there are more gray elements
around the reference plate, and the final objective function value is 328.8133. Figure 6b is
the topological optimization result under the condition where the reference plate is a flat
plate and the height is a design variable. It can be seen that there are fewer gray elements
around the reference plate, and the final objective function value is 317.1167. Figure 6c¢ is the
topological optimization result under the condition where the reference plate is a curved
plate interpolated by spline and both ends of the curved plate are fixed at 0.5. It can be
seen that compared with the result of a flat plate, the structure is more reasonable and there
are fewer gray elements. The final objective function value is 303.8884. Figure 6d is the
topological optimization result under the condition where the reference plate is a curved
plate interpolated by spline and both ends of the curved plate are highly free. Compared
with the optimization results of the previous three methods, the final objective function
value is smaller (294.7610), as shown in Table 2.

Table 2. Initial and final values of the objective function for the considered four cases.

Method Category Method 1 Method 2 Method 3 Method 4
Initial value of the objective function 1201 1201 1201 1201
The final value of the objective function 328.81 317.12 303.89 294.76

The iterative curves of the optimization process of the four methods are given in
Figure 7. The small oscillation of the curve during the optimization iterative process
is mainly caused by the changes in the values of f; and B;. The sudden increase in
the objective function near steps 100 and 200 is due to the increase in the penalty factor
p. Through optimization, the four methods, respectively, reduce the objective function
from the same initial value of 1201 to 328.81, 317.12, 303.89, and 294.76, corresponding
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to increases in structural stiffness of 3.65, 3.79, 3.95, and 4.07 times, respectively. Thus, it
can be seen from these results that the optimized result for Method 4 is the best, where
the reference plate is curved with its shape freely optimized, including the location at
the boundaries. Furthermore, optimized structures with different volume fractions are
also provided, as shown in Figure 8. It can be observed that there are differences in the
optimized results with different volume fractions, indicating that volume fraction can
influence the optimal structure.

View Angle 1 View Angle 2 The reference plate

(a)
Method 1

(b)
Method 2

(o)
Method 3

(d)
Method 4

=
\ o
A

Figure 6. Topologically optimized structures of the four methods. (a) Method 1: The reference plate
is flat and its location in the height direction is fixed at 0.5. (b) Method 2: The reference plate is flat
and its location in height direction is considered as a design variable. (c¢) Method 3: The reference
plate is curved with its shape optimized but with fixed locations at the boundaries (fixed as 0.5).
(d) Method 4: The reference plate is curved with its shape freely optimized, including the locations at
the boundaries.
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Figure 7. Iteration curves of objective function and constraint function.

View Angle 1 View Angle 2 The reference plate

=03

Stiffeners with a width
of about 40 glements

Curved plate with a
thickness of about 6 elements

Stiffeners with a width of
about 28 elements

Curved plate with a
thinckness of 6 elements

Figure 8. Optimized structures with different volume fractions.

Also, it should be noted that the computational efficiency of the proposed method
is poorer than the existing H-DGTP-based method (for the above considered examples,
the computational efficiency of the proposed method is approximately 20% to 30% lower
than for existing methods), and this is because the new method has far more design
variables, which will increase the computational time of the sensitivity analysis and
optimization solver.

5.2. Cantilever Beam

In this section, the structure of the cantilever beam is designed, as shown in Figure 9,
to obtain the optimal base reference position, stiffener height, and layout simultaneously.
The design domain is a 384 x 64 x 128 cube, whose left side is fixed in three directions.
Vertical point loads F are applied to the right end of the reference surface, as shown in
Figure 9. The discrete domain of an eight-node brick element is used for finite element
analysis. The volume fraction is set to 40%.

As shown in Figure 10, the optimized results indicate that the shape of the optimal
structure plate is curved rather than flat, validating the necessity for the optimization of the
stiffened plate’s shape. Additionally, it can be observed that there are stiffening structures
on both sides of the plate. Therefore, it can be concluded that, through the method proposed
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in this paper, stiffened plates with stiffeners on both sides can be obtained. This once again
confirms the effectiveness of the method proposed in this paper.

o

\ﬁ“

«——128—>

A
w
R
NS
Y

SONOSN NN

Figure 9. The design domain of the cantilever beam example.

View angle 1

View angle 2

The plate

Figure 10. Different view angles of the optimized structures.
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6. Conclusions

This paper proposed an improved H-DGTP method (Heaviside-function-based di-
rectional growth topology parameterization method) for stiffened plate structures. This
enhanced approach extends the method’s scope from planar and single-sided stiffened
plates to curved and double-sided ones. It specifically considers the positioning and shape
of curved panels, along with the arrangement and height of stiffeners, as design variables.
Emphasizing structural stiffness as the optimization objective, a topology optimization
model is established for double-sided curved stiffened plate structures, followed by a
comprehensive sensitivity analysis. Numerical examples demonstrate that optimizing
both the position and shape of the plate, along with the layout and height of the stiffeners
on both sides of the curved plate simultaneously, yields greater stiffness than optimizing
only a subset of these variables. This underscores the necessity and effectiveness of the
proposed method.

In this article, only the mechanical stiffness optimization problem is considered. In the
future, this method will be extended to more complex design problems, such as thermome-
chanical coupling and thermo-vibration coupling problems.

Details on the numerical implementation for replicating the results are provided in
Section 4, with the pseudo-code and the optimization parameters. The design problems,
mesh size, and boundary conditions are given in Section 5. If the information provided in
the paper is not enough, we sincerely welcome scientists or interested parties to contact us
for further explanation.
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