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Abstract: While a gambler may occasionally win, continuous gambling inevitably results in a net loss
to the casino. This study experimentally demonstrates the profitability of a particularly deceptive
casino game: a two-armed antique Mills Futurity slot machine. The main findings clearly show
that both non-random and random two-arm strategies, predetermined by the player and repeated
without interruption, are always profitable for the casino, despite two coins being refunded for every
two consecutive losses by the gambler. We theoretically explore the cyclical nature of slot machine
strategies and speculate on the impact of the frequency of switching strategies on casino returns. Our
results not only assist casino owners in developing and improving casino designs, but also guide
gamblers to participate more cautiously in gambling.

Keywords: fairness; multi-armed bandit; futurity slot machine

MSC: 60J10; 60F05

1. Introduction

The origin of human gambling is estimated to coincide with the emergence of human
civilization. Evidence suggests that people engaged in “taking chances” as early as the late
Paleolithic Age. For example, divination was widely practiced to discern good and bad
outcomes in prehistoric China. More recently, the establishment of casinos has significantly
boosted the longstanding prosperity of the gambling industry. Over the centuries, various
forms of gambling have been developed, including horse racing, lotteries, dice, baccarat,
slot machines, roulette, and blackjack.

Today, some governments support and encourage the development of the gambling
industry because it stimulates domestic economic growth, even during global economic
downturns. This highlights not only the profitability of the gambling industry but also
an implicit truth: casino games reliably generate revenue, at least partly due to their
inherent design.

Gambling attracts players through the illusion of fairness, including the misconcep-
tion that casinos are unprofitable. When gambler enthusiasm is heightened by ostensibly
honest advertisements of fairness, gamblers indulge in fantasies of winning vast sums of
money. Casinos are particularly captivating to individuals with gambling-related patholo-
gies [1] who become deeply immersed in gambling, subsequently experiencing depressive
symptoms, heightened gambling expectancy, and increased dark flow ratings [2].

Such ostensibly honest advertisements of fairness are often promoted through casino
loyalty programs, which offer equal rewards to gamblers who wager equal amounts [3].
The aim of these loyalty programs is to enhance both attitudinal and behavioral loyalty.
Attitudinal loyalty refers to the extent to which individuals trust and are satisfied with the
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casino, including a sense of identification with the casino brand. Behavioral loyalty, on
the other hand, refers to the actual behaviors that demonstrate loyalty, such as repeatedly
visiting the casino to gamble. However, despite the appearance of fairness, all casino games
are inherently unfair. Indeed, casinos have consistently reported profits from players, with
the notable exception of the Kelly formula [4], which determines the optimal proportion
to wager in each period in a series of blackjack (“21”) hands or repeated investments,
ensuring a win rate greater than 50%. Nonetheless, attitudinal loyalty remains high among
casino players.

This article uses a multi-armed Futurity bandit to mathematically explore the profound
mystery of attitudinal and behavioral loyalty in the face of casino profitability. The multi-
armed bandit (MAB) [5], a popular entertainment tool, is selected because it has been
meticulously designed by casinos to appear fair and attract gamblers [6]. The MAB has also
been extensively studied theoretically to analyze various complex decision problems [7–9]
in fields such as science, society, economy, and management. It also plays a central role
in research on reinforcement learning [10–12]. Specifically, this study introduces a two-
armed Futurity bandit to elucidate the pervasive absorption of gamblers at casinos. The
two-armed slot machine contrasts with the seemingly fair one-armed slot machine, which
can be unprofitable for the casino depending on the Futurity award design. For example, a
Futurity slot machine may offer a truly fair reward: when the current number of consecutive
gambler losses reaches a value of J, all coins invested by the gambler in these losses
are refunded. However, two-armed slot machines disrupt this fairness and exhibit the
phenomenon of Parrondo’s paradox [13,14]: the game becomes profitable for the casino
when a player alternates between arms in any random or non-random manner, despite the
true advertisement that each of the two arms is fair individually.

In the rest of this paper, Section 2 reviews the related researches. Section 3 describes
the model and results. Section 4 conduct experiments to show the result. Section 5 offers
the method of this paper and the related lemma. Section 6 concludes this paper.

2. Recent Work

Parrondo’s Paradox is a counterintuitive phenomenon where the combination of two
losing strategies can lead to a winning outcome. This paradox was first proposed in 1996
by physicist Juan Parrondo of the Complutense University of Madrid. Several studies [15]
have examined this paradox from perspectives including game theory, quantum game
theory, and information theory. Pyke [16] introduced a fairness assumption applicable to
our model suggesting that the two fair arms of the slot machine may lead to long-term
profits for the casino through random or non-random strategy combinations.

Many people learn from their experiences in casinos, but the underlying inevitability
of their outcomes is dictated by the “law of large numbers” in probability theory. Conse-
quently, the mystery behind casino profitability and inherent unfairness remains elusive to
those without a background in probability theory. This article employs probabilistic tools
to examine the law of large numbers as it applies to a two-armed antique Mills Futurity slot
machine designed by the Chicago Mills Novelty Company in 1936 [6,17,18]. The Futurity
slot machine offers a reward whereby when the current number of consecutive gambler
losses reaches a of value J, all coins invested by the gambler in these losses are refunded.
The long-term profitability of such a machine exposes the deception of the apparent fairness
of this game—the “fairness illusion”. According to the game’s compensation rule, two
coins are returned to the gambler each time their consecutive losses reach two. In this con-
text, the deception can be articulated as follows: casinos honestly but shrewdly advertise
that the one-armed Futurity bandit is unprofitable due to its fairness, implying long-term
unprofitability. This portrayal of fairness for the one-armed Futurity bandit enhances
the casino’s reputation among gamblers. However, statistical artifacts emerge with the
two-armed Futurity bandit when its left and right arms are alternately played, resulting
in consistent profitability for the casino under the rule of returning two coins after two
consecutive losses by the same gambler. This outcome aligns with the conjecture proposed
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by Ethier and Lee [6], who suggested that such a two-armed Futurity bandit adheres to
Parrondo’s paradox when executing any non-random mixed strategy after proving this
rule for any random mixed strategy. The present article employs experiments to validate
these theoretical results.

Therefore, our results, along with the conclusions of Ethier and Lee [6], demonstrate
that a non-random or random two-arm strategy decided by the player before playing
and then repeated without interruption is always profitable for the casino, even though
two coins are refunded for every two consecutive gambler losses. This phenomenon is
theoretically exemplified. This model was ingeniously proven by Chen and Liang [19],
who provided an expression for the casino’s asymptotic profit expectation.

The main contributions of this article include the following:

• This study experimentally demonstrates the profitability of a deceptively unfair game
for gamblers under a mixed strategy. The Kelly formula not only aids blackjack
owners in better developing and improving the design of the game, but also helps
gamblers participate cautiously in gambling. Furthermore, the formula is widely used
in financial risk management as a component of modern financial technology.

• This paper provides a preliminary theoretical proof of the traditional two-arm Futurity
slot machine (J = 10) model. It also presents our conjecture on the underlying
mechanisms of slot machine profitability and offers inspiring ideas for the further
exploration of Parrondo’s paradox.

In Section 3, this paper provides a detailed introduction to the model of the Futurity
two-armed slot machine and presents the theoretical results of both random and non-
random strategies under the condition of J = 2. Section 4 employs the Monte Carlo method
to simulate four different strategic scenarios to verify the theoretical results from Section 3,
and then compares the theoretical gains with the benefits obtained from the simulation
results. In the latter part of Section 4, we conduct experimental simulations of the traditional
J = 10 Futurity two-armed slot machine model and compare the casino’s empirical average
profits for each of the four strategies. This comparison aims to demonstrate, from an
experimental perspective, that the casino can achieve long-term profits. In Section 5, we
prospectively prove the periodic impact of non-random strategies on casino returns and
speculate that the frequency of player strategy exchanges is positively related to the casino’s
asymptotic return expectations. This provides a theoretical direction for further research
on the Futurity two-armed slot machine and Parrondo’s paradox.

3. Model and Results

The antique Futurity slot machine, designed by the Chicago Mills Novelty Company [6,17,18],
was in production from 1936 to 1941. After 7 December 1941, Mills Novelty ceased slot
machine production and became a defense contractor for the duration of the war. When
slot machine production resumed in 1945, it did so with new designs. In this article, we
use the antique Futurity slot machine designed by the Chicago Mills Novelty in 1936 as an
example to explore the scientific mystery of why “long bets will lose”.

In the antique Futurity slot machine, a player spends one coin per play. There are two
screens on the machine: one screen’s pointer records the current number of consecutive
gambler losses. When this number reaches 10 (which can be set to another value by the
casino), all 10 coins are refunded to the gambler. This refund is called the futurity award.
The other screen displays the current mode. The machine’s internal structure features
a periodic cam with several fixed modes, each having different winning conditions and
rewards. With each play, the cam rotates to the next mode. Each arm has its own mode
cam, different from the others, resulting in independent payoff distributions for each arm.
The gambler pulls one arm to play. For the futurity award, the number of consecutive
losses is recorded regardless of the order in which the player plays the arms. When the
pointer reaches value J (where J ≥ 2) set by the casino, J coins are refunded to the gambler.
The casino advertises that each arm on its multiple-armed machine is “fair,” meaning each
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arm has a 50% chance of profit for the gambler. The gambler can play either arm in a
deterministic order or at random.

For simplicity, we consider a simple two-armed Futurity bandit, with two arms
denoted as A and B, each arm with a different i.i.d payoff sequence. For the convenience
of analysis, we can regard each arm’s distribution of wins as a Bernoulli distribution, that
is, the probability of winning a game is pA (resp. pB), with 0 < pA < 1 and 0 < pB < 1.
The gambler must pay one coin to the casino for each coup and alternates between arms
according to a pre-determined repeating sequence called a strategy. The casino also offers a
futurity award each time a gambler suffers consecutive losses in gambling, as described
above. Casinos usually advertise the design of J = 2, which is the considered case in this
work and the most attractive to gamblers. We consider the case in which the gambler
chooses a pre-formulated non-random mixed strategy D before the game starts, where D
contains at least 1 A and 1 B. For instance, for strategy D = ABB, the gambler pulls arm
A, then arm B, then arm B, repeating that sequence indefinitely. This work considers a
“fairness” design for the one-armed Futurity bandit by adjusting the payoff distribution
of each arm, where the reward is assumed to be (3− 2p)/(2− p) under win probabilities
p = pA and pB for arms A and B, respectively. If the game is played according to the above
rules, it seems that the gambler is playing a fair game with no long-term loss, but in fact,
the casino definitely makes a profit in the long run, as demystified in Theorem 1 [19] below.

Subtle mathematical induction shows that any non-random repeating mixed strategy
D can be arranged in the following asymptotic form D(a(h, r, s)):

D(a(h, r, s)) = A · · · A︸ ︷︷ ︸
r1

B · · · B︸ ︷︷ ︸
s1

· · · A · · · A︸ ︷︷ ︸
rk

B · · · B︸ ︷︷ ︸
sk

· · · A · · · A︸ ︷︷ ︸
rh

B · · · B︸ ︷︷ ︸
sh

:= Ar1 Bs1 · · · Arh Bsh .

Here, rk > 0, sk > 0,
h
∑

k=1
rk = r,

h
∑

k=1
sk = s and vector a(h, r, s) = (a1, a2, · · · , a2h) =

(r1, s1, · · · , rk, sk, · · · , rh, sh). In order to make our results more concise, we define function
bi of vector a for −2h + 1 ≤ i ≤ 4h as follows:

• b2j−1 = (−1)a2j−1(1− pA)
a2j−1 , b2j = (−1)a2j(1− pB)

a2j for 1 ≤ j ≤ h,

• bi = bi−2h for 2h + 1 ≤ i ≤ 4h, bi = bi+2h for −2h + 1 ≤ i ≤ 0.

Theorem 1 (Chen and Liang [19] (2023)). The casino’s asymptotic profit expectation R is 2QS,
where

Q := Q(D(a(h, r, s))) = h +
2h

∑
m=1

2h−1

∑
j=1

(−1)j
m+j−1

∏
i=m

bi + h
2h

∏
i=1

bi,

S := S(r, s, pA, pB) =
(pA − pB)

2(1 + (−1)r+s(1− pA)
r(1− pB)

s)

(r + s)(2− pA)2(2− pB)2(1− (1− pA)2r(1− pB)2s)
.

This theoretical result demonstrates that the game is always profitable for the casino in the
long term for all pA ̸= pB. The asymptotic profit expectation R = 0 applies if and only if
pA = pB. These results make clear that the win probability discrepancy between the two
arms favors the casino. In detail, the expression of the casino’s asymptotic profit expectation
R consists of three parts. The first part is the number two, representing settlement rule
J = 2 of the futurity bandit award. The second part, function Q, denotes the gambler’s
playing rule across the two arms as laid out in the internal structure of strategy D. The
last part, function S, characterizes the changes in profitability to the casino accompanying
changes in the values of the considered parameters pA, pB and the considered playing
number r, s. Figure 1 show the casino’s payoff of a single arm across different probabilities.
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Figure 1. Payoff of a single arm across the full range of win probabilities.

Figure 2 shows three-dimensional surfaces for the casino’s payoff as functions of
win probabilities pA and pB for arms A and B, respectively, under four different but
representative non-random strategies. The four panels, each with a different vertical scale,
show that each non-random strategy generates distinct profit modes, but each is dominated
by a region of casino profitability. Figure 2a implies that playing the two arms in direct
alternation generates the greatest profits for the casino. Playing the two arms in equal
numbers of pulls guarantees the symmetric form of the payoffs (see Figure 2a,b).
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Figure 2. Casino payoffs (theoretical values) for the full range of win probabilities for arms A and B
under four different non-random strategies D. Note that the vertical scale differs among panels.
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Now, suppose a gambler plays the two-armed Futurity bandit according to a strategy
of randomness C with probability pγ of pulling arm A and correspondingly probability
1− pγ of pulling arm B. Previous research has shown that the asymptotic profit expectation
RC of the casino [6] is

RC = f (pγ(1− pA) + (1− pγ)(1− pB))− pγ f (1− pA)− (1− pγ) f (1− pB),

where f (z) = 2z2

1+z . Since f (z) is a convex function, the casino is profitable in the long run
for all pA ̸= pB. RC = 0 if and only if pA = pB. Figure 3 shows the payoff performance
under a strategy of randomness with probabilities pγ of 0.1, 0.3, 0.5, 0.7, and 0.9 of selecting
arm A. Each panel displays non-negative payoffs under all combinations of pA and pB. For
pγ = 0.5, meaning equal numbers of pulls of the two arms, the payoff surface is symmetric,
in line with the symmetry of the results shown in Figure 2a,b.

PB

0.0

0.2

0.4

0.6

0.8

1.0

PA

0.0

0.2

0.4

0.6

0.8

1.0

P
ayo

ff

0.00

0.02

0.04

0.06

0.08

0.01

0.02

0.03

0.04

0.05

0.06

Payoff

(a) pγ = 0.1

PB

0.0

0.2

0.4

0.6

0.8

1.0

PA

0.0

0.2

0.4

0.6

0.8

1.0

P
ayo

ff

0.00

0.05

0.10

0.15

0.02

0.04

0.06

0.08

0.10

0.12

Payoff

(b) pγ = 0.3

PB

0.0

0.2

0.4

0.6

0.8

1.0

PA

0.0

0.2

0.4

0.6

0.8

1.0

P
ayo

ff

0.00

0.05

0.10

0.15

0.02

0.04

0.06

0.08

0.10

0.12

Payoff

(c) pγ = 0.5

PB

0.0

0.2

0.4

0.6

0.8

1.0

PA

0.0

0.2

0.4

0.6

0.8

1.0

P
ayo

ff

0.00

0.05

0.10

0.15

0.02

0.04

0.06

0.08

0.10

0.12

Payoff

(d) pγ = 0.7

PB

0.0

0.2

0.4

0.6

0.8

1.0

PA

0.0

0.2

0.4

0.6

0.8

1.0

P
ayo

ff

0.00

0.02

0.04

0.06

0.08

0.01

0.02

0.03

0.04

0.05

0.06

Payoff

(e) pγ = 0.9

Figure 3. True mean casino payoff under a strategy of randomness with probability pγ of selecting
arm A.
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4. Experiments
4.1. Simulation Verifying Theoretical Results

This section implements Monte Carlo simulations to verify the theoretical results above for
four cases corresponding to the non-random mixed strategies D = AB, D = AABB := A2B2,
D = A3B2, and D = A4B4A6B3. The number of coups is M = 100, 000, and the true mean
profit for the casino equals (M−W − J ∗ C)/M, where W represents the total number of
wins for the gambler and C denotes the count of futurity awards for J consecutive gambler
losses, where J = 2. Ten thousand replicates are conducted in each simulation.

As stated above, the casino can adjust the win probability distribution of each of the
two arms so as to adjust its own profit while ensuring the fairness of each arm. In an initial
simulation of a single arm, Figure 1 shows that the long-term payoff to the gambler or the
casino always lies close to zero for any given win probability on interval [0, 1] for the single
arm. This result represents the fairness of each individual arm. In particular, the long-term
payoff to the gambler is zero without uncertainty when the win probability is zero, while
the long-term payoff to the casino is zero without uncertainty when the win probability
is one.

Since the value of Q in Theorem 1 is also related to the win probability distributions
of the two arms, the impact of Q on profits should also be considered by the casino when
adjusting the win probability distributions of the arms. Figure 2 shows three-dimensional
surfaces of the payoff to the casino for all combinations of win probabilities of the two arms.
These graphs vividly illustrate that the casino can select the win probabilities for A and B
that maximize its profit.

Next, we aim to compare the theoretical payoff with that obtained from the simulation
results by examining four vertical cross-sections of the three-dimensional surfaces in
Figure 2. Without loss of generality, we fix the win probability of arm B at pB = 0.5.
Figure 4 shows the theoretical and simulated curves for those four non-random strategies.
This agreement demonstrates that the theoretical conclusions are highly consistent with the
simulated results, thus verifying Theorem 1 for these four cases.

Last, we simulate the results of mixed random and non-random strategy, some non-
random strategy followed by random strategy. Figure 5a examines vertical cross-sections of
the three-dimensional surfaces, showing the sample mean casino payoffs for the full range
of win probabilities for arms A and B under mixed strategy. Without loss of generality,
we fix the win probability of arm B at pB = 0.5 in Figure 5b under the mixed strategy. It
obviously shows that the casino loss could inspire gamblers to choose mixed strategy to
win if they could choose their own strategy for the gambling machines.
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Figure 4. Sample mean casino payoff for the full range of win probabilities for an arm A pull under
the fixed probability pB = 0.5 of an arm B pull, for various non-random strategies D.
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Figure 5. (a): Sample mean casino payoffs for the full range of win probabilities for arms A and
B under mixed strategy. (b): Sample mean casino payoff for the full range of win probabilities for
an arm A pull under fixed probability pB = 0.5 of an arm B pull, for mixed strategy. Note that the
vertical scale differs among panels.

4.2. Empirical Study with a Real Two-Armed Futurity Slot Machine

This section considers a real antique Mills Futurity slot machine designed in 1936
by the Chicago Mills Novelty Company. There are two screens on the slot machine, one
screen recording the current number of consecutive gambler losses and the other displaying
the current mode. In detail, a player consumes 1 coin per coup, and when the number
of consecutive gambler losses reaches J = 10, all 10 coins are refunded. The machine’s J
value of 10 in this machine is replaced by the case of J = 2 because the latter is even more
attractive to gamblers. The machine’s internal structure includes a periodic cam switching
between Modes E and O, corresponding to arm A and arm B. Both closely follow the
multi-point distribution shown in Table 1. The win probabilities and rewards are distinct
for the two modes, and the two-armed machines are “fair” in the sense that each arm has a
50% chance of profiting the gambler, as honestly advertised by the casino. However, the
casino does not allow for a gambler to play solely on one arm, since such an experiment
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would reveal that it is the alternation between the two “fair” arms that makes money for
the casino.

Table 1. Multi-point distribution of reward values in Modes E and O for the actual two-armed antique
Mills Futurity slot machine.

Reward\Probability 0 3 5 10 14 18 150

Mode E 0.968 0.003 0.007 0.018 0.004 0 0

Mode O 0.357 0.576 0.064 0 0 0.002 0.001

In this application, we transform the multi-point distribution of each mode into a
two-point distribution. For each mode, we split the distribution into gain and loss, allowing
the obtention of reward of each model, thereby revealing that each individual mode is
indeed fair. In particular, we show the casino’s empirical mean profit for each of the four
strategies in Figure 6, revealing that the sample mean casino profit converges long-term to
a positive value in each case. This finding again confirms the conclusion that the casino can
earn money, in the long run, using a two-armed Futurity bandit under a compensation rule
equivalent to that for J = 10 certified by Ethier and Lee [6].
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Figure 6. Casino’s cumulative payoff vs. the number of coups for four strategies D applied to an
actual two-armed antique Mills Futurity slot machine [6].
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5. Method

Chen and Liang [19] demonstrated the long-term profitability of this slot machine,
and their theoretical proof provides enlightening ideas for proving the profitability of the
classic two-arm slot machine (J = 10). The gambler’s motivation to gamble is presumably
tied to the casino’s claim that each arm is fair. Although a given strategy D implemented
by the player may yield a range of results, gamblers often believe they can formulate
profitable strategies in advance. Therefore, we must examine the relationship among the
various strategies. When a casino is confronted with strategy D, it must determine how
this strategy is expected to affect its profitability. This slot machine can also be regarded
as a confrontation game between the casino and the player. In this context, how is the
asymptotic profit expectation difference between the casino and the player calculated?
Based on the casino’s calculation of the asymptotic profit expectation, we can ingeniously
determine that the value of this profit is strictly positive, thus explaining why the casino is
profitable in the long run.

Below, we conduct a preliminary theoretical analysis of the characteristics of the model
based on the assumptions of the classic two-arm bandit machine. We explain why a casino
can claim that slot machines are fair and how certain player strategies can have a cyclical
impact on the casino’s asymptotic returns. Finally, we elaborate on future work on this
model and propose our conjectures.

5.1. Why Can Casinos Claim Each Arm of the Slot Machine Is Fair?

The source of the casino’s profit is every single coin paid by the gambler before each
coup. The player’s profit from the slot machine is divided into two parts: one part is
payoff u obtained by winning a single coup, and the other part is the refund obtained
by losing two consecutive coups. We can choose either arm for initial analysis. If the
gambler plays only the A arm, then p◦A represents the asymptotic probability, per coup,
of the player obtaining the futurity award. The player’s expected asymptotic revenue
per coup is then µ∗A = pAuA + 10p◦A, where uA is the payoff obtained by the gambler by
winning a single coup. The casino can set µ∗A = 1 by tuning parameters pA and uA. In such
a case, the player’s asymptotic payoff expectation per coup is equal to the 1-coin payoff
received by the casino before each coup. Ethier and Lee [6] calculated the value of p◦A as

p◦A =
pAq10

A
1−q10

A
, where qA = 1− pA. Then, to maintain fairness, the casino must ensure that

uA = 10pA(1−pA)
10+(1−pA)

10−1
pA((1−pA)10−1) while modifying the arm’s payoff distribution to maintain or

maximize profitability. In the same way, the casino can also make the B arm fair, but the set
parameters need to be pA ̸= pB, 0 < pA < 1, 0 < pB < 1.

5.2. What Is the Relationship among Various Non-Random Mixing Strategies?

By implementing a general fixing of values r, s > 0, the casino can ignore everything
about a gambler’s strategy D other than how the strategy affects the casino’s asymptotic
profit expectation. We let p◦D denote the asymptotic probability, per coup, of the gambler
obtaining the futurity award under strategy D, and we let pD

i denote the win probability of
the ith game under strategy D. Ethier and Lee [6] preliminarily provided the form of p◦D.
On this basis, we preliminarily calculated the casino’s asymptotic profit expectation and
the value of p◦D.

Lemma 1. The casino’s asymptotic profit expectation R is

R = 10
(

p◦D −
r

r + s
p◦A −

s
r + s

p◦B

)
,

where

p◦D =
1

r + s

r+s

∑
k=1

(
r+s

∑
j=1

pD
j

j+10k

∏
i=j+1

qD
i

)
1

1− (qr
Aqs

B)
10 ,
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where qD
i = 1− pD

i .

Proof. Based on the casino’s claim that each arm is fair and the discussion above, we have

R = 1− µ∗D = 1− µD − 10p◦D,

where µD is the asymptotic payoff expectation for the player per coup, disregarding the
Futurity award. From the law of large numbers, we know that

µD =
r

r + s
pAuA +

s
r + s

pBuB.

Ethier and Lee [6] showed that p◦D has the following form:

p◦D =
1

r + s

r+s

∑
k=1

(
r+s

∑
j=1

pj

j+10k−(r+s)⌈10k/(r+s)⌉

∏
i=j+1

qi

)
(qr

Aqs
B)
⌈10k/(r+s)⌉

1− (qr
Aqs

B)
10 . (1)

For any nonrandom-pattern strategy D, we have

qr
Aqs

B =
r+s

∏
i=1

qi =
m

∏
i=1

qi

r+s

∏
i=m+1

qi =
m

∏
i=1

qi+r+s

r+s

∏
i=m+1

qi =
m+r+s

∏
i=m+1

qi

for any m = 1, 2, · · · , r + s, and similarly for m = r + s + 1, r + s + 2, · · · , 10r + 10s, we also

have qr
Aqs

B =
r+s
∏
i=1

qi+r+s =
m+r+s

∏
i=m+1

qi. Then, by Equation (1), we note that 1 ≤ j ≤ j + 10k−

(r + s)⌈10k/(r + s)⌉ < j+ r + s ≤ 10r + 10s. We let m = j+ 10k− (r + s)⌈10k/(r + s)⌉, and

then we have (qr
Aqs

B)
⌈10k/(r+s)⌉ =

j+10k
∏

i=m+1
qi. Then, Equation (1) can be rewritten as follows:

p◦D =
1

r + s

r+s

∑
k=1

(
r+s

∑
j=1

pD
j

j+10k

∏
i=j+1

qD
i

)
1

1− (qr
Aqs

B)
10 ,

and

R =
r

r + s
µ∗A +

s
r + s

µ∗B − µD − 10p◦D = 10
(

p◦D −
r

r + s
p◦A −

s
r + s

p◦B

)
.

From the above lemma, we can observe that (1) the value of p◦D summarizes all relevant
effects of a given strategy D and that (2) the value of p◦D affects the casino’s asymptotic profit
expectation R. From the expression for p◦D, we observe that the value of p◦D is relatively
insensitive to the choice of strategy.

Lemma 2. For any set of fixed values of r, s, and l, where l = 1, 2, · · · , r + s, and non-random-
pattern strategies D1 and D2, pD1

i = pD2
i+l for all i = 1, 2, · · · , r + s. Then, the casino asymptotic

profit expectations of the two strategies are equal, that is, RD1 = RD2 .

Proof. We consider strategies D1 and D2 where pD1
i = pD2

i+l for any i = 1, 2, · · · , r + s. Then,
it also holds for i = r + s + 1, r + s + 2, · · · , 11r + 11s by the periodic, and by Lemma 1,
we have
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r+s

∑
j=1

pD1
j

j+10k

∏
i=j+1

qD1
i =

r+s

∑
j=1

pD2
j+l

j+10k

∏
i=j+1

qD2
i+l

=
r+s−l

∑
j=1

pD2
j+l

j+10k

∏
i=j+1

qD2
i+l +

r+s

∑
j=r+s−l+1

pD2
j+l

j+10k

∏
i=j+1

qD2
i+l

=
r+s

∑
j=l+1

pD2
j

j+10k−l

∏
i=j+1−l

qD2
i+l +

l

∑
j=1

pD2
j+r+s

j+10k−l

∏
i=j+1−l

qD2
i+r+s+l

=
r+s

∑
j=l+1

pD2
j

j+10k

∏
i=j+1

qD2
i +

l

∑
j=1

pD2
j

j+10k

∏
i=j+1

qD2
i =

r+s

∑
j=1

pD2
j

j+10k

∏
i=j+1

qD2
i .

That is, p◦D1
= p◦D2

, and by Lemma 1,

RD1 = 10(p◦D1
− r

r + s
p◦A −

s
r + s

p◦B) = 10(p◦D2
− r

r + s
p◦A −

s
r + s

p◦B) = RD2 .

Then, we complete the proof.

To understand the above lemma more intuitively, we can consider Steps A and B in
the strategy as number r of “A” balls and number s of “B” balls. If these balls are placed
in a cycle, then the values of p◦D for different starting points in the same arrangement are
equal. For example, for r = 4, s = 2, the following two arrangements yield the same p◦

value, that is, p◦AABABA = p◦ABABAA. Hence, RAABABA = RABABAA.

A −→ A
↗ ↘

A B
↖ ↙

B ←− A

A −→ B
↗ ↘

A A
↖ ↙

A ←− B

In this way, any non-random pattern strategy provided by the player can be regarded
by the casino as a strategy starting from arm A in the process of calculating profitability.
Vector a(h, r, s) can be used to represent the structure of this strategy, that is, Equation (1),
where 2h is the number of times the arm is switched during a single cycle of the strategy. We
conjecture that in any non-random pattern strategy provided by the player for fixed values
of r and s, the more frequent the switching of arms, the higher the casino’s profitability;
that is, R and h are positively correlated.

Conjecture 1. We consider non-random pattern strategy D1 = a(h, r, s), where h < min{r, s};
then, there is strategy D2 = a(h + 1, r, s) such that RD1 > RD2 . In particular, player strategy
D = AB is most beneficial to the casino, and strategy D = ArBs is most beneficial to the player.

Ethier and Lee [6] showed that if no restrictions are provided to the player strategy,
the casino may not be profitable in the long term. They pointed out that the player
strategy must include A or B only once, or the casino sets the winning rate of the arm
pA + pB > 1/3, or the player strategy r + s ≤ J can ensure the long-term profitability
of the casino, and these are still a open question. We relate simple and easy-to-calculate
strategies to complex strategies provided by players based on the heuristic conjectures
we provide, exploiting the periodicity of the impact of player strategies on casino returns,
and calculating the difference in expected house asymptotic returns between different
similar strategies. Then, we may obtain theoretical proofs of other conjectures of Ethier and
Lee, which also reveals the principle of the Parrondo’s paradox and provides a theoretical
explanation for casino profits.
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6. Conclusions

This article suggests that the root cause of gamblers’ losses lies in the intricate math-
ematical logic of gambling equipment and the sophisticated program design based on
probability modelling and random calculation. This work rigorously demystifies the so-
called casino loyalty programs that advertise fair returns with one-armed Futurity bandits
to attract gamblers but then continuously profit from them using two-armed Futurity
bandits. We thus expose the fraud of the seemingly fair two-armed Futurity bandit. The
explicit mathematical expression of expected casino profits, as found in the Results and
illustrated in the corresponding figures, vividly elucidates how expected profit changes
accompany variations in the considered parameters, again implying that the game can
always be profitable for the casino in the long run. The experiments conducted were de-
signed to validate the theoretical results through simulation, and a real two-armed Futurity
slot machine with a more complex output was also tested to verify this conclusion.

We anticipate that this study will benefit gamblers by helping them recognize the
fundamental unfairness within the gambling industry, particularly regarding so-called
loyalty programs that are typically advertised with claims of fairness. On the other hand,
we do not intend for our theoretical findings to be used in the further design of slot
machines, nor by other businesses such as those engaging in discount marketing, bundled
sales, or other induced consumption tactics. This article may serve as a starting point for
further study of the mathematically inherent profitability of casino games, including more
sophisticated multi-armed Futurity bandits, based on the probabilistic tools presented
herein. We also hope this study will assist casino owners in better designing their casinos
and helping gamblers participate in gambling more cautiously.
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