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1. Introduction

Ruin models with risky investments (in other words, with stochastic interest rates)
constitute one of the most active fields of the present day ruin theory. These models combine
classical frameworks with models of asset price dynamics developed in mathematical
finance. The goal of numerous studies is to provide information about asymptotes of ruin
probabilities. For this there are several approaches. One of them is based on the integro-
differential equations for ruin probabilities. An inspection of the literature reveals that
in many cases these equations are derived assuming the smoothness of ruin probabilities
as a function of the initial reserve; see, e.g., [1,2]. To our mind, the smoothness of ruin
probabilities is a rather delicate property requiring a special (and rather involved) study
but there are very few papers on it; see [3,4].

In the present note, we consider the price dynamics suggested by Di Masi, Kabanov,
and Runggaldier [5], where the coefficients of a (conditional) geometric Brownian motion
depend on a Markov process with a finite number of states. Such a setting (sometimes
referred to as the stochastic volatility model, regime switching, or hidden Markov chain
model) reflects the random dynamics of the economic environment and seems to be ade-
quate for a context with long-term contracts typical in insurance. It was already considered
in the actuarial literature; see, e.g., Refs. [6,7], where the analysis was based on using
implicit renewal theory and Ref. [2], where a second-order integro-differential equation for
the ruin probability was derived using intuitive arguments.

Our main result is the theorem asserting that if the distribution of jumps has a den-
sity with two continuous and integrable derivatives, then the ruin probability is twice
continuously differentiable.
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2. The Model

Let (Ω,F , F = (Ft)t∈R+
, P) be a stochastic basis where there are given three indepen-

dent stochastic processes, W, P, and θi, generating the filtration F:
1. A standard Wiener process W = (Wt), i.e., with W0 = 0.
2. A compound Poisson process P = (Pt) with drift:

Pt = ct +
Nt

∑
k=1

ξk

where c is a constant, N = (Nt) is a right-continuous Poisson process with intensity
α > 0, and (ξk) is an i.i.d. sequence independent of N with the distribution Fξ = Fξ(dx).
Sometimes it is more convenient to use an alternative description employing the notation
of stochastic calculus, namely,

Pt = ct + x ∗ πt = ct +
∫ t

0

∫
xπ(ds, dx) (1)

where π = π(dt, dx) is the jump measure of P, that is, a Poisson random measure R+ ×R
with the deterministic compensator π̃ = π̃(dt, dx) = Π(dx)dt (coinciding with the mean
of π) and the Lévy measure Π(dx) = αFξ(dx). We denote by Tn, n ≥ 1, the times of the
consecutive jumps of the process Nt = π([0, t]×R) with the usual convention T0 = 0.

3. A piecewise constant right-continuous Markov process θi = (θi
t) with values in the

finite set E := {0, 1, ..., K − 1}, the initial value θi
0 = i, and the transition intensity matrix

(λjk). We assume that all states are communicating.
Let D0 be the space of trajectories of such processes θi, the character Z will stand for a

generic point of D0. Note that D0 can be considered as a subspace of the Skorohod space D.
Recall that λjj = −∑k ̸=j λjk and λj := −λjj > 0 for each j. We denote by τi

n, n ≥ 1
the times of the consecutive jumps of θi with the convention τi

0 = 0. We consider also the
embedded Markov chain ϑi

n := θi
τi

n
with transition probabilities pkl = λkl/λk, k ̸= l, and

pkk = 0.
The conditional distribution of the length of interval τi

k+1 − τi
k given ϑi

k = j is expo-
nential with parameter λj.

We consider the random integer-valued measure pi := ∑n ε(τi
n ,ϑi

n)
, where εx is the unit

mass at x. It can be also defined by the counting processes

pi([0, t], k) := ∑
τi

n≤t

1{ϑi
n=k}, k ∈ E.

The compensator p̃i (dual predictable projection) of the random measure pi is given by
the formula

p̃i(dt, k) = 1{θi
t ̸=k}λθi

tk
dt. (2)

To alleviate formulae we shall omit the superscript i when it will not lead to an
ambiguity and use for brevity the standard “dot” notation of the semimartingale stochastic
calculus for integrals, with L = (Lt) standing for the (deterministic) process with Lt := t.

With these conventions the Markov-modulated price process S can be given as the
solution of the linear integral equation

S = 1 + S · (aθ · L + σθ · W),

where ak ∈ R, σk > 0, k = 0, ..., K − 1. In the traditional symbolical form of the Itô calculus
it is usually written as the stochastic differential equation

dSt = St(aθt dt + σθt dWt), S0 = 1.
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Let κk := ak − (1/2)σ2
k . The solution of the above equation can be represented by the

formula S = E(R), where E is the stochastic exponential and R := aθ · L + σθ · W is the
relative price process, or, in a more explicit form, by the formula S = eV , where

V := κθ · L + σθ · W

is the logprice process.
The process X = Xu,i is defined by the formula

X = u + X · R + P, (3)

where u > 0. In the actuarial context this is interpreted as the capital reserve of an insurance
company fully invested in a risky asset whose price Si is a conditional geometric Brownian
motion given the Markov process θi describing the financial environment.

The process P describes the business activity. It is a compound Poisson process with
drift as in the classical Cramér–Lundberg model. There are two basic variants of the
latter: of non-life insurance (c > 0, Fξ((−∞, 0)) = 1, and of annuity payments (c < 0,
Fξ((0, ∞)) = 1). In the literature, one can find also a mixed model where Fξ charges
both half-axes.

We consider here the setting where only the coefficients of the price process (i.e., the
stochastic interest rate) depend on θ. The extension to the case where parameters of the
business process also depend on θ is rather straightforward and has no effect on our main
results.

Let τu,i := inf{t > 0 : Xu,i
t ≤ 0} be the instant of ruin corresponding to the initial

capital u and the initial regime i. Then, Ψi(u) := P[τu,i < ∞] is the ruin probability and
Φi(u) := 1 − Ψi(u) is the survival probability.

Our main result is a sufficient condition on the smoothness of survival (and ruin)
probabilities as functions of the initial capital.

Theorem 1. Let ξ < 0 be a random variable with a density f which is twice continuously
differentiable on (0, ∞) and such that f ′, f ′′ ∈ L1(R+). Then, the functions Φi(u) are twice
continuously differentiable for u > 0.

The proof is given in Section 3. Its idea is based on the following simple arguments.
First, let G(u) := Eg(u + W1), where g is a bounded Borel function. Of course, we cannot
differentiate inside the expectation. However, the function G is smooth. Indeed, rewriting
G in terms of the distribution of W1 and using the convolution formula (i.e., a change of
variable) we obtain that

G(u) =
∫
R

g(y)φ0,1(y − u)dy, φ0,t(x) :=
1√
2πt

e−
x2
2t , t > 0.

Since the derivatives of φ0,1 are polynomials multiplied by φ0,1 we can differentiate
under the sign of the integral an arbitrary number of times and obtain that G ∈ C∞.

Now, let us consider the function G(u) := Eg(u + Wς + ζ), where the Wiener process
W and the random variables ς > 0 and ζ with densities fς and fζ are independent. Then

G(u) =
∫
R

E[g(z + Wς)1{ς≤t}] fζ(z − u)dz +
∫ ∞

2

∫
R

E[g(y + ζ)]φ0,t(y − u) fς(t)dydt.

The second integral on the right-hand side of the above identity is a C∞-function because for
each n ≥ 1 there are constants Cn such that supx |(∂n/∂tn)φ0,t(x)| ≤ Cnt3/2 for t ∈ [2, ∞).
The smoothness of the first integral can be ensured by the smoothness of fζ and integrability
of its derivatives.

The first step of the proof is to obtain an integral representation for the ruin proba-
bility. For this we use the strong Markov property of the process (Xu,i, θi). Although the
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functionals we are dealing with in this paper are more complicated than the ones in the
above examples and require a study of the growth rate of the derivatives of their densities
(see Lemma 1), the argument we will use goes along the same lines as the one above.

3. Smoothness of the Survival Probability

To use the theory of Markov processes we should consider not a single process θ
but a family of processes θi with initial values θi

0 = i, i ∈ E. Automatically, other related
processes will depend on i, the latter symbol to be often omitted in the formulae below.

The basic idea to prove the smoothness of the survival probability is to use an integral
representation. Define the continuous process Y = Yu,i with

Yu,i
t := eVi

t

(
u + c

∫ t

0
e−Vi

s ds
)

, (4)

coinciding with Xu,i on [0, T1).
We consider the case of non-life insurance, i.e., with c > 0.
By virtue of the strong Markov property of (Xu,i, θi)

Φi(u) = ∑
j∈E

E
[

Φj(Xu,i
T1
)1{θi

T1
=j}

]
= ∑

j∈E
E
[

Φj(Xu,i
T1− + ∆Xu,i

T1
)1{θi

T1
=j}

]
.

On the interval [0, T1) the process Xu,i coincides with the continuous process Yu,i but
∆Xu,i

T1
= ξ1 < 0. Putting υ(dt) := αe−αt1{t>0}dt we obtain that

Φi(u) = ∑
j∈E

E
[

1{θi
T1
=j}Φj(Y

u,i
T1

+ ξ1)

]
= ∑

j∈E
(Υ1i

j (u) + Υ2i
j (u)),

where

Υ1i
j (u) :=

∫ 2

0
E
[
1{θi

t=j}Φj(Y
u,i
t + ξ1)

]
υ(dt),

Υ2i
j (u) :=

∫ ∞

2
E
[
1{θi

t=j}Φj(Y
u,i
t + ξ1)

]
υ(dt).

Clearly,

Υ1i
j (u) :=

∫ 2

0

∫ ∞

0

∫
D0

E
[
Φj(Yu

t (Z)− w)
]
1{Zt=j}mi(dZ)F|ξ|(dw)υ(dt),

Υ2i
j (u) :=

∫ ∞

2

∫
D0

E
[
Φ̃j(Yu

t (Z))
]
1{Zt=j}mi(dZ)υ(dt),

where mi(dZ) is the distribution of the process θi in the space D0 of the E-valued càdlàg
functions with a generic point Z = (Zs) and Φ̃j(y) := EΦj(y − |ξ1|). Recall that we
consider the case where ξ1 = −|ξ1|.

The notation Yu
t (Z) = Yu,i

t (Z) is used for the process corresponding to a fixed trajec-
tory Z of θ, i.e., constructed from the process R(Z) with dRt(Z) = aZt dt + σZt dWt with
deterministic characteristics. Then, Yu

t = Yu
t (θ). A similar meaning will have symbols

S(Z), V(Z), etc.

3.1. Smoothness of Υ2

In this case, the distribution Fξ is not involved (and this is the reason why we introduce
the function Φ̃j).
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Lemma 1. Let G : R → [0, 1] be a Borel function such that G(y) = 0 for y ≤ 0. Let J(u, t, Z) :=
E[G(Yu

t (Z))], t ≥ 2. Then, J(., t, Z) ∈ C∞((0, ∞)) and for each n ≥ 0 there is a constant C(n)
such that

(∂n/∂un)J(u, t, Z) ≤ C(n) ∀ t ≥ 2, Z ∈ D0, u > 0.

Proof. 1. To simplify formulae we use in this proof, in a slightly abusive way, the “local”
notation: Yu

t instead Yu
t (Z), Vt instead of Vt(Z), etc., and as, σs, and κs instead of aZs , σZs ,

and κZs . Using the representation

Yu
t = eVt−V1Yu

1 + c
∫ t

1
eVt−Vs ds, t ≥ 1,

and the independence of the process (Vs −V1)s≥1 and the random variable Yu
1 , we obtain that

E[G(Yu
t )|Yu

1 ] = G(t, Yu
1 ),

where

G(t, y) := E
[

G
(

eVt−V1 y + c
∫ t

1
eVt−Vs ds

)]
.

Substituting the expression for Yu
1 given by (4) and using abbreviated notation for the integrals

κ · Lt :=
∫ t

0
κsds, σ · Wt =

∫ t

0
σsdWs, Mt := ce−κ·L · Lt = c

∫ t

0
e−
∫ s

0 κrdrds,

we have

J(u, t) := E[G(Yu
t )] = E[G(t, Yu

1 )] = E
[

G
(

t, eκ·L1+σ·W1
(
u + e−σ·W · M1

))]
= E

[
G̃
(

t, eσ·W1
(
u + e−σ·W · M1

))]
,

where G̃(t, y) := G(t, eκ·L1 y).
2. The next step is a reduction to the case of constant coefficients. The arguments are

simple. The function A = σ2 · L is strictly increasing. Let us denote A−1 its inverse. The
law of the continuous process with independent increments (σ · Ws)s≥0 coincides with the
law of the process (WAs)s≥0.

Put m(s) := ce−κ·Ls , m̃(r) := m(A−1
r )/σ2

A−1
r

. Changing the variable, we obtain that

∫ 1

0
e−WAs dMs =

∫ 1

0
e−WAs m(s)ds =

∫ A1

0
e−Wr m̃(r)dr.

It follows that
J(u, t) = E

[
G̃
(

t, eWA1
(
u + e−Wm̃ · LA1

))]
.

Let U1(s) := A−1
A1s and σ̄ :=

√
A1. Then, (σ̄Wt/σ̄2)t≥0 is a Wiener process and we obtain that

J(u, t) = E
[

G̃
(

t, eσ̄W1
(
u + e−σ̄Wm̄ · L1

))]
,

where m̄(s) := m̃(A1s)A1 = m(U1(s))A1/σ2
U1(s)

.
Using the conditioning with respect to W1 = x and taking into account that the

conditional law of (Wt)t∈[0,1] in this case is that of the Brownian bridge on [0, 1] ending
at the level x, that is, the same as the law of the process Ws + s(x − W1), s ∈ [0, 1], we
obtain that

J(u, t) =
∫

E[H(t, x, u + ηx)]φ0,1(x)dx,
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where H(t, x, y) = G̃(t, eσ̄xy) is a function taking values in [0, 1],

ηx :=
∫ 1

0
e−σ̄(Ws−sW1)m(s, x)ds, (5)

m(s, x) := e−σ̄sxm̄(s) = e−σ̄sxm(U1(s))σ̄2/σ2
U1(s)

. (6)

3. Let us check that ηx has a density. To this end we consider on [0, 1] the Gaussian
process Ds := Ws − sW1 − γsW1/2, where γs := (2s) ∧ 1 − s. Note that

E[DsW1/2] = E[(Ws − sW1 − γsW1/2)W1/2] = s ∧ 1/2 − s/2 − γs/2 = 0

and, hence, D and W1/2 are independent. It follows that for any bounded Borel function g

E[g(ηx)] = E
[∫

g(Bx(v))φ0,1/2(v)dv
]

,

where the strictly positive C∞-function

v 7→ Bx(v) :=
∫ 1

0
e−σ̄(Ds+γsv)m(s, x)ds

(depending on x and also on ω, omitted as usual) is strictly decreasing, Bx(−∞) = ∞ and
Bx(∞) = 0. The inverse function y 7→ B−1

x (y) is also strictly decreasing B−1
x (0+) = ∞ and

B−1
x (∞) = −∞.

After the change of variable we obtain that

E[g(ηx)] =
∫ ∞

0
g(y)E

[
φ0,1/2(B−1

x (y))
Kx(B−1

x (y))

]
dy

where

Kx(v) = B′
x(v) = −σ̄

∫ 1

0
γse−σ̄(Ds+γsv)m(s, x)ds. (7)

Thus, ηx has the density

ρx(y) = E

[
φ0,1/2(B−1

x (y))
Kx(B−1

x (y))

]
, y > 0.

Changing the variable we obtain that

J(u, t) =
∫

E[H(t, x, u + ηx)]φ0,1(x)dx =
∫
R2

H(t, x, y)ρx(y − u)φ0,1(x)dydx.

4. It remains to show that ρx(.) belongs to C∞ and its derivatives have at most
exponential growth. More precisely, that

sup
y

∣∣∣∣ ∂n

∂yn ρx(y)
∣∣∣∣ ≤ CneCn |x|. (8)

For a function f (x, v) we denote by fv(x, v) its partial derivative in v. Put

Q(0)(x, v) :=
φ0,1/2(v)

Kx(v)
, Q(n)(x, v) := −Q(n−1)

v (x, v)
1

Kx(v)
, n ≥ 1.
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Then,

∂

∂y
Q(0)(x, B−1

x (y)) = Q(0)
v (x, B−1

x (y))
∂B−1

x (y)
∂y

= −Q(0)
v (x, B−1

x (y))
1

Kx(B−1
x (y))

= Q(1)(x, B−1
x (y))

and, similarly,

∂

∂y
Q(n−1)(x, B−1

x (y)) = −Q(n−1)
v (x, B−1

x (y))
1

Kx(B−1
x (y))

= Q(n)(x, B−1
x (y)).

It follows that
∂n

∂yn Q(0)(x, B−1
x (y)) = Q(n)(x, B−1

x (y)).

It is easily seen that

Q(n)(x, v) =
φ0,1/2(v)
Kn+1

x (v)

n

∑
k=0

Pk(v)Rn−k(x, v),

where Pk(v) is a polynomial of order k and Rn−k(x, v) is a linear combination of products
of derivatives of Kx(v) in variable v.

Recall that

m(s, x) = e−σ̄sxm(U1(s))σ̄2/σ2
U1(s)

= c e−σ̄sx−κ·LU1(s) σ̄2/σ2
U1(s)

.

It follows that for all s ∈ [0, 1] and x ∈ R we have the bounds

m∗e−σ̄|x| ≤ m(s, x) ≤ m∗eσ̄|x|,

where m∗, m∗ > 0 are constants depending only on bounds on |a| and σ. Let σ∗ := sups σs,
κ∗ := sups |κs|, and W∗

1 := sups∈[0,1] |Ws|. Note that γ ≤ 1/2 and

γn · L1 = 2−(n+1)/(n + 1), n ≥ 1.

Clearly,
e−σ∗(3W∗

1 +v) ≤ e−σ̄(Ds+γsv) ≤ eσ∗(3W∗
1 +v),

Combining this with the above bounds we easily obtain from (7) that

1
4

σ∗m∗e−σ∗(|x|+|v|+3W∗
1 ) ≤ |Kx(v)| ≤

1
4

σ∗m∗eσ∗(|x|+|v|+3W∗
1 ),

(σ∗/2)n+1

n + 2
m∗e−σ∗(|x|+|v|+3W∗

1 ) ≤
∣∣∣∣ ∂n

∂vn Kx(v)
∣∣∣∣ ≤ (σ∗/2)n+1

n + 1
m∗eσ∗(|x|+|v|+3W∗

1 ).

It follows that there exists a constant Cn > 0 such that

|Q(n)(x, v)| ≤ CneCn |x|(1 + vn)e−v2
eCnW∗

1 . (9)

Therefore,

E

[
sup

y
|Q(n)(x, B−1

x (y))|
]
≤ E

[
sup
v∈R

∣∣∣Q(n)(x, v)
∣∣∣] ≤ C̃neCn |x|E

[
eCnW∗

1

]
< ∞
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for some constant C̃n > 0. Thus, for every x the derivative (∂n/∂yn)Q(0)(x, B−1
x (y)) admits

an integrable bound not depending on y. This implies that the function y 7→ ρx(y) is
infinitely differentiable and

∂n

∂yn ρx(y) = E
[

∂n

∂yn Q(0)(x, B−1
x (y))

]
.

Moreover, increasing in the need the constant Cn we obtain the inequality (8).
Since B−1

x (0+) = ∞, the inequality (9) implies that Q(n)(x, B−1
x (0+)) = 0. Hence,

(∂n/∂yn)ρx(0) = 0.
Differentiating the function u 7→ J(u, t) we obtain

∂n

∂un J(u, t) =
∫ [∫

H(t, x, y)
∂n

∂un ρx(y − u)dy
]

φ0,1(x)dx.

The lemma is proven.

3.2. Smoothness of Υ1

Now, we obtain a result on the smoothness of the function

Υ1(u) =
∫ 2

0

∫
D0

E[Φ(Yu
t (Z) + ξ)]]M(dZ)υ(dt).

Recall that c > 0 and ξ < 0. For us it is more convenient to work with the random variable
ζ := −ξ > 0. The needed result follows from

Proposition 1. Let Yu = eV(u+ ce−V · L), where V = κ · L+ σ ·W, κ, and σ > 0 are measurable
functions. Let ζ > 0 be a random variable with a density f twice continuously differentiable on
(0, ∞) and such that f ′, f ′′ ∈ L1(R+). Then, the function ϕt(u) := E[Φ(Yu

t − ζ)]] is twice
continuously differentiable in u and there is a constant C depending only on κ∗ and σ∗ and
such that

|ϕ′
t(u)| ≤ C|| f ′||L1 , |ϕ′′

t (u)| ≤ C|| f ′′||L1 (10)

for all t ∈ [0, 2], u > 0.

Proof. Let H : R → [0, 1] be a measurable function such that H = 0 on R− and let γ > 0
be a constant. Then, the function

h(y) :=
∫
R+

H(y − γw) f (w)dw = (1/γ)
∫
R+

H(z) f ((y − z)/γ)dz.

It follows that h is twice differentiable,

h′(y) = (1/γ2)
∫
R

H(z) f ′((y − z)/γ)dz, h′′(y) = (1/γ3)
∫
R

H(z) f ′′((y − z)/γ)dz.

Clearly, |h′(y)| ≤ (1/γ)|| f ′||L1 and |h′′(y)| ≤ (1/γ2)|| f ′′||L1 .
Let us transform our problem to the above elementary framework. Using the defini-

tions of Yu and V we obtain that

ϕt(u) = E[Φ(Yu
t − ζ)] = E

[
Φt
(
eσ·Wt(u − e−σ·Wm · Lt)− e−κ·Lt ζ

)]
,

where the functions Φt(y) := Φ(eκ·Lt y), m := ce−κ·Lt . Thus,

ϕt(u) =
∫
R

E
[
Φt
(
eσ·Wt(u − e−σ·Wm · Lt)− e−κ·Lt w

)]
f (w)dw.

To get rid of stochastic integrals in the above formula we consider on R+ the strictly
increasing function A := σ2 · L with the inverse A−1 and observe that the law of the process
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σ · W is the same as of the process WA. Changing the variable in the integral with respect
to L we obtain that eWA m · Lt = eWm̃ · LAt where the function m̃(r) := m(A−1

r )/σ2
A−1

r
.

It follows that

E
[
Φt
(
eσ·Wt(u − e−σ·Wm · Lt)− e−κ·Lt w

)]
= E

[
Φt
(
eWAt (u − e−Wm̃ · LAt)− e−κ·Lt w

)]
.

The change in variable s → st/At replaces the integration over the interval [0, At] by the
integration over the interval [0, t] and the right-hand side of the above equality is equal to

E
[
Φt
(
e
√

At/tWt(u − e−
√

At/tWm̄t · Lt)− e−κ·Lt w
)]

, (11)

where m̄t(s) := m̃(Ats)At = m(Ut(s))At/σ2
Ut(s)

with the abbreviation Ut(s) := A−1
Ats

.
Note that in the conventional notation

e−
√

At/tWm̄t · Lt :=
∫ t

0
e−

√
At/tWs m̄t(s)ds.

Using the conditioning with respect to Wt = x and taking into account that the
conditional law of (Ws)s∈[0,t] is that of the Brownian bridge on [0, t] ending at the level x,
that is, the same as of the process Ws + (s/t)(x − Wt), s ∈ [0, t], we infer that (11) can be
written as

1√
t

∫
R

H(u − γt,xw)φ0,1(x/
√

t)dx,

where H(y) = Ht,x(y) := E[Φt(e
√

At/tx(y − ηt,x)], γt,x := e−κ·Lt−
√

At/tx,

ηt,x :=
∫ t

0
e−

√
At/t(Ws−(s/t)Wt)mt,x(s)ds, mt,x(s) := e(s/t)x−

√
At/txm̄t(s).

Thus,

ϕt(u) =
1√

t

∫
R

[∫
R

H(u − γt,xw) f (w)dw
]

φ0,1(x/
√

t)dx.

Let us denote by h(u) = ht,x(u) := E[H(u − γt,xζ)], i.e., the function in the square
brackets above. Then, h is twice continuously differentiable and there is a constant C such
that for all t ∈ [0, 2] and all x

|h′(u)| ≤ (1/γt,x)|| f ′||L1 ≤ CeC|x||| f ′||L1 ,

|h′′(u)| ≤ (1/γ2
t,x)|| f ′′||L1 ≤ CeC|x||| f ′′||L1 .

Since

1√
t

∫
R

eC|x|φ0,1(x/
√

t)dx =
∫
R

eC
√

t|x|φ0,1(x)dx ≤
∫
R

e2C|x|φ0,1(x)dx < ∞,

this implies that the function ϕt(u) is twice continuously differentiable in u and the bounds
(10) hold.

Remark 1. Minor changes in the above proof allows us to obtain the smoothness result for the
annuity model (c < 0, ξ > 0) and for the model where the distribution Fξ charges both half-axes.

4. Integro-Differential Equations

Knowing that the survival probability is a C2-function, the derivation of the integro-
differential equation is easy and we obtain it for all variants of the model.
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Proposition 2. Assume that Φ = (Φ0, Φ1, . . . , ΦK−1) ∈ C2. Then,

1
2

σ2
i u2Φ′′

i (u) + (aiu + c)Φ′
i(u) + IΦi(u) + ∑

j∈E
λijΦj(u), i ∈ E, (12)

where

IΦi(u) = α
∫
(Φi(u + x)− Φi(u))Fξ(dx) = α

∫
Φi(u + x)Fξ(dx)− αΦi(u).

Proof. Take arbitrary h > 0 and ε > 0 such that u ∈ [ε, ε−1] ⊂ (0, 1). Skipping, as usual, i
in the notation we define the stopping time

τε
h := inf

{
t ≥ 0 : Xt /∈ [ε, , ε−1]

}
∧ T1 ∧ τ1 ∧ h.

The Itô formula applied to the function Φ and the semimartingale (X, θ) = (Xu,i, θi)
yields the identity

Φθt(Xt) = Φi(u) + Φ′
θ−(X−)σ · Wt + LΦθ(X) · Lt + ∑

s≤t

(
Φθs(Xs)− Φθs−(Xs−)

)
, (13)

where

LΦθ(X) :=
1
2

σ2
θ X2Φ′′

θ (X) + (aθX + c)Φ′
θ(X), Σt := ∑

s≤t

(
Φθs(Xs)− Φθs−(Xs−)

)
.

Due to independence, the processes P and θ have no common jumps and

Σt =
∫ t

0

∫
R
(Φθs−(Xs− + x)− Φθs−(Xs−))π(ds, dx)

+
∫ t

0
∑
k∈E

(Φk(Xs−)− Φθs−(Xs−))p(ds, k).

Now, we replace in Formula (13) t by τε
h and take the expectation from both sides

using the following observations:

– In virtue of the strong Markov property Φi(u) = EΦτε
h
(Xτε

h
) (recall that Φi(u) = 0 for

u ≤ 0).
– For any ε > 0, the integrands on [0, τε

h(ω)] are bounded from above, and therefore, the
expectation of the stochastic integral over the Wiener process is zero.

– As τε
h ≤ τ1, then we can replace θs− in the integrals by i. In addition, τε

h = h when h is
small enough.

According to the definition of dual predictable projections

E
∫ τε

h

0

∫
(Φi(Xs− + x)− Φi(Xs−))π(ds, dx) = E

∫ τε
h

0

∫
(Φi(Xs− + x)− Φi(Xs−))dsΠ(dx),

E
∫ τε

h

0
∑

j∈E\{i}
Φj(Xs− − Φi(Xs−))p(ds, j) = E

∫ τε
h

0
∑
j∈E

Φj(Xs−))λijds.

As a result we obtain that

E
∫ τε

h

0

(
LΦi(Xs) +

∫
(Φi(Xs + x)− Φi(Xs))Fξ(dx) + ∑

j∈E
(Φj(Xs)− Φi(Xs))λij

)
ds = 0.

Dividing both sides of this equality by h and letting h ↓ 0 we obtain the result.
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Remark 2. The obtained equation is homogeneous and holds as well for the ruin probability
Ψ(u) = 1 − Φ(u).

5. Exponential Distribution and Differential Equations

Let us consider the case where Fξ(dx) = (1/µ)ex/µ1{x<0}dx, that is, −ξ has an expo-
nential distribution. Then, the survival probability Φ ∈ C2((0, ∞)). Note that∫ 0

−∞
Φi(x + u)Fξ(dx) =

1
µ

∫ ∞

0
Φi(u − x)µe−x/µdx =

1
µ

∫ u

0
Φi(u − x)e−x/µdx.

Taking into account that

d
du

∫ u

0
Φi(u − x)e−x/µdx = Φi(u)−

1
µ

∫ u

0
Φi(u − x)e−x/µdx

and therefore,
d

du
IΦi(u) = − 1

µ
IΦi(u)− αΦ′

i(u).

Differentiating the integro-differential Equation (12) and adding to the resulting iden-
tity multiplied by µ Equation (12) we obtain an ODE of the third order, which can be
transformed to the form

Φ′′′
i − pi(u)Φ′′

i + qi(u)Φ′
i +

2
µσ2

i

1
u2 ∑

j∈E
λijΦ′

j(u)−
2

µσ2
i

1
u2 ∑

j∈E
λijΦj(u) = 0,

where

pi(u) :=
1
µ
− 2
(

1 +
ai

σ2
i

) 1
u
− 2c

σ2
i

1
u2 , qi(u) := − 2ai

µσ2
i

1
u
+ (ai − α − c/µ)

2
σ2

i

1
u2 .

6. Conclusions

In this paper we consider the Cramér–Lundberg type model of an insurance company
continuously investing the total of its reserve in a risky asset. It is assumed that the
price dynamics of the latter is given by a stochastic volatility model describing the regime
switching, e.g., due to changes in the economic environment. We show that the survival
(and the ruin) probabilities are twice continuously differentiable functions provided that
the density of jumps of the business process has two integrable derivatives. Previously
the results on smoothness were known only for the case where the price dynamics was
described by the geometric Brownian motion; see [4]. The smoothness property allows us
to obtain, in a rigorous way, a system of integro-differential equations for the survival or
ruin probabilities. In the case of exponentially distributed jumps one can obtain from this a
system of ordinary differential equations.
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