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Abstract: In the present paper, we consider the class A of functions f(z) of the form f(z) = z +
Yhoq aH%zH% that are analytic in the open unit disc U. If ay ;= Ofork #3n(n=1,2,3,---), then
f(z) is given by f(z) = z + Y3, a;z¥. For such functions f(z) € A, some interesting properties for
subordinations and strongly starlike functions are given. Also, some interesting examples for the
results are shown.

Keywords: analytic function; subordination; strongly starlike function

MSC: 30C45; 30C80

1. Introduction

Let A denote the class of functions f(z) of the form
flz)=z+ Y a2, (1)

which are analytic in the open unit disc U = {z € C : |z| < 1} with the principal value for
Vz.Ifa, x =0fork #3n(n=1,23,--), then f(z) can be written as
3

f@) =2+ Y o @
k=2

and denoted by f(z) € A.

Remark 1. A class of functions f(z) given by
f@)=z+Y a2 )

which are analytic in U was considered by Owa [1] and Owa et al. [2].

If we consider a function f(z) € A given by
S
(1 . \3/2)6(1—06)
T4 (j+5~ 6“)Z1+§

=it ) Kl

k=1

f(z) =
(4)
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with 0 < a < 1, then f(z) satisfies
zf'(z)\ 1+ (1—2a)vz
Re( 18 >—Re< T >uw, (zeU). (5)
Also, if f(z) is given by
IO — ©
- th
then for z = ¢/ (0 < 6 < 27), we have
eiG
Ref(z) = Re >
1—¢'3
i(1-4)0
_ Re(ﬂ)
e~ 6 — ¢l6
1 sin(20)
2 sin(%@)
1 sin(g + %6)
-2 sin(g)
cos( ¢
= —1 cos<26) + (6 (251;1 <9>cos<9>> (7)
2 3 sm(Q 3 3
6
1+ cos g
= —1 2cosz<9) —-142 <3)sin(9)cos()
2 3 1 —cos(%) 3 3
1+ cos( ¢
= 1 2c052<9) — 1+2<3)sin<>cos(>
2 3 sin(%)
1 >0 0
= —2{4cos <3) —|—2005(3> — 1}
>_2
- 2
Thus, we have
Re(z> > —g, (z € ). 8)

1-7z

We can see this bound visualized geometrically in Figure 1.
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Figure 1. Re(lf—%) > —3.

2. Subordination Properties

Let f(z) and g(z) be analytic in U. Then, we say that f(z) is subordinate to g(z),
written as f(z) < g(z) (z € U), if there exists a function w(z) analytic in U with w(0) =0
and |w(z)| <1 (z € U) such that f(z) = g(w(z)). B

With the above definition, we know that if f(z) € A and

g(z):%ﬁ,(zew,ogmn ©)
satisfy
f(z) < g(2), (z€ ), (10)
then
Ref'(z) > a, (z € U). (11)

If f(z) € Aand g(z) satisfy

zf'(2)
) <g(2), (z€l), (12)
then
NEIHCA N
R<f(z)>> , (z€e ). (13)
Also, if f(z) € Aand g(z) satisfy
1+ Z'J;,,;—i? < g(z), (z€U), (14)
then
Re(l—i—zjj:,//(—g)) >a, (zeU). (15)

Remark 2. Let us consider a function f(z) € A given by
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£(2) = (20— 1)z~ 6(1 — ) log (1 — V/2) ~3(1 —a) Vz(2 + ¥2)
=z+4+6(1—a) i( > H?, (16)
k=1
and then
F(z) = 1—1—(1—204)\@. 17)

=¥z
Now, we have to introduce the following lemma by Suffridge [3].
Lemma 1. Let p(z) be analytic in U with p(0) = 1 and h(z) be analytic and starlike in U. If
zp'(z) < h(z), (z € V), (18)

then
Z h(t
p(z) </0 ¥dt, (ze ). (19)
With the above lemma, we have the following theorem.

Theorem 1. Let f(z) € A and h(z) be given by

h(z) = W’ (ze ) (20)

for some real & (0 < a < 1). If f(z) satisfies

Zf//(z) < ”l(Z) = (1\3[22)6(1_0‘)1 (Z S U)r (21)
then
P = [ = [ gt (€ V) 2

(1 _ %) 6(1—a)

Proof. Let us define a function p(z) = f’(z) for f(z) € A. Then, p(z) is analytic in U, and
p(0) = 1. Also, h(z) is analytic and starlike in U. Thus, using Lemma 1, we say that if

p'(z) = zf"(z) < h(z), (z € U), (23)
and then
p(z) = f(z) < /0 @dt, (ze ). (24)

It follows that

I A L

=7
1

_ 3/ (ueles b5y u6ac74>du
1-3z

=3{1— (1= ¥2)" (1 + (6a — 5)Vz(1+ (3x - 2)¥2)) }.

(25)
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Theorem 2. Let f(z) € A and h(z) be given by
h(z) = AR e/;é(l_a) , (z€U) (26)
for some real & (0 < & < 1). If f(z) satisfies
f@»—ﬂ?<h@w=u_®;qlmwzew, @)

then

T I —

z t @)

(1 - \3/5)6(17 (28)
=3{1- (1= ¥2)" (1 + (6a = 5)Vz(1+ (3x —2)¥2)) }.

Proof. Letting p(z) = @ for f(z) € A, we know that
@) =) -1, @)

Thus, we have the subordination (28) under the condition (27) by Lemma 1. O

Next, we introduce the lemma by Hallenbeck and Ruscheweyh [4].

Lemma 2. Let a function p(z) be analytic in U with p(0) = 1, and h(z) be analytic and convex in
U. If p(z) satisfies

p(z) +zp'(z) < h(z), (z € V), (30)
then
m@<éﬂﬂmmu@ewy (31)

Applying Lemma 2, we derive the following theorem.
Theorem 3. Let f(z) € A satisfy

14+ (1—2a)v/z

f@)+af'(e) < T (2 € U) (32)
for some real & (0 < & < 1), and then
, 1 21+ (1—2a)Vt

Proof. Let us consider a function p(z) = f(z) in Lemma 2, and let /(z) be given by

m@_1+$_;?%. (34)

Then, p(z) is analytic in U with p(0) = 1, and h(z) is analytic and convex in U. Thus, if f(z)
satisfies the subordination (32), then f(z) satisfies (33). Here, we have
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1 21+ (1—2a)vt 1 Z( 2(1—04))
1 —dt:—/ 2 —1 dt
Z/o 11—t z Jo (20 —-1)+ 11—/t
1 1 1
:Z{(Za—l)z+6(l—zx)/l\%<u—2+u)du} (35)

:(2&—1)—6(1—&)((\;2)2+2§ﬁ+ilog(1—%)>.

O

Letting a« = % in Theorem 3, we obtain the following corollary.

Corollary 1. If f(z) € A satisfies

1
! 1
FE)+3f"(E) < oy (2ED) G
then
f(z) < -3 ;+L+110 (1-/z) (37)
T |
3. Applications for Strongly Starlike Functions
Let us consider a function f(z) € A given by
f(z) = —z—6<\3@+;(\3&)2+log(1—\3ﬁ)>,(ZGU). (38)
Then, f(z) satisfies
oy 1+ Vz
and
largf'(z)] < g, (z e ). (40)

We say that f(z) is strongly starlike in U. Also, if we consider a function f(z) € A given by

SRR AN
£(2) */o <1_%> dt, (z € U) 41)
for some real w (0 < & < 1), then f(z) satisfies
largf(2)] _zxarg<1j:\3[\/§)‘ < gzx, (z € U). (42)

This function f(z) given by (41) is said to be a strongly starlike function of order « in U.
Now, we introduce the following lemma by Fejér and Riesz [5] (also by Tsuji [6]).

Lemma 3. Let a function f(z) be analytic in |z| < 1. Then, f(z) satisfies

[ @l < 3 [ 1)1l (o >0 3)
J-1 =2 Jz1=1 oL@ ’

where the above integral on the left-hand side is considered along the real axis.



Mathematics 2024, 12, 1469

7 of 12

Remark 3. If we make a change of variables in Lemma 3, then the inequality (43) becomes

r . r [2r .
[\t edp < 7 [ [p(re) e, (a4)
—r 0
Also, we need to include the lemma by Gwynme [7].

Lemma 4. Let f(z) be a complex-valued harmonic function defined on a neighborhood of a closed
disk of radius 1 and center 0 in the complex plane. Then,

1—12

gy _ L i
f(ret) 21 /o fle )1 + 12 — 2rcos(0 — p)dp (45)
and
1 y2m 1—72
2 /0 14712 — 2rcospdp =1 (46)
Applying Lemma 3, we have the following theorem.
Theorem 4. Let f(z) € A satisfy
zf"(z)| _ «
f/(Z) < E ’ (Z € U) (47)
for some real & (0 < & < 1), and then
largf'(z)] < g (z € U). (48)
Proof. It follows that
log f'(z) = log |f'(z)| + iarg f'(z) (49)
and
! _ = / S TR z f"(t)
log f'(z) = /O (log f/()) dt = /O s (50)
This implies that
|argf'(2)| = [Im(log f'(2)) |
f'(t) ‘
Im dt
‘ / f'(#)
" f"(pe®) g ‘
= |Im e?d
‘ 0 filpem)
el f" (pet® 51
Im( f Pe ))’dp (51)
19 11 ( i
’ f (Pe ))'
< Im d
(Fgery ) o
f// peze

-,

peze
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where z = re?® (0 <0 <2m),0<r<1,and 0 < p < r. Using (44) with ¢ = 1, we have

f//(reif))
e |
reiﬂf//(reie)

f!(re®)

27
J

27

de

S~

O

If we take & = 1 in Theorem 4, we obtain the following corollary.
Corollary 2. Let f(z) € A satisfy

zf"(z)
()

S%,(ZEU)

and then
y Uy
|largf'(z)] < 5 (ze ).
Next, we derive the following theorem.

Theorem 5. Let f(z) € A satisfy

()| _ ap, (LB
Fer | < 577255 ) e

for some real & (0 < « < 1) and some real B (B # —1), and then

|argf'(z)] < ga, (z € D).

Proof. Using the method of the proof in Theorem 4, we say that
re'? f// rezG

\argf' 2/27T 7( 1’619
<Z/027TRe<1l+_ﬁ\3/\/£f>d9
/27‘[ 1+ ( —1)%cos<g>— (%)2 P
T4 1—2\fcos( ) (\f)z
:Z/O2”{1—ﬁ+1+ﬁ 1-(¥7)°

2 14 (\?’/77)2 —2%/?cos(%) }dG.

Note that
[ — () 3/23” -
0 1+ (%)Z—ZWCOS(g) 0 1+ (\3/17)2—2\3/;C05p

and by Lemma 4, we obtain

<2m

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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y us
|argf'(z)] < > (z € U). (59)
O
Example 1. Let us consider a function f(z) € A given by
2 3a
() — 60
1@ =(327)  Gev) (60
with o (0 < a < 1). It follows from (60) that
largf'(z)| = 3alarg(2 — ¥V/z)| < 304% = gzx, (z € U) (61)
and
zf"(z V/z
}(/é)) :&‘2:[\%‘<a,(zew). ©2)
Therefore, if we consider some real B such that p < —3, then we have
2f"(2) s(1-p) o, (1+BY:
< — .
02 <a< ) <2Re =z , (ze€) (63)
Next, we prove the following theorem.
Theorem 6. Let f(z) € A satisfy
(2 | . (14833
~1] < %R L (zeU 64
fo -1l < 3xe(757) e )
for some real & (0 < « < 1) and some real B (B # —1), and then
argf(z)‘ < sz, (zeU) (65)
z 2
Proof. It follows that
log((z)> =log ()‘ -I-larg(('z)) (66)
z z
and
z !
log<(zz)) -/ <log(f(tt)>) dt
’ (67)

Thus, we know that
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e 55 5)1

(
r ! i0 .
o
0 \ flpe?)  pe
r ! 6 3
S/ Irn(f (pe‘ )— 1. )ele dp
o |\ floe®)  pet® (68)
r ei@f/(pei(?) 1
< / i0 - dp
—rl floe®) p
277 | 406 £7 (1010
<5 retfeT) g
2 Jo f(rei?)
27 37508
4 Jo 1— reis
< ga.
Thus, we complete the proof of the theorem. [O
Example 2. Let us consider a function f(z) € A given by
2 3a
— 69
f(z) z<2_%> , (z€ ) (69)
with a (0 < a < 1). Noting that a function w(z) given by
w(z) = 2 70
implies
‘w(z)—i’ < % (z € ), 71)
This gives us
largw(z)| = |arg( —2—)| < &, (z e 1) 72)
R N A '
Thus, we see that
AT 2 s
arg( . = 3a|arg 7k < th,(zeU). (73)
Further, f(z) satisfies
2f(2) e
—1] = ). 74
o = ol < e v 7
Thus, if we consider some real B such that p < —3, we have
2f(2) s(1-B) _«, (142
- < = . 7
5 1‘<a_ 1 <2Re -z , (ze ) (75)

Using the same method, we have the following theorem.
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Theorem 7. Let f(z) € A satisfy
S0 g St (L)
et e | <Rl gE ) e D) (76)

for some real & (0 < a < 1) and some real B (B # —1), and then

arg(z}(;;)> ‘ < %«x, (z € U). (77)

We also consider the following example for Theorem 7.

Example 3. We consider a function f(z) € A given by

ZfI(Z) B ) 3
for (=) Gev .

with o (0 < & < 1). Then, we see that

arg(zﬁi';))’ =3 arg(z_zeﬁ)‘ < gzx, (zeU) (79)
and
ZJ{,/;(;) +1- ZJ{;S) ’ <, (zel). (80)

Considering some real B such that p < —3, we have

zf"(z) , ,  zf'(z) a(1-B) a, (1+BYz
f'(z) f(2) <es T <2R€(1_%),(ZGU). (81)

4. Conclusions

+1

In this paper, we consider functions f(z) given by
f(z)=z+ Z aHKzH?

that are analytic in the open unit disc U = {z € C : |z| < 1} and explore new proper-
ties of f(z) € A. We present some interesting properties for subordinations and strongly
starlike functions, along with some interesting examples that support our results, proven
with theorems. The authors think that the results in this paper will provide new direc-
tions and contribute to the development of a new perspective on studies in Geometric
Function Theory.
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