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Abstract: In this research, the statistical inference of unknown lifetime parameters is proposed in
the presence of independent competing risks using a progressive Type-II censored dataset. The
lifetime distribution associated with a failure mode is assumed to follow the new Pareto distribution,
with consideration given to two distinct competing failure reasons. Maximum likelihood estimators
(MLEs) for the unknown model parameters, as well as reliability and hazard functions, are derived,
noting that they are not expressible in closed form. The Newton–Raphson, expectation maximization
(EM), and stochastic expectation maximization (SEM) methods are employed to generate maximum
likelihood (ML) estimations. Approximate confidence intervals for the unknown parameters, reliabil-
ity, and hazard rate functions are constructed using the normal approximation of the MLEs and the
normal approximation of the log-transformed MLEs. Additionally, the missing information principle
is utilized to derive the closed form of the Fisher information matrix, which, in turn, is used with
the delta approach to calculate confidence intervals for reliability and hazards. Bayes estimators are
derived under both symmetric and asymmetric loss functions, with informative and non-informative
priors considered, including independent gamma distributions for informative priors. The Monte
Carlo Markov Chain sampling approach is employed to obtain the highest posterior density credible
intervals and Bayesian point estimates for unknown parameters and reliability characteristics. A
Monte Carlo simulation is conducted to assess the effectiveness of the proposed techniques, with the
performances of the Bayes and maximum likelihood estimations examined using average values and
mean squared errors as benchmarks. Interval estimations are compared in terms of average lengths
and coverage probabilities. Real datasets are considered and examined for each topic to provide
illustrative examples.

Keywords: progressive type-II censored data; competing risk model; expectation maximization
algorithm; stochastic expectation maximization algorithm; Bayes theorem; Metropolis–Hastings
algorithm; observed Fisher information matrix; computer simulation; statistics and numerical data

MSC: 62F10; 62F12; 62F15; 62F40

1. Introduction

Lifetime studies offer a valuable approach across engineering sciences, medical fields,
and economics for exploring the survival distribution of entities or individuals. Analyzing
data from such studies necessitates the consideration of the anticipated lifetime distribution,
with typical distributions including the exponential, Weibull, Burr, Pareto, and Gamma
distributions. Among these, the Pareto distribution family is widely acknowledged in
the literature for its ability to model data with heavy tails. One significant outcome of
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advancements in Pareto modeling is the spotlight it casts on the advantageous properties
for measuring income inequality. The Pareto distribution has found applications in various
disciplines such as actuarial science, economics, finance, life testing, reliability, survival
analysis, and engineering, owing to its tractable nature as a lifespan model. However, it
becomes evident that modeling data with heavy-tailed distributions necessitates considera-
tions beyond the capabilities of the Pareto distribution alone. Hence, there arises a need for
alternatives. Several distributions based on the Pareto framework have been proposed to
address this need. The new Pareto (NP) distribution, introduced by [1], is one such recently
discovered distribution that merits further investigation due to its significance across multi-
ple domains. The probability density function (PDF) and cumulative distribution function
(CDF) of the NP distribution, denoted NP(α, β), are as follows:

f (x, α, β) =
2αβαxα−1

(xα + βα)2 , x ≥ β, α > 0, β > 0, (1)

and
F(x, α, β) = 1 − 2βα

xα + βα
, x ≥ β, α > 0, β > 0, (2)

where α and β denote the shape and scale parameters of the distribution, respectively. The
survival function (SF) for the NP distribution is derived from Equation (2) as follows:

S(x, α, β) =
2βα

xα + βα
, x ≥ β, α > 0, β > 0. (3)

The hazard rate function (HRF) can be formulated as

H(x, α, β) =
f (x, α, β)

1 − F(x, α, β)
=

αxα−1

(xα + βα)
, x ≥ β, α > 0, β > 0. (4)

To highlight certain unique characteristics of this function, its first derivative with
respect to x can be expressed as follows:

H
′
(x, α, β) =

α(α − 1)xα−2(xα + βα)− α2x2α−2

(xα + βα)2 =
αxα−2∆(x)

(xα + βα)2 . (5)

As mentioned in some of the literature, ref. [2] reported that the NP hazard rate
function can be unimodal shaped or decreasing depending on its parameters. For x > β > 0,
it becomes evident that ∆(x) = (α − 1)βα − xα and ∆(β) = βα(α − 2) < 0 if α < 2.
Consequently, for α < 2, H

′
(x, α, β) < 0, indicating that H(x, α, β) is decreasing concerning

x. In the case of α > 2, the function H(x, α, β) exhibits a distinct mode at x = x0, where
H(x, α, β) increases for all x < x0 and decreases for all x > x0, with x0 = β{α − 1}1/α.
Figure 1 shows how the behavior of H(x, α, β) is changed when the significant increasing
of the parameters α and β happened, as we can see this effect very clearly from the graph.
It is clear to us from this figure that the hazard rate of the NP distribution may exhibit
either an upside-down bathtub (unimodal) shape or a decreasing trend, contingent upon
the values of various parameters.

The NP distribution is often employed for modeling a wide range of real-world
datasets, such as insurance, reliability, engineering, and economics. For example, ref. [1]
delved into the mathematical properties of the NP distribution, demonstrating its utility in
modeling income and reliability data through the analysis of seven real datasets. Ref. [3]
used the new Pareto distribution to explain the income of the upper-class group using
the Malaysian household incomes dataset from 2012–2019. Further insights into this
distribution were uncovered in [2], where the authors derived simpler formulas for relevant
risk measures and inequality indices. Ref. [4] conducted parameter estimation for the NP
distribution using two distinct methodologies: classical estimation and Bayesian inference,
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with the latter utilizing importance sampling. Additionally, ref. [5] explored parameter
estimation across various phases of progressively censored samples derived from the
NP distribution and made predictions regarding failure times for removed units using
a Bayesian approach and Markov chain Monte Carlo techniques. Furthermore, ref. [6]
applied this distribution to data on rainfall and COVID-19. Ref. [7] utilized Type-II censored
data and full samples to estimate NP distribution parameters employing the mixed Gibbs
sampling method. They used the NP distribution to model the data of the air conditioning
system in an aircraft, as well as some data for mechanical units. Recently, ref. [8] applied the
NP distribution to some different data, including the net worth of the affluent in Singapore
and China, the daily increment of NASDAQ-100, and the daily new-case rate of COVID-19.

α = 0.5 α = 1.5 α = 4.0

β = 0.5 β = 1.5 β = 4.0

Figure 1. The effects of parameters α and β on the hazard function of NP(α, β).

Recognizing the presence or absence of competing risks is pivotal when considering
the distribution of units’ lifetimes in research. In realistic testing scenarios, it is well
understood that failures often stem from multiple factors, competing within the lifespan
continuum. This phenomenon is referred to as a competing risk model in the statistical
literature and finds widespread application across various scientific domains, including
economics, medical sciences, electronic engineering, and social sciences. In the medical
field, for instance, reducing mortality rates from specific diseases is a key objective of public
health initiatives. However, assessing the impact on overall mortality and life expectancy
is complicated by the presence of competing causes of death. Individuals face risks from
various ailments like heart disease, diabetes, hypertension, cancer, AIDS, and tuberculosis,
all vying for their longevity, even though death is typically attributed to a single cause.
Similarly, in assessing the reliability of car tires, factors such as sidewall damage, punctures,
or tread wear can lead to failure, highlighting the competition among different failure
modes. In industrial reliability contexts, the focus on specific system components prone
to failure may overlook potential risks posed by other components, thus introducing a
competing risk problem. Competition among failure causes exists in each scenario, with
only one mode typically leading to failure. Therefore, the precise inference of each failure
mode in the presence of others becomes necessary. Moreover, in medical survival analysis
and industrial experimentation, the item of interest often becomes inadvertently lost or
removed before failure, leading to data censorship as a result of these investigations.

Due to the challenge of obtaining comprehensive lifespan data for every component
in life experiments, researchers often categorize control systems into two types: Type-I and
Type-II. Type-I censorship occurs when the experimental duration is fixed, and the number
of failures becomes random. Conversely, Type-II censorship arises when the experimental
time is unpredictable, but the number of failures is predetermined. Both types entail that
any remaining items cannot be removed before the test concludes. Therefore, a progressive
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Type-II censoring approach, introduced in [9], aims to streamline resources and reduce costs
by implementing multiple censoring stages according to a predefined scheme. The practical
implementation of progressive Type-II censorship involves initiating the experiment with
n units to be tested. The experiment concludes at the failure time of the mth (where m < n)
unit. Upon the occurrence of the first failure, R1 units are randomly selected from the
remaining n − 1 units, and the failure time, X1:m:n, is recorded. Subsequently, R2 units are
randomly removed after noting the second failure time, X2:m:n, and this process continues
until the mth product fails. At this point, all surviving units are removed, and the failure
time, Xm:m:n, is noted. Here, Rm represents the number of units removed for the mth time.
Thus, X1:m:n, X2:m:n, . . . , Xm:m:n constitute the progressive Type-II censored sample. It is
essential to note that the total number of units, n, is the sum of R1, R2, . . . , Rm and m, with
R1, R2, . . . , Rm being predefined constants. Further insights into censorship-related studies
can be found in [9], which serves as a valuable resource in this area. Building upon the
progressive Type-II censored sample drawn from an NP distribution, ref. [6] investigated
issues related to estimating unknown characteristics and predicting the failure periods of
the eliminated units.

In recent years, there has been a growing interest among researchers in statistical
inference, particularly concerning the presence of competing risks and various forms of
censoring in available data. A multitude of recent studies have addressed this topic, span-
ning different censoring schemes and statistical models. For instance, ref. [10] explored
competing risk analysis under Type-II hybrid censoring for the two-parameter exponential
distribution. Ref. [11] investigated statistical inference for competing hazard models using
progressive interval censored Weibull data. Ref. [12] analyzed a competing risk model
with Weibull distributions under a unified hybrid censoring scheme, deriving maximum
likelihood estimators and approximate confidence intervals for distributional parameters.
Similarly, ref. [13] focused on statistical inference for competing risk models with inverted
exponentiated distributions under a unified hybrid censoring scheme. Additionally, re-
searchers have examined various Bayesian and maximum likelihood estimation techniques
under different censoring scenarios and model assumptions. Notably, there is a noticeable
gap in the literature regarding the application of the new Pareto lifespan distribution within
competing risk models under any form of censorship. Hence, our study aimed to address
this gap by studying the maximum likelihood and Bayesian estimation of the unknown
parameters, reliability, and hazard rate functions of the NP distribution under progressively
censored competing risks models. Moreover, we introduce innovative methodologies, such
as employing expectation maximization (EM) and stochastic EM (SEM) algorithms for
deriving maximum likelihood estimators for the NP distribution, a novel approach not pre-
viously explored. To achieve these objectives, we employ a variety of methods, including
the Newton–Raphson method, EM, SEM algorithms, and Bayesian estimation techniques,
utilizing different loss functions and prior distributions. Furthermore, we conducted a
Monte Carlo simulation analysis to evaluate the efficacy of the proposed estimators using
metrics such as absolute bias, mean squared error, average width, and coverage probability.
Finally, we illustrate our findings using a real-world dataset, emphasizing the practical
relevance of our research.

This paper’s structure is organized as follows: Section 2 provides descriptions of
the models under the competing risks scenario. In Section 3, maximum likelihood esti-
mators (MLEs) and corresponding approximate confidence intervals (ACIs) for the NP
distribution’s unknown parameters in the progressively censored competing risk setting
are derived using the Newton–Raphson (NR) method. The existence and uniqueness of
MLEs are also discussed in this section. Section 4 applies the EM and SEM approximation
methods to obtain the MLEs of the unknown parameters. Additionally, a Fisher information
matrix is constructed to facilitate approximate interval estimations in this section. Section 5
utilizes the Markov chain Monte Carlo (MCMC) technique to generate Bayes estimates for
the unknown parameters, reliability, and hazard functions, assuming independent gamma
priors for the unknown parameters. HPD credible intervals for the unknown parameters
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are also established based on MCMC samples. Section 6 presents a Monte Carlo simulation
investigation to compare the suggested estimates in terms of average bias, mean squared
error (MSE), average width (AW), and coverage probability (CP). In Section 7, real-world
datasets and a simulation example are examined for illustrative purposes. Finally, Section 8
concludes the paper with some closing remarks.

2. Model and Data Overview

Consider a life testing experiment commencing with a set of n ∈ N identical units,
where the failure times of these units are denoted by X1, X2, . . . , Xn. To simplify, let us
assume that there are only two distinct causes of failure. Thus, for each unit i = 1, . . . , n,
we have Xi = min{Xi1, Xi2}, where Xik, (k = 1, 2) represents the latent failure time of the
ith unit under the kth cause of failure. We make the assumptions that the latent failure
times Xi1 and Xi2 are statistically independent and the pairs (Xi1, Xi2) are identically and
independently distributed (i.i.d).

As is clear from Figure 1, the effect of the β parameter is not significant on the hazard
function, unlike the α parameter. Therefore, here, we assume that the failure times follow
the NP distribution, with a common scale parameter β and distinct shape parameters (αk,
k = 1, 2). The CDF Fk(x) and the PDF of the jth failure cause of a random variable Xij are
provided in [1] as follows:

fk(x, Θ) =
2αkβαk xαk−1

(xαk + βαk )2 , and Fk(x, Θ) = 1 − 2βαk

xαk + βαk
, x ≥ β, αk > 0, β > 0. (6)

Given the observation Xi = min{Xi1, Xi2}, where Xi1 and Xi2 represent two distinct
failure times for a test unit, we solely consider the smaller of the two, indicating the overall
failure time. Subsequently, the CDF of this overall failure time is readily derived as follows:

F(x, Θ) = 1 − (1 − F1(x, Θ))(1 − F2(x, Θ)) = 1 −
(

2βα1

xα1 + βα1

)(
2βα2

xα2 + βα2

)
= 1 − 4

2

∏
j=1

βαk

(xαk + βαk )
, x ≥ β, αk > 0, β > 0. (7)

Consequently, the PDF can be represented as

f (x, Θ) =
4β(α1+α2)

[
(α1 + α2)x(α1+α2) + α2βα1 xα2 + α1βα2 xα1

]
x(xα1 + βα1)2(xα2 + βα2)2

= 4β(α1+α2)
2

∑
k=1

αkxαk−1

(xαk + βαk )2(xα3−k + βα3−k )

=
2

∑
k=1

fk(x, Θ)F̄(x, Θ), x ≥ β, αk > 0, β > 0. (8)

Subsequently, the survival and hazard functions manifest in the subsequent form:

S(t, Θ) = 4
2

∏
j=1

βαk

(tαk + βαk )
, t ≥ β, αk > 0, β > 0, (9)

and

H(t, Θ) =
2

∑
k=1

αkxαk−1

(xαk + βαk )
, t ≥ β, αk > 0, β > 0. (10)

Let

I(δi = k) =
{

1, δi = k
0, otherwise :

, i = 1, 2, . . . , m,
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then

mk =
m

∑
i=1

I(δi = k),

signifies the total count of units that failed because of cause k(k = 1, 2) and m1 + m2 = m.
In exploiting the independence of the latent failure times Xi1 and Xi2 for i = 1, 2, . . . , n, the
relative risk rate attributed to a specific cause (let us say, cause 1) can be derived as follows:

p = P(X1 < X2) =
∫ ∞

β
F1(x, α1, β) f2(x, α2, β)dx

=
∫ ∞

β

2α2βα2 xα2−1

(xα2 + βα2)2

(
1 − 2βα1

xα1 + βα1

)
dx

= 1 −
∫ ∞

β

4α2βα1+α2 xα2−1

(xα2 + βα2)2(xα1 + βα1)
dx. (11)

A numerical approach is necessary to solve the integral on the right side of Equation (11)
since it lacks an analytical solution. Once P(X1 < X2) is determined, P(X2 < X1) can be
computed using the relationship P(X2 < X1) = 1 − P(X2 < X1). Hence, if m1 ∼ Binomial
(m, p), then m2 ∼ Binomial(m, 1 − p). In progressive Type-II censoring, the total number
of failed individuals m and the predefined censored scheme (R1, R2, . . . , Rm) are specified
in advance, where Rm = n − m − ∑m

i=1 Ri. Consequently, the observed set of progressive
Type-II censored data with competing risks can be expressed as

(X1:m:n, δ1, R1), (XJ:m:n, δ2, Rm), . . . , (Xm, δm, Rm).

To simplify the notation, we denote Xi:m:n as Xi. Then, the likelihood equation for the
progressive Type-II censored data, based on the competing risk model, is expressed as

L = C(R)
m

∏
i=1

[ f1(xi)F̄2(xi)]
I(δi=1)

[ f2(xi)(F̄1(xi))]
I(δi=2)

[F̄1(xi)F̄2(xi)]
Ri , (12)

where

C(R) = n(n − R1 − 1)(n − R1 − R2 − m + 1), and F̄k(xi) = 1 − Fk(xi), k = 1, 2. (13)

3. Estimation of Maximum Likelihood Using Different Algorithms

A widely employed and highly regarded statistical estimation technique is MLE. MLE
stands out as a preferred and efficient choice for parametric estimation procedures, owing to
its consistency, efficiency, and asymptotic normality properties. This section is dedicated to
utilizing maximum likelihood to derive both point and interval estimates for the unknown
parameters α1, α2, and β, as well as for the reliability S(t, α1, α2, β) and hazard H(t, α1, α2, β)
functions, within the framework of progressive Type-II censoring with competing risk data.

3.1. MLEs via Newton–Raphson Algorithm

A widely utilized numerical technique for determining MLEs is the NR algorithm. In
this context, we outline the NR algorithm for computing the MLEs of α1, α2, β, S(t), and
H(t). Let x1:m:n < x2:m:n < · · · < xm:m:n denote the order statistics of Type-II progressively
censored data with competing risks from independent NP distributions NP(α1, β) and
NP(α2, β), respectively, and a pre-fixed censoring scheme (R1, R2, . . . , Rm). Henceforth, we
will use x = (x1, x2, . . . , xm) in lieu of (x1:m:n, x2:m:n, . . . , xm:m:n). The likelihood function
utilizing Equations (6) and (12) is presented as follows:

L ∝
m

∏
i=1

2

∏
k=1

 αkβαk βα3−k xαk−1
i(

xαk
i + βαk

)2
(

xα3−k
i + βα3−k

)


I(δi=k)
m

∏
i=1

2

∏
k=1

{
βαk(

xαk
i + βαk

)}Ri

.
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In disregarding the additive constant, the log-likelihood function is expressed as

L = ln L =
2

∑
k=1

mk log αk + n log β
2

∑
k=1

αk +
2

∑
k=1

m

∑
i=1

(αk − 1)I(δi = k) log xi

−
2

∑
k=1

m

∑
i=1

∆k(δi, Ri) log
(
xαk

i + βαk
)
, (14)

where
∆k(δi, Ri) = I(δi = k) + Ri + 1, ; i = 1, 2, · · · ; and k = 1, 2. (15)

Taking the derivative of Equation (15) with respect to αk and β, where k = 1, 2, yields
the partial derivatives of the likelihood as follows:

∂L
∂αk

∝
mk
αk

+ n log β +
m

∑
i=1

I(δi = k) log xi −
m

∑
i=1

∆k(δi, Ri)

[
xαk

i log xi + βαk log β(
xαk

i + βαk
) ]

, (16)

and
∂L
∂β

∝
2

∑
k=1

{
nαk

β
−

m

∑
i=1

∆k(δi, Ri)αkβαk−1(
xαk

i + βαk
) }

. (17)

Concurrently solving the intricate nonlinear equations ∂L
∂αk

= 0 for k = 1, 2 and ∂L
∂β = 0

allows for the determination of the MLEs of αk and β. However, obtaining closed forms
for Equations (16) and (17) proves challenging. Hence, various numerical techniques, such
as NR, are employed to compute the MLEs for the unknown parameters. Notably, given
x ≥ β, the MLE for β is straightforwardly derived as β = x1. Furthermore, it is evident that
the MLE for αk can be obtained as a fixed-point solution of the following equation:

Φ(αk) = 1/αk, k = 1, 2, (18)

where

Φ(αk) = m−1
k

{
n log x1 +

m

∑
i=1

I(δi = k) log xi −
m

∑
i=1

∆k(δi, Ri)
(
xαk

i log xi + xαk
1 log x1

)(
xαk

i + xαk
1
) }

, k = 1, 2. (19)

The prevalent approach for numerically solving Equation (19) is through the straight-
forward iterative method, Φ

(
α
(j)
k

)
= α

(j)
k , where (j) is the value obtained in the jth iteration.

The solutions to the likelihood equations are denoted as α̂k (k = 1, 2) and β̂. The following
steps illustrate the specific processes involved in this iteration method:

Step 1: Initial values for Θ = (α1, α2, β) should be given with j = 0; that is,
Θ(0) = (α

(0)
1 , α

(0)
2 , β(0)).

Step 2: In the jth iteration, calculate ( ∂L
∂α1

, ∂L
∂α2

, ∂L
∂β )

T
∣∣∣
α1=α

(j)
1 ,α2=α

(j)
2 ,β=β(j)

and

I = I(α(j)
1 , α

(j)
2 , β(j)), where

I = I(α(j)
1 , α

(j)
2 , β(j)) =

 −L11 −L12 −L13
−L21 −L22 −L23
−L31 −L32 −L33


α1=α

(j)
1 ,α2=α

(j)
2 ,β=β(j)

. (20)

The observed information matrix of the parameters α1, α2, and β is denoted as I. The
elements of the matrix I are as follows:

Lkk =
∂2L
∂α2

k
∝ −mk

α2
k
−

m

∑
i=1

[
∆k(δi, Ri)βαk xαk

i log2(xi/β)(
xαk

i + βαk
)2

]
, k = 1, 2, (21)
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L12 = L21 =
∂2L

∂αk∂α3−k
=

∂2L
∂α3−k∂αk

= 0 (22)

Lk3 = L3k =
∂2L

∂αk∂β
=

∂2L
∂β∂αk

=
n
β
−

m

∑
i=1

∆k(δi, Ri)βαk−1[xαk
i (1 − αk log(xi/β)) + βαk

](
xαk

i + βαk
)2 , (23)

and

L33 =
∂2L
∂β2 ∝ − n

β2

2

∑
k=1

αk − 2
2

∑
k=1

m

∑
i=1

αkβαk−2 I(δi = k)
[
βαk + (αk − 1)xαk

i
](

xαk
i + βαk

)2

−
2

∑
k=1

m

∑
i=1

[I(δi = 3 − k) + Ri]αkβαk−2[βαk + (αk − 1)xαk
i
](

xαk
i + βαk

)2 , k = 1, 2. (24)

Step 3: Set

(α
(j+1)
1 , α

(j+1)
2 , β(j+1))T = A × (

∂L
∂α1

,
∂L
∂α2

,
∂L
∂β

)T
∣∣∣∣
α1=α

(j)
1 ,α2=α

(j)
2 ,β=β(j)

,

where A = (α(j)
1 , α

(j)
2 , β(j))T + I−1(α

(j)
1 , α

(j)
2 , β(j)), (α1, α2, β)T is the transpose of

vector (α1, α2, β), and I−1(α
(j)
1 , α

(j)
2 , β(j)) represents the inverse of the matrix I(α(j)

1 , α
(j)
2 , β(j)).

Step 4: In setting j = j + 1, the MLEs of the parameters (denoted by α̂1, α̂2, β̂) can be

obtained by repeating Steps 2 and 3 until
∣∣∣∣(α

(j+1)
1 , α

(j+1)
2 , β(j+1)

)T
−
(

α
(j)
1 , α

(j)
2 , β(j)

)T
∣∣∣∣ < ε,

where ε is a threshold value that is fixed in advance.
Utilizing the acquired point estimators and the invariance property of MLEs, we can

derive the estimates of the reliability and hazard functions from Equations (9) and (10),
which are expressed as follows:

Ŝ(t) = 4βα̂1+α̂2

[
2

∏
k=1

(tα̂k + β̂α̂k )

]−1

, and Ĥ(t) =
2

∑
k=1

α̂kxα̂k−1

(tα̂k + β̂α̂k )
, t > β > 0. (25)

3.2. Existence and Uniqueness of MLEs

The existence and uniqueness of the MLEs are fundamental aspects to consider in
statistical inference.

Theorem 1. The maximum likelihood estimator of αk, where k = 1, 2, exists and is unique for the
lifetimes of objects subject to competing risks and following the NP distribution with parameters
(α1, β) and (α2, β) when mk > 0 for k = 1, 2.

Proof. Since x ≥ β, we determine the MLE β̂ = x1, and the MLE α̂k of αk, k = 1, 2, can be
reported from the solution of the following equation:

∂L
∂αk

∝
mk
αk

+ n log x1 +
m

∑
i=1

I(δi = k) log xi −
m

∑
i=1

∆k(δi, Ri)

[
xαk

i log xi + xαk
1 log x1(

xαk
i + xαk

1
) ]

, k = 1, 2. (26)

The left-hand side of Equation (26) is a continuous function. As αk approaches 0,
the left-hand side of Equation (26) tends to infinity, and as αk → ∞, the left-hand side of
Equation (26) tends to ϕ, where ϕ represents

ϕ = lim
αk→∞

∂L
∂αk

= n log x1 −
m

∑
i=1

I(δi = k) log xi −
m

∑
i=1

[I(δi = 3 − k) + Ri] log xi

= n log x1 −
m

∑
i=1

log xi = −
m

∑
i=2

log xi < 0. (27)
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Hence, the solution of Equation (26) exists. Additionally, we find that the second
derivative of αk(k = 1, 2) takes the following form:

∂2L
∂α2

k
∝ −mk

α2
k
−

m

∑
i=1

[
∆k(δi, Ri)βαk xαk

i log2(xi/β)(
xαk

i + βαk
)2

]
< 0. (28)

As Equation (28) is always negative, Equation (26) has a unique solution, and this
solution represents the maximum likelihood estimator (MLE) of αk(k = 1, 2). Consequently,
we deduce that ∂L

∂αk
is a continuous function on (0, ∞), and it monotonically decreases

from ∞ to negative values. This demonstrates the existence and uniqueness of the MLE of
αk(k = 1, 2).

3.3. Approximate Confidence Intervals

In this section, we derive the approximate confidence intervals (ACIs) for the unknown
parameters α1, α2, and β, as well as for the reliability and hazard functions, utilizing the
asymptotic normality of the MLEs. This approach is based on the asymptotic proper-
ties of MLEs. Based on the regularity conditions, the MLEs (α̂1, α̂2, β̂) are approximately
normally distributed with mean (α1, α2, β) and variance–covariance matrix I−1(α̂1, α̂2, β̂).
Or equivalently, (

α̂1, α̂2, β̂
)
− (α1, α2, β) ∼ N

(
0, I−1(α̂1, α̂2, β̂)

)
, (29)

where from (20),

I−1(α̂1, α̂2, β̂) =

 −L11 −L12 −L13
−L21 −L22 −L23
−L31 −L32 −L33

−1

Θ=Θ̂

=

 Var(α̂1) Cav(α̂1, α̂2) Cav(α̂1, β̂)
Cav(α̂2, α̂1) Var(α̂2) Cav(α̂2, β̂)
Cav(β̂, α̂2) Cav(β̂, α̂2) Var(β̂)

, (30)

is the inverse of the observed Fisher information matrix with Θ = (α1, α2, β). Furthermore,
the expression Lij =

∂2L
∂Θi∂Θj

, for i, j = 1, 2, 3, is given by Equations (21)–(24). Thus, the

100(1 − γ)% ACIs for α1, α2, and β are given by(
α̂1 ± Zγ/2

√
Var(α̂1)

)
,
(

α̂2 ± Zγ/2

√
Var(α̂2)

)
, and

(
β̂ ± Zγ/2

√
Var(β̂)

)
, (31)

where Zγ/2 is the upper (γ/2)-th point of the standard normal distribution N(0, 1). Al-
ternatively, the ACIs for S(t) and the hazard function H(t) can be constructed using the
asymptotic normality of the MLE. To derive these intervals, we employ the delta method
(Greene [14]) to estimate the variances of their estimators. The delta method is a statistical
technique used to approximate the probability distribution of a function of an asymp-
totically normal estimator by employing the Taylor series approximation. In utilizing
this method, the approximate variances of Ŝ(t) and Ĥ(t) are determined through the
following steps:

Step 1: Let Ω1 and Ω2 be two quantities that take the following forms:

Ω1 =

(
∂S(t)
∂α1

,
∂S(t)
∂α2

,
∂S(t)

∂β

)
and Ω2 =

(
∂H(t)

∂α1
,

∂H(t)
∂α2

,
∂H(t)

∂β

)
,

where from Equations (9) and (10),

∂S(t)
∂αk

=
4βαk+α3−k tαk{log t − log β}
(tαk + βαk )2(tα3−k + βα3−k )

, k = 1, 2,

∂S(t)
∂β

= −4βα1+α2−1{(α1 + α2)tα1+α2 + α1βα2 tα1 + α2βα1 tα2}
(tα1 + βα1)2(tα2 + βα2)2 ,
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∂H(t)
∂αk

=
tαk−1{tαk + βαk (1 + αk(log t − log β))}

(tαk + βαk )2 , k = 1, 2,

and
∂H(t)

∂β
= − 1

βt

2

∑
k=1

tαk α2
k βαk

(tαk + βαk )2 , k = 1, 2.

Step 2: Using the following formulas, determine the approximate variances of S(t)
and H(t):

Var(Ŝ(t)) ⋍
[
Ω1Var(Θ̂)ΩT

1

]
Θ=Θ̂

, and Var(Ĥ(t)) ⋍
[
Ω2Var(Θ̂)ΩT

2

]
Θ=Θ̂

, (32)

where Var(Θ̂) is obtained from (30) for Θ̂ = (α̂1, α̂2, β̂).
Step 3: Determine the 100(1 − γ)% asymptotic confidence intervals for S(t) and H(t)

using the following formula:(
Ŝ(t)± Zγ/2

√
Var(Ŝ(t))

)
, and

(
Ĥ(t)± Zγ/2

√
Var(Ĥ(t))

)
(33)

3.4. Log-Normal Approximation Confidence Intervals (LACIs)

In instances where the lower bound of the asymptotic confidence intervals may fall
below 0, conflicting with the prerequisite Θ > 0, the issue can be circumvented through
log transformation and the delta method. We have ln Θ̂ ∼ N(ln Θ, Var(ln Θ̂)), where

Var(ln Θ̂) = Var(Θ̂)

Θ̂2 . The log-transformed MLEs of Θ = (α1, α2, β) obtain their asymptotic
confidence intervals at 100(1 − γ)% as follows:Θ̂ exp

−Z(γ/2)

√
Var(Θ̂)

Θ̂2

, Θ̂ exp

Z(γ/2)

√
Var(Θ̂)

Θ̂2

, Θ̂ = (α̂1, α̂2, β̂). (34)

Similarly, the 100(1 − γ)% LACIs of S(t) and H(t) can be listed as[
Ŝ(t) exp

(
−Z(γ/2)

√
Var(Ŝ(t))

Ŝ(t)2

)
, Ŝ(t) exp

(
Z(γ/2)

√
Var(Ŝ(t))

Ŝ(t)2

)]
, (35)

and [
Ĥ(t) exp

(
−Z(γ/2)

√
Var(Ĥ(t))

Ĥ(t)2

)
, Ĥ(t) exp

(
Z(γ/2)

√
Var(Ĥ(t))

Ĥ(t)2

)]
. (36)

4. Expectation Maximization (EM) Algorithm

Given that the ML estimators are not straightforwardly derived and that initial values
can impact the maximum likelihood estimates obtained from the NR method, we resort
to the EM algorithm to compute the estimations of the unknown parameters (α1, α2, β),
alongside the reliability function S(t) and hazard function H(t) of the NP models. Ref. [15]
introduced a generic iterative approach for computing the MLEs of unknown parame-
ters when observed and censored data are available, known as the EM algorithm. This
method offers several advantages, such as its capability to address complex problems, the
assured increase in log-likelihood with each iteration, the straightforward yet meticulous
computations, and the elimination of the necessity for second- and higher-order deriva-
tives. The EM algorithm comprises two key steps: the expectation step (E-step) and the
maximization step (M-step). In the E-step, the conditional expectation of the missing data
is determined based on the observed data and the current parameter estimates, and the
pseudo-log-likelihood function is calculated. Subsequently, in the M-step, the likelihood
function under the observed, and censored data are maximized. This method is particularly
useful for analyzing partially or censored datasets, such as those encountered in the Type-II
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progressive censoring with competing risks sample model. Thus, we employed the EM
algorithm to obtain the MLEs of α1, α2, β, S(t), and H(t).

4.1. Point Estimation via EM Algorithm

Consider the observed sample denoted as X = (x1:m:n, x2:m:n, . . . , xm:m:n) and the
censored data as Z = (Z1, Z2, .., Zm), where Zi = (zi1, zi2, , ziRi ) for i = 1, 2, . . . , m. Here, the
censored data represent the missing data. It is important to note that the complete sample
comprises both the observed sample and the censored data. Thus, the complete sample is
represented as W = (X, Z). For the parameter set Θ = (α1, α2, β), the likelihood function
of the complete sample data W is expressed as

Lc(Θ) ∝
m

∏
i=1

2

∏
k=1

{
[ fk(xi:m:n)F̄3−k(xi:m:n)]

Ri

∏
j=1

[ fk
(
zij
)

F̄3−k
(
zij
)}I(δi=k)

. (37)

Hence, the log-likelihood function for α1, α2, and β derived from a complete sample is
given by

Lc =
2

∑
k=1

nk ln αk + n ln β
2

∑
k=1

αk +
2

∑
k=1

(αk − 1)

{
m

∑
i=1

I(δi = k)

(
log xi +

Ri

∑
j=1

log zij

)}

−
2

∑
k=1

{
m

∑
i=1

Ψ(δi)

[
log
(
xαk

i + βαk
)
+

Ri

∑
j=1

log(zαk
ij + βαk )

]}
, (38)

where nk = ∑m
i=1 I(δi = k)(Ri + 1) represents the total number of failures for each cause

in the complete dataset with size n, n = n1 + n2, and Ψ(d) = 2I(d = k) + I(d = 3 − k) =
I(d = k) + 1. After obtaining the log-likelihood function in Equation (38) with respect to α
and β and setting the normal equations to zero, the maximum likelihood estimators (MLEs)
of the parameters α1, α2, and β for the entire sample W can be determined as follows:

∂Lc

∂αk
=

nk
αk

+ n ln β +
m

∑
i=1

I(δi = k)

[
log xi +

Ri

∑
j=1

log zij

]

−
m

∑
i=1

Ψ(δi)

[(
xαk

i log xi + βαk log β
)(

xαk
i + βαk

) +
Ri

∑
j=1

zαk
ij log zij + βαk log β

(zαk
ij + βαk )

]
= 0, k = 1, 2, (39)

and
∂Lc

∂β
=

n ∑2
k=1 αk

β
−

2

∑
k=1

m

∑
i=1

Ψ(δi)

[
αkβαk−1

xαk
i + βαk

+
Ri

∑
j=1

αkβαk−1

zαk
ij + βαk

]
= 0. (40)

The pseudo-log-likelihood function changes during the E-step to become

nk
αk

+ n ln β +
m

∑
i=1

I(δi = k) log xi +
m

∑
i=1

I(δi = k)
Ri

∑
j=1

E
[
log zij|zij > xi

]
−

m

∑
i=1

Ψ(δi)

[
xαk

i log xi + βαk log β

xαk
i + βαk

+ E

(
zαk

ij log zij + βαk log β

zαk
ij + βαk

|zij > xi

)]
= 0, k = 1, 2, (41)

and
n ∑2

k=1 αk

β
−

2

∑
k=1

m

∑
i=1

Ψ(δi)

[
αkβαk−1

xαk
i + βαk

+
Ri

∑
j=1

E

[
αkβαk−1

zαk
ij + βαk

|zij > xi

]]
= 0. (42)

In the following steps, we need to derive the following result.
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Theorem 2. Given X1 = x1, . . . , Xi = xi, the conditional distribution of zij, j = 1, . . . , Ri, which
has the left-truncated NP distribution at xi, is given by

fZ|x(zij|Xi = xi = xi, α1, α2, β) =
fZ(zij|α1, α2, β)

1 − FX(xi|α1, α2, β)
, zij > xi, (43)

where FX(xi; α1, α2, β) and fZ(zij; α1, α2, β) can be found in Equations (7) and (8), respectively.

Proof. The proof is comprehensible and can be explored in detail in [16]. Hence, based
on Equation (43), the conditional expectations described in Equations (39) and (42) are
generated, as illustrated below:

E1(xi, α1, α2, β) = E[log zi|zi > xi]

=
4β(α1+α2)

1 − FX(xi; α1, α2, β)

2

∑
k=1

∞∫
xi

αkyαk−1 log y

(yαk + βαk )2(yα3−k + βα3−k )
dy, (44)

E2(xi, α1, α2, β) = E

[
zαk

ij log zij + βαk log β

zαk
ij + βαk

|zij > xi

]

=
4β(α1+α2)

1 − FX(xi; α1, α2, β)

2

∑
k=1

∞∫
xi

αkyαk−1 log(yαk log y + βαk log β)

(yαk + βαk )3(yα3−k + βα3−k )
dy, (45)

and

E3(xi, α1, α2, β) = E

[
αkβαk−1

zαk
ij + βαk

|zij > xi

]

=
4β(α1+α2)

1 − FX(xi; α1, α2, β)

2

∑
k=1

∞∫
xi

α2
kyαk−1βαk−1

(yαk + βαk )3(yα3−k + βα3−k )
dy. (46)

In the M-step of the EM algorithm, at the (l + 1) iteration, the value of β(l+1) is first
obtained by solving the following equation:

n ∑2
k=1 α

(l)
k

β(l+1)
−

2

∑
k=1

m

∑
i=1

Ψ(δi)

 α
(l)
k

(
β(l+1)

)α
(l)
k −1

x
α
(l)
k

i +
(

β(l+1)
)α

(l)
k −1

+
Ri

∑
j=1

E3

(
xi, α

(l)
1 , α

(l)
2 , β(l)

) = 0.

The estimate of β might then be obtained by

β̂ =

[
n

2

∑
k=1

α
(l)
k

]
2

∑
k=1

m

∑
i=1

Ψ(δi)

 α
(l)
k

(
β(l+1)

)α
(l)
k −1

x
α
(l)
k

i +
(

β(l+1)
)α

(l)
k −1

+
Ri

∑
j=1

E3(xi, α
(l)
1 , α

(l)
2 , β(l))




−1

. (47)

After obtaining β(l+1), solve the following to obtain α
(l+1)
1 and α

(l+1)
2 :

nk

α
(l+1)
k

+ n ln β(l+1) +
m

∑
i=1

I(δi = k) log xi −
m

∑
i=1

Ψ(δi)

 x
α
(l+1)
k

i log xi + β(l+1)α(l+1)
k log β(l+1)

x
α
(l+1)
k

i + β(l+1)α(l)k


+

m

∑
i=1

I(δi = k)
Ri

∑
j=1

E1(xi, α
(l)
1 , α

(l)
2 , β(l+1))−

m

∑
i=1

Ψ(δi)
Ri

∑
j=1

E2(xi, α
(l)
1 , α

(l)
2 , β(l+1)) = 0, k = 1, 2.
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The estimate of αk might then be obtained by

α̂k =
nk∑m

i=1 Ψ(δi)

 x
α
(l+1)
k

i log xi+β
(l+1)α

(l+1)
k log β(l+1)

x
α
(l+1)
k

i +(β(l+1))
α
(l)
k

− ∑m
i=1 I(δi = k) log xi

− n ln β(l+1)

+
nk

∑m
i=1 Ψ(δi)∑Ri

j=1 E2(xi, α
(l)
1 , α

(l)
2 , β(l+1))− ∑m

i=1 I(δi = k)∑Ri
j=1 E1(xi, α

(l)
1 , α

(l)
2 , β(l+1))

. (48)

The next iteration uses (α(l+1)
1 , α

(l+1)
2 , β(l+1)) as the new value of (α1, α2, β). Now, an

iterative process can be employed to obtain the necessary maximum likelihood estimates
of α1, α2 , and β. This iterative procedure continues until∣∣∣α(l+1)

1 − α
(l)
1

∣∣∣+ ∣∣∣α(l+1)
2 − α

(l)
2

∣∣∣+ ∣∣∣β(l+1) − β(l)
∣∣∣ < ε,

for a predetermined small value of ε and some l. This suggested approach converges
to the local maximum likelihood as the log-likelihood increases with each iteration. We
use the maximum likelihood estimates of the parameters based on the entire sample as
starting values in the expectation maximization technique. Henceforth, we denote the
maximum likelihood estimates of α1, α2, and β as their respective MLEs: α̂1EM, α̂2EM, and
β̂EM. Furthermore, the MLEs of S(t) and H(t) can be straightforwardly derived using the
in-variance property of the MLEs. These are given as

ŜEM(t) =
4β

α̂1EM+α̂2EM
EM

2

∏
k=1

(tα̂kEM + β̂α̂kEM )

, and Ĥ(t) =
2

∑
k=1

α̂kEMxα̂kEM−1

(tα̂kEM + β̂α̂kEM )
, t > β > 0. (49)

4.2. Point Estimation via Stochastic Expectation Maximization (SEM) Algorithm

Most EM algorithms follow a simple closed-form approach, iterating through two phases.
However, a notable limitation of the EM method is its susceptibility to becoming trapped in
a saddle point, particularly when handling high-dimensional or complex data such as cen-
sored lifespan models (see [17]). Notably, the EM equations mentioned earlier lack a closed
form, necessitating numerical computation. Hence, to obtain maximum likelihood estima-
tors, we employed the SEM method in this context. The SEM algorithm, proposed in [18],
replaces the expectation step (E-step) of the EM method with a stochastic step (S-step).
This modification involves substituting each missing datum with a randomly generated
value from the conditional distribution of the missing data, based on the observed data and
current parameter values. By incorporating random values obtained from the conditional
distribution of the missing data, the SEM algorithm augments the observed sample. It is
often preferred over the EM approach due to its simplicity, avoidance of complex computa-
tions, and lack of reliance on calculating conditional expectations. Moreover, studies have
demonstrated that the SEM approach is robust to initial values and performs effectively
with small sample sizes; see [19]. Let W = (X, Z) represent the complete dataset, where X
= (x1, x2, . . . , xm) denotes the observed data, and Zi = (zi1, zi2, , ziRi ) for i = 1, 2, . . . , m, and
j = 1, 2, . . . , Ri signifies the censored data when xi fails. Following the SEM algorithm’s
principle, we initially generate the missing samples zij, i = 1, 2, . . . , m and j = 1, 2, . . . , Ri,
from the truncated conditional distribution below:

GZ(zij; α1, α, β|zij > xi) =
FZ(zij; Θ)− FXi (xi; α1, α, β)

1 − FXi (xi; α1, α, β)
, zij > xi. (50)
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To obtain a random sample from Equation (50), we start by generating a random value
from the uniform distribution U(0, 1), denoted as u. Subsequently, the realization of zij is
derived as

zij = F−1(u + (1 − u)FXi (xi; Θ)), (51)

where F−1(.) represents the inverse function of F(.), as defined in Equation (7). Subse-
quently, in replacing each value of zij with the value generated by Equation (53), the ML
estimators of α1, α2, and β at the (l + 1)th stage are obtained from Equations (39) and (40)
using

β(l+1) =

[
n

2

∑
k=1

α
(l)
k

]
2

∑
k=1

m

∑
i=1

Ψ(δi)

 α
(l)
k

(
β(l)
)α

(l)
k −1

x
α
(l)
k

i +
(

β(l)
)α

(l)
k −1

+
Ri

∑
j=1

α
(l)
k

(
β(l)
)α

(l)
k −1

z
α
(l)
k

ij +
(

β(l)
)α

(l)
k




−1

, (52)

and

α
(l+1)
k =

nk∑m
i=1 Ψ(δi)

 x
α
(l)
k

i log xi+(β(l+1))
α
(l)
k log β(l+1)

x
α
(l)
k

i +(β(l+1))
α
(l)
k

− ∑m
i=1 I(δi = k) log xi

− n ln β(l+1)

+
nk

∑m
i=1 Ψ(δi)∑Ri

j=1
z

α
(l)
k

ij log zij+(β(l+1))
α
(l)
k log β(l+1)

z
α
(l)
k

ij +(β(l+1))
α
(l)
k

− ∑m
i=1 I(δi = k)∑Ri

j=1 log zij

. (53)

Like in the EM algorithm, the iterations can be terminated when∣∣∣α(h+1)
1 − α

(h)
1

∣∣∣+ ∣∣∣α(h+1)
2 − α

(h)
2

∣∣∣+ ∣∣∣β(h+1) − β(h)
∣∣∣ < ε.

4.3. Fisher Information Matrix

This section presents the observed Fisher information matrix derived from [20]’s
concept of missing values. It is worth noting that this observed Fisher information matrix
can be utilized for constructing asymptotic confidence intervals. The missing information
principle, referenced in various scholarly articles, can be summarized as follows:

Observed information = Complete information − Missing information. (54)

Let us employ the notation shown as follows: Θ = (α1, α, β); X: the observed data;
W: the complete data; and IX(Θ), IW(Θ), and IW|X(Θ) represent the observed, complete,
and missing information, respectively. By the definition in [20], observed information
is the difference between complete and missing information; this may be stated in the
following manner:

IX(Θ) = IW(Θ)− IW|X(Θ). (55)

The complete information matrix IW(Θ) is provided as follows:

IW(Θ) = −E
[

∂2 ln L(W, Θ)

∂Θ2

]
Θ=(α1,α2,β)

=

 a11(α1, α2, β) a12(α1, α2, β) a13(α1, α2, β)
a21(α1, α2, β) a22(α1, α2, β) a23(α1, α2, β)
a31(α1, α2, β) a32(α1, α2, β) a33(α1, α2, β)


|Θ=Θ̂

. (56)

The symbol aij(α1, α2, β) represents the matrices’ elements for IW(Θ). They are listed
in the following order:
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akk = −E

[
∂2 ln L(Θ)

∂α2
k

]
=

2
n

∑
i=1

E

[
βαk (log xi − log β)2xαk

i(
xαk

i + βαk
)2

]
−

n

∑
i=1

E
[

U1(x, αk, α3−k, β)2

V(x, αk, α3−k, β)2

]
+

n

∑
i=1

E
[

U2(x, αk, α3−k, β)

V(x, αk, α3−k, β)

]
,

where

U1(x, αk, α3−k, β) =

[
βα3−k (1 + αk ln xi)xαk

i + α3−kβαk xα3−k
i ln β

+(1 + (αk + α3−k) ln xi)x(αk+α3−k)
i

]
,

U2(x, αk, α3−k, β) = βα3−k ln xi(2 + αk ln xi)xαk
i + α2βαk xα3−k

i ln2 β

+ ln xi[2 + (αk + α3−k) ln xi]x
αk+α3−k
i ,

and
V(x, αk, α3−kβ) =

[
αkβα3−k xαk

i + α3−kβαk xα3−k
i + (αk + α3−k)x(αk+α3−k)

i

]
,

ak(3−k) = a(3−k)k = −E
[

∂2 ln L(Θ)

∂αk∂α3−k

]
= −E

[
∂2 ln L(Θ)

∂α3−k∂αk

]

=
n

∑
i=1

E


2

∏
k=1

U1(x, αk, α3−k, β)(1 + V(x, αk, α3−k, β) )

V(x, αk, α3−k, β)2

,

ak3 = a3k = −E
[

∂2 ln L(η)
∂αk∂β

]
= −E

[
∂2 ln L(η)

∂β∂αk

]
=

−n
β

+ 2
n

∑
i=1

E

[
βαk−1[βαk + (1 + αk log β − αk log xi)xαk

i
](

xαk
i + βαk

)2

]

+
n

∑
i=1

α3−kxα3−k
i

[
xαk

i β(αk+α3−k)(α3−k + αk(αk − α3−k) log β + αk(α3−k − αk) log xi)
]

(V(x, αk, α3−k, β))2


+

n

∑
i=1

α3−kxα3−k
i

[
α3−kβα3−k x2αk

i + α3−kβ2αk xα3−k
i

]
V(x, αk, α3−k, β)2


+

n

∑
i=1

α3−kxα3−k
i

[
(βαk (α3−k + αk(αk + α3−k) log β − αk(αk + α3−k) log xi))x(αk+α3−k)

i

]
V(x, αk, α3−k, β)2 ,

and

a33 = −E
[

∂2 ln L(η)
∂β2

]
=

n
β2

2

∑
k=1

αk + 2
2

∑
k=1

n

∑
i=1

E

[
αkβαk−2[(αk − 1)xαk

i − βαk
](

xαk
i + βαk

)2

]

−
n

∑
i=1

E

α2
kα2

3−k

(
βαk xα3−k

i + βα3−k xαk
i

)2

β2[V(x, αk, α3−kβ)]2


+

n

∑
i=1

E

αkα3−k

[
(α3−k − 1)βα3−k xαk

i + (αk − 1)βαk xα3−k
i

]
β2[V(x, αk, α3−k, β)]

,
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where for every function g(y), the expected value is provided by

E[g(y)] =
∞∫

0

g(y) f (y, α1, α2, β)dy = 4β(α1+α2)
2

∑
k=1

αk

∞∫
β

g(y)yαk−1

(yαk + βαk )2(yα3−k + βα3−k )
dy. (57)

Moreover, when considering a single observation that was censored at the time of the
ith failure, the Fisher information matrix is obtained as follows:

Ii
W|X(Θ) = −EZi |Xi

[
∂2 ln fZ|X(zi|zi > xi, α1, α2, β)

∂Θ2

]
Θ=(θ,β,λ)

=

 b11(xi, α1, α2, β) b12(xi, α1, α2, β) b13(xi, α1, α2, β)
b21(xi, α1, α2, β) b22(xi, α1, α2, β) b23(xi, α1, α2, β)
b31(xi, α1, α2, β) b32(xi, α1, α2, β) b33(xi, α1, α2, β)


|Θ=Θ̂

. (58)

wherein fZ|X(zi|zi > xi, α1, α2, β) is given by Equation (43). It is therefore simple to retrieve
the expected missing information as

IW|X(Θ) =
m

∑
i=1

Ri Ii
W|X(Θ), (59)

where Ii
W|X(Θ) and Im

W|X(Θ) are the information matrix of a single observation for the
truncated NP distribution with left truncation at x.

For brevity and simplicity, assume that 𭟋 = fZ|X(zi |zi > xi , α1, α2, β). From
Equations (7), (8), and (43), the logarithm of the PDF of the truncated NP distribution
with left truncation at xi can be listed as the PDF of the truncated NP distribution with left
truncation at xi, which can be listed as

ln𭟋 = ln
[
(α1 + α2)z

(α1+α2)
i + α2βα1ziα2 + α1βα2ziα1

]
− B +

2

∑
k=1

ln(xαk
i + βαk ), (60)

where

B = ln(zi) + 2
2

∑
k=1

ln(xαk
i + βαk ).

The negative expected value of the second partial derivatives with respect to α1, α2,
and β are obtained by

bkk(.) = −E

[
∂2 ln𭟋

∂α2
k

]
= −

xαk
i βαk (ln xi − ln β)2

(xαk
i + βαk )2

+ 2
2

∑
k=1

E

 zαk
ij βαk

(
ln zij − ln β

)2

(zαk
ij + βαk )2


+ E

 z2α1
i (zα2

ij + βα2)2 − z(α1+α2)
i α2βα1(zα2

ij (α1 + α2) + α1βα2) ln2 zij[
(α1 + α2)z

(α1+α2)
i + α2βα1ziα2 + α1βα2ziα1

]2


+ E

2z(α1+α2)
i α2βα1(zα2

ij + βα2) ln β − z(α1+α2)
i α2βα1(zα2

ij (α1 + α2) + α1βα2) ln2 zij[
(α1 + α2)z

(α1+α2)
i + α2βα1ziα2 + α1βα2ziα1

]2


+ E

2z(α1+α2)
i α2βα1 ln zij(−zα2

ij − βα2 + (zα2
ij (α1 + α2) + α1βα2) ln β)[

(α1 + α2)z
(α1+α2)
i + α2βα1ziα2 + α1βα2ziα1

]2

,
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bk3(.) = b3k(.) = −E
[

∂2 ln𭟋
∂αk∂β

]
= −

βαk−1[xαk
i + βαk + αkxαk

i
(
ln zij − ln β

)]
(xαk

i + βαk )2

+E

 βαk−1
[
zαk

ij + βαk + αkzαk
ij
(
ln zij − ln β

)]
(zαk

ij + βαk )2

, k = 1, 2 ,

b33(.) = −E
[

∂2 ln𭟋
∂β2

]
= −

α1βαk−2[(α1 − 1)xαk
i − βαk )

]
(xαk

i + βαk )2
+ E

α1βαk−2
[
(α1 − 1)zαk

ij − βαk )
]

(zαk
ij + βαk )2

.

The inverse of the observed Fisher information matrix IX(Θ) at the maximum likeli-
hood estimates Θ̂EM = (Θ̂1EM, Θ̂2EM, Θ̂EM) is the asymptotic variance–covariance matrix
of the Θ̂EM.

I−1
X (Θ̂EM) =

[
IW(Θ̂EM)− IW|X(Θ̂EM)

]−1
. (61)

Accordingly, for Θ = (α1, α2, β), the 100(1 − γ)% asymptotic confidence interval is
then given by(

α̂1EM ± Zγ/2

√
Var(α̂1EM)

)
,
(

α̂2EM ± Zγ/2

√
Var(α̂2EM)

)
, and

(
β̂EM ± Zγ/2

√
Var(β̂EM)

)
, (62)

and the 100(1 − γ)% log-transformed MLE confidence intervals of Θ = (α1, α2, β) through
the EM algorithm are as follows:[

Θ̂EM exp

(
−Z(γ/2)

√
Var(Θ̂EM)

Θ̂2
EM

)
, Θ̂ exp

(
Z(γ/2)

√
Var(Θ̂EM)

Θ̂2
EM

)]
, Θ̂ = (α̂1, α̂2, β̂). (63)

In using the delta method in the same way as presented in Section 3, the estimators of
S(t) and H(t) can be obtained.

5. Bayesian Estimation

In this section, Bayesian estimates for the NP distributions are generated based on
progressively censored competing risks samples, focusing on the unknown parameters α1,
α2, and β, alongside the reliability function S(t) and the hazard function H(t). Estimations
are derived considering three distinct loss functions: the general entropy loss function
(GELF), LINEX loss function (LLF), and squared error loss function (SELF). While the LINEX
and GE loss functions exhibit asymmetry, the squared error loss function is symmetric,
affording equal weight to both over- and under-estimations. Given its prevalence in the
Bayesian literature, the SELF is often chosen for its symmetry; however, in cases where
over-estimation or under-estimation holds varying degrees of significance, asymmetric loss
functions such as the LINEX come into play. In Bayesian estimation, prior distributions
for parameters are essential, drawing from previous experiences and available parameter
information. Since the NP distribution lacks a natural conjugate prior, and joint conjugate
priors are not feasible for unknown parameters, independent gamma priors with hyper-
parameters (ai, bi), i = 1, 2, 3, are recommended for all positive parameters in the model.

π1(α1) ∝ αa1−1
1 e−b1α1 , π2(α2) ∝ αa2−1

2 e−b2α2 and π3(β) ∝ βa3−1e−b3β; α1, α2, β2 > 0. (64)

In this context, it is presumed that each hyper-parameter, denoted as (ai, bi), i = 1, 2, 3,
is known and non-negative. This assumption leads to the proposition of a specific prior
distribution, representing a scenario where non-informative priors for the parameters
are available. Consequently, the joint prior distribution of (α1, α2, β) can be expressed
as follows:

π(α1, α2, β) ∝ αa1−1
1 αa2−1

2 βa3−1e−(b1α1+b2α2+b3β). (65)
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In combining the prior information from Equation (65) with the likelihood function
presented in Equation (14), the joint posterior distribution can be represented as follows:

π∗(α1, α2, β|x) ∝ αa1−1
1 αa2−1

2 βa3−1e−(b1α1+b2α2+b3β)
m

∏
i=1

2

∏
k=1

 αkβαk βα3−k xαk−1
i(

xαk
i + βαk

)2
(

xα3−k
i + βα3−k

)


I(δi=k)

×
m

∏
i=1

2

∏
k=1

{
βαk(

xαk
i + βαk

)}Ri

. (66)

The Bayes estimator of any function of α1, α2 , and β, say Φ(α1, α2, β) under the SE,
LINEX, and GE loss functions, can be expressed as

Φ̂BS = E(Φ(α1, α2, β)|x) =
∫ ∞

x1

∫ ∞
0

∫ ∞
0 Φ(α1, α2, β)π∗(α1, α2, β|x)dα1dα2dβ∫ ∞

x1

∫ ∞
0

∫ ∞
0 π∗(α1, α2, β|x)dα1dα2dβ

, (67)

Φ̂LINEX = −1
c

log

∫ ∞
x1

∫ ∞
0

∫ ∞
0 e−cΦ(α1,α2,β)π∗(α1, α2, β|x)dα1dα2dβ∫ ∞

x1

∫ ∞
0

∫ ∞
0 π∗(α1, α2, β|x)dα1dα2dβ

, (68)

and

Eα1,α2,β|x
(

g(α1, α2, β)−q) = ∫ ∞
x1

∫ ∞
0

∫ ∞
0 Φ(α1, α2, β)−qπ∗(α1, α2, β|x)dα1dα2dβ∫ ∞

x1

∫ ∞
0

∫ ∞
0 π∗(α1, α2, β|x)dα1dα2dβ

. (69)

Numerically solving the Bayes estimators becomes necessary as they are not explicitly
obtained under the SE or LINEX loss functions. Hence, we propose deriving the Bayes
estimators of α1, α2 , and β using the MCMC method. Initially, the fully conditional
posterior distribution π∗(αk|x, β) of αk is

π∗(αk|x, β) ∝ α
ak+mk−1
k βnαk e−bkαk

m

∏
i=1

x(αk−1)I(δi=k)
i

m

∏
i=1

(
xαk

i + βαk
)−(∆k(δi ,Ri)), k = 1, 2, (70)

and the fully conditional posterior distribution π∗(β|x, α1, α2) of β is

π∗(β|x, α1, α2) ∝ βa3−1+n(αk+α3−k)e−b3β
m

∏
i=1

2

∏
k=1

 xαk−1
i(

xαk
i + βαk

)2
(

xα3−k
i + βα3−k

)


I(δi=k)

×
m

∏
i=1

2

∏
k=1

{
1(

xαk
i + βαk

)}Ri

. (71)

The absence of closed-form solutions for the three posterior distributions necessitates
the utilization of the Metropolis–Hastings algorithm to derive our Bayes estimators from
posterior samples. The Metropolis–Hastings (M-H) algorithm is a valuable tool for generat-
ing random samples from the posterior distribution by leveraging a proposal density, as
detailed in [21,22]. The Algorithm 1 proceeds through the following stages:
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Algorithm 1 MCMC algorithm

Step 1: Choose an initial guess of (α1, α2, β) denoted by (α(0)1 , α
(0)
2 , β(0)), and set i = 1.

Step 2: Using the following Metropolis–Hustings, generate β(l) from π∗, with the normal proposal distribution,

N
(

β(i−1), Var(β)
)

, where (β(i−1)) is the current value of β, and Var(β) is a variance of β. Perform the
following:

i Generate a proposal β∗ from N
(

β(i−1), Var(β)
)

;

ii Evaluate the acceptance probability ρ = min

{
1,

π∗(β∗|α(i−1)
1 , α

(i−1)
2 , x)

π∗(β(j−1)|α(i−1)
1 , α

(i−1)
2 , x)

}
;

iii Generate a u from a Uniform(0, 1) distribution;
iv If u ≤ ρ, accept the proposal and set β(l) = β∗; else, set β(l) = β(l−1).

Step 3: In the same way as in the previous step, generate α
(i)
k from π∗

(
α
(i−1)
k |x, β(i)

)
with the normal proposal

distribution N
(

α
(i−1)
k , Var(αk)

)
, where (α(i−1)

k ) is the current value of αk , and Var(αk) is a variance of
αk .

Step 4: For given t, compute the reliability and hazard functions:

S(t, α
(i)
1 , α

(i)
2 , β(i)) = 4

2

∏
j=1

 β(i)α(i)k

tα
(i)
k + β(i)α(i)k

,

and

H(t, Θ) =
2

∑
k=1

 β(i)α(i)k

tα
(i)
k + β(i)α(i)k

.

Step 5: Set i = i + 1.
Step 6: Repeat steps (2 − 4) N times and obtain the desired number of samples. After discarding the first M

burn-in samples, the remaining N − M samples are used to obtain the Bayesian estimates.
Step 7: It is now possible to calculate the Bayes estimate of Φ = Φ(α1, α2, β) under the SE, LINEX, and GE

loss functions as

Φ̂S =
1

N − M

N

∑
i=M+1

Φ(α
(1)
1 , α

(1)
2 , β(1)),

Φ̂LINEX =
−1
c

log

[
1

N − M

N

∑
i=M+1

e−cΦ(α
(1)
1 ,α(1)2 ,β(1))

]
,

and

β̂GE =

[
1

N − M

N

∑
l=M+1

Φ(α
(1)
1 , α

(1)
2 , β(1))−q

] −1
q

,

where Φ = Φ(α1, α2, β) denotes parameters α1, α2, β, S(t), and H(t).
Step 8: Order Φ(M+1), Φ(M+2), . . . , Φ(N) as Φ(1) < Φ(2) < · · · < Φ(N−M). Consequently,(

Φ[(N−M)α/2], Φ[(N−M)(1−α/2)]

)
yields the 100(1 − γ)% Bayesian credible interval of Φ. In this case, [q] stands for the integer part of q.

6. Actual Data Illustration

The main objective of this part is to illustrate how the recommended techniques may
be used in real-world situations. The first example includes the failure times of electrical
appliances. The source of this dataset is listed in [23]. This real data collection, which [24]
first looked at, contains 18 electrical equipment failure times. Only failure mode 11 is seen
to occur more than twice out of all the failure modes found in these data. In this article,
failure mode 11 was regarded as reason number one (cause-1), and the other failure modes
as cause number two (cause-2)). In this instance, we treat X1 and X2 as failing because
of two competing risks under cause-1 and cause-2, respectively. It is observed that there
are 8 failures attributed to cause-1 and 13 failures attributed to cause-2. Data analysis
begins with dividing the original set of data by 100. Since this transformation is only a scale
change, it will not have an impact on this study’s results. Table 1 displays the electrical
appliance survival times results.
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Table 1. Electrical appliance survival times.

Cause1 0.98 4.13 4.95 6.92 10.65 11.93 14.67 19.37

Cause2 0.12 4.95 0.16 5.57 0.16 6.16 0.46 11.07
0.46 14.67 0.52 0.98 2.70

We first look at whether or not these datasets can be analyzed using the NP distribution
before moving on. It is commonly known that the Kolmogorov–Simirnov (K–S) test may
be used with both extremely small and large samples. The Kolmogorov–Smirnov distances
and the accompanying p-values (with bracket) for cause-1 and -2 are, respectively, 0.3637
(0.2405) and 0.1792 (0.7981). Because both causes’ associated p-values are clearly higher
than the significance level of γ = 0.05, we are unable to reject the null hypothesis that the
data for electronic applications originate from the NP distribution. Figure 2 displays the
plot of the empirical vs. the fitted CDFs. Furthermore, the most widely used graphical
approach for model validation is quantile–quantile (Q-Q), which determines if the fitted
model agrees with the provided data. Let F̂(x) be the estimated value of F(x) given
x1, x2, . . . , xn. Point F̂(i/n) vs. xi:n, where i = 1, 2, . . . , n, was plotted as a Q-Q scatter
diagram. The estimated and observed quantiles are displayed in a Q-Q plot. The points
on the Q-Q plot should demonstrate a 45 straight line if the model matches the data well.
Figure 3 displays the appliance failure data together with the quantile–quantile (Q-Q) plot.
As can be seen in Figure 3, there is a rough straight-line pattern that suggests a good match
for the NP model. Furthermore, one crucial graphical technique for determining whether
or not the data may be applied to a particular distribution is the total time test (TTT) plot.
The TTT plot’s empirical form is provided by τ(k/n) =

[
∑k

i=1 xi:n − (n − k)xk:n

]
/(∑n

i=1 xi),
k = 1, 2, . . . , n, where xi:n denotes the sample’s order statistics. In a graphic representation
of the TTT plot, the HRF is growing (or decreasing) if the TTT plot is concave (or convex),
and it is constant if the TTT plot is graphically portrayed as a straight diagonal. When
the TTT plot is convex and then concave, the HRF is U-shaped; otherwise, it is unimodal.
Figure 4 shows the TTT plot for the two datasets. The failure data’s total time on the test
(TTT) plot in Figure 4 illustrates the increasing and decreasing hazard rate for cause-1 and
cause-2, respectively, which is consistent with the NP distribution.

Figure 2. Fitted and empirical CDFs associated with NP distribution for two causes.

Figure 3. Q-Q plots associated with NP distribution for two causes.
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Figure 4. T-T plots associated with NP distribution for two causes.

Three groups of progressive Type-II samples are formed based on the total failure data
from Table 1 and are displayed in Table 2. These generated samples are used to estimate the
MLEs and Bayes estimates of α1, α2, β, S(t), and H(t) together with their standard errors
(in parenthesis).

Table 2. Progressive Type-II data for electrical appliance data, with n = 21 and m = 15.

Sc. I (6, 014) (0.12, 2) (0.16, 2) (0.16, 2) (0.46, 2) (0.46, 2)
(0.52, 2) (0.98, 2) (0.98, 1) (2.70, 2) (4.95, 2)
(55.7, 2) (61.6, 2) (10.65, 1) (11.93, 1) (14.67, 2)

Sc. II (16, 09) (0.12, 2) (0.16, 2) (0.46, 2) (0.46, 2) (0.52, 2)
(0.98, 2) (0.98, 1) (2.70, 2) (4.13, 1) (4.95, 2)
(4.95, 1) (6.92, 1) (11.93, 1) (14.67, 2) (14.67, 1)

Sc. III (014, 6) (0.12, 2) (0.16, 2) (0.16, 2) (0.46, 2) (0.46, 2)
(0.52, 2) (0.98, 2) (0.98, 1) (2.70, 2) (4.13, 1)
(4.95, 2) (4.95, 1) (5.57, 2) (6.16, 2) (10.65, 1)

In real-world data analysis, choosing the starting parameters for an NR algorithm is
a challenging task. For Sc. I, the initial guess of β is taken to be the x1, and a graphical
approach presented in [25] is utilized to calculate the MLE shape parameters α1 and α2,
where, from Equation (19), the curves of 1

αk
and Φ(αk) are plotted in Figure 5. According to

Figure 5, for k = 1, 2, the crossing points of the two functions ( 1
αk

, Φ(αk)) are around 0.1543
and 0.4605, respectively. To acquire the MLEs of α1 and α2, we thus recommend starting
the iteration with α1 = 0.15 and α2 = 0.46 as initial values. Moreover, a contour plot of the
log-likelihood function of α1 and α2 with respect to β = x1 is shown in Figure 6.

Figure 5. The MLE shape parameters with NP distribution.

Based on these initial values, we first calculated the MLEs of α1, α2, β, S(t), and H(t)
using the NR approach. Table 3 presents the values of the MLEs and estimated standard
errors of the MLEs of α1, α2, β, S(t), and H(t), where t = 0.4 is the calculation point for the
reliability function S(t) and the hazard rate H(t) function. We also analyzed the dataset (Sc.
I) using the EM and SEM methods developed in Section 4. The NR approach is used to set
the starting values of α1, α2 and β for the EM and SEM algorithms as related MLEs. Table 3
also includes a list of all point estimation results for the MLEs using the EM and SEM
methods, along with estimated standard errors. It can be seen from the standard errors
that the estimations produced by the NR approach are often higher than those produced



Mathematics 2024, 12, 2136 22 of 32

by the EM or SEM algorithms. Next, the 95% asymptotic confidence intervals of α1, α2, β,
S(t), and H(t) were computed using the asymptotic normality of the MLEs and missing
information principal techniques.

Figure 6. Contour plot of the log-likelihood function of α1 and α2.

The next step would be to compute the Bayes estimates of α1, α2, β, S(t), and H(t)
against the SE, LINEX, and GE loss functions using the MCMC samples. Selecting the hyper-
parameters in a real dataset while using Bayesian estimating is a very difficult operation
since the true value is not known in advance. Hence, we combine the non-informative prior
assumptions (ai = bi = 0, i = 1, 2, 3) with the MCMC approach to build Bayes estimators.
The initial assumptions for executing the MCMC algorithm are thought to be the MLEs
estimations of α1, α2, and β. In employing 30,000 posterior sample points and ignoring the
burn-in of the first 5000 times, the Bayes estimates of α1, α2, β, S(t), and H(t) are evaluated
using the M-H method. A proposed density function that follows a normal distribution
may be built in order to use the MCMC approaches, using the variance–covariance matrix
and mean equal to the MLEs of the unknown parameters.

Table 3. ML and Bayesian point estimates (first row) and their standard errors (second row) of α1, α2,
β, S(t), and H(t) for the real data.

MLE Bayes
Loss Function

Scheme Parameter NR EM SEM SEL LINEX GEL
c = −2 c = 2 q = −2 c = 2

Sc. I: (6, 014) α1 0.1523 0.1111 0.1091 0.1501 0.1510 0.1498 0.1513 0.1466
(0.0218) (0.0061) (0.0065) (0.0048) (0.0521) (0.0072) (0.0014) (3.1353)

α2 0.4638 0.4917 0.4835 0.4567 0.4650 0.4534 0.4603 0.4458
(0.0356) (0.0319) (0.0291) (0.0146) (0.7900) (0.0117) (0.0137) (0.3379)

β 0.1200 0.1200 0.1200 0.1141 0.1142 0.1140 0.1143 0.1139
(0.0146) (0.0143) (0.0133) (0.0009) (0.0077) (0.0014) (0.0002) (1.1689)

S(t = 0.5) 0.6070 0.6104 0.6162 0.6006 0.6038 0.5994 0.6017 0.5974
(0.0224) (0.0237) (0.0217) (0.0092) (0.9349) (0.0055) (0.0110) (0.0874)

H(t = 0.5) 0.7807 0.7773 0.7616 0.7742 0.7987 0.7650 0.7802 0.7561
(0.0611) (0.0474) (0.0432) (0.0247) (0.7132) (0.0105) (0.0392) (0.1149)
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Table 3. Cont.

MLE Bayes
Loss Function

Scheme Parameter NR EM SEM SEL LINEX GEL
c = −2 c = 2 q = −2 c = 2

Sc. II: (16, 09) α1 0.2318 0.1722 0.1834 0.1560 0.1569 0.1557 0.1572 0.1527
(0.0234) (0.0093) (0.0118) (0.0048) (0.0537) (0.0071) (0.0015) (2.7634)

α2 0.3056 0.3561 0.3782 0.4108 0.4181 0.4080 0.4142 0.4005
(0.0263) (0.0204) (0.0241) (0.0136) (0.5889) (0.0119) (.0115) (0.4275)

β 0.1200 0.1200 0.1200 0.1156 0.1156 0.1155 0.1156 0.1154
(0.0157) (0.0157) (0.0137) (0.0009) (0.0077) (0.0014) (0.0002) (1.1245)

S(t = 0.5) 0.6566 0.6594 0.6406 0.6276 0.6304 0.6265 0.6285 0.6249
(0.0213) (0.0246) (0.0210) (0.0085) (0.9958) (0.0049) (0.0107) (0.0722)

H(t = 0.5) 0.6411 0.6378 0.6851 0.7066 0.7268 0.6992 0.7119 0.6910
(0.0492) (0.0306) (0.0369) (0.0223) (0.9597) (0.0107) (0.0323) (0.1335)

Sc. III: (014, 6) α1 0.1290 0.2161 0.2236 0.1481 0.1489 0.1478 0.1492 0.1447
(0.0160) (0.0113) (0.0158) (0.0047) (0.0497) (0.0069) (0.0014) (3.1217)

α2 0.2950 0.2182 0.2261 0.3992 0.4054 0.3967 0.4022 0.3900
(0.0227) (0.0114) (0.0165) (0.0130) (0.5229) (0.0116) (0.0106) (0.4435)

β 0.1200 0.1200 0.1200 0.1157 0.1157 0.1157 0.1157 0.1155
(0.0170) (0.0181) (0.0155) (0.0009) (0.0076) (0.0014) (0.0002) (1.1088)

S(t = 0.5) 0.7198 0.7162 0.7071 0.6389 0.6413 0.6378 0.6396 0.6364
(0.0206) (0.0250) (0.0204) (0.0083) (1.0171) (0.0047) (0.0105) (0.0661)

H(t = 0.5) 0.4971 0.5010 0.5212 0.6784 0.6953 0.6721 0.6832 0.6644
(0.0367) (0.0204) (0.0296) (0.0211) (0.96918) (0.0107) (0.0293) (0.1419)

It is not a secret that, for the LINEX loss function, overestimation has a larger penalty
than underestimation when c > 0, and the opposite is true when c < 0. Additionally, when
c approaches 0, the LINEX loss function becomes symmetric and behaves somewhat like
the SE loss function. The Bayes estimates were produced under the LINEX loss function
discussed here for two different values of c = −5 and +2. Furthermore, in the general
entropy (GE) loss function, the values of parameter q were chosen to be −2 and +2. The
point Bayes estimates for α1, α2, β, S(t), and H(t) were been computed and are presented
in Table 3, along with the estimated standard errors and the corresponding 95% credible
ranges in Table 4.

Table 4. The 95% interval estimates of α1, α2, β, S(t), and, H(t) for the real data.

Scheme Method α1 α2 β S(t = 0.5) H(t = 0.5)

Sc. I: (6, 014) ACI (−0.0127, 0.3172) (0.1936, 0.7340) (0.0094, 0.2306) (0.4370, 0.7768) (0.3165, 1.2448)
LACI (0.0515, 0.4498) (0.2590, 0.8305) (0.0477, 0.3016) (0.4588, 0.8030) (0.4308, 1.4147)
EM (0.0730, 0.1689) (0.0679, 0.8047) (0.0486, 0.2963) (0.4548, 0.8194) (0.4891, 1.2353)
SEM (0.0690, 0.1727) (0.3062, 0.7636) (0.0519, 0.2775) (0.4717, 0.8047) (0.4949, 1.1718)
HPD (0.1149, 0.1892) (0.3496, 0.5749) (0.1077, 0.1208) (0.5305, 0.6692) (0.5986, 0.9751)

Sc. II: (16, 09) ACI (0.0535, 0.4101) (0.1064, 0.5049) (0.0010, 0.2390) (0.4951, 0.8180) (0.2679, 1.0142)
LACI (0.1074, 0.5002) (0.1592, 0.5866) (0.0445, 0.3235) (0.5135, 0.8396) (0.3582, 1.1474)
EM (0.1144, 0.2591) (0.1114, 0.5502) (0.0445, 0.3235) (0.4969, 0.8751) (0.4430, 0.9185)
SEM (0.1124, 0.2993) (0.2332, 0.6136) (0.0505, 0.2852) (0.4995, 0.8216) (0.4550, 1.0317)
HPD (0.1206, 0.1949) (0.3145, 0.5210) (0.1090, 0.1221) (0.5594, 0.6896) (0.5536, 0.8917)
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Table 4. Cont.

Scheme Method α1 α2 β S(t = 0.5) H(t = 0.5)

Sc. III: (014, 6) ACI (0.0068, 0.2511) (0.12215, 0.4679) (−0.0089, 0.2489) (0.5637, 0.8758) (0.2186, 0.7755)
LACI (0.0500, 0.3325) (0.1642, 0.5301) (0.0410, 0.3514) (0.5795, 0.894) (0.2839, 0.8704)
EM (0.1452, 0.3216) (0.1452, 0.3247) (0.0382, 0.3770) (0.5495, 0.9334) (0.3673, 0.6833)
SEM (0.1306, 0.3829) (0.1299, 0.3934) (0.0449, 0.3204) (0.5678, 0.8805) (0.3389, 0.8016)
HPD (0.1144, 0.1860) (0.3082, 0.5035) (0.1092, 0.1223) (0.5743, 0.6981) (0.535, 0.8502)

To assess the convergence of the Markov chain Monte Carlo (MCMC) method for the
studied dataset, we present density plots as well as trace plots of the MCMC outputs for
the parameters α1, α2, β, S(t = 0.4), and H(t = 0.4) in Figure 7. These graphs demonstrate
the good convergence of all the parameters considered for different chains. Furthermore,
it appears that the samples come from the same posterior density because all of the plots
display a very strong overlap of the density plots for different chains. Moreover, as Figure 6
illustrates, the estimated estimations of α1, α2, β, S(t = 0.4), and H(t = 0.4) for each sample
were typically symmetrical. Thus, the trace and density graphs appear to indicate that the
MCMC approach has a high degree of convergence.

Figure 7. MCMC trace plot (first row) and histogram (second row) of α1α2, β, S(t), and H(t) for
electrical appliance dataset. Dashed lines (---) represent the posterior means and soled lines (—)
represent the lower and upper bounds of the 95% probability interval.

The results are shown in Tables 3 and 4, where the recommended Bayes estimates
outperform the most frequent estimates in terms of the lowest standard errors. Moreover,
the HPD credible intervals estimates outperform the ACIs, LACIs, EM, and SEM estimates
with respect to the shortest ILs. This example also shows how similar the results of all
the traditional estimations are to one another. However, it should be mentioned that
the MLEs that employed the SEM approach had the lowest standard errors. As a result,
machine learning estimates obtained from SEM algorithms frequently performed better
than estimates obtained from the NR and EM techniques. Furthermore, it is important to
keep in mind that the techniques utilized to compute the point and interval estimators
based on Sc. I were also applied to Sc. II and Sc. III; Tables 4 and 5 present the results.
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Table 5. The average confidence lengths (AL) and the corresponding coverage percentages (CP) of α1,
α2, β, S(t), and H(t) based on ML and Bayes estimates for censoring Scheme I.

MLE MCMC
(n, m) Normal Log-Normal EM SEM NIP IP

AL CP AL CP AL CP AL CP AL CP AL CP

(30, 20) α1 1.6237 0.813 2.1950 0.875 0.9999 0.859 0.8271 0.879 0.6282 0.821 0.3709 0.953
α2 1.8054 0.829 2.1247 0.894 1.1388 0.894 0.9577 0.893 0.6601 0.893 0.3912 0.962
β 1.1514 0.939 0.9871 0.907 0.6561 0.993 0.5441 0.965 0.1149 0.955 0.0888 0.962

S(t) 0.6043 0.931 0.4201 0.918 0.3986 0.974 0.3984 0.993 0.2481 0.887 0.1547 0.955
H(t) 1.7221 0.814 2.4435 0.945 1.1505 0.957 1.0194 0.989 0.6702 0.821 0.3983 0.947

α1 1.3480 0.958 1.7874 0.958 0.9596 0.942 0.7644 0.930 0.6000 0.921 0.3610 0.951
α2 1.4875 0.959 2.0442 0.967 1.0825 0.975 0.9265 0.925 0.6509 0.932 0.3891 0.973
β 0.9636 0.967 0.9715 0.981 0.6422 0.992 0.5230 0.975 0.1086 0.940 0.0818 0.962

S(t) 0.5822 0.919 0.4166 0.964 0.3851 0.981 0.3891 0.961 0.2344 0.937 0.1510 0.964
H(t) 1.3756 0.934 2.1249 0.972 1.0145 0.946 0.9082 0.958 0.6618 0.939 0.3929 0.947

(50, 35) α1 1.2839 0.918 1.4703 0.92 0.7550 0.976 0.6222 0.975 0.5180 0.933 0.3367 0.963
α2 1.4564 0.933 1.6739 0.913 0.8297 0.988 0.6838 0.981 0.5379 0.932 0.3562 0.957
β 0.7670 0.941 0.8492 0.987 0.4937 0.982 0.4152 0.992 0.0658 0.941 0.0537 0.951

S(t) 0.3253 0.939 0.3310 0.933 0.3032 0.979 0.3018 0.998 0.1907 0.954 0.1299 0.959
H(t) 1.5651 0.925 1.6949 0.913 0.8331 0.990 0.7230 0.986 0.5360 0.955 0.3619 0.975

(50, 45) α1 0.8591 0.984 0.8793 0.982 0.7458 0.98 0.5786 0.927 0.4609 0.962 0.3255 0.960
α2 0.9730 0.991 0.9849 0.973 0.7969 0.982 0.6612 0.960 0.4832 0.947 0.3414 0.933
β 0.5536 0.956 0.5688 0.988 0.4890 0.963 0.4065 0.971 0.0640 0.956 0.0513 0.960

S(t) 0.3050 0.950 0.3090 0.961 0.3021 0.955 0.3029 0.965 0.1754 0.963 0.1225 0.967
H(t) 1.0225 0.980 0.9891 0.979 0.8227 0.968 0.6432 0.968 0.4920 0.953 0.3474 0.968

(80, 60) α1 0.8289 0.982 0.8434 0.981 0.5849 0.967 0.4650 0.945 0.3932 0.923 0.2984 0.955
α2 0.9331 0.969 0.9519 0.973 0.6289 0.952 0.5183 0.936 0.4051 0.920 0.3142 0.946
β 0.5308 0.990 0.5584 0.980 0.3909 0.967 0.3256 0.976 0.0398 0.979 0.0349 0.954

S(t) 0.2513 0.964 0.2535 0.967 0.2408 0.982 0.2397 0.987 0.1462 0.942 0.1120 0.972
H(t) 0.9486 0.965 0.9531 0.972 0.6359 0.980 0.5298 0.973 0.4116 0.963 0.3193 0.969

(80, 75) α1 0.6538 0.981 0.6768 0.945 0.5681 0.962 0.4429 0.973 0.3748 0.929 0.2913 0.962
α2 0.7093 0.957 0.7327 0.980 0.6158 0.957 0.4813 0.964 0.3895 0.937 0.3038 0.952
β 0.4266 0.966 0.4394 0.982 0.3827 0.981 0.3171 0.958 0.0362 0.963 0.0337 0.967

S(t) 0.2441 0.947 0.2461 0.971 0.2378 0.964 0.2396 0.972 0.1356 0.965 0.1066 0.960
H(t) 0.7276 0.993 0.7456 0.994 0.6214 0.989 0.4642 0.987 0.3995 0.971 0.3128 0.946

7. Simulation Study

This section compares the performances of suggested estimate methods under progres-
sive Type-II censoring using Monte Carlo simulations. A Monte Carlo simulation analysis
was carried out using the Mathematica version 11 statistical program. A comparison
is made between point estimators for competing risk lifetimes parameters based on the
following perspectives:

(i) Bias = 1
Ns ∑Ns

i=1
∣∣Θi − Θ̂i

∣∣, where Θi and Θ̂i stand for the unknown parameters
and the associated estimations, and Ns is the number of simulation repeats. The higher
agreement of the experimental data with the estimated model is shown by the smaller
value of the average bias.

(ii) Mean squared error (MSE) = 1
Ns ∑Ns

i=1
(
Θi − Θ̂i

)2. An improved estimate performance
is shown by a lower MSE value. Each and every result is derived from 1000 replications.
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Additionally, average confidence lengths (ACLs) (a better interval estimate perfor-
mance is correlated with a smaller width) and coverage percentages (CPs) (the proba-
bility that the real parameter values lie within the range of the interval estimations) are
used to evaluate interval estimators of asymptotic and HPD intervals. If the CP is 95%,
then a confidence interval estimator works well. The significance threshold that we em-
ployed was γ = 0.05. We created progressive Type-II censored competing risk data,
where the parameters’ true values of the NP distribution are arbitrarily assumed to be
(α1, α2, β) = (0.7, 0.8, 0.5). The hazard rate functions in Figure 1 were used to determine
the values of α1, α2, and β. In order to conduct this simulation research, we chose three
distinct censoring schemes, which are detailed below, for (n, m) = (30, 20), (30, 25), (50,35),
(50,45), and (80, 75):

Sc. I: R1 = R2 =···= Rm−1 = 0 and Rm = n − m;
Sc. II: R1 = n − m and R2 = R3···= Rm−1 = 0;
Sc. III: R1 = R2 =···= Rm−1 = 1 and Rn−m+1 = · · · = Rm = 0.
Here, Sc. I is equivalent to the conventional Type-II censoring technique, and Sc. II is

Type-I censoring. After the samples are created, we use the NR, EM, and SEM algorithms to
obtain the MLEs of the parameters α1, α2, β, S(t), and H(t). The EM and SEM procedures
began, in each case, with the true values of the parameters, and the iteration ended when the
absolute value of the difference between the two successive iterations for each of the three
parameters was less than 10−5. Figures 8–12 display the ABs and MSEs of the MLEs for α1,
α2, β, S(t), and H(t), respectively. Additionally, we use the missing information principle,
the asymptotic distribution of the MLEs, and the log-transformed MLEs to generate the
95% confidence intervals for α1, α2, β, S(t), and H(t) (at time t = 1.0).

Figure 8. Relationship between the three censoring schemes, bias, and MSE values for different
estimates of α1 at different sample sizes.

In Bayesian calculations, the non-informative prior (NIP) and informative prior (IP) for
unknown parameters (α1, α2, β, S(t), H(t)) are taken into account. The hyper-parameters
allocated to proper Bayes are a1 = 4, a2 = 5, a3 = 15, and b1 = b1 = b3 = 10, for which
the corresponding true means and prior means are the same. The hyper-parameters are
allocated values of ai = bi = 0 (NIP) for an improper prior case. Prior I and prior II are used
to denote informative and non-informative Bayes estimators, respectively. Additionally,
squared error loss (SEL), LINEX loss, and general entropy loss (GEL) are the three distinct
loss functions that are taken into consideration when evaluating all Bayes estimators of
unknown parameters (α1, α2, β, S(t), H(t)). It was assumed that the values for the LINEX
and GE loss parameters were ±2 for both c and q. The Bayesian estimates are obtained
using the M-H technique described in Section 4. In order to construct α1, α2, and β for
this procedure, we used normal proposal densities from Equations (70) and (71). The
initial values of α1, α2, and β in this procedure are the MLEs, or actual parameters values.
Following Section 5’s instruction, we created N = 10,000 MCMC samples and discarded



Mathematics 2024, 12, 2136 27 of 32

the first M = 1000 values as the burn-in period. Thus, the SE, LINEX, and GE loss functions
were used to construct the Bayes estimates of α1, α2, β, S(t), and H(t), based on 9000 M-H
sample data points. Using the M-H samples, we obtained the 95% symmetric credible
intervals of α1, α2, β, S(t), and H(t). Figures 8–12 show the relationships between the
progressively censoring schemes (Cs.), bias, and MSE values for different estimates of α1,
α2, β, S(t), and H(t) at different sample sizes.

Figure 9. Relationship between the three censoring schemes, bias, and MSE values for different
estimates of α2 at different sample sizes.

Figure 10. Relationship between the three censoring schemes, bias, and MSE values for different
estimates of β at different sample sizes.

Overall, the numerical results displayed in each figure demonstrate that the recom-
mended estimates generally outperform the expectations as n increases. In every instance,
it is noted that biases and mean square errors decrease with increasing sample size. For all
unknown parameters, the Bayesian estimators outperform the MLE estimators, primarily
because the Bayesian approach considers both the data and prior information about the
unknown parameters, whereas the MLEs just consider the data. Informative prior Bayesian
estimators perform better than non-informative prior estimators for the same reason. When
m increases with a fixed n or n increases with a fixed m, the estimator performances of all
the unknown parameters improve. Both the MSE and the bias of the Bayesian estimators
and MLEs decrease. Therefore, one strategy to improve the outcome estimate is to increase
the effective sample size. The best Bayes estimates for the reliability function S(t) are under
the GE loss function with q = +2, whereas the Bayesian estimates under the LINEX loss
function with c = −2 are better than those under the SE or GE loss functions for α1, α2, β,
and H(t). The values of the MSE and bias of all Bayes estimates for α1, α2, β, S(t), and H(t),



Mathematics 2024, 12, 2136 28 of 32

are presented also in Figures 8–12. Finally, the ALs and associated CPs of the estimated
confidence intervals for α1, α2, β, S(t), and H(t), are also presented in Tables 5–7.

Figure 11. Relationship between the three censoring schemes, bias, and MSE values for different
estimates of S(t) at different sample sizes.

Figure 12. Relationship between the three censoring schemes, bias, and MSE values for different
estimates of H(t) at different sample sizes.

We found that the SEM strategy produces better confidence intervals than either the NR
or EM strategies in terms of average length. Still, when compared to the five recommended
methods (NR, log normal, EM, SEM, and HPD), credible intervals from the HPD perform
best. This suggests that their ALs are smaller than at the nominal level, and their CPs
are closer to those at the nominal level. Furthermore, informative prior Bayesian credible
intervals outperform non-informative prior intervals. Additionally, Bayesian credible
intervals with an informative prior perform better than intervals with a non-informative
prior. This is true for all parameters α1, α2, β, S(t), and H(t).

Finally, it can be seen that for point and interval estimations with various combinations
of sample size (m, n) and censoring schemes, the Bayesian technique with an informative
prior provides excellent results. Additionally, varied estimates of the parameters exhibit
varied performances under varied loss functions. As a result, if it is possible to access
previous knowledge about the unknown parameters, the Bayesian approach is preferable.
If not, we often select the Bayesian approach with a non-informative prior when the sample
size is modest.
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Table 6. The average confidence lengths (ALs) and the corresponding coverage percentages (CPs) of
α1, α2, β, S(t), and H(t) based on ML and Bayes estimates for censoring Scheme II.

MLE MCMC
(n, m) SC. II. Normal Log-Normal EM SEM NIP IP

AL CP AL CP AL CP AL CP AL CP AL CP

(30, 20) α1 1.5193 0.895 1.6258 0.882 0.9935 0.928 0.7426 0.893 0.6698 0.939 0.3817 0.957
α2 1.7420 0.921 1.6777 0.915 1.0981 0.948 0.8834 0.909 0.6671 0.946 0.3898 0.961
β 0.9044 0.958 1.1778 0.935 0.6592 0.950 0.5508 0.955 0.1093 0.963 0.0793 0.953

S(t) 0.4201 0.975 0.4715 0.960 0.3997 0.970 0.3899 0.973 0.2534 0.971 0.1528 0.958
H(t) 1.8289 0.961 1.8724 0.965 1.0964 0.974 0.9507 0.964 0.7084 0.980 0.4041 0.980

(30, 25) α1 1.2936 0.941 1.4567 0.967 0.9519 0.938 0.7178 0.941 0.6087 0.933 0.3673 0.948
α2 1.4650 0.965 1.5402 0.955 1.0203 0.925 0.8544 0.953 0.6261 0.972 0.3835 0.936
β 0.8076 0.989 0.9287 0.971 0.6531 0.996 0.5227 0.962 0.1076 0.981 0.0784 0.968

S(t) 0.4157 0.986 0.4258 0.989 0.3897 0.986 0.3733 0.971 0.2331 0.967 0.1508 0.955
H(t) 1.5254 0.957 1.6910 0.976 1.0679 0.950 0.8992 0.964 0.6516 0.942 0.3949 0.970

(50, 35) α1 1.2055 0.948 1.3211 0.957 0.7105 0.965 0.6148 0.893 0.5241 0.963 0.3396 0.965
α2 1.3169 0.963 1.4668 0.969 0.8546 0.970 0.6863 0.925 0.5227 0.957 0.3530 0.932
β 0.7246 0.959 0.8016 0.979 0.5434 0.979 0.4267 0.962 0.0656 0.951 0.0511 0.950

S(t) 0.3171 0.974 0.3375 0.963 0.3165 0.983 0.3110 0.960 0.1921 0.976 0.1285 0.912
H(t) 1.4375 0.968 1.5127 0.982 0.9394 0.974 0.8413 0.907 0.5463 0.980 0.3603 0.956

(50, 45) α1 0.9863 0.939 1.1346 0.986 0.6559 0.954 0.5835 0.964 0.4596 0.978 0.3251 0.976
α2 1.0898 0.944 1.2108 0.982 0.8202 0.959 0.6485 0.962 0.4750 0.969 0.3395 0.957
β 0.5891 0.919 0.6406 0.987 0.4996 0.960 0.4037 0.974 0.0545 0.983 0.0442 0.948

S(t) 0.3082 0.941 0.3248 0.965 0.3079 0.952 0.3039 0.978 0.1716 0.982 0.1254 0.969
H(t) 1.0969 0.963 1.2396 0.984 0.8263 0.903 0.6334 0.980 0.4870 0.985 0.3460 0.973

(80, 60) α1 0.9161 0.942 1.0169 0.940 0.5611 0.949 0.4416 0.931 0.3910 0.947 0.2987 0.920
α2 0.9987 0.950 1.1559 0.936 0.6181 0.957 0.4962 0.935 0.4153 0.952 0.3161 0.927
β 0.5661 0.923 0.6106 0.967 0.3879 0.964 0.3240 0.941 0.0407 0.962 0.0358 0.940

S(t) 0.2579 0.946 0.2619 0.977 0.2391 0.959 0.2311 0.940 0.1478 0.968 0.1116 0.953
H(t) 1.0316 0.962 1.1103 0.981 0.6150 0.961 0.4751 0.953 0.4163 0.972 0.3184 0.946

(80, 75) α1 0.6010 0.961 0.6203 0.948 0.5501 0.959 0.4264 0.973 0.3425 0.958 0.2758 0.949
α2 0.6664 0.947 0.6861 0.962 0.6082 0.971 0.4835 0.964 0.3604 0.967 0.2889 0.951
β 0.4067 0.956 0.4177 0.967 0.3757 0.961 0.3124 0.957 0.0381 0.955 0.0343 0.953

S(t) 0.2405 0.969 0.2424 0.982 0.2294 0.974 0.2206 0.970 0.1303 0.959 0.1046 0.960
H(t) 0.6694 0.965 0.6841 0.980 0.6066 0.98 0.4728 0.952 0.3575 0.969 0.2904 0.957

Table 7. The average confidence lengths (ALs) and the corresponding coverage percentages (CPs) of
α1, α2, β, S(t), and H(t) based on ML and Bayes estimates for censoring Scheme III.

MLE MCMC
(n, m) SC. II. Normal Log-Normal EM SEM NIP IP

AL CP AL CP AL CP AL CP AL CP AL CP

(30, 15) α1 1.5068 0.899 1.4165 0.858 0.9673 0.885 0.7862 0.944 0.6975 0.962 0.3918 0.961
α2 1.6727 0.901 1.7901 0.874 1.1628 0.909 0.8341 0.958 0.8879 0.954 0.4046 0.958
β 1.0934 0.912 0.9106 0.906 0.6737 0.924 0.5371 0.966 0.0941 0.927 0.0761 0.974

S(t) 0.4288 0.933 0.4575 0.961 0.4020 0.964 0.4025 0.984 0.2780 0.932 0.1532 0.966
H(t) 1.7791 0.947 1.8364 0.931 1.1477 0.950 0.7730 0.975 0.9280 0.974 0.4366 0.970
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Table 7. Cont.

MLE MCMC
(n, m) SC. II. Normal Log-Normal EM SEM NIP IP

AL CP AL CP AL CP AL CP AL CP AL CP

(30, 25) α1 1.3599 0.913 1.3795 0.925 0.9205 0.921 0.7257 0.967 0.6561 0.887 0.3765 0.964
α2 1.5155 0.925 1.5960 0.930 1.0907 0.955 0.7793 0.935 0.7043 0.927 0.3968 0.949
β 0.8601 0.973 0.8983 0.941 0.6328 0.956 0.5146 0.969 0.0871 0.947 0.0660 0.964

S(t) 0.4246 0.924 0.4310 0.966 0.3961 0.971 0.3949 0.978 0.2374 0.927 0.1516 0.973
H(t) 1.5901 0.927 1.6530 0.965 1.0548 0.975 0.7520 0.967 0.7243 0.913 0.4109 0.982

(50, 35) α1 1.1810 0.927 1.2832 0.934 0.7542 0.935 0.5438 0.961 0.5691 0.943 0.3529 0.958
α2 1.2960 0.932 1.3718 0.939 0.8244 0.960 0.6138 0.972 0.5942 0.937 0.3789 0.952
β 0.7910 0.965 0.7164 0.951 0.4985 0.957 0.4045 0.954 0.0518 0.985 0.0505 0.961

S(t) 0.3211 0.919 0.3403 0.945 0.3054 0.968 0.3171 0.956 0.2032 0.972 0.1310 0.964
H(t) 1.3949 0.941 1.4298 0.967 0.8321 0.974 0.5927 0.964 0.6323 0.968 0.3892 0.956

(50, 45) α1 0.9155 0.929 0.9655 0.947 0.7336 0.951 0.5136 0.960 0.4960 0.939 0.3374 0.971
α2 1.0021 0.932 0.8673 0.954 0.8185 0.956 0.6092 0.941 0.5172 0.923 0.3542 0.957
β 0.5830 0.970 0.6341 0.962 0.4952 0.970 0.3910 0.965 0.0465 0.947 0.0460 0.962

S(t) 0.3160 0.961 0.3228 0.969 0.3026 0.968 0.3116 0.971 0.1774 0.912 0.1278 0.967
H(t) 1.0408 0.968 1.1734 0.959 0.8248 0.973 0.5837 0.959 0.5487 0.913 0.3681 0.960

(80, 60) α1 0.7033 0.949 0.7603 0.944 0.5849 0.949 0.4429 0.962 0.4814 0.940 0.3286 0.967
α2 0.7783 0.938 0.8430 0.957 0.6654 0.907 0.5021 0.956 0.4995 0.912 0.3537 0.981
β 0.4680 0.968 0.5810 0.962 0.3909 0.968 0.3082 0.972 0.0362 0.973 0.0336 0.973

S(t) 0.3098 0.977 0.3194 0.977 0.2413 0.983 0.2397 0.966 0.1621 0.867 0.1172 0.965
H(t) 0.9821 0.951 1.0190 0.964 0.6566 0.987 0.4692 0.961 0.5280 0.867 0.3666 0.947

(80, 75) α1 0.6538 0.955 0.6768 0.978 0.5726 0.968 0.3996 0.969 0.3748 0.953 0.2913 0.962
α2 0.7093 0.943 0.7327 0.980 0.6289 0.965 0.4813 0.973 0.3895 0.987 0.3045 0.957
β 0.4266 0.976 0.4394 0.981 0.3878 0.971 0.3050 0.968 0.0301 0.960 0.0296 0.967

S(t) 0.2441 0.981 0.2461 0.979 0.2408 0.967 0.2378 0.971 0.1356 0.959 0.1067 0.961
H(t) 0.7276 0.963 0.7456 0.994 0.6359 0.989 0.4640 0.987 0.3995 0.981 0.3126 0.948

8. Conclusions

In this study, we took into consideration progressive Type-II censoring data for the
statistical inference of unknown lifespan parameters when competing failure mechanisms
are present but independent. The lifespan distribution for each cause of failure is assumed
to correspond to a NP distribution. The maximum likelihood and Bayesian estimate
techniques are taken into consideration in order to accomplish our goal. This study was
conducted on the point and approximate confidence interval estimations for the hazard rate
functions, reliability, and unknown parameters. We note that in using both the SEM and
EM techniques, the complexity related to the numerical computation of the MLEs may have
been significantly reduced. To produce the Bayesian estimates under the squared error,
LINEX, and GE loss functions, and the corresponding credible intervals, the Metropolis–
Hastings method was used in the Bayesian paradigm. We analyzed a real-world dataset
to illustrate the techniques presented in this article. We then carried out an extensive
simulation analysis to contrast the effectiveness of different estimators. When there is no
subjective information, it was found that the MLEs perform rather well. With subjective
information available, the Bayesian estimators perform better than the MLEs, as predicted.

While units failing because of two competing risks are subject to progressive Type-II
censoring, it should be noted that the results also apply to cases where there are multiple
causes of failure and to other types of failure data cases, including complete data, Type-II
censoring, and progressive first-failure censoring. The optimal design and sample plan of
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progressive censoring under the competing risk model appear to be interesting topics for
additional investigation and will be looked into in the future.
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