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1. Introduction

The Markov process is a very important branch of stochastic processes that has a very
wide range of applications. Standard references are Anderson [1], Asmussen [2], Chen [3]
and others.

The birth—death process, as a very important class of Markov processes, has been
widely applied in finance, communications, population science and queueing theory. In the
past few decades, there have been many works on generalizing the ordinary birth-death
process, making the theory of birth—death processes more and more fruitful. Recently,
the stochastic models with catastrophe have aroused much research interest. For exam-
ple, Chen Zhang and Liu [4], Economou and Fakinos [5] and Pakes [6] considered the
instantaneous distribution of continuous-time Markov chains with catastrophes. Chen and
Renshaw [7,8] analyzed the effect of catastrophes on the M/ M /1 queuing model. Zhang
and Li [9] extended these results to the M /M /c queuing model with catastrophes. Li and
Zhang [10] further considered the effect of catastrophes on the MX /M /¢ queuing model.
Di Crescenzo et al. [11] discussed the probability distribution and the relevant numerical
characteristics of the first occurrence time of an effective disaster for a general birth-death
process with catastrophes. Other related works can be found in Artalejo [12], Bayer and
Boxma [13], Chen, Pollett, Li and Zhang [14], Dudin and Karolik [15], Gelenbe [16], Ge-
lenbe, Glynn and Sigman [17], Jain and Sigman [18], Zeifman and Korotysheva [19] and
many others.

The models considered in the above references involve only one type of catastrophe.
However, in real situations, there may be multiple types of catastrophes involved in a
stochastic model. For example, earthquakes and fires have a huge influence on a biological
population. Wars and epidemics affect population in a country. In general, different
catastrophes may have completely different effects. Therefore, a natural and important
problem is considering the first occurrence time of an effective catastrophe (including
different types of catastrophes) and determiniing the type of the first effective catastrophe.

The purpose of this paper is to consider the general birth-death processes with two-
type catastrophes. We mainly discuss the property of the first occurrence time of effective
catastrophe and the type of the first effective catastrophe.

We start our discussion by presenting the infinitesimal generator, i.e., the so-called g-matrix.

Mathematics 2024, 12, 1468. https:/ /doi.org/10.3390/math12101468

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12101468
https://doi.org/10.3390/math12101468
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-6530-3569
https://doi.org/10.3390/math12101468
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12101468?type=check_update&version=1

Mathematics 2024, 12, 1468

20f17

Definition 1. Let {N; : t > 0} be a continuous-time Markov chain on state space Z = {0,1,2,--- },
if its g-matrix Q = (q;j : i,j € Z) is given by

Q:Q+Qd1 (1)

(@)

i i,j € Z.) are given by

where Q = (§ij:i,j € Zy)and Qs = (q

A, i>0,j=i+1,
Ui, i>1,j=i-1,
gij = § —Ao, 1=j=0, 2)
—wj, i=j2>1,
0, otherwise.

and

B, i=00ri>2,j=1,
n, i>1,j=0,

ql] —0(’ 1:]:1, ( )
_’)// 12]22/

0, otherwise.

withea,>0,A; >0 >0), u; >0 >1)and w; = Aj+u; (i > 1), v = a + B, respectively.

Then, {N; : t > 0} is called a birth—death processes with two-type catastrophes. Its probability
transition function is denoted by P(t) = (p;;(t) : i,j € Z) and the corresponding resolvent is
denoted by TI(A) = (71;,,(A) 1 j,n € Z).

Remark 1. By Definition 1, a and B describe the rates of catastrophes. We call them a-catastrophe
and B-catastrophe, respectively. That is, a-catastrophe kills all the individuals in the system, while
B-catastrophe partially kills the individuals in the system with only one individual left. Ifx = p =0,
i.e., there is no catastrophe, then {N; : t > 0} degenerates into an ordinary birth—death process,
which is denoted by {N(t) : t > 0}, and its g-matrix is denoted by Q. The probability transition
function of {Nj : t > 0} is denoted by P(t) = (pij(t) = 1,j € Z+) and the corresponding resolvent
is denoted by TI(A) = (jn(A) i jn € Zy).

The rest of this paper is organized as follows. In the following Section 2, we reveal the
relationship of the transition probability of {N; : t > 0} and the transition probability of
{N; : t > 0} in Laplace transform version (Theorem 1). In Section 3, the first occurrence
time of an effective catastrophe is discussed. We first construct a new process, { M; : t > 0},
which coincides with {N; : t > 0} until the occurrence of catastrophe and can distinguish
what type of catastrophe occurs, and then reveal the relationship of the transition probability
of {M; : t > 0} and the transition probability of {N; : t > 0}) in Laplace transform version
(Theorems 2 and 3). Finally, we obtain the probability distribution of the first occurrence
time of an effective catastrophe in a Laplace transform version and the probabilities of the
first effective catastrophe being of the a-type or the B-type.

2. Probability Transition Function

From Definition 1, we see that a catastrophe may reduce the system state to zero
or one. However, since natural death rate y1, p2 > 0, when the system state transfers
to zero from one or transfers to one from two, it is difficult to distinguish whether it
was a catastrophe or a natural death. Therefore, it is important to discuss such effective
catastrophe. For this purpose, we first construct the relationship of P(t) and P(t) (or,
equivalently, IT(A) and TT(A)).
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The following lemma presents the basic properties of P(t) (or IT(A)) and P(t) (or ITT(A)).

Lemma 1. (i) P(t) = (pju(t) : j,n € Z4) satisfies the following Kolmogorov forward equations:
foranyjne€Z andt >0,

pi1(t) = Aopjo(t) — (w1 +7)pja(t) + papja(t) + B, 4)

Pio(t) = =(Ao+7)pjo(t) + mipja(t) +a,
!
g
Pin() = Ancapjn-1(t) = (@n +7)Pjn(t) + pns1pjnia(t), n =2,

or equivalently, in the resolvent version

(A+ Ao +7)7j0(A) =850 = prmjn(A) + %,
(A + w1 +7)71(A) =851 = Aomtjn(A) + pamja(A) + g (5)
()‘ + Wy + ’)’)nj,n ()‘) - (Sj,n = /\nflﬂ'j,nfl(}\) + M1 TTjn41 (/\)/ nz=2.

(i) P(t) = (Pju(t) : j,n € Zy) satisfies the following Kolmogorov forward equations: for
any jn € Zyandt > 0,

Pio(t) = —Aopjo(t) + ppja(t),
ﬁ]’-,n(t) = Mi1Pjn1(t) = (Au + pn) Pjn(t) + pn1Pjur(t), n>1,

ot, equivalently, in the resolvent version

(A+20)7jo(A) =60 = m17tj1(A),
(A +An+ .un)ﬁj,n ()‘) - (Sj,n = )\nflﬁj,n—l (A> + Hnt1 ﬁj,n-«—l(/\)r n>1

Proof. (i) By Kolmogorov forward equations and the honesty of P(t), we know that
Piolt) = —(Ao+B)pjo(t) + (1 +a)pja(t) + ) apjx(t)
k=2

= (Aot BIpo(t) + () + ﬁ api(t)

= —(Ao+B)pjo(t) +mpji(t) +a(l—pjo(t))
= —(Ao+7)pjot) +pipji(t) +a

and
V) = (ot B)piolt) — (Ar + i +@)pia () + (o + B)pyalt) + ki/smn
=3

Aopjo(t) — (w1 +a)pji(t) + papja(t) + B(1 — pja(t))
= Aopjo(t) — (w1 +7)pji(t) + papja(t) + B

The other equalities of (i) and (ii) follow directly from Kolmogorov forward equations and
the Laplace transform. The proof is complete. [J

The following theorem plays an important role in later discussion. It reveals the
relationship of P(t) and P(t) (or, equivalently, TT(A) and TT(A)).

Theorem 1. Forany j,n € Z, we have

t t
pin(t) = e_7t;§jln(t)+o¢/0 e_7sﬁorn(s)ds+ﬁ/0 e °pyu(s)ds (6)
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or, equivalently, in the resolvent version
. 1 A .
Tin(A) = Ain(A+7) + 5 - [@R0n(A+7) + BR1a(A + 7)) ?)

Proof. We first assume a = 0. The corresponding process is denoted by N; and its probability
transition function is denoted by P(t) = (p;(t) : j,n € Z ). Denote {A; : t > 0} = {N : t > 0}.
Let {K; : t > 0} be a Poisson process with parameter , which is independent of
{A¢:t > 0}. Note that {K; : t > 0} can be viewed as a catastrophe flow. We let I(t)
be the time until the first catastrophe before time t. Then, I(#) has the truncated exponen-
tial law,

P(I(t) <u)=1- e*ﬁ“I[O’t)(u).

We denote {AEO) (t>0}:={A;:t>0}. Welet {AE") : t > 0},>1 be an independent
sequence of copies of {AEO) :t > 0} but with A(gn) = 1. We define {R; : t > 0} by

Then, {R; : t > 0} is a continuous-time Markov chain. It evolves like ASO). At the first

catastrophe time, it jumps to State 1, and then evolves like AEl). At the next catastrophe

time, it jumps to State 1 again, and so on. We let P(t) = (pju(t) : j,n € Z)) be the
probability transition function of {R; : t > 0}. Then,

pin(t) = P(Rt = n|Ro = j) = Pj(Ry = n) = Ej[I;,,(Ry)] = Ej[E [I{n}( >|Kt/ "1,

where P; = P(-|Rg = j) and E; is the mathematical expectation under P;. We denote

G(K, I(t)) :== Ej[I;ny (A l( )| K¢, 1(t)] for a moment. Then, the above equality equals to

E[G(Ky, I(t))]
= EJE/[G(K:, 1(1)]1(1)]]

= P(I(t) = ) E;[G(Ky, ()] 1(t) +l3§/ e PE[G(Ky, 1(t))[1(t) = s]ds.
Since [(f) =t < Ky =0and Ry = j & Ap = j, we have

P;

(1(1) = ) = P,

(K =0) = e P!

and
E{[G(Ke, I(0)[I(t) = 1] = Ejl Iy (A)] = EjlLy (AD)] = pja().
If s < t, then
E[G(K,, [()I(t) = ]
= kz Pi(K: = k|I(t) = 5)G(k,s)
=1

= 5 Bk = KI0) = B 1 (ALK = 10) =5

- ki Bi(Ks = KII(#) = 9)Ej Iy (A1)
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= Y P(Ke = K[i(t) = $)E[I, (A1) 4g = j, AP =1
k=1

= Y (K =KI(t) = s)P(AY = u|Ag = j, AY) =1]
k=1

= Y Pi(K = k[i(t) = 5)P(ALY = n[Al) =1]
k=1

Il
agk

Pi(K: = K|I(t) = s)P(As = n|Ag = 1]

Il
>
=
= —
—

@

—

Therefore,
t
Pin(t) = e Pty (t) + BE /0 P py (s)ds.

It is easy to check that f)},n (0) = ﬁ;-,n (0). This implies that R; and N; are same in the sense
of distribution. Hence,

t
Pin(t) = e Ppin(t) + B [ Fp(s)ds. ®
Now, we consider the general case of & > 0. Denote {A; : t > 0} := {N;: t > 0}. Let
{K; : t > 0} be a Poisson process with parameter a&, which is independent of {A; : t > 0}.

{K; : t > 0} can be viewed as a catastrophe flow with parameter a. Let [(t) be the time
until the first catastrophe before time t. Then, [(t) has the truncated exponential law

P(I(t) <u) =1—e "Iy (u).

We denote {AEO) it >0} :={A;: t > 0}. Let {Af") : t > 0},>1 be an independent
sequence of copies of {AEO) : t > 0} but with Aén> =0 (n >1). We define {R¢ : t > 0} by

Let D(t) = (Pjn(t) : j,n € Zy) be the probability transition function of {R; : t > 0}. By a
similar argument as above, we know that

v
ﬁj,n (t) = e_atﬁ]‘,n(t) +IX/O e_"‘sﬁo,n(s)ds.
By (8),
t t f
Binlt) = el Pt 4B [ P pra(s)as
t S
o [ e P () + B [ e P p, (w)aulds
t t
= (1) +a /O e~ @HB)s gy (s)ds + B /0 e~ @B p,  (s)ds.

It is easy to check that ﬁ;‘,n (0) = p;-’n (0). This implies that R; and N; are same in sense of
distribution. Hence,
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t t
pint) = e Ot (1) - [P g (s)ds+ B [ e 4Py (s)ds.

Equation (6) is proven. Taking Laplace transform on (6) implies (7). The proof is complete. [J

3. The First Occurrence Time of Effective Catastrophe

We now consider the first effective catastrophe of {N; : t > 0}. We let C; be the
first occurrence time of an effective catastrophe for {N; : t+ > 0} starting from state ;.
The probability density function of C; is denoted by d;(t). We let C; and C; be the first
occurrence time of an effective a-catastrophe and an effective S-catastrophe, respectively. It
is obvious that C; = Cjo A Cj

In particular, if & = 0 or B = 0, then C; = C; 1 or C; = Cj, respectively, and the current
model deduces to the model discussed in Di Crescenzo et al. [11]. In this paper, we mainly
consider the property of C; and probabilities P(Cj <tCjp < C]-,l) and P(C]- <tCj1 < Cj,o).
For this purpose, we construct a new process, { M; : t > 0}, such that {M; : t > 0} coincides
with {N; : t > 0} until the occurrence of catastrophe, but {M; : t > 0} enters into an
absorbing state —1 if the first effective catastrophe is a B-type and enters into another
absorbing state —2 if the first effective catastrophe is an a-type. Therefore, the state space
of {M;:t>0}isS:={-2,-1,0,1,--- } and its g-matrix Q = (an :j,n € S) is given by

A, i>0,j=i+1,
Wi, i>1,j=i-1,
«, i>1,j=-2,
B, i=0,j=-1,
dij =4 B i>2,j=-1,

—(Ao+p), i=j=0,
—(w1+w), i=j=1,
—(wi—{—’y), i=j>2,
0, otherwise.

Different from Q, Q can reveal the different effects of different types of catastrophes.
More specifically, an a-catastrophe or a S-catastrophe occur at state j > 0 if and only if the
system state jumps to —2 or —1 from j > 0, respectively. Since {M; : t > 0} coincides with
{N¢ : t > 0} until the occurrence of catastrophe and both —2 and —1 are absorbing states
for {M; : t > 0}, we know that C; and the absorbing time of {M; : t > 0} are same in the
sense of distribution.

Let H(t) = (hj,(t) : j,n € S) and ®(A) = (¢jn(A) : j,n € S) be the Q-transition
function and the Q-resolvent.

Lemma 2. For any j > 0, we have

Wi o (t) = a(l—hj_o(t) — hj—1(t) — hjo(t)),

Wi 1 (t) = B(1 = hj () = hj1(t) = hja (1)),

Ho(t) = ()\0+[3) jo(t) +phji(t), ©)
hiq () = Aohjo(t) — (wi + a)hjr (t) + pahja(t),

W (1) = Au— 1th 1(t) — (wn+7) ()+ﬂn+1h]n+1() nz=2,

or, equivalently, in the resolvent version
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AMpj—2(A) = a(F = §j—2(A) = ¢j-1(A) = pi0(A)),

Apj—1(A) = B(3 — ¢j—2(A) — pj,—1(A) — $j1(A)),

(A+ A0+ B)pjo(A) = dj0 = mpji(A), (10)
(At wr+a)dj1(A) —d;1 = Aodjo(A) + papjz(A),

()t + wy + ’)’)(Pj,n (A) - ‘Sj,n = Anflqu,n—l (A) + .un+1¢j,n+1 ()‘)/ n=>2.

Proof. By Kolmogorov forward equation,

1 = ki ahj (1)

=1
= a(l—hj () = hj () = hjp(t)-

W) = Bhiot) + ]:izﬁhj,ku)
= B~ Iy (t) — o (8) — i ().

The other equalities of (9) follow directly from Kolmogorov forward equations and (10)
follows from the Laplace transform of (9). The proof is complete. [

We now investigate the relationship of ®(A) and I'T(A). For this purpose, we define
Aij(A) =1 = Amy(A), i,j>0 (11)
and
H(A) i= AN+ adoo (][4 + BA(A)] — epAro(A) Agi (1)} (12
The following theorem reveals that ®(A) can be reexpressed with IT(A).

Theorem 2. Let ®(A) = (¢j4(A) : j,n € S) be the Q-resolvent and II(A) = (7tj,(A) : jyn € Zy)
be the Q-resolvent. Then,

(A + BA1(A))70,4(A) — BAo1(A) 71,0 (A)

Pon(A) = HOV , n>0, (13)
pra(r) = 21001 (D) ;g; tAoM)ma) 5 (14)

and
47]',71(/\) = Tjn ()\) + 1:]‘(/\)7[0,71(/\) + G]'(/\)Tfl,n (/\)/ ] >2,n>0, (15)

where
 wapA(MA(Y) — a(A + BAL(1)Ap(V)

Fi(A) := ! TH : (16)

and
Gi(A) = aPAg1(A)Ajo(A) — B(A + aAgo(A))Aji(A) an

j =

AH(A)

with (7, (A) @ j,n > 0) being given by (7).
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Proof. By (10) withj =0,1,
(A+ A0+ B)poo(A) =1 = pdo1(A),
(A + w1 +a)po1(A) = Aodoo(A) + pago2(A), (18)
A+ wn +7)Pon(A) = Ap1¢on—1(A) + pnr1ons1(A), n>2,
(A+ A0+ B)p1ro(A) = md1,1(A),
A+ wi+a)p11(A) =1 = Agp10(A) + papr2(A), (19)
A+ wn +7)P10(A) = Ap_1P10-1(A) + ppprPrn(A), n>2
and by (5) withj =0, 1,
(A+Ao+7)m00(A) =1 =p1mo1(A) + .
(A+ w1 +9)mo1(A) = Aomron(A) + p2rto2(A) + % (20)
(/\ + wn + V)HO,n(A) = /\n—lno,n—l ()\) + Un+1700,n+1 ()‘)/ n>2.
(A+ Ao +7)mo(A) = prma(A) + 5,
A+ @i+ 7)1 (A) = 1= Agrri(A) + parmia(A) + &, (21)
A+ wn +7)m10(A) = Apoamn—1(A) + T ua (A), 1> 2.
We let
‘PO,n(A) =A(N) TT0,n (A)+ B()‘)nl,n (A), n>0. (22)
Substituting (22) into (18) and using (20), we have
(/\ + OCAO()()\))A(/\) + 0CA10(/\)B(/\) =A (23)
BAo(A)A(A) + (A + BA11(A))B(A) = 0.

Indeed, by the first equality of (18),
(A + Ao+ B)[AM)m00(A) + B(A)r0(A)] =1 = pa[A(A) 70,1 (A) + B(A) 1,1 (A)],

ie.,

AM[(A+ Ao+ B)mo,0(A) — p17m0,1(A)] + BA)[(A + Ao + B)m1,0(A) — prma(A)] =1

It follows from the first equality of (20) and the first equality of (21) that
(A+aAp(A)A(A) +aAp(A)B(A) = A.
By the second equality of (18),

(A +wy +a)[A(A)m1(A) + B(A) 71,1 (A)]
= Ao[A(M)m0(A) + B(A)7t1,0(A)] + pa[A(A) 7m02(A) + B(A)711,2(A)],

ie.,

AM)[(A+ w1 +a)mo1(A) — Ao7to,0(A) — parmo2(M)]
+B(M)[(A + wy +a)7r1,1(A) = Aorrro(A) — pam2(A)] = 0.
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It follows from the second equality of (20) and the second equality of (21) that
BAn(MAA) + (A + BA11(A)B(A) = 0.
Therefore, (23) holds. It follows from (23) that

_ A+ AN

_ “PAn(M)
H(A) '

A(A) and B(A) = HA)

The other equalities of (18) also hold.
We let

b1,n ()\) = C(A)ﬂo,n(A) + D(A)nl,n()\)/ n = 0. (24)

Substituting (24) into (19) and using (21), we have

0
N (25)

{(/\ +a — aArgo(A))C(A) +a(1 — Ampo(A))D(A) =
B(1—Amo1(A))C(A) + (A+B — BAm,1(A))D(A)

Indeed, by the second equality of (19),

(A +wi +a)[C(A)mo1(A) + D(A) 1 (A)] =1
= Ao[C(A)7m0,0(A) + D(A)711,0(A)] + H2[C(A) 7m0 2(A) + D(A)11,2(A)],

ie.,

[(A + w1 +a)m1(A) — Ao7t0,0(A) — pato,2(A)]C(A)
+[(/\ + w1 + 0()71’1,1 ()\) — )L()T[l’()(}\) — ‘uz?'fllz()\)]D()\) =1

It follows from the second equality of (20) and the second equality of (21) that
BA(A)C(A) + (A + pA1(A)D(A) = A.
By the first equality of (19),
(A 420+ B)C(A)m00(A) + D(A)r1,0(A)] = 1[C(A) 70,1 (A) + D(A) 1,1 (A)],

ie.,

[(A+ Ao+ B)mo0(A) — p170,1(A)]C(A) + B(A)[(A + Ag + B)7t1,0(A) — pa7m1,1(A)] = 0.

It follows from the first equality of (20) and the first equality of (21) that
(A +aAp(A))C(A) +aAi(A))D(A) = 0.
Therefore, (25) holds. It follows from (25) that

—aAqp(A)
H(\)

_ A+ aAg (/\)

CA) = and D(A) = HO)

The other equalities of (19) also hold.
By (10) with j > 2,

(A+ A0+ B)pjo(A) = mji(A),
(A +wr +a)p;1(A) = Aopjo(A) + pagia(A), (26)
()\ + wy + ’Y)(Pj,n (/\) - 5j,n = /\nfl(l)j,n—l (/\) + Vn+1¢j,n+l (A)r n>2
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and by (5) with j > 2,

(A+ Ao+ 7)7j0(A) = pamja(A) + 5,
(A + w1+ 7)1 (A) = Agio(A) + parjn(A) + &, (27)
(At wn +7)70(A) = 80 = An17ju1(A) + pus17 1 (A), n > 2.

Let
$jn(A) = Di(A) 70 (A) + F(A) 0,0 (A) + Gj(A)11,(A). (28)

Substituting (28) into the last equality of (26), we have

Di(M[(A 4+ wn + 7)70(A) = Ap17n-1(A) = g1 71 (A)] = 6
+F(A)[(A+wn +7)70,0(A) = Ap—1700-1(A) = Hur170,041(A)] (29)
+G](/\) [(A+wn +7)m10(A) = Auc1mn-1(A) = g1t 41 (A)] =0, n>2.

By the last equalities of (20), (21) and (27), we have D]’()L)éj,n = Jj, for n > 2 and hence

D;(A) =1.
]
Substituting (28) into the first and second equalities of (26) and using (20) and (21),
we have
{(7\ +aAg(A))Fj(A) +aA1(A)Gj(A) = aAmjo(A) —a, (30)
BAn(M)E(A) + (A + BA11(A))Gj(A) = BAmji(A) —
Solving (30) yields (16) and (17). The proof is complete. [
By Theorem 1, we know that
AT (A) = AZtj (A +7) + afton(A +7) + PR n(A + 7).
Denote
a,(A) =1—asto(A+7v) — BArrn(A+7), n>0. (31)
Then, Aj,(A) can be represented as
Ajn (A) =an(A) — Aﬁj,n (A+7), (32)
Hence, by some algebra, H(A) can be represented as
H(A)
= aBlag(A) 701 (A +7) + a1 (A)7,0(A +7) — ATty o(A + 7)Ao (A + 7))
+aag(A)B(A) + par(A)a(A) + Aw(A)B(A), (33)

where a(A) =1 —afoo(A+7), B(A) =1—BA11(A+ 7). Indeed,

AH(A) = (aag(A) + Aa(A))(Bar(A) +AB(A))

—ap(ag(A) — Aty o(A +7))(a1(A) — Ao (A + 7))

= aPag(A)ar(A) +arag(A)B(A)
+BAar (A)a(A) + A%a(A)B(A)
—apag(A)ar(A) + aBag(A)Afo1(A +7) + afar(A)ATt (A + )
—apA*A10(A+ 7)Ao (A +7)

= Aaplag(A )ﬁfo 1(A+7) +a1(A) A1 0(A +7) — Afto(A + 7)o, (A +7)]
+A[aag(A)B(A) + Bar(A)a(A) + Aa(A)B(A)]
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which implies (33).
The following theorem further reveals that () can be reexpressed with TT(A).

Theorem 3. Let ®(A) = (¢j4(A) : j,n € S) be the Q-resolvent and II(A) = (7tn(A) s jn€Zy)
be the Q—resolvent. Then,

Uj(A)fton(A+ ) 4+ Vi(A) 7t (A + .
Pin(A) = Rju(A+7) + [ ol WQI(A)]( UGE 7), j,n>0, (34)

where
Uj(A) = a(A +a+ B)B(A)70(A +7) + aB(A +a+ ) tro(A+ 1) Rj1 (A +7),
and
Vi(A) = BA +a+ B)a(M)7j1(A+9) +ap(A+a+ B)o1 (A +7) oA+ 7).
Proof. By (11) and (12) and Theorem 1, we know that for any j,n > 0,
Apn(A) = 1=A%,,(A+7) —afon(A+79) = Btru(A+7)

= AAou(A+7) = Aju(A+7)] + Aou(A)
)‘[7%1,71 ()\ + 'Y) - ﬁj,n ()\ + 'Y)] + A1 ()\)

Note that the right-hand sides of (16) and (17) are well defined. We can define F]()L) and
G;j(A) for j = 0,1. Hence, it follows from Theorem 2 that for any j > 0,
AH(A)E(A) = apA1o(A)Ae1(A) +aBAA(A)[fo1 (A +7) — A1 (A +7)]
—a(A+ BA11(A))Ago(A) — aA(A + A1 (A)) [Fo0(A +7) — Ajo(A +7)]

and

AH(M)Gi(A) = —BAAp(A) +aBAAg (A)[Aoo(A +7) — Ajo(A +7)]
—BAMA +aAg(A)[Ro1(A+7) — A1 (A + 7))

Therefore, by some algebra, we can obtain

AH)F(A) + 5 (14 F(A) + Gj(A)]

= aA(A+a+B)(1—BArL1(A+7))R0A+7) +aBAA+a+ B)A1o(A+ 7)1 (A +7)
= AU(A), j>0. (35)
Similarly,

AH(A)[G;(A) + g(l + F(A) + Gj(A))]

= BAA+a+B)(1 —afoo(A+7)Rj1(A+7) +aBA(A+a+ B)Ro(A+7)Rj0(A+7)
= AV;(A), j=>0. (36)

By Theorems 1 and 2, foranyj > 2,n >0,
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$in(A) = 7n(A) + F(A)mon(A) + Gj(A)n(A)
D(ﬁo/n()\ + ’)/) + ,Bﬁl,n(/\ + 7)
A
D(ﬁ’o[n ()\ + ’)’) + ,Bﬁ'l,n()L + 7)]
A
&ty (A +y) + AL, (A + 7)]
A

= ﬁj,n()‘ + 7) +

M) [Aon(A+7) +

+Gi (M) [t (A+7) +

= (A7) + ) + 3

HG) + B+ B+ G0 A1alr 7).
where F;(A) and G;(A) are given in (16) and (17). By (35) and (36), we know (34) holds for
j=2,n2>0.

As for j = 0, by (13) and Theorem 1,

1+ F(A) + Gj(A))] - Ao (A + 1)

47O,n()\)

_ AA+BANA))mon(A) — BAAG(A)7T1,u(A)
AH(V)
_ A+ BANA)[A +a)Aou(A+7) + BR1a(A + V)] = BAn (M) [(A+ B)trn(A +7) +astou(A +7)]
AH(A)
_ A+y(A+ ﬁ:\qllil((/?))) — aBAgi (M) Aon(A+7)+ BIA + BAn (?H(g))\ + B) Ao (A)] (A +7)
— Aon(A 1)+ (A+a)(A+BAn 2;{(;\)04[%101(7\) —AH(A) Aon(A+7)
PIA+PANN) — (A + P)An ()]
n 11 i 01 (A7),

By the definition of H(A),

(A+a)(A+BA1(N)) —aBAn(A) — AH(A)
= (A+a)(A+BA1n(A)) —aBAoi(A) — (A +aAp(A)) (A + BA11(A)) +aBArg(A)Aer (L)
= a(A+BA1(A))(1 = Ag(A)) —aBAgi(A)(1— Arg(A)).

On the other hand, by some algebra, we can see that

Aly(A)

(1 + Fo(A) + Go(A))]

) — (/\ + BA11(A))Ago(A)) + a(A + BA11 (L)) —aBAx(A)
1—Ago(A)) —aBAp(A)(1— Ag(A)),

AHM[Fo(A) + 5
= aPfAi(A)Aoi(A)
a(A+ BA1(A))(
MWoh) = AHW)[Go) + £ (14 B(a) + Go(a))]
= aBAo(A)Ag(A) = B(A + &Aoo (A)) Aot (A) + B(A + BA11(A)) — B2 Api (M)
= BA+BA1(A) — (A +B)An(A)].

Therefore, (34) holds for j = 0. By a similar argument, (34) also holds for j = 1. The proof
is complete. O

We now consider the probability distribution of C; and the related probabilities
P(C] <t, C]',O < Cj,l) and P(C] <t, C]',l < Cj,O) Itis easy to see that P(C] <t, Cj,k < Cj,lfk)
is differentiable in f for k = 0,1. We let d; () = dt P(C; < t,Cijx < Cj1_g) fork =0,1.
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Also, we let A;;(A) denote the Laplace transform of d;(t) for k = 0,1 and A;(A) denote
the Laplace transform of d;(t).

The following theorem presents the probability distribution of C; (j > 0) in the Laplace
transform version and the probability that the first effective catastrophe is an a-type or a

B-type.
Theorem 4. For any j > 0, we have

o) = PR P =20,

BA+a)(1—Agji () —ap(l — Agjo(A))
A2+ (a+ B)A

Aii(A) =

and

(1 — Adip(A — A (A
A = 0 ¢,0<A>il—ﬁ<; 4n(4)

where §jo(A) and ;1 (A) are given in Theorem 3. In particular,

a[1+ B(¢j1(0) — ¢0(0))]
a+p ’

P(leo < Cj,1) =

Bl1+ a(¢jo(0) — ¢;,1(0))]
a+ B ’

P(Cj1 < Cjp) =
where §jo(A) and §;1(A) are given by (34).
Proof. By the definitions of {M; : t > 0} and {N; : t > 0}, we know that for any j > 0,
t
P(Cjo < t,Cjo < Cin) = /0 dip(T)dT = Iy _o(b),
t
P(Cj,l <t Cj,l < C]',o) = / dj/] (T)dt = h]‘/,l(t)
0
and
]'(T)dT = h]',,z(t) + h]',,1 (t).

Therefore, djo(t) = I _,(t), dj1(t) = hj_;(t) and d;(t) = h; _,(t) + I

i1 (t). Hence,

Ajo(A) = Adj,2(A),  Aji(A) = A —1(A)

and
Ai(A) = Agj2(A) +Agj1(A).
By (10) of Lemma 2, we know that
(A +a)Apj,2(A) +arg; 1(A) = a(1 - Apjp(A))
and

PAGj,2(A) + (A + B)A;,1(A) = B(1 = Aj1(A)).
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Therefore, by the first two equalities of (10),

a[(A+B)(1—Agjo(A)) — B(1 = Adj1(A))]
A2+ (a+ B)A !

Ajo(A) = Agj2(A) =

Bl(A +a)(1—Agj1(A)) —a(l—Apjn(A))]
A2+ (a+ B)A

Ajr(A) = Agj_1(A) =

and hence

y(h) = S PO A0 )

Note that P(C; < c0) = A;(0) = 1; the last two assertions hold. The proof is complete. [

The following theorem gives the mathematical expectation and the second moment

of C]

Theorem 5. Foranyj > 0,

_ 14 agio(0) + Be;1(0)

E[Cﬂ x+p
and
201+ agy0(0) + Bia (0) — (a+ B) (o (0) + Bl (0))]
FIG1 = (a+ PP ’

where ¢;o(A) and ;1 (A) are given by (34).
Proof. By Theorem 4, we have
(A +a+B)Aj(A) = a(l = Agjo(A)) + B(1 = Agj1(A)).
Differentiating the above equality yields
(A+a+B)Aj(A) +4j(A) = —a(Apjo(A) = B(A;1 (D))" (37)

Let A = 0 and note that A;(0) = 1. We have

1+ adjo(0) + B;1(0)
- a+p '

Differentiating (37) yields
(A +a+ AT (A) +245(A)

= —a(Agjn(A)" = B(APj1(A))"
—a[Agjo(A) +2¢70(A)] = BIAG1 (A) + 2951 (A)].

Let A = 0 in the above equality yield

(2 + B)A(0) +2A4j(0) = —2a(0) — 284, (0).
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Therefore,
E[C}] = A7(0)
2(=8(0) — a9l 0) — B¢}, (0))
x+p
201+ agio(0) + B (0) — (a+ B)(ag}(0) + B} (0))]
B (a+p)>2 '

The proof is complete. [
Finally, if « = 0 or B = 0, we obtain the following result which is due to Di Crescenzo et al. [11].

Corollary 1. (i) If B = 0, then for any j > 0,

1 7jo(a)
HG = 2 T aroo)
and
pien = 2 (14 el®) () @)@
a2 1—afgo(a) 1—age(a) (1 —afgo(a))?
(ii) If « = 0, then for any j > 0,
;o1 i1 (B)
ElG1 = B 1B (P
and
2 2 B7ti1(B) _ 27%]/',1 (B) 3 53ﬁj,1 (ﬁ)ﬁi,l (B)
FlGl =g (1 T (B 1B (- PP )

Proof. If B = 0, by Theorem 3,

. oA 0(7%]',0(/\4“06)7&[0,0()\4“0() . ﬁj,o(/\+06)
Piolt) = Ao+ o)+ = e T T—aAgeA )
Therefore,
o Tola)
9i0(0) = 1—aroo(a)

and

4)’. (0) = 7%;,0(1)() “ﬁj,O(“)ﬁf),o(“)

PN 1 —argp(a) (1 —aftoo(w))?

Hence, by Theorem 4,

ElC) = 1+a¢jo(0) 1 N 7o (@)

« o 1—afgp(a)

and
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2 /
E[C]] = 2L+ adjo(0) — o¢75(0)]
2 . aftjpo(a) rx2ﬁ;,0(1x) a?’ﬁjlo(oc)ﬁ(’),o(a)
B ? 1-— 0(76[0/0(06) - 1-— [Xﬁo’o(lk) B (1 — Déﬁo,o(tx))z ’

(i) is proven. The proof of (i) is similar. [

4. Summary

In this paper, we mainly considered the influence of two-type catastrophes in the
general birth—death processes. We first revealed the relationship of transition probability of
the process with catastrophe and transition probability of the process without catastrophe
in the Laplace transform version. Then, we constructed a new process, { Mt > 0}, which
coincides with {N; : t > 0} until the occurrence of catastrophe and can distinguish what
type the first effective catastrophe is when it occurs. By discussing the relationship of the
transition probability of {M; : t > 0} and the transition probability of the process with
catastrophe, we established the relationship of the transition probability of {Mt > 0}
and the transition probability of the process without catastrophe in the Laplace transform
version. Finally, we obtained the probability distribution of the first occurrence time of
an effective catastrophe in the Laplace transform version and the probabilities of that the
first effective catastrophe is an a-type or a g-type. In particular, if &« = 0 or f = 0, we then
obtained the results in Di Crescenzo et al. [11].

Relevant to the model considered in this paper, there are some interesting and impor-
tant problems. For example, we let C;(n) (n > 1) denote the occurrence time of the n’th
catastrophe. What is the probability distribution of C;(1)? And also, how do the multi-type
catastrophes affect a branching system?
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