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1. Introduction

Ruin models with risky investments (in other words, with stochastic interest rates)
constitute one of the most active fields of the present day ruin theory. These models combine
classical frameworks with models of asset price dynamics developed in mathematical
finance. The goal of numerous studies is to provide information about asymptotes of ruin
probabilities. For this there are several approaches. One of them is based on the integro-
differential equations for ruin probabilities. An inspection of the literature reveals that
in many cases these equations are derived assuming the smoothness of ruin probabilities
as a function of the initial reserve; see, e.g., [1,2]. To our mind, the smoothness of ruin
probabilities is a rather delicate property requiring a special (and rather involved) study
but there are very few papers on it; see [3,4].

In the present note, we consider the price dynamics suggested by Di Masi, Kabanov,
and Runggaldier [5], where the coefficients of a (conditional) geometric Brownian motion
depend on a Markov process with a finite number of states. Such a setting (sometimes
referred to as the stochastic volatility model, regime switching, or hidden Markov chain
model) reflects the random dynamics of the economic environment and seems to be ade-
quate for a context with long-term contracts typical in insurance. It was already considered
in the actuarial literature; see, e.g., Refs. [6,7], where the analysis was based on using
implicit renewal theory and Ref. [2], where a second-order integro-differential equation for
the ruin probability was derived using intuitive arguments.

Our main result is the theorem asserting that if the distribution of jumps has a den-
sity with two continuous and integrable derivatives, then the ruin probability is twice
continuously differentiable.
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2. The Model

Let (Q, F,F = (Ft)ter, , P) be a stochastic basis where there are given three indepen-
dent stochastic processes, W, P, and o, generating the filtration F:

1. A standard Wiener process W = (W), i.e., with Wy = 0.

2. A compound Poisson process P = (P;) with drift:

Ni
Pr=ct+ Y &
k=1

where c is a constant, N = (N;) is a right-continuous Poisson process with intensity
a > 0,and (i) is an i.i.d. sequence independent of N with the distribution Fz = Fz(dx).
Sometimes it is more convenient to use an alternative description employing the notation
of stochastic calculus, namely,

t
Pr=ct+x*xm = ct+/ /xn(ds,dx) (1)
0

where 71 = 71(dt,dx) is the jump measure of P, that is, a Poisson random measure R x R
with the deterministic compensator 77 = 7(dt, dx) = I1(dx)dt (coinciding with the mean
of ) and the Lévy measure I1(dx) = aFz(dx). We denote by T,;, n > 1, the times of the
consecutive jumps of the process Ny = 77([0, ] x R) with the usual convention Ty = 0.

3. A piecewise constant right-continuous Markov process 6’ = (!) with values in the
finite set E := {0, 1, ..., K — 1}, the initial value 96 = i, and the transition intensity matrix
(Ajk). We assume that all states are communicating.

Let Dy be the space of trajectories of such processes 6/, the character Z will stand for a
generic point of Dy. Note that Dg can be considered as a subspace of the Skorohod space D.

Recall that Ajj = —} i Aj and A; := —Aj; > 0 for each j. We denote by ti,n>1
the times of the consecutive jumps of 8 with the convention 7§ = 0. We consider also the
embedded Markov chain ¢, := 9;}2 with transition probabilities py = Ay /Ay, k # I, and
Prkc = 0. , , ,

The conditional distribution of the length of interval 7, ; — 7} given ¢ = j is expo-
nential with parameter A;.

We consider the random integer-valued measure pi =Y, € (i )7 where ¢, is the unit
mass at x. It can be also defined by the counting processes

p'([0,4,k) =Y 1y keE

T <t

The compensator ' (dual predictable projection) of the random measure p' is given by
the formula

pi(dek) =1 Agigdt. )

{0i#K}
To alleviate formulae we shall omit the superscript i when it will not lead to an
ambiguity and use for brevity the standard “dot” notation of the semimartingale stochastic
calculus for integrals, with L = (L;) standing for the (deterministic) process with L; := t.
With these conventions the Markov-modulated price process S can be given as the
solution of the linear integral equation

S:1+S'(ﬂg'L+0'9-W),

where g € R, 03, > 0,k =0,..., K — 1. In the traditional symbolical form of the It6 calculus
it is usually written as the stochastic differential equation

dSt = St(aetdt + Ugtth), S() =1.
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Let xj := a; — (1/2)07. The solution of the above equation can be represented by the
formula S = £(R), where £ is the stochastic exponential and R := ag - L + 0y - W is the
relative price process, or, in a more explicit form, by the formula S = ¢, where

V::KQ-L—i—O'g‘W

is the logprice process.
The process X = X** is defined by the formula

where u > 0. In the actuarial context this is interpreted as the capital reserve of an insurance
company fully invested in a risky asset whose price S’ is a conditional geometric Brownian
motion given the Markov process 6’ describing the financial environment.

The process P describes the business activity. It is a compound Poisson process with
drift as in the classical Cramér-Lundberg model. There are two basic variants of the
latter: of non-life insurance (c > 0, Fz((—0,0)) = 1, and of annuity payments (c < 0,
Fz((0,00)) = 1). In the literature, one can find also a mixed model where F; charges
both half-axes.

We consider here the setting where only the coefficients of the price process (i.e., the
stochastic interest rate) depend on 8. The extension to the case where parameters of the
business process also depend on 6 is rather straightforward and has no effect on our main
results.

Let T := inf{t > 0: Xf’i < 0} be the instant of ruin corresponding to the initial
capital u and the initial regime i. Then, ¥;(u) := P[t"*" < o0] is the ruin probability and
®;(u) :=1—Y¥;(u) is the survival probability.

Our main result is a sufficient condition on the smoothness of survival (and ruin)
probabilities as functions of the initial capital.

Theorem 1. Let ¢ < 0 be a random variable with a density f which is twice continuously
differentiable on (0,00) and such that f', " € LY(Ry). Then, the functions ®;(u) are twice
continuously differentiable for u > 0.

The proof is given in Section 3. Its idea is based on the following simple arguments.
First, let G(u) := Eg(u + W), where g is a bounded Borel function. Of course, we cannot
differentiate inside the expectation. However, the function G is smooth. Indeed, rewriting
G in terms of the distribution of W; and using the convolution formula (i.e., a change of
variable) we obtain that

_22
e 2, t>0.

G = [ 2goaly —whdy,  gos(x) = =

Since the derivatives of ¢ are polynomials multiplied by ¢( 1 we can differentiate
under the sign of the integral an arbitrary number of times and obtain that G € C*.

Now, let us consider the function G(u) := Eg(u + W, + {), where the Wiener process
W and the random variables ¢ > 0 and { with densities f. and f; are independent. Then

G(u) = [ Blg(z+Wotieefez — iz + [ [ Elg(y-+Dlgosy — w)fe (vt

The second integral on the right-hand side of the above identity is a C*-function because for
each n > 1 there are constants Cy such that sup_ (9" /9t")@o(x)| < Cut3/2 for t € [2,00).
The smoothness of the first integral can be ensured by the smoothness of f; and integrability
of its derivatives.

The first step of the proof is to obtain an integral representation for the ruin proba-
bility. For this we use the strong Markov property of the process (X*4,0'). Although the
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functionals we are dealing with in this paper are more complicated than the ones in the
above examples and require a study of the growth rate of the derivatives of their densities
(see Lemma 1), the argument we will use goes along the same lines as the one above.

3. Smoothness of the Survival Probability

To use the theory of Markov processes we should consider not a single process 6
but a family of processes 6 with initial values 96 =1i,i € E. Automatically, other related
processes will depend on i, the latter symbol to be often omitted in the formulae below.

The basic idea to prove the smoothness of the survival probability is to use an integral
representation. Define the continuous process Y = Y with

4 : _—
Y{ = eVt (u + c/ e_VSds>, (4)
0

coinciding with X" on [0, Ty).
We consider the case of non-life insurance, i.e., With c>0.
By virtue of the strong Markov property of (X", 6")

®;(u) = ) E {q)]'(xﬁi)l{e’fl—j}} =) E {“Df(x?f— +AXT) g1 |-

JjEE jEE

On the interval [0, T;) the process X" coincides with the continuous process Y* but
AXLTlil = §1 < 0. Putting v(dt) := ae*"‘tl{bo}dt we obtain that

@) = TE[1 @0 +80)| = DO+ Yiw),

o i
where
Vi) = [T+ a]ua,
Gl = [TE[1 000 ]t
Clearly,
Yi(u) = /02 I [ E[@,(Y(2) )] 17,y m' (4Z) Fyy (dw)v(@t),
¥ = [T B0 ()] aZ)ol),

where m'(dZ) is the distribution of the process #' in the space Dy of the E-valued cadlag
functions with a generic point Z = (Z;) and ®;(y) := E®;(y — |&1]). Recall that we
consider the case where {; = —|[C1 /.

The notation Y}*(Z) = Y/"'(Z) is used for the process corresponding to a fixed trajec-
tory Z of 6, i.e., constructed from the process R(Z) with dR¢(Z) = az,dt + 07,dW; with
deterministic characteristics. Then, Y} = Y}*(6). A similar meaning will have symbols
S(Z2),V(Z), etc.

3.1. Smoothness of Y2

In this case, the distribution Fz is not involved (and this is the reason why we introduce
the function ®).
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Lemma 1. Let G : R — [0,1] be a Borel function such that G(y) = 0 for y < 0. Let J(u,t,Z) :=
E(G(Y}(Z2))],t > 2. Then, ](.,t,Z) € C®((0,00)) and for each n > 0 there is a constant C(n)
such that

(0" /ou™)J(u,t,Z) < C(n) Vt>2,Z¢€ Dy, u>0.

Proof. 1. To simplify formulae we use in this proof, in a slightly abusive way, the “local”
notation: Y} instead Y}*(Z), V; instead of V;(Z), etc., and as, 05, and & instead of az_, 07,
and xz, . Using the representation

t
Y/} = er_VlYlu +c/ eVt Vsds, t>1,
1

and the independence of the process (Vs — V1 )s>1 and the random variable Y}, we obtain that
E[G(Y!)[V)'] = G(£,YT),

where ,
G(t,y) :==E [G (evtvly—l— c/ erVSds)].
1

Substituting the expression for Y} given by (4) and using abbreviated notation for the integrals

t t t s
K-Lt = / Ksds, o W = / 0sdWs, M;:=ce *L. L, = c/ e~ o Krdr gg.
0 0 0

we have
Jut) = E[G(Y)] = E[G(tY])] = E[G(t,e oW (w4 e~ py) )|

G
= E [G (t, " Mi(u+e "W, Ml))} ,

where G(t,y) := G(t,e*l1y).

2. The next step is a reduction to the case of constant coefficients. The arguments are
simple. The function A = ¢? - L is strictly increasing. Let us denote A~!its inverse. The
law of the continuous process with independent increments (o - Ws)s>0 coincides with the
law of the process (W4, )s>0-

Put m(s) := ce s, sin(r) := m(Afl)/‘Ti;l- Changing the variable, we obtain that

1 1 A
/ e WasdM; = / e Wasm(s)ds = / ' e Wrin(r)dr.
0 0 0

It follows that
Ju,t) = E|G (e (u+ e Ly,)) .

Let Uy (s) := A;lls and ¢ := /Aj1. Then, (GW, /52 );>0 is a Wiener process and we obtain that
J(u,t) =E {G (t,e‘_fwl (u+e Wi - L1))] /

where 171(s) := m(A1s) A1 = m(Uq(s)) Ay /0511(5)'

Using the conditioning with respect to W; = x and taking into account that the
conditional law of (W;),¢g1) in this case is that of the Brownian bridge on [0,1] ending
at the level x, that is, the same as the law of the process Ws +s(x — Wy), s € [0,1], we
obtain that

T(u,t) = / E[H(, x, 1+ 172)] 901 (x)dx,
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where H(t,x,y) = G(t,e’*y) is a function taking values in [0, 1],
1
Ny = / e*‘T(stswl)m(s, x)ds, (5)
0
m(s,x) = e "m(s) = e_ﬁsxm(lll(s))(fz/afl](s). (6)

3. Let us check that 77, has a density. To this end we consider on [0, 1] the Gaussian
process D := W5 — sWj — 1sWj /5, where 7 := (25) A1 —s. Note that

E[Dswl/ﬂ = E[(W; — sW, —’)/Swl/z)wl/z] =sA1/2—s5/2—7vs/2=0

and, hence, D and W /; are independent. It follows that for any bounded Borel function g

Bl )] = E| [ 5(8:(0)) g1 2(0)do .

where the strictly positive C*-function
L
v By(0) := / e~ T(DstY0) 1 (5, x) ds
0

(depending on x and also on w, omitted as usual) is strictly decreasing, By(—c0) = co and
By(c0) = 0. The inverse function y — By !(y) is also strictly decreasing By 1(0+) = co and
B;1(o0) = —co0.

After the change of variable we obtain that

o 901,2(B: 1 (y))
Elgne)] = | SWE| === |dy
’ /o Ke(B:(y))
where .
Ks(0) = Bi(0) = =0 [ 9se 7P 1m(s, x)ds. )
0
Thus, 77y has the density

px(y) =E

®01/2(By 1 (y))
Ke(B: (1)) ] v=0

Changing the variable we obtain that

Ju,t) = [ EIHE x4 n)]gon(x)dx = [ H(txy)osly = ) goa (x)dydx.
4. It remains to show that py(.) belongs to C* and its derivatives have at most
exponential growth. More precisely, that

n

a X
aynpx@/)‘ < CpeCrl, ®)

sup
Y
For a function f(x,v) we denote by f,(x,v) its partial derivative in v. Put

QU (x,0) = B2 Qi3 0) i= {1 (x,0)

Ky (v)’
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Then,
i (0) 1 o (0) -1 aB;l(y) N (V) 1 _
ayQ (xle (y)) - Qv (xle (y)) ay - v (XB (y))Kx(B;l(]/))
= QW(x, B (y)
and, similarly,
d n— _ 1 " _
5y Q" VB ) =~ i, B W) gy = 2" 0B @)

It follows that ,
WQ(O)(x, B (y)) = Q" (x, By (y)).

It is easily seen that
Q) (x,0) — Lo1/2L2) ZPk Ry—(x,0),

Kﬂ+1 U

where Py (v) is a polynomial of order k and R, _,(x, v) is a linear combination of products
of derivatives of Ky (v) in variable v.
Recall that

m(s,x) = e~ m(Uy (s))0?/ofy oy = ce T MO /of o

It follows that for all s € [0, 1] and x € R we have the bounds

mee 71 < m(s,x) < m *e7lxl)

where m,, m* > 0 are constants depending only on bounds on |a| and . Let 0™ := sup, 05,

K* 1= sup, |Ks|, and Wy := SUPs¢[01) |Ws|. Note that v < 1/2 and

YL =2"0/ (1), n>1

Clearly,

e—o*(SW{-&-v) < e—(‘T(D5+"/sv) < ea*(awl*-&-v)’

Combining this with the above bounds we easily obtain from (7) that
ia*m*e—o*(|x|+\v|+3wl*) < |Ke(v)| < %U*m*ea*(|x\+\v|+3wl*)’

2 n+1 . . " * /0 n+1 . .
(m;q/Jr)z e (K HEl+3W)) o ‘az;nKX( )‘ < (Un/+)1 e (121 +Hol+3W5)

It follows that there exists a constant C,; > 0 such that
|Q(”)(xlv)| < Cnec”m(l —i—U")e*UzeC”Wl*. ©)

Therefore,

E sup|Q(H)(x,Bx1(y))|] <Elsup’Q X, v)’
Y

veR

< Cnec”‘xlE[eC”Wf} < 00
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for some constant C,, > 0. Thus, for every x the derivative (9" /dy")Q(® (x, By !(y)) admits
an integrable bound not depending on y. This implies that the function y — px(y) is
infinitely differentiable and

" a"
302 = E |50 (1,5, w)|-

Moreover, increasing in the need the constant C,, we obtain the inequality (8).

Since By 1(0+) = oo, the inequality (9) implies that Q") (x, By (0+)) = 0. Hence,
(9" /3y")px(0) = 0.

Differentiating the function u — J(u, t) we obtain

n

aaun](u,t) = /{/ H(t,x,]/)aa%f?x(y — u)dy] 901 (x)dx.

The lemma is proven. [

3.2. Smoothness of Y!

Now, we obtain a result on the smoothness of the function

Y = [ [ El@( () + M@)o

Recall that ¢ > 0 and ¢ < 0. For us it is more convenient to work with the random variable
{ := —¢ > 0. The needed result follows from

Proposition 1. Let Y* = e" (u+ce™" - L), where V = k- L+ 0 - W, x, and ¢ > 0 are measurable
functions. Let { > 0 be a random variable with a density f twice continuously differentiable on
(0,00) and such that f', f"" € LY(R). Then, the function ¢¢(u) := E[®(Y} —)]] is twice
continuously differentiable in u and there is a constant C depending only on x* and o* and
such that

i) < CIf N 1 ()] < ClIF I (10)
forallt € [0,2], u > 0.

Proof. Let H : R — [0, 1] be a measurable function such that H =0on R_ and let 7 > 0
be a constant. Then, the function

Wy) = [, Hly—y)f@)do = (1/7) [ HEf(y—2)/7)de

+

It follows that h is twice differentiable,
W(y) = (1/9%) /R Hz)f ((y—z)/v)dz,  KW'(y) = (1/9%) /R H(z)f"((y — 2)/7)dz.

Clearly, [/ (y)| < (1/M)|If |l and [ ()| < (/)" ]1:-
Let us transform our problem to the above elementary framework. Using the defini-
tions of Y* and V we obtain that
¢r(u) = E[@(Y}! = )] = E[@¢ ("M (u—e " Wm - L) —e " H7)],
where the functions ®;(y) := ®(e¥'Lty), m := ce "1+, Thus,

Pr(u) = /R E[® ("M (u—e "W L) — e ™ ltw)] f(w)dw.

To get rid of stochastic integrals in the above formula we consider on R the strictly
increasing function A := ¢ - L with the inverse A~! and observe that the law of the process
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o - W is the same as of the process W4. Changing the variable in the integral with respect
to L we obtain that eV4m - Ly = ¢"Viit - L4, where the function 7i(r) := m(A,’l)/(ffrl.
It follows that

E[@: ("M (u—e"Wm- L) — e "liw)] = E[Di ("4 (u—e Wit - Ly,) — e " Ltw)].

The change in variable s — st/ A; replaces the integration over the interval [0, A;] by the
integration over the interval [0, t| and the right-hand side of the above equality is equal to

E[®@; (eVA/We(y — o= VA Wi, 1) — e lig)], (11)

where 17, (s) := i (As) Ay = m(Ut(s))At/Uflt(S) with the abbreviation U;(s) := AA3S
Note that in the conventional notation

t
e VAW L ::/ e~ VA Wsgz (5)ds.
0

Using the conditioning with respect to W; = x and taking into account that the
conditional law of (Ws),c[o is that of the Brownian bridge on [0, ] ending at the level x,
that is, the same as of the process W; + (s/t)(x — W;), s € [0,t], we infer that (11) can be
written as

\// — Yew) o1 (x/VH)dx,
where H(y) = Hix(y) := E[q)t(e\/At/tX(y —ex)], Yo 1= e Li—VA/Ex,

My (s) == e(s/t)"*\/mxmt(s).

7

. /t e*‘/Af/t(W57(s/t)wf)mt,x(S)ds
0

Thus,
[, Hu = yeu0) fw)dw| o (x/ VB

pl) = [,

Let us denote by h(u) = hy (1) := E[H(u — 7:x()], i.e., the function in the square
brackets above. Then, / is twice continuously differentiable and there is a constant C such
that for all ¢ € [0,2] and all x

[ (u)] (/) llf 1 < Ce £ 1],
W@l < /7N < CERIF

VANVAN

Since
1
T e e/ = [ ¢V g0, )dx < [ A Hlgn (x)dx < oo

this implies that the function ¢ (u) is twice continuously differentiable in © and the bounds
(10) hold. O

Remark 1. Minor changes in the above proof allows us to obtain the smoothness result for the
annuity model (c < 0, ¢ > 0) and for the model where the distribution Fz charges both half-axes.

4. Integro-Differential Equations

Knowing that the survival probability is a C>-function, the derivation of the integro-
differential equation is easy and we obtain it for all variants of the model.
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Proposition 2. Assume that ® = (&g, d1,..., Dx_1) € C2. Then,

1 .

50 212! (1) + (aju 4 ¢) @i (u) + TD;(u) + Z};)\U j i €E, (12)
j€

where

Td;(u) = o /(@i(u +x) — ®;(1)) F (dx) = a / @; (1 + x) Fz (dx) — a; (1),

Proof. Take arbitrary & > 0 and ¢ > 0 such that u € [¢,e~!] C (0,1). Skipping, as usual, i
in the notation we define the stopping time

=inf{t>0: X; & [e, e |} AT AT AL

The 1t6 formula applied to the function ® and the semimartingale (X,6) = (X", ')
yields the identity

Dy, (Xi) = Dj(u) + Py (X_)o- W+ LDg(X) - L + Y (Pp,(Xs) — Py, (Xs—)), (13)

where

LDy(X) := %agxzcbg(x) + (apX +0)Pp(X), Ep:= Y (Pg.(Xs) — Py, (Xs-)).
s<t

Due to independence, the processes P and 6 have no common jumps and

Y = /t/ (g, (Xs— +x) — Py, (Xs—))7t(ds,dx)

[ T @)~ @ (X )pds )

keE

Now, we replace in Formula (13) ¢ by 7; and take the expectation from both sides
using the following observations:

- Invirtue of the strong Markov property ®;(u) = EQ (XTf,) (recall that ®;(u) = 0 for
u <0).

- Forany ¢ > 0, the integrands on [0, 7; (w)] are bounded from above, and therefore, the
expectation of the stochastic integral over the Wiener process is zero.

- As Tﬁ < 14, then we can replace 0s_ in the integrals by i. In addition, T,j = h when h is
small enough.

According to the definition of dual predictable projections

E[)Tﬁ/(¢i(xs+x) ®:(Xs_))7(ds, dx) _E/ / J(Xo_ +x) — B;(Xs_ ) )dsTT(dx),

Tt Tt
Ef" Y @)X —®i(X))plds,j) = E [ " @(Xe )y,
O JeE\t) jeE

As a result we obtain that

E/ ' <£<I> (Xs) +/ i(Xs + x) — Di(X)) Fe(dx) + Y (®5(Xs) —@i(xs))/\ij>ds =0.

JEE

Dividing both sides of this equality by  and letting /2 | 0 we obtain the result. [
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Remark 2. The obtained equation is homogeneous and holds as well for the ruin probability
Y(u)=1-d(u).

5. Exponential Distribution and Differential Equations
Let us consider the case where Fz(dx) = (1/;4)6"/”1{x<0}dx, that is, —¢ has an expo-
nential distribution. Then, the survival probability ® € C?((0,)). Note that

0 1 [ 1 ru
/ D;(x +u)Fe(dx) = — / ®;(u — x)pe " 1dx = = / ®;(u— x)e */tdx,
—o0 HJo nJjo

Taking into account that

4
du

u .
/ D;(u — x)e”*/Fdx = ®;(u) - u / ®@;(u— x)e ¥/ Fdx
0 0

and therefore,
d 1
EICDi(u) = —;I@i(u) — ad(u).
Differentiating the integro-differential Equation (12) and adding to the resulting iden-
tity multiplied by p Equation (12) we obtain an ODE of the third order, which can be

transformed to the form

2 1 2 1
) — pi(w) @] + g;(u) ] + —5 5 T Ayl () — —5 — Y Ayb;(u) =0,
i i i i i ]/l(712 le ]EZE ij>j V‘le M2 ]‘GZE 17>]
where
L 1 ai\ 1 2c 1 ' L 2a; 1 21
pi(u) := i 2(1 + 0_12) " 0'1'2 2 qi(u) :== ‘u(TiZ " + (@i —w C/V)O,iz w2

6. Conclusions

In this paper we consider the Cramér-Lundberg type model of an insurance company
continuously investing the total of its reserve in a risky asset. It is assumed that the
price dynamics of the latter is given by a stochastic volatility model describing the regime
switching, e.g., due to changes in the economic environment. We show that the survival
(and the ruin) probabilities are twice continuously differentiable functions provided that
the density of jumps of the business process has two integrable derivatives. Previously
the results on smoothness were known only for the case where the price dynamics was
described by the geometric Brownian motion; see [4]. The smoothness property allows us
to obtain, in a rigorous way, a system of integro-differential equations for the survival or
ruin probabilities. In the case of exponentially distributed jumps one can obtain from this a
system of ordinary differential equations.
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