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Abstract: The Black-Scholes formula is an important formula for pricing a contingent claim in complete
financial markets. This formula can be obtained under the assumption that the investor’s strategy is
carried out according to a self-financing criterion; hence, there arise a set of self-financing portfolios
corresponding to different contingent claims. The natural questions are: If an investor invests according
to self-financing portfolios in the financial market, what are the maximal and minimal distributions of the
investor’s wealth on some specific interval at the terminal time? Furthermore, if such distributions exist,
how can the corresponding optimal portfolios be constructed? The present study applies the theory of
backward stochastic differential equations in order to obtain an affirmative answer to the above questions.
That is, the explicit formulations for the maximal and minimal distributions of wealth when adopting
self-financing strategies would be derived, and the corresponding optimal (self-financing) portfolios
would be constructed. Furthermore, this would verify the benefits of diversified portfolios in financial
markets: that is, do not put all your eggs in the same basket.

Keywords: self-financing portfolio; optimal investment; maximal distribution; backward stochastic
differential equation; diversified portfolio
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1. Introduction

In the realm of financial markets, the continuous trading of securities such as stocks
forms the backbone of economic dynamics. This paper delves into a market comprising N
securities operating within a fixed time horizon. The price trajectories of these securities
are modeled by geometric Brownian motion: each is characterized by distinct drifts and
volatilities. We explore the scenario of an investor investing his/her initial endowment
into these N securities. The investor’s portfolio, I1(t) := (11 (¢),-- -, N (t)), represents
the proportion of wealth invested in each stock. The notation V/!! represents the investor’s
wealth trajectory under the self-financing portfolio strategy II(#). In the context of modern
portfolio theory, investors aim to balance risk and reward, with risk-averse individuals
prioritizing predictability and lower risk over potentially higher but uncertain returns; see,
for example, [1-4]. This preference underscores the importance of understanding the risk
associated with a portfolio, particularly through the probability of the wealth process V*
falling within a specific interval.

Therefore, a natural question is: Can we obtain the maximal and minimal distributions
of the wealth process V! on any specific interval over the portfolio set . If this is possible,
how can these two optimal portfolios, IT* and I1, be constructed to achieve the maximal
and minimal distributions, respectively? This is, for any given positive numbers 2 < b and
0<T<oo,

P(Vi' € [a,b]) = sup P(V7' € [a,0]), 1)
I1e®
and
P(Vi € [a,b]) = I_i[relié)P(VTU € [a, b)). @)
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In the above proposed financial market model, the drift terms of the securities’ price
processes are not precisely known, introducing ambiguity into the market dynamics. This
ambiguity reflects the real-world uncertainty that investors face when the true probabilities
of future events are unclear or indeterminate. Unlike risk, which can be quantified and
managed through probabilistic models, ambiguity challenges traditional decision-making
frameworks and necessitates novel approaches to portfolio optimization.

The current study addresses this ambiguity by considering the range of possible drift
values within known bounds [y, Ji]. By doing so, we aim to characterize the maximal

and minimal distributions of the wealth process V1!, which represent the best- and worst-
case scenarios for an investor’s wealth at time T given the uncertain drift terms. These
distributions provide valuable insights for investors, particularly those who are risk-averse,
as they offer a way to gauge the potential outcomes of their investment strategies in the
face of ambiguous market conditions.

The study on ambiguity models dates back to Frank [5], who explains how uncertainty
can create imperfect market structures. The portfolio optimization problem is studied
by Hansen and Sargent [6], who model the volatility of stocks as a stochastic process
such that the volatility of stocks is uncertain. Chen and Epstein [2] conceptualize the
theoretical framework of ambiguity, risk and asset return with respect to a set of ‘objective’
probability measures. Cvitanic, Ma and Zhang [7] study the problem of computing
hedging portfolios for options that may have discontinuous payoffs. Schied [8] uses risk
assessment operators to solve the portfolio maximization problem. A robust mean-variance
maximization problem is studied by Maccheroni, Marinacci and Ruffino [9]. Bielecki,
Jin, Pliska and Zhou [10] study continuous-time mean-variance portfolio selection with
bankruptcy prohibition. Jin and Zhou [11] study continuous-time portfolio selection under
ambiguity, in which the appreciation rates are only known to be in a certain convex closed
set, and the portfolios are allowed to be only based on historical stock prices. Bai, Ma and
Xing [12] study a class of optimal dividend and investment problems with the assumption
that the underlying reserve process follows the Sparre Andersen model. Hu, Jin and
Zhou [13] study portfolio selection in a complete, continuous time market, in which the
preference is dictated by the rank-dependent utility. Chen, Feng and Zhang [14] study
sampling-strategy-driven limit theorems that generate the maximum or minimum average
reward in the two-armed bandit problem.

To date, the above model has been widely studied. However, the explicit formulations
of the maximal and minimal distributions remain unknown. The present study introduces
anew method to investigate the above model. Specifically, based on the theory of backward
stochastic differential equations (BSDEs), a confirmed answer can be obtained for the above
question. That is, the explicit expression of IT* and IL, would be established, and the
closed form of P(VII" € [a,b]) and ]P’(VTH* € [a,b]) would be obtained. Actually, we shall
show that the maximal and minimal distributions are closely related to a BSDE that is
nonlinear in z;. Nonlinear BSDEs were initially studied by Pardoux and Peng [15]. It has
been widely recognized that BSDEs provide a useful framework for formulating problems
in various fields, such as financial mathematics, stochastic optimal control, and partial
differential equations (PDEs). For example, El Karoui, Peng and Quenez [16] study different
properties of BSDEs and their applications in finance, especially contingent claim valuation
and recursive utility (independently introduced by Duffie and Epstein [17]). Pardoux and
Peng [18] establish some estimates and regularity results for the solution of BSDEs and
provide a Feynman-Kac representation for solutions to some nonlinear parabolic PDEs.
Peng [19] obtain the general stochastic maximum principle through the theory of BSDEs.
Yong [20] discusses the solvability of BSDEs with possibly unbounded coefficients and
their applications in a Black-Scholes type security market with unbounded risk premium
processes and/or interest rates. Chen and Epstein [21] study a central limit theorem for a
sequence of random variables with a mean uncertainty, and it was revealed that the limit is
defined by a BSDE, which can be interpreted as modeling an ambiguous continuous-time
random walk.
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Although BSDEs have been used in various problems, this method still has some
limitations since the properties of z; and the explicit solution of general nonlinear BSDEs
cannot be easily established. For the z; part, Chen, Kupperger and Wei [22] obtain an
interesting comonotonic theorem of z; for a nonlinear but special generator. Although it is
difficult to obtain the explicit formulations for the solution of a general nonlinear BSDE,
Chen, Liu, Qian and Xu [23] obtain explicit solutions to an interesting class of nonlinear
BSDESs, which is the k-ignorance model that arose from modeling the ambiguity of asset
pricing (e.g., Chen and Epstein [2]).

Motivated by these above results, the present paper uses BSDEs to study the optimal
investment problem. The main ideas are as follows: First, the correlation between the
maximal distribution sup P(Vi! € [a,b]) and the solution for a special kind of nonlinear

I1e®
BSDE (Theorem 1) is eitablished. Second, through the formulation of the BSDE, the
corresponding optimal portfolio is constructed (Theorem 2). Third, after obtaining the
explicit solution for the derived BSDE, the maximal distribution is explicitly computed
(Theorem 4). Similarly, the minimal distribution ﬁrelg P(VH € [a,b]) and the corresponding

optimal portfolio are similarly studied. For wider applications, a general utility function
¢ including the indicator function 1, ;) is considered (Theorem 3). From the explicit
formulations of the optimal strategy and the optimal distribution, it can easily be observed
that diversified portfolios with two stocks would be better than portfolios with only
one stock.

The present study is organized as follows. Section 2 presents the definition of maximal
and minimal distributions and some basic results for the BSDEs used for the study. Section 3
presents the explicit representations of optimal portfolios IT* and I, which correspond
to the maximal and minimal distributions, respectively. The explicit expressions for the
maximal and minimal distributions and a general utility function case are presented
in Section 4. The maximal distribution is applied to explain the benefits of diversified
portfolios in Section 5.

2. Preliminaries

In this section, some notations and lemmas are provided. Let (Q2, F,P) refer to the
probability space, (B;);>o refer to the standard Brownian motion on this probability space,
and (F¢)¢>o refer to the o-filtration generated by the Brownian motion, which is augmented
by all P-null sets N'(P). That is, 7 = 0{Bs;0 < s < t} VN(P). Let L>(Q, Fr, P) refer to the
set of all Fr-measurable and square-integrable random variables, S(0, T; R) refer to the set

of all real-valued F;-adapted processes with [E [sup re[0,T] 7 |2} < 400, and M (0, T; R) refer

to the set of all F;-progressively measurable real-valued processes with E [ fOT |z \2dt} < oo0.

Throughout the study, 14 represents the indicator function on set A, Ep[-] denotes the
expectation under probability measure PP, and the sign function sgn(x) is given by

1, x>0,
sgn(x) = -1, x<0

The definition of a maximal distribution is initially given. The minimal distribution is
similarly defined.

Definition 1 (Maximal distribution). Let X? refer to the family of random variables over a given
index set ©. The maximal distribution of X? over the set @ is denoted by the following:

supIF’(Xg € [a, b}), forall a,b € Ry.
[SC)
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{

AV = VIt + (1 — () paldt + VI [e(t)or + (1 — m(1))oa)dBy, ¢ € [0,T],

vil=1.

We now introduce the model of our study, which is set within a finite time horizon
0 < T < co. The price dynamics of the securities are governed by the following system of
stochastic differential equations (SDEs):
dSi(t) = u; Si(t)dt + oy S;(t)dBy, )
Si(O)IXi, i=12,---,N,

where y; represents the drift, 0; > 0 is the volatility, x; is the initial price, and B; is a
Brownian motion within the probability space (0}, F,[P). A feature of our model is the
ambiguity of the exact values of y;, with only their maximum and minimum known. For
simplicity, we only consider the case N = 2 and x; = 1 for i = 1,2. This simplification
does not detract from the generality of our results, which can be extended to scenarios with
N> 2.

We explore the scenario of an investor investing his/her initial endowment into two
stocks. The investor’s portfolio, I1(t) := (7(t),1 — 7t(t)), represents the proportion of
wealth invested in each stock. The evolution of the investor’s wealth, V/7, is governed by
the stochastic differential equation:

(4)
The set of all possible self-financing portfolios, ®, is defined as:
0= {H(t) — (7(£),1 = 7t(t)) : 7e(t) € |o,p] is a predictable process},

where p, p € [0, 1] refer to two fixed numbers that represent the constraints on the investment
proportion of these two stocks.

At the end of this section, nonlinear BSDEs are briefly introduced, which were initially
investigated in [15]:

T T
yr = €+/t g(ys/Zs)dS—/t z5dBs. )

Lemma 1 ([15]). Assume that g : R*> — R is uniformly Lipschitz continuous. Hence, for any
&€ L2(Q, Fr,P)and T > 0, the BSDE (5) has a unique pair of solution (y,z) € S(0, T;R) x
M(0, T; R).

Usually, it is difficult to obtain the closed form for the solution of the BSDE (5) when
g is nonlinear. Interestingly, as shown in the following lemma, for cases g(z) = k|z| and
¢ = ¢(Br), the following BSDE has a pair of explicit solutions:

T T
Yy = ¢(Br) + /t k|Zs|ds — /t ZsdBs, (6)
where ¢ satisfies the following assumption:

Hypothesis 1. There exists some ¢ € R such that ¢ is symmetric on c. That is, ¢(c — x) =
¢(c+x) forall x € R.

Lemma 2 ([23]). Assume that ¢ € C3(R) satisfies (H.1) for some ¢ € R, and ¢\¥) (where
i =0,1,2,3) have, at most, polynomial growth. Then BSDE (6) has a pair of explicit solutions

Y; = H(B:), Z; = 0,H(By),

with H defined as follows:
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(i) If ¢’ > 0and ¢’ £ 0on (c,0), then

H(h) = e~ 3(T=) // @(x + h)eKr—ethl—He=hl—kip(p_ e dx, 1< ¢ dy);
y20?

(i) If o' < 0and ¢’ # 0on (c,00), then

H(h) = e~ 3¥(T=D) //y>0 (x + h)eMr—cHhl+Ke—hltkyp(p, e dx, 157 € dy),

where P(B; € dx, L} € dy) is the joint distribution of By and its local time L{ with respect to £ and
is given by

P(B; € dx, Ly € dy)

1 —(y 4 |x — 2] +£])?
Zm(y+|x—€|+|€|)exp{ (y+] % [+ 14D }-1{y>0}dxdy
1 2 — 0|+ |€])?
ST B R

3. Explicit Representation of Optimal Portfolios

For simplicity, in the following, we will suppress the time variable  in 77(f) when
there is no confusion. This section provides the optimal portfolios IT* = (71%,1 — 77%) and
IT, = (74,1 — 71,) such that

P(VA' € [a,b]) = sup P(VA € [a,b]) = sup P(log VH € [loga,logh]),
[1e® [1e®

and
P(ViF € [a,b]) = inf P(VE € [a,b]) = inf P(log VI € [1 log b]).
( T [a,b]) ﬁe@ (V€ [ab]) ﬁe@ (log V1 € [loga,logb])

Moreover, in the following it is assumed that o7 = 0, = ¢ and x = 1. Then, the wealth
process takes the following form:

(®)

dvil = VHTI(#)uy + (1 — TI(t)) pp)dt + o V!B,
Vit=1, te(0,T]

Denote 1 1
u(t) = 7e() (1 — 50%) + (1= (1) (2 = 502).

Similarly, u*(t) and . (t) are denoted corresponding to IT* and IL,, respectively. In order
to study the optimal portfolios, the following result needs to be initially obtained.

Theorem 1. Suppose that VI is the wealth process defined in (8) with oy = o = o, and
T1(t) = (7t(t), 1 — 7(t)) is the related portfolio. Assume that ¢(cBr) € L?(Q, Fr,P). Then

(1) sup E[g(log VI1)] is the value of the solution Yy of the following BSDE at t = 0:
I1c®

o(0Br) + / )ds - / Z.dBs, ©)

(2)  inf E[g(log VA1)] is the value of the solution y; of the following BSDE at t = 0:

I1e®
T
o(0Br) + / )ds— / 2.dB, (10)
t
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where
2

ﬁ:[ﬁ—P p+

2

pP—p ptp 1
1= | Sgmsgnlin = pm2) + == (= p2) + 2 — 502,

and p, p € [0,1] are the upper bound and lower bound, respectively, of 7r(t).

Proof. Note that
dlog VT = u(t)dt + cdBy, log V{! = 0.

P 1
=sgn(p1 — p2) + 7} (1= p2) + p2 = 507,

Let H be the set of {F; }-progressively measurable processes 65, 0 < s < T taking values in

[, #]. Then, from

p(t) = 70 (1n — 30%) + (1= 7(0) (42— 50%),
we have
[1(t) € @ <= u(t) € H.
Therefore,

o Elo(os )] =gunle

= sup E UBT + /
ueH

Let (Y}, Z;) be the solution of BSDE (9). Define

[ | = s
a; = =17 -0+ =1z.<9, and Bs=Bs— [ a,dr.
o o 0

O'BT +/ yl - 7(7 ) + (1 —m(s)) (;42 - ;az)ds)}

(11)

(12)

By Girsanov’s theorem (see for example [24]), we know B, is a Brownian motion under Q, where

t 1/t
ft_exp(/o ardBr—E/O a,dr).

AP
Therefore,
a&~+/ z+—fz ﬁ—/'aws
:q)(UBT)—/t Z.dB.
(cBr+ /T ar) /Tng
= (o o a,ar | — .
@ T 0 r \ st Dg
Hence,

=Eg [(p(aET—i—U/OTardrﬂ < supEQ UBT+/
ueH

For any 005 € H, consider the following BSDE:

T T
Yo = ¢(UBT)+/ eszfds_/ Z0dB,.
t Jt

(13)

(14)

(15)
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Define Bg = Bs — fos 0,dr. Then Bf is a Brownian motion under P?, where

dIP’G t 1 rt >
—F 5= exp (/0 0,dB, — 5/0 9,dr>.
Thus,
T T T T
Y? = go(UBT)—i—/ eszfds—/ 704, — (p((TBGT—i—(T/ 0,47 ) —/ 704BY.
t t 0 t
Hence,

T
0 _ 0
Yy = Epe [(p(UBT + (7/0 Brdr”.
It follows from the comparison theorem of BSDE (e.g., [16]) that
Y¢ <.

Consequently,

sup Byo [qo (JB% + /O ' G,dr)} <Y (16)

Note

sup (081 + [ 0)] = sup e [p(oBr + [ 0ar)] = sup Eo (et [ wtrir) |

Combining (11), (14) and (16), we have

Yo = sup E[g(log V[)].
IIc®

Similarly, part (2) of Theorem 1 can be proved. O

Now, we can give the main result of this section, which is about the optimal portfolios.

Theorem 2. The optimal portfolios IT* = (rt*,1 — 7*) and I1, = (7., 1 — 71,) defined by (1)
and (2) are given as follows: For t € [0,T),

p o (0—p)sgn(p — p2)

. o+ —  log(ab) H+pu
T (t) = 5 + 7 sgn(—RH—%—T*(T—t))
ptp p—p — log(ab) H+H 17
_ T+ 5 sgn(—Rt+T—?(T—t)),yl>yz, (17)
ptp p—p — log(ab) HHH
7 (R o T k<
and
prp  (p—p)sgn(p—pa) log(ab) H+H
i T PR (o) )
ptpe p—p log(ab) H+H 18
e (PR S e ) e (09
pt+tp p—p log(ab) H+H
7z s Re T - (T m e
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where
= [H—H = log(ab) PFHP A+ p
th:{ o sgn(—Rt—i— e % ——=(T - )>+72 :|dt+dBt/ Rop=0,
and
H—H log(ab) HF+H n+u
i, = [P s - ko SE - E R+ P am Ry =0

In this case,

(M50 = [ 0= 3) + 0= ) - 1)

T
_[HH —  logab H+H Bt
—{ 5 sgn(—Rt—l— o 3 (T— ))_;_72 }dt—l—dBt,
log Vil =0,

and

d(lothH*) — [n*(t) (Vl — %0,2) +(1— n*(t))(yz - EU’ )]dt-f-dBt

o
_[H—H logab Kt} Ht+up
_{ 20 sgn(—Bt—i— 20 20 (T - ))+ 20 }dt—i_dBt’

log V(}T* = 0.

That is, "Rt is the wealth at time t with respect to IT* = (71*,1 —
time t with respect to Tl = (74,1 — 714)

Proof. By Theorem 1, we have

sup P(VH € [a,b]) = sup P(log VH €
I[Ic® IIc®

[loga,logb]) = Yo,

where

K

Y = Tjogaiogs) (7Br) +/ Bzs_ tz; ds—/ Z.dBs,

and 1{jog4,l0g 5 (*) is the indicator function on [loga,log b]. Moreover,

Yo = EQ [1[loga,log b] (UET + U/OT asds>} !

where a5 and Q are given by (12) and (13), respectively. Define B; = B; — s

from Girsanov’s theorem that B; is a Brownian motion under P with

Py . V+Pl ‘uﬂt‘ ;
dP |7, P 2 !
and _— "
Yi =1ogatogs (FBT) + /t (gzjf; )ds / Z,dB.
ﬁ

:1[1Oga7ﬁ+ﬁT logbiﬁ;TKT](BT) +/t

o 20 70

), and e“Rt is the wealth at

gt We know



Mathematics 2024, 12, 1503 9 of 18

It follows from ([23] Corollary 6) that

i+ 7+
log(ab) 4 I ET) _ sgn(BS _log(ab) HTH

sgn(—Zs):sgn<Bs— 20 20 20 +T7(Tis))'

Therefore,

Yo = B Tiogajogs (0§T+/OT {ﬁ;Esgn(—Bs-f—log(ab) Pl s)) +ﬁ:—ﬁ]ds)].

20 20
Define
_ n—pu —  log(ab) H+H Pt p
ARy = { 7Sgn<—Rt+%—?(T ))—}—?}dt—i—d&, Ro =0.
We have

Legn(— R B IR gy E )],

T
Yo = Ep |:1[log a,log b] (U Br + /0 e e

Since

sup E]P’[l[loga log b (log VT )]

1§E0)
T
:zgygEP |:1[10ga,10gb} oBr +/0 V(t)dl)}
TrH—p — log(ab) H+tH ntp
=Ep [ Ljogaiog (OBT+/() 5 sen( Rt ng(a = 2 (T=0)+5=]dt)].
and sup E[¢(log VI!)] = supE [q)(UBT + fOT y(s)ds)], from (11), we obtain that

I1e® HEH

v HTH log(ab) H+E Htp
wr(t) = 3 g( R + e oo (T t))—l—i.

Moreover, we know

B () = 7 (O — 503 + (1— 7 (D) (12 — 20)
Thus,
:P‘;P+(P—P)Sgrzl(ﬂl—FZ)sgn(_Rt_i_bngfw_V;(;V(T—t)> .
[P P B E )

Similarly, by Theorem 1, we have

inf P(VH € [a,b]) = riIr€1f®IED(log VAL € [loga,logb)]) = yo,

I1e®
where
T
z;)ds—/ zsdBs,
t

IR

Ty
Yr = 1[1oga,logb] (UBT) +/t (:Z;L -
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and :
Yo = Ep [1[1ogu,1ogb] (U'BT + 0/0 ﬁst)} ,

By = By — fot Bsds is a Brownian motion under P with

Zi’]—} :exp(/otﬁsst—%/:ﬁgds>,

and _ 7
M n H—H prp
Bs = ;125>0 + ElszO = ?sgn(zs) + *2(7 .
It follows from ([23] Corollary 6) that
_ log(ab)  HFHE
sgn(—zs) = sgn(BS e T ?(T - s))
Therefore,
. Trp—u log(ab) W+ H pt+p
yOZEP[l[logaflogb](aBT+/() {72 Sgn(_Bs+ gz(a - Z(Ti(T_S))—i_iZ }ds)}
B Trp—H log(ab) H+# Htp
7EP[1[loga,logb](0’BT+/0 [ 2 Sgn(_Bs+ 2w 20 (T_S))+ ) }ds)}
Then we have
_E-H log(ab) HHE EtH
(t) == Sgn(_Bf+ 20 20 <T_t))+ 2
From
15 15
pelt) = 7 (6) (g = 0%) + (1= () (2 — 50,
we have
_ptp H—H log(ab) H+#
7'[*(1') = > + 2(]/[1 — yz)sgn( Bt + 20 7(’11 t))
_p+p  (p—p)sgn(p — p2) log(ab) H+H
= ° 2 Sgn(_&+ 20 20 (T_t))
p+tp p—p log(ab) H+H
(R T T ) e
ptp p—p log(ab) H+}
-t _t °© — — S(T— <
2 2 Sgn( Bt+ 20 20 (T t))/ ﬂl—VZ'

This completes the proof. [

Remark 1. If the drifts yq and yy of the prices are known, based on (17) and (18), the optimal portfolios
can be obtained with reference to the processes/wealth Ry and R,, respectively. For the case that 1 and
uo are unknown, the optimal portfolios cannot be applied directly. However, if y1 V pp and pq A po
are known while yy and py are unknown, under the criterion of exploration and exploitation, the
reinforcement learning technique (e.g., the e-greedy method, ([25] Chapter 2) and [26]) and the above
optimal portfolios can be combined together to construct the desired portfolios. With the estimated drifts
(based on the historic data), a portfolio can be constructed to achieve the largest coverage probability on
any interval [a, b), for which the stock deduced by the optimal portfolios (17) and (18) with the estimated
drifts is selected most of the time. However, every once in a while, such as with a small probability e, the
two stocks are chosen randomly (i.e., chosen with equal probabilities) independent of the estimated
drifts for portfolios (17) and (18). Specifically, when the sign function in (17) is positive, the stock
with the larger estimated drift is chosen with probability 1 — €, and the two stocks are chosen
randomly with the probability e. Otherwise, the stock with the smaller estimated drift is chosen with
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probability 1 — €, and the two stocks are chosen randomly with the probability e. Similarly, when
the sign function in (18) is positive, the stock with smaller estimated drift is chosen with probability
1 — ¢, and the two stocks are chosen randomly with the probability e. Otherwise, the stock with the
larger estimated drift is chosen with probability 1 — €, and the two stocks are chosen randomly with
the probability e. The algorithm with € = 0.1 is presented in Appendix A.

4. Maximal and Minimal Distributions

Next, the explicit distributions of the ambiguity portfolio model will be provided: that
is, the explicit expressions of sup P(VI! € [4,b]) and Hing P(VH € [a,b]). In particular, the
I1€® €
representations of sup E[¢(log Vi)] and riIn{9 E[¢(log VA1)] for general utility function ¢
I1€@ €
are initially given. Then, the maximal and minimal distributions are obtained.

Theorem 3. Assume that ¢ € C3(R) szztisﬁes (H.1) for some ¢ € R, and (p(i) (i=0,1,2,3) have,
at most, polynomial growth. Set k = % Then the representations of sup E[¢(log VI1)] and
I1€®

inf E[p(log Vi ' llows:
inf [@(log V1')] are given as follows
(1) If¢’ >0and ¢’ £ 0on (c,00), then

1 ‘ Htp

E[g(log V)] = %kQTx{// LT
sup [p(log V1')] = e e y20¢(UX+ > )

-exp{k|x —c| — k|c| — ky}P(By € dx,L} € dy)},

: T\ _ ,— KT ﬁ—i_ﬁ
%rel(faE[go(logVT)]_e 2 x{/R/y>0go(¢Tx+ > T)

-exp{—k|x —c| +k|c| + ky}P(Br € dx, L} € dy)},

where P(Br € dx, LG € dy) is given by (7).
(2) If¢' <0and ¢' # 0o0n (c, ), then

Tt
E[p(log VI)] = e~ 2T {// FrEr
sup [p(log Vr)] =257 x| yzoq’(UH 7 )

-exp{—k|x —c| + k|c| + ky}P(Br € dx, L} € dy)},

. Iy _ —LieT Bty
I%r€1£)IEl[cp(logVT)]_e 2 x{/R/y>Ogo((Tx+ 5 T)

-exp{k|x —c| — k|c| — ky}P(By € dx,L} € dy)}.

Proof. Let ¢(x) = ¢(0x). Then E[p(log V)] = E [Ep’(%)] . We will only give the proof

of sup E[gp(log VII)] when ¢’ > 0 and ¢’ # 0 on (¢, o) since the other case can be treated
I1e®
similarly. Using Theorem 1, we have

sup E[7(E1E)] =%

where Y| is the solution Y; of the following BSDE at t = 0:
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(Br) +/ z+—fz ds—/ Z.dB.. 20)

Set By = Bs — + Elsand (x) = ¢(x + 2 T) Then BSDE (20) is equivalent to the
following equatlon

Y, = +/ E- —|zs|ds—/ Z.dB., 1)

where B; is a Brownian motion under measure Q defined by

Q tu+a +
e[ e () )

Thus, it suffices to solve BSDE (21) on (Q), F, @) By Lemma 2, we have

supE[p(log Vi) =Yg = e~ 3k {/ / )eklx=el=kll=kvQ (B € dx, TS dy)}
I1e® >O

where

Q(Br € dx,L§ € dy) = P(Br € dx, LS € dy)

1 —(y 4 |x —c| + |c|)?
Zm(y+|x—c+|c|)exp{ (]/ ‘ 2T| | |) }-I{y>0}dxdy

1 x? (Ix —c[+]c))?
+ Wilsa [exp{—z,[} - exp{—zTH Iy —gydxdy.

So we obtain the expression of sup E[¢(log Vi)].
ITc®

€
Similarly, applying Theorem 1, we have

. H _
IllrelgE{(p(log Vr )} =1,

where y is the solution y; of the following BSDE when t = 0:

> Tk B T - TH—p T
- Bt B Vas— — &(By) — £ _
Ve = go(BT)qL./t (Uzs 5% )ds /t zsdBs = ¢(Br) /t % |zs|ds /t 25dBs.
It then follows from Lemma 2 that

. _lp2T =N T PN .

ﬁrelgE [qo(log VP)] =y =e KT x {/R /yzo §(x)e Kx—clHklel v Q(Br € dx, LS € dy)};
thus, the expression of Iilng9 E[¢(log V)] is obtained. [

€

Applying Theorem 3, the explicit formulations of the maximal and minimal distributions
when ¢(x) = 1(,)(x) with 0 < a < b < 00 can be obtained.

Theorem 4. Let k = and c= IOgZEf’b) — %T with 0 < a < b < +o00; then the maximal and
minimal distributions are given by

10g(b/ﬂ) . M
sup P(VH € [a,b]) = <_C —kT— 20) _e[];log(b/a)q)<_|c| kT + =55 >,

I1e® \/T \/T
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and

kT — log(b/a) kT log(b/a)
1%gMVPeme—¢<‘C+ ) o (I, )

VT VT

where O(-) is the distribution function of the standard normal distribution.

Proof. First, recall that sup E[¢(log Vi!)] is the value of the solution Y; of the following
I1e®
BSDE att = 0:

T T
Yi =1, (0Br) +/ (Ezs - gz;)ds —/ 7,dB
| g T )
:l[bga 14+14T10gb ”JrET](BT)—i_/t f|ZS‘dS_/t ZsdBs,

T 20

=~ -+, . . . =~ .
where B; = By — %t is a Brownian motion under P with

Py V+Pl 1 uﬂt
aPlr B3
For simplicity, let
n+u_ i+
ﬁ:loga_li ET, bzlogb_ﬂ ET.
o 20 o 20

For any € > 0, define

1 (v— x)z}
——exp|— dv,
27Te p[ 2¢

where ¢ is a standard normal distribution under probability measure P. Then ¢e € C*(R)
and @(x) — I (2,6] (x) as ¢ — 0. Consider the following BSDE:

9e(x) 1= Bp 15+ vVED) | = [ 15/(0)

. T T
Y = ge(Br) +/ K| Z¢|ds —/ 7548,
t t
By Theorem 3, we have
Yf = H*(By),

where

He(h) = e—%kz(T—t) / /’>O (Ps(x+h)e—zc\x—chh\+k|c_m+ky@(gTﬂE €dx, IS ¢ dy)}

2(T—t) @e(x +h) o~ Klx—ct+h|+k|c—h| +ky
+lx—(c—h)|+|c—h
o e e (v -+l = (e~ )] +[e — H])
—(y+]x—(c=h)|+|c—h])?
P { 2(T— 1) }dx‘iy

QX)) x|kl

— 1R (T— t/
R /27(T — t)

x? x—(c— ¢ — h|)?
[ { - gir g} e { = gy o
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Define

H(h) — e %kZ(T—t){/R/ [ah](erh) k\x c+h|—k|c—h|— kyP(BT ¢ € dx, L% t€ dy)}
y>0

2(7— t)/ / Ay (x+h) (x +h) ¢ Kbx=cHhlHKle=hlHky () 4 — (¢ — B)| + |c — h])
y>0

V21t (T —t)3
—(y+lx = (c—h)|+ |c—h[)?
exp { 2(T— 1) }dxdy
—Lk3(T- t)/ [ab (x+h) o klx—cth|+kle—h|
R /27t(T —t
X (Ix = (c = h)| + | — h])?
{eXp{_Z(T—t)}_eXp{_ 2(T—1) by

After some computations, we have

| — k(T —p) — bzt . el — k(T — 1) 4 b=t
H(h):q)(flh | kEfT_tt) z),e—kw—a)q)(Jh | k(TT_tt)+ 2)‘

By Lebesgue’s dominated convergence theorem, we have that H*(h) converges to H(h) as
¢ — 0, which means H®(B;) converges to H(B;) almost surely. Therefore, Y; of (23) is given by

_ _ba . Bl (T — b—a
Yt:H(Et):q)( Bi—c ~KT )~ 1 )—eik(b*”)dD(—|Bt | =KT-H+ 2)

VT —t T—t
Finally,
sup E[ [a, b](Vt )] = sup IE:[l[loga,logb] (log Vz,‘H)] =Y
Ie® Ile®
ol kT =B ey el kT4 Bt
_q)(_T)_e Q(_T>'

Similarly, we have (22). O

Remark 2. It can be observed from Theorem 4 that the maximal and minimal distributions of wealth
VI are no longer log-normal when p # 7i. That is, if a random disturbance y(t) is given to the
Brownian motion (or the price process of the stocks), then its distribution will no longer be normal.
That is, it would be a mixture of normal distributions. This is explained in the following example: If
the process (log Vi) e(o,7) follows the following SDE with some random disturbance p(t),

dlog V; = u(t)dt +dBy, log Vo =0,

where |u(t)| <e Tnke T =1,e =1/2,a = —b and set

Fp, (b) :=P(By € [e_b,eb]),I_Flogvl(b) = sup P(logV; € [—b,b]),Elogvl(b) = inf P(logVj € [-b,1]).

[n(t)|<e ln(b)|<e

Let f1(z) refer to the density function of By, and let f(z) and f(z) refer to the density functions of
Flog v, () and Fiog v, (+), respectively. Based on Theorem 4, it is not difficult to obtain

Fiogv, (b) = ®(1/2+b) —e - D(1/2 ),
Flogv, (b) = ®(—1/2+b) — ¢’ - d(—1/2 - b),
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and consequently,

Z2 Z

f2) = e T 112 L @(— 2] +1/2),
ZZ*Z

fl2) = e T 172 (2 - 1/2).

The differences in Fg,, ]Flog v, and Fyoo vy, and the differences in fi, f and f can be intuitively
observed from Figure 1. This shows that the maximal and minimal distributions of V1 are no longer
log-normal.

1 e 0.7
F i
06
osl S/ e Frnax N fora
Fnin 05 fin
06 0.4
w -
04 03
; 02
02t}
0.1
0 ob— —
4 5 6 6 6
z
Figure 1. Differences among Fp,, Fioe1, and iy, 1, and differences in f, f and f when a = —b,

e=05T=1

5. Do Not Put All the Eggs in One Basket

‘Do not put all your eggs in the same basket’ is a widespread proverb that means that
diversified investment is necessary in order to avoid great losses due to a single investment.
On the one hand, this advice can be partly formalized by considering the volatility of
the portfolio. For example, by constructing portfolios with assets that are imperfectly
correlated with one another, the risk inherent in the portfolio would decline as more assets
are added to the portfolio until, eventually, the volatility of the portfolio would converge to
the average covariance of assets that comprise the portfolio. Therefore, diversified risks
can be reduced when compared to undiversified risks. On the other hand, after obtaining
the explicit formulation for the maximal distribution and the corresponding portfolio, the
benefits of the diversified portfolios can be explained and the proverb from the probability
framework can be formalized, as shown in the following results.

Letp = 1land p = 0. Then, I () = (1,0) and Il(-) = (0, 1) refer to two self-financing
portfolios. By applying Theorem 4, the following result can be obtained.

Proposition 1. For0 <a < b < +o0,

P(VE" € [a,b]) = ;légp(vg € [a,b]) > P(VL € [a,b]) VP(VZ € [a,b]), (24)

where IT* = (7%,1— %), 70*(-) is defined in (19), V! and V* are the wealth processes corresponding
to portfolios 11 (+) and I1,(+), respectively: that is, investing only in the first stock and only in the
second stock respectively. Furthermore, let c = T =1,logb = 1 + 6 and loga = yu — ¢ for some
0 > 0; we have

P(VI" € [a,b]) = P(V} € [a,b]) VP(V? € [a,b]) = (1 — e PO D(—8) > 0.  (25)

The two portfolios, ITy(-) = (1,0) and IT(-) = (0,1), correspond to the cases for
which all wealth is invested solely in the first and second stock, respectively. From (25), it
can be observed that neither of the above portfolios is optimal in the probability framework.
Instead, investing in both stocks according to 77*(-) would deduce a larger probability on
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any interval around the larger drift/return, thereby achieving a greater coverage probability
to win a larger drift/return and reducing the risk. Therefore, a diversified portfolio with
two stocks is better than a portfolio with only one stock (even when the stock has a larger
drift/return). That is, the existence of a stock with a smaller drift/return does not always
cause bad influences on the market. Interestingly, the combination of these two stocks
would induce a larger coverage probability of wealth on any specific interval, consequently
reducing the risk of the investment. Therefore, this verifies the benefits of diversified
portfolios and implies the mathematical explanations for the proverb.

Remark 3. The results for the maximal and minimal distributions can be extended to a case with
more than two stocks. For example, consider that there are N (N > 2) stocks in the financial market;
the wealth process would follow the following SDE:

{ dVI1 = VYN | wmi(H)]dt + oV7dB;, 6

Vit=1, te(0,T]
in which YN | 7;(t) = 1, and the set of self-financing portfolios is
NL= {TI(t) = (1 (t), -, n (b)) : mi(t) € [0,1] is a predictable processes}.

Let

_ 1 1 . 1 1
= sup{y; — 5(72,- CEN T 5 21 and p := inf{pg — 5(72,- “ UN — 5(72}. (27)

Then, similar to Theorem 1, it can be proved that sup E[¢(log Vi1)] is equal to Yy of BSDE (9),

with 1 and y given by (27). Thus, through solving BSDE (9), the maximal distributions of this case
can be obtained based on Theorem 4. Furthermore, the minimal distribution can be similarly obtained.
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Appendix A

The algorithm is as follows:

Algorithm A1: e-greedy algorithm

Input: time partition K; returns p1, y; reward interval [a, b];

Output: Wealth log V/*'.

1: terminal time T = 1, ¢, = K' k=0,1,---,K, initial condition log V0 =0,
maximal drift coefficient i = p1 V pp, mlmmal drift coefficient y = pq A po.

2: fori =1,2do a

3: sample means j;(0) = 0;

4: the number of times each state has been observed T; = 1;

5: end for

6: for each k € [0,K] do

7: if k mod 10 == 0, then

8: j = randperm(2,1);
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Algorithm A1: Cont.
9: A= guj+0oB(g);
_ T—1_
10 F(ten) = (k) + %?

1 ylten) = #(t), 0 7
122 log Vi, =logViT +A;
13: Ti=T+1;

14: else -
15: if log V;*' < 8 K1 py), then
16: find j such that ﬁj(tk) =7, (tk) V Ty (t);
17: A= uj+0B(g);
_ T—1_
18: Hiter1) = ]Ti]-,uj(tk) + %;
19: i(tka) = Fit), 1 7 J;
20: log i/ =logViT +A;
21 T =T +1;
22: else
23: find j such that ﬁj(tk) = 70; (k) ANy (te);
24: A= guj+0B(g);
_ T—1_
25: Filtepa) = == #(t) + %}
26: Hi(tk1) = Pilt), 1 7 J;
27: log V[kTH =log Vil +4;
28: T, =T+1;
29: end if
30: end if
31: end for

References

1.

2.
3.
4

SIS

10.

11.
12.

13.

14.
15.

16.
17.
18.

Barberis, N. Investing for the Long Run when Returns Are Predictable. J. Financ. 2000, 55, 225-264. [CrossRef]

Chen, Z.; Epstein, L. Ambiguity, risk, and asset returns in continuous time. Econometrica 2002, 70, 1403-1443. [CrossRef]
Markowitz, H.M. Portfolio Selection. ]. Financ. 1952, 7, 77-91.

Pedersen, L.H. Efficiently Inefficient: How Smart Money Invests and Market Prices Are Determined; Princeton University Press:
Princeton, NJ, USA, 2019.

Frank, H.K. Risk, Uncertainty and Profit; BN Publishing: Hawthorne, CA, USA, 1921.

Hansen, L.P; Sargent, T.]. Robust control and model uncertainty. Am. Econ. Rev. 2001, 91, 60-66. [CrossRef]

Cvitanic, J.; Ma, J.; Zhang, J. Efficient Computation of Hedging Portfolios for Options with Discontinuous Payoffs. Math. Financ.
2003, 13, 131-151. [CrossRef]

Schied, A. Risk measures and robust optimization problems. Stoch. Model. 2006, 22, 753-831. [CrossRef]

Maccheroni, F.; Marinacci, M.; Ruffino, D. Alpha as ambiguity: Robust mean-variance portfolio analysis. Econometrica 2013, 81,
1075-1113. [CrossRef]

Bielecki, T.; Jin, H.; Pliska, S.; Zhou, X. Continuous-time mean-variance portfolio selection with bankruptcy prohibition. Math.
Financ. 2005, 15, 213-244. [CrossRef]

Jin, H.; Zhou, X. Continuous-time portfolio selection under ambiguity. Math. Control. Relat. Fields 2015, 5, 475-488. [CrossRef]
Bai, L.; Ma, ].; Xing, X. Optimal Dividend and Investment Problems under Sparrer-Andersen Model. Ann. Appl. Probab. 2017, 27,
3588-3632. [CrossRef]

Hu, Y,; Jin, H.; Zhou, X. Consistent investment of sophisticated rank-dependent utility agents in continuous time. Math. Financ.
2021, 31, 1056-1095. [CrossRef]

Chen, Z; Feng, S.; Zhang, G. Strategy-Driven Limit Theorems Associated with Bandit Problems. arXiv 2022, arXiv:2204.04442.
Pardoux, E.; Peng, S. Adapted solution of a backward stochastic differential equation. Syst. Control. Lett. 1990, 14, 55-61.
[CrossRef]

Karoui, N.E,; Peng, S.; Quenez, M.C. Backward stochastic differential equations in finance. Math. Financ. 1997, 7, 1-71. [CrossRef]
Duffie, D.; Epstein, L.G. Stochastic differential utility. Econometrica 1992, 60, 353-394. [CrossRef]

Pardoux, E.; Peng, S. Backward stochastic differential equations and quasilinear parabolic partial differential equations.
In Stochastic Partial Differential Equations and Their Applications; Springer: Berlin/Heidelberg, Germany, 1992; Volume 176,
pp. 200-217.


http://doi.org/10.1111/0022-1082.00205
http://dx.doi.org/10.1111/1468-0262.00337
http://dx.doi.org/10.1257/aer.91.2.60
http://dx.doi.org/10.1111/1467-9965.00010
http://dx.doi.org/10.1080/15326340600878677
http://dx.doi.org/10.2139/ssrn.1571620
http://dx.doi.org/10.1111/j.0960-1627.2005.00218.x
http://dx.doi.org/10.3934/mcrf.2015.5.475
http://dx.doi.org/10.1214/17-AAP1288
http://dx.doi.org/10.1111/mafi.12315
http://dx.doi.org/10.1016/0167-6911(90)90082-6
http://dx.doi.org/10.1111/1467-9965.00022
http://dx.doi.org/10.2307/2951600

Mathematics 2024, 12, 1503 18 of 18

19.

20.

21.

22.
23.

24.
25.
26.

Peng, S. Backward stochastic differential equations and applications to optimal control. Appl. Math. Optim. 1993, 27, 125-144.
[CrossRef]

Yong, J. Completeness of security markets and solvability of linear backward stochastic differential equations. J. Math. Anal. Appl.
2006, 319, 333-356. [CrossRef]

Chen, Z.; Epstein, L. A Central Limit Theorem for sets of probability measures. Stoch. Process. Their Appl. 2022, 152, 424-451.
[CrossRef]

Chen, Z.; Kulperger, R.; Wei, G. A comonotonic theorem of BSDEs. Stoch. Process. Their Appl. 2005, 115, 41-54. [CrossRef]

Chen, Z; Liu, S.; Qian, Z.; Xu, X. Explicit solutions for a class of nonlinear BSDEs and their nodal sets. Probab. Uncertain. Quant.
Risk 2022, 7, 283-300. [CrossRef]

Karatzas, I.; Shreve, S. Brownian Motion and Stochastic Calculus; Springer: New York, NY, USA, 1988.

Sutton, R.S.; Barto, A.G. Reinforcement Learning: An Introduction; MIT Press: Cambridge, MA, USA, 1998.

Agrrawal, P. An automation algorithm for harvesting capital market information from the web. Manag. Financ. 2009, 35, 427-438.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/BF01195978
http://dx.doi.org/10.1016/j.jmaa.2005.07.065
http://dx.doi.org/10.1016/j.spa.2022.07.003
http://dx.doi.org/10.1016/j.spa.2004.08.006
http://dx.doi.org/10.3934/puqr.2022017

	Introduction
	Preliminaries
	Explicit Representation of Optimal Portfolios
	Maximal and Minimal Distributions
	Do Not Put All the Eggs in One Basket
	Appendix A
	References

