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1. Introduction

Fixed point theory, a captivating area of study, is useful across many areas of research,
most especially in engineering and sciences. With its wide range of applications, mathemati-
cal analysis depends heavily on this popular and very effective method for problem solving.

Maurice Fréchet [1], in his seminal work, introduced the concept of a metric space as
a generalization of the traditional notion of distance. In the literature, through a variety
of methodologies and alterations to the underlying axioms, the idea of metrics has been
broadened and diversified. Out of the many generalizations, only a few are genuine, such as
the semi-metric (proposed by Wilson [2]), quasi-metric (proposed in [3]), b-metric (proposed
in [4,5]), dislocated quasi-metric (dg-metric) (proposed in [6]), S-metric (proposed by
Sedghi et al. [7] through alterations to the symmetry property), parametric (proposed
by Hussain et al. [8]), parametric S-metric (proposed by Tag and Ozgiir [9]), S,-metric
(proposed by Souayah and Mlaiki [10] and modified by Rohen et al. [11] in 2017), extended
Sp-metric [12], generalized dg-metric (proposed in [13]), and parametric S,-metric spaces
(proposed by Tag and Ozgiir [14]). Recently, Mani et al. [15] introduced the notion of
an extended parametric Sy-metric space and derived some well-known classical fixed
point theorems along with its topological property. Numerous scholars have thoroughly
investigated these spaces and derived several kinds of results on the existence of fixed
points; a few of them are [16-19].

In 1976, Jungck [20] proved a fixed point result for a pair of maps (assuming that one of
them must be continuous) by generalizing the Banach contraction principle. A considerable
amount of study has been focused on the analysis of common fixed points of mappings
that satisfy certain contractive conditions. Some authors have demonstrated the existence
of a fixed point for a map that may exhibit a discontinuity in its domain. Nevertheless,
the maps in consideration were continuous at the fixed point. Recent years have seen
numerous authors using similar ideas to obtain coincidence point results for different kinds
of mappings on metric spaces. We refer the reader to see [21-24].
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Prior to discussing the primary findings of this research, it is necessary to provide sev-
eral essential theories that include crucial definitions, illustrative instances, and supporting
lemmas, all of which will significantly contribute to the proof of our main theorems.

2. Basic Principles and Relevant Literature
Definition 1 ([7]). A function S : X3 — [0, c0) is said to be S-metric on a nonempty set X, if it
satisfies the following axioms for eachv,p, u, 7 € X:

1. S(v,p,u) >0;

2. S(v,p,u) =0ifandonlyifv=p =,

3. Sw,p,u) <S(,v,t)+S(p,p,T)+ S(, 11, 7).
The pair (X, S) is called an S-metric space.

Definition 2 ([11]). A function Sy, : X3 — [0, 00) is said to be Sy-metric on a nonempty set X,
with b > 1, if it satisfies the following axioms for each v, p, u, T € X:

1. Sy(v,p,p) =0ifand onlyifv=p =,
2. Sp(v, o) < B[Sy (v, v, T) + Sy (0,0, T) + Sp(p 1, )]

The pair (X, Sy,) is said to be an S,-metric space.
The subsequent definition was given by Mani et al. [25].
Definition 3 ([25]). A function Sy : X x (0,00) — [0,00) is said to be extended parametric

Sy-metric on a nonempty set X, where N : X3 — [1,00) is a positive real-valued function, if it
satisfies the following axioms for each v, p, u, T € X:
Sn-1. Sn(v,p,u,A) =0forall A > 0ifand only if v = p = y;
Sn-2. Sn(v, 0,1, A) < N(v,p, ) [Sn(v, v, T, A) + Sn(p, 0, T, A) + SN (i, T, A
The pair (X, SN) is called an extended parametric Sy-metric (EPSb) space .

Example 1 ([25]). Let X = R. Define function N : X3 — [1,00) by
N(v,p,p) =1+ [v]+]p]
and a function Sy : X2 x (0,00) — [0, 0) by
SnwomA)=Nlv—p|+lp—pul+[v—p]
foreachv,p,u € Rand for all A > 0. Then, Sy is an extended parametric Sy-metric space.
Example 2. Let X = {f|f : (0,00) — R} and define function N : X3 — [1,00) by
N(v,p,p) =1+ |v|

and the function Sy : X3 x (0,00) — [0,0) by

Sn(v,p,,A) = ([v(A) = (M) + [v(A) = ()| + [p(A) — p(A)])?
foreachv,p, i € Xand forall A > 0. Then, (X, Sy) is an extended parametric S,-metric space.
Remark 1. It is important to mention here that a parametric S-metric space is a generalization of
an S-metric space that introduces a parameter to the distance function. This parameter modifies

the way distances are measured between points in the space. Some more examples of parametric
S-metric and parametric Sy-metric spaces can be found in [8,9,14,25].

Remark 2. It is also worth it to note that every extended parametric Sy-metric space, in general, is
not a parametric S-metric space. Indeed, let us consider the following functions for each A € (0, 00)
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and N(v,p,p) =1+ |v| forallv > 3:

v(A) =5,0(A) =7,u(A) =9 and T(A) = 6.

This is not a parametric S-metric space.

Definition 4 ([25]). Suppose (X, Sy) is an extended parametric Sy-metric space. The pair (X, Sy)
is said to be a symmetric extended parametric Sy-metric space, if for all v, p € X, where A € (0, )
is a parameter, it satisfies the following condition:

Sn(v,v,0,A) = Snl(p,p, v, A).

Definition 5 ([25]). A sequence <v,,> in an extended parametric Sy-metric space (X, Sn) is said
to be the following:

1. Conwvergent if it converges to v if and only if SN (Vy, v, v, A) < € for all n > ng and for all
A>0.

2. Cauchy sequence if limy, 0o SN (Vn, Vn, Vi, A) = 0 for all n and m, with n > m, and for all
A>0.

Definition 6 ([25]). The space “(X, Sn) is called complete if every Cauchy sequence is convergent
in X"

Definition 7. A function T : (X,Sy) — (X, Sy) is said to be continuous at a point v € X,

where (X, Sy) and (X, S;\]) are two extended parametric Sy-metric spaces, if for every sequence
{vn} in X and forall A > 0,
SN (Vn, Uy, v,A) = 0

implies that
Sn (T (vn), T (va), T (v),A) = 0.

Remark 3. A function T is said to be continuous at X if and only if it is continuous for all v € X.

Definition 8. Let (X, Sy) be an extended parametric Sy-metric space. A pair of self-mappings
{T,U} is said to be compatible if and only if

nh_r)]f(}o SN(TUV, TUV,, UT vy, A) =0,

whenever {vy } is a sequence in X such that

Iim 7v, = lim Uv, = v
n—oo n—oo

for some v € Xand for all A > 0.

This study aims to establish the existence and uniqueness of a common fixed point
by presenting two theorems in complete symmetric extended parametric S;-metric spaces.
In later sections, we provide some examples along with graphical representations, several
corollaries, and an application to discuss the existence of a common solution to a system of
integral equations and substantiate the main findings. The results obtained not only gener-
alize but also expand some well-known results from the existing literature on symmetric
extended parametric S,-metric spaces.

3. Common Fixed Point Theorems for Pair of Self Maps

This section aims to provide a collection of significant lemmas that are valuable in the
endeavor of demonstrating our fundamental theorems.
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Lemma 1. Let (X, Sy) be a symmetric extended parametric Sy-metric space. Suppose there exist
two sequences {vy } and {py} such that for all A > 0,

nlgl;lo SN (U}’l/ 1/1’1/ Pn/ /\) = 0
If the sequence {vy, } € Xexists such that limy,—co vy = v forsomev € X, then limy o pn = V.

Proof. Given that for any sequences {v,}, {p,} € X,

lim S (v, v, pn, A) = 0. 1)
limy, 00 v, = v gives that
nlgrolo SN(Vn, Vn,v,A) = 0. )

Claim: limy ;00 oy = V.
To prove this, we show that

lim Sn(pn, pn,v,A) = 0.

n—o0

Suppose that on the contrary, lim,_,co SN (0, Pn, v, A) # 0.
Since (X, Sy) is a symmetric extended parametric S,-metric space,

SN(Pann/ 1// )\) S N(Pn/pnrv) {ZSN(Pn/ Pn/ 1/}’l/ /\) + SN(V/ 1// U}’l//\)}
< N(on, pn, V){28N (i, Vi, o1, A) + SN (Vi v, v, A) }

In taking the lim sup as 1 — oo in the above inequality and making use of Equations (1)
and (2), we have

limsup Sn(pn, pn, v, A) < 0.

n—oo

Hence, lim, 00 pr =v. O

Lemma 2. Let (X, Sy) be an extended parametric Sy-metric space and suppose that there exists a
sequence {pn } € X such that for all A > 0, it satisfies

SN(Pn/Pn/Pnflr /\) < 93N(Pn—1,Pn—1,Pn—2,/\)- (3)

If forany vy € X,

. 1
H}#EOON(Vn/VnI Vm) < %r

4)

where 0 < 0 < 1, then {py, } is a Cauchy sequence in an extended parametric Sy-metric space.

Proof. Using iterations on Equation (3), we obtain

SN(Pn/Pn/Pn—l//\) S GnSN(p]IpllpO/A)' (5)
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For all m,n € Nwithm > nand A > 0, in using condition Sy-2 from Definition 3 and
applying Equation (4), we obtain

SN(Pn/Pn/ Pm/ /\) S N(p}’l/ Pi’l/ Pm) (26)HSN(p1/ Pl/ PO/ A)
+ N (o, o, 01)N (01, Prs1, om) (20)" 1SN (01, 01, p0, A)

+ N(on, 01, 0m)N(nt1, 0n41,0m) - - N(Om—1,0m—1,0m)
(20)" 1S (01, 01,0, A).

Consequently, we obtain

SN(PH; Pn/ Pm; A)

[ N(p1,01,0m)N(p2, 02, 0m) - - -
N(Pn—llpn—ll Pm)N(Pn/Pn/ Pm)(ze)n

+ N(p1,p1,0m)N (02, 02, m) - - -

< Sn(p1, 01,00, A) N(on, 0n, 0m)N(0ns1, 0041, 0m)(26)"

+ N(p1, 01, 0m)N (02, 02, 0m) - - -
L N(om—2,0m—2,0m)N(Om-1,0m—1,0m)(20)" 1 |

m—1 o
< Sn(p1, 01,00, A) Y (20) T [ N(pi, pis om) (6)
j=n i=1

Suppose we have a series

n

B =3 (20)"TIN(pi piom)
n=1 i=1
and its partial sum
n o
By =3 (20) TIN(pi, pir om)-

1 i=1

-
I

In applying the ratio test and using Equation (4), the series
n n
) (20)" T TN (e pi om)
n=1 i=1

converges.
Hence, from Equation (6), for m > n, we have

SN(Pann/Pmr/\) S SN(PLPLPO//\) [Bm,1 - B}’l]

Thus, Sx(0n, on, Pm,A) — 0 as n,m — oo. In what follows, {p,} is a Cauchy se-
quence. [

Let us begin with our first result.

Theorem 1. Suppose that T,U, W, and V are self-maps defined on a complete symmetric extended
parametric Sy-metric space (X, Sy ), with T (X) C V(X)) and U(X) C W(X) such that for each
v,0,u € Xand forall A > 0with 0 < k < 0 < 1, the following is satisfied:

Sn(Tv, Tp,Uu,A) < OM(v,p,u,A), (7)



Mathematics 2024, 12, 1460 6 of 20

where

B SnUp, U, Vu, ), Sn(Tv, Tv, Wv,A), Sn(Wv, Wp, Vi, A)
M(v.p.p A) = max{ Sn(Tp, To,Up, 1), kSn(Wv, W, Un, A) '

Further, assume that for any vy € X,

. 1
n,%rgoo Ny, Vy, Vi) < TR

)

Moreover, let the pairs {T, W} and {U,V} be compatible. Then, T,U, W, and V have a
unique common fixed point in X provided that VW and V are continuous.

Proof. Let vy € X. Since 7 (X) C V(X), therefore, there exists v, € X such that Tvg = Vv,
and also, U(X) C W(X) implies that one can choose v, € X such that Uv; = Wr,.
In general, we can construct sequences {vo,+1}, {Von+2} € X such that Tva, = Vv, 41 and
Uvay 1 = Wi o

Let us assume that 5,11 # V2,4+2. Therefore, we can choose a sequence {p,} € X
such that for all n > 0,

020 = Tvoy = VVout1,

0241 = U1 = Wiy,

Let us substitute v = vy, p = 12, and y = v,41 in Equation (7). We obtain

SN(PZn/ 021, P2n+1, /\) = SN(TVZn/ Tvan, uv2n+1/ A)
< OM(Va, Van, Vony1,A), )

where

SN (U211, UV2y 41, VV2yg1, A),
SN(TVQn,TVZn,WVZn,/\),
M(Van, Vo, Vony1,A) = max SNWvau, Wvan, Vvayi1, A),
SN(Tvan, Tvan, Uvzpi1, A)
kSN(WUZH,Wl/zn, Vl/zn,)\ ,

)
SN(P2n+1/ 02041, 021, A), SN (020, 0201, P21-1, M),
=maxs Sn(02n—1,021n-1,021,A), SN (020, P21, P20 41, A),
kSN (021-1,P2n—1, 02041, A)
SN(PZn—erZn—lzPZn//\)/SN(PZn/PZn/PZH-&-l/)\)/
=maxq kN(021-1,021-1, 020+1){12SN (0201, 02n—1, 021, 1)
+SN (02041, 2041, 020, A) }

kN (021—1, 0211, P2n+1)
max{zSN(Panlz P2n—1,02n, A)’ SN (P2n+1/P2n+1rp2ﬂr A)}

In using Equation (8) and the fact that k < 6, we have

SN(020-1,P2n—-1, P21, A), SN (020, P20, P2041, A),
< max

SN (020-1,P2n—-1, P21, ), } (10)

M(voy,, Vo, V ,A) = max
(v, v2n, Vo1, 4) { SN (021, P21, P2141, M)

Here, two possibilities arise:

Choice-1 SN (P21, P21, P2n+1,A) > SN(P20-1,P20—1, P20, A);
Choice-2 SN (021, P20, P2n+1,A) < SN(020-1,020—1, P21, A)-
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Suppose Choice 1 is true; then, from Equations (9) and (10), we arrive at a contradiction.
Thus, Choice 2 must be true. Hence, from Equation (9), we have

SN (P21, P21, P20+1,A) < OSN(020—1, P20—1, P20, A). (11)

Again, upon substituting v = vy, p = V24, and p = vy,_1, in Equation (7), we obtain

SN(P2n—1,P2n—1, P20, A) = SN (Y2n, P21, P20—1,A)
= SN(Tvan, Tvon, Uvzy—1,A)
S QM(VanVanVZn—lz )\)/ (12)

where

SN(UVay—1, UV, 1, V21, A),
SN(Tvan, Tvon, Wray, A),
M(van, von, Von—1,A) = maxq  SN(Wvan, Wray, V2,1, A),
SN(Tl/zn, 7-1/2”,2/[1/2,1,1, )\)
kSN(WVZn, Wl/zn,uvzn_l, /\),

SN (02n-1,P2n—-1, P2n—2, ), SN (0211, P21, P201-1, M),
=maxq SN(021—1,021-1,P2n—2, 1), SN (021, P21, P20—1,A),
kSn(020-1,P2n—1,P20—1,A)

= max{Sn(p2n—2, 0212, P2n-1,A), SN (021, P21, P2n-1,A) }.

By following an argument similar to that above, we can obtain
SN(P2n-1, 0201, P2n, A) < OSN (0202, P21n-2, 201, 1) (13)
From Equations (11) and (27), we obtain
SN (020, 020, 02041, A) < OSN (0201, 0201, 020, 1) < 6°SN (0202, 0202, 0201, A)
Consequently, for n > 2, it follows that
SN (0,0, Pns1,A) < OSN(Pn—1,0n-1,0n,A) < 6°SN(0n—2,0n—2,0n-1,7)

Reiterating the process # times, we obtain

SN(Pn Pnspn-1,A) < 0"Sn(p1, 1,00, 1) (14)

Lemma 2 guarantees that the sequence {p, } is a Cauchy sequence.
Since X is a complete extended parametric S,-metric space, there exists some p € X
such that

lim Tvp, = lim Vv y1 = Hm Uvyy g = lim Wioip = p. (15)
The continuity property of WV provides that

lim W40 = Wp, lim WT vz, = Wp.
The compatibility property on (7, W) and Lemma 1 provide that

nlgr;o TWup, = Wp (16)
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Further, from Equation (7) and upon substituting v = p = Wiy, and u = v,41,
we obtain

SN (TWVZn/ TWl/zn, UV2n+1/ )\) S QM(WVQn, Wl/zn, Von+1, )\) (17)
where

SN UV 1, UV2 11, VY2041, A),

SN(TWUZn, TWUZn, Wzl/zn, )\),

M(WU2,1, WVzn, Von+1, )\) — max SN(Wzl/zn, W21/2n, VVZn-&-ll )\),
SN(TWVzn, TWVzn, Z/[Uzn+1, A

kSN (W2, W22, Uvag 1, A

(18)
)
)
Now, by taking the upper limit as n — co in Equations (17) and (18), we obtain
SNWpo, Wo,p,A) = lim Sn(TWvan, TWvan, Uvan 1, A)
< 0 lim M(Wvau, Wvan, Van+1,A)

0,0, Sy(Wp, Wp,p,A),
= gmax{ SN(Wp, Wp,p,A),kSn(Wp, Wp,p, M)

=0SN(Wp, Wp,p, A).

Since 0 < 6 < 1, it follows that Wp = p.
Also, the continuity of V implies that

lim V2uy,0=Vp,  lim VUvay = Vp.
Since the pair (U, V) is compatible, in using Lemma (1), we obtain
Jim UVaniq = Vp
Upon substituting v = p = 12, and y = V1y,41 in Equation (7), we obtain
SN(Tvan, Tvan, UVvay 11, A) < OM(vay, Vo, Vani1, A) (19)

where

SN(UVVayi1, UV Vo1, V211, A),
SN (TVZHI TVZH/ WV211/ A)/
M(VZn/ Vo, VVani1, /\) = maXx Sn (WVZn/ Wuoy, V2V2n+lr /\)r (20)
SN(Tvan, Tvon, UV 41, A)
kSN (Wl/zn, Wl/zn, UVV2n+1, )\)

By taking the upper limit as n — oo in Equations (19) and (20), we obtain
SN(p/ O, VP, A) = nh_rggo SN(TVan TVan uvv2n+1/ A)
S 0 }111—13’010 M(V2n,1/2nr VVZH+1/ A)

= max{0,0,Sn(p, 0, Vp,A), Sn(p, 0, Vo, A), kSn (0,0, V0, M)},
< Snl(p,p, Vo, A).

This is possible if Vo = p.
Once again, from Equation (7),

SN(TP/ TP/Z/{VZI’H-'I/)\) S QM(P/P/ VZl’l-‘rl/)\) (21)
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where

SN (Uvani1, Uvanir, Vvania, A), Sn(Tp, Tp, Wp, ),
M(p/ Pr V2n+1/ A) = max SN(WPI Wy/ VV2H+1I /\)/ SN(TPI Tpr uv2n+1/ A)/
kSN(Wpr WP/ ule’H—lr /\)

And by taking the upper limit as n — oo in (11) and making use of Wp = Vp = p,
we obtain

Sn(Tp, To,p,A) < ﬂmaX{ SN(Wp, Wp,0,A), Sn(Te, Te,p,A),
kSy(Wp, Wp,p, A)

=SN(Tp, Tp,p,A).

Sn(p, 0,0, 1), SN(Tp, Tp,p, 1), }

Since 0 < 6 < 1, it follows that S(7p, Tp,p,A) =0and Tp = p.
Similarly, using the same argument, from Equation (7), we can deduce that

Sn(p,p,Up, A) = Sn(Tp, To,Up, A)

Sn(Up,Up, Vo, A), SN(Tp, Te, Wp, A),
< fmaxs SNWp, Wp, Vo, L), Sn(Tp, Tp,Up, A)
kSn(Wp, Wp,Up, A)

= 0SN(Up,Up,p, A).
which implies that Sy (p, p,Up, A) = 0 and Up = p.

Thus, we proved that
Wp =Vp=Tp=Up=p.

If there exists another common fixed point v in X of all 7,4, W, and V, then
Sn(v,v,0,A) =SN(Tv, Tv,Up,A) < OM(v,v,p, M)

where

Sn(Up,Up, Vo, A), Sn(Tv, Tv, Wv,A),
M(v,v,p,A) = maxs SyOWv, Wv,Vp,A),Sn(Tv, Tv,Up, \)
kSy(Wv, W, Up, A).

=Sn(v,v,p0,A).

which implies that Sy (v,v,p,A) = 0 and v = p. Thus, p is a unique common fixed point of
T,U,W,and V. O

Remark 4. If we eliminate the variable k from Theorem 1, then the certainty of the existence of a
fixed point is doubtful.

In the following result, we used an auxiliary function ¢, described below, to establish a
common fixed point theorem in a symmetric complete extended parametric S;,-metric space.

Definition 9. Let ® denote the class of all functions ¢ : [0,00) — [0, 00), which is increasing and
continuous, such that for each fixed t > 0, Y5> 1 ¢"(t) < 00, ¢" (t) — 0asn — oo.

Theorem 2. Suppose (X, Sy) is an extended parametric Sy-metric space, which is symmetric
and complete. Let T,U,V, W : X — X be four self~mappings such that the following conditions
are satisfied:

1. T(X) CVX),UKX) C WX);
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2. V and VV are continuous;
The pair (T, W) and (U, V) are compatible;
4. Forallv,p,u € Xand forall A > 0, there exists a function ¢ € P such that

SN(Tv, Tp,Up, A) < ¢(M(v,p, 1, 1)),

S

(22)

where

_ SNOWv, Wp, Vu, L), Sn(Tv, Tp, Wv, A),
M(V’p’”’A)_max{ SnUw UV, M), Sn(To, To,Un,A).

Further, assume that there exists 0 < 6 < 1 such that for every v € X, we have
nh_r>r°10 Ny, vy, v) < %"
Then, the maps T, U, V, and W have a unique common fixed point.
Proof. Let vy € X be arbitrary point in X. We can construct a sequence {p, } in X as follows:
P2n = Tvan = Voni1, Pont1 = UVapi1 = Wiapip,n 2 0.

Now, we show that {p, } is a Cauchy sequence.
Let d?l-‘rl - SN (Pn/ Pnr pTl+1/ /\)
Then, using Equation (22), we have
dont1 = SN (P21, P21, P2n+1,A) = SN(TVan, TVon, Uvap 11, A)
S ¢(M(V271/V21’l/ V2n+1//\)) (23)

where

SN(WVZ}'Z/ WU2H/ Vv2n+1/ /\)/
SN (TVan TVZT[/ WVZn/ )\)/
M(vy,,, Vo, v SA) =
(V2n, Van, Va1, 4) = max SN( UV 41, UV2 11, VVani1, A),
SN(Tvan, Tvan, Uvayi1, A).
— max{ SN(PZn—l/ PZn—lz PZn/ A)/ SN (P2nl P2n/ PZn—lz)\)/ }
SN(UP2+1, P2n+1, P21, A), SN (020 P21, P2014+1, A )-

= max{don, don, dop+1, dont1}

= max{dz,, doni1} (24)
Here, two possibilities arise:

Choice-1 dyy1 > ¢(don);

Choice-2  dpyp 1 < ¢(day).
Suppose Choice 1 is true; then, from Equations (23) and (24), we arrive at a contradic-

tion. Thus, Choice 2 must be true. Hence, from Equation (23), we have
dont1 < ¢(don) (25)

Further,

drn = S(P2n-1,P21n-1,P21, A) = SN (P20, P20, P21, A)
= SN(TVan TVZn/uVanl/ /\)

< G(M(van, Van, Von—1, 1))
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where

SN (Wvoy, Wy, Vg, 1, A),
SN(TVZn, TVzn, Wl/zn, )L),
SN(UVay—1,UV2y 1, VVy_1, A),
SN(Tvan, Tvon, Uvpy—1, A).

—max{ SN(P2n-1,P2n—1, P2n—2, ), SN (021, P21, P201—-1, M), }

M(VZ?Z/ Vo, Van—1, /\) = max

SN(UP2—-1,P2n-1,P20n-2,A), SN (0211, P20, P211-1, ).
= max{dyy_1,don,d2n—1,d2n }-
= max{dZn—lr d2n}-

Using similar arguments as above, we have

don < P(day—1). (26)

In combining (25) and (26), we have

dans1 < ¢(don) < ¢*(don—1)

More precisely, for all n > 2, we have

SN(On ons 1, A) < P(SN(Pn—1,Pn—1,0n, 1)) < -+ < ¢" (SN (po, o, p1,A))-

For all m > n (from Definition 3), we have

Sn(on, Pn, 0m, A)
= N(on, 01, 0m) 25N (0, 01, 0141, A) + SN(Ons1, Pnt1, Pms A)]
< 2N(ou, 0r1r 1) SN (O s P11, A) + N (01, 0 0 )N (Ons1s Pt 1, 0m)
25N (0n+1,0n+1,0m, A) + SN(On+2, Pnv2, Pms A)]
< 2{[N(pn, on, pm)9" (Sn (o, p0, 1, 4))]
+ [N (0w, 0, 0) [N (0n 11, 0041, 0m)9™ ' (Sn (00, 00, 01, )

+ [N(on, 01, 0m)N(Pns1, 01, 0m) - N(on—1, -1, 0m )™ 2 (Sn (0, po, p1,A)) }

m—=2 n
<2 Y ¢'(Sn(po,po, 1, A) T TN (i pis o)
j:n i=1

Since Y, 1 ¢"(t) < oo forall t > 0, Sn(on, Pn, pm,A) — 0asn — oo. Hence, {p, } is a
Cauchy sequence in X. Since X is a complete extended parametric S;-metric space, there
exists u € X such that

lim 7Tvp, = lim Vv = lim Uv = lim Wv =u.
oo 2n oo 2n+1 Frare 2n+1 00 2n+1

Since WV is continuous, we have

lim W2U2,1+2 = Wu and nll_I)IOIO WT vy, = Wu.

n—oo

Also, as (7T,WV) is compatible, then lim, oo SN (T Wvay,, T Wvo,, WT v, A) = 0. So,
using Lemma 1, we have lim,, .o T Wiy, = Wu.
Suppose that Wu # u. Then, condition (22) gives that

SN(TWVZn/ TWuva,, uWVsz,_], /\) < (P(M(Wllzn, Wi, WV2n+1, )\)) (27)
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where
SN (W22, W2vs, szgﬂ, A),
MOV W Woarot ) 0950 5300 0, [
SN(TWvay, TWvay, Uvay 11, A).
Taking the upper limit as n — oo in (27), we obtain
SNWu, Wu,u, A) < ¢(Sy(Wu, Wu,u, A)).
Using ¢ € ®, we obtain that Wu = u, i.e., u is a fixed point of W.
Similarly, the continuity of V and compatibility of the pair (¢, V) imply that
lim V20,41 = Vuand VlUva, 1 = Vu.
Jim SN (UVvap 1, UV Va1, VUV 11, A) = 0.
Therefore, using Lemma (1), we have lim,—co U V1,11 = V.
Further, assume that Vu # u. Therefore, by condition (22), we obtain
SN(Tvan, Tvan, UVVap11,A) < G(M(van, Van, VVani1,A)), (29)
where
SN(Wvan, Wran, V241, M),
Mt Ve N S0 s oy i g, (O
SN(Tvan, Tvon, UVVay 11, A).
Taking the upper limit as n — oo in (29), we obtain
Sn(u,u, Vu,A) < ¢(Sn(u,u, Vu,A)) < Sn(u,u,Vu,A).
This is possible only if Vu = u. Thus, so far, we have Wu = Vu = u.
Again, upon considering condition (22), we have
SN(Tu, Tu,Uvpps1, A) < p(M(u, 1, V2041, 7)), (31)
where
SNWu, Wu, Va1, A),
M, Va1, A) < max SN(U‘ZZLZZ;T%;Q;L A) 2
SN(Tu, Tu,Uvayi1, A).
Taking the upper limit as n — oo in (31), we obtain
SN(Tu, Tu,u,A) < ¢(Sn(Tu, Tu,u,A)). (33)

If Tu # u, then in based on the property of ¢, we obtain a contradiction. This gives

that Tu = u.

One more time, condition (22) gives that

Sn(u,u,Uu,A) = Sy(Tu, Tu,Uu, A)
< O(M(Tu, Tu,Uu,A)), (34)
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where

M(Tu, Tu,Uu,\) = max{ Sn(Wu, Wu, Vu, A), Sn(Tu, Tu, W, A), }

Sn(Uu,Uu, Vu,A), Sn(Tu, Tu,Uu, A).
= Sn(u,u,Uu, A). (35)

If Uu # u, then upon combining the above two inequalities, we have Uu = u.
Thus, we have deduced that Wu = Vu = Tu = Uu = u; that is, u is a common fixed
point of the maps 7,U,V, and W.
To guarantee the uniqueness, suppose that p is another common fixed point of 7, U, V,
and W; that is,
p=Tp=Up=Vp=Wp.

If u # p, condition (22) implies that

Sn(u,u,p,A) = Sn(Tu, Tu,Up, M)
< ¢p(M(Tu, Tu,Up,)))

where

M(Tu, T, Up, A) = max{ SNWu, Wu,Vp,A), Sn(Tu, Tu, Wu, M) }

SNUp,Up, Vp,A),Sn(Tu, Tu,Up,A).
=max{Sn(u,u,p,A),Sn(u,u,u,A),Sn(p,p,p,A), Sn(1,u, p,A)}
=SNn(u,u,p,A).

Thus, we obtain that

SN(M/ u, pr /\) S 4)(81\](”/ u, P/ )\)) < SN(L{, u, pr /\)/

which is a contradiction. Hence, u = p. Therefore, u is the one and only fixed point of
T,U,V,and W. O

4. Corollaries and Numerical Illustrations

In this part, we discuss the consequential outcomes of our primary findings and
provide only a few instances with graphical representations that highlight the soundness
of our findings.

In letting VV = W in Theorem 1, we have the following result.

Corollary 1. Suppose that T,U, and W are self-maps defined on a complete symmetric extended
parametric Sy-metric space (X, Sn), with T (X) C W(X) and U(X) C W(X), such that for each
v,0,u € Xand forall A > 0with 0 < k < 0 < 1, the following is satisfied:

SN(TV, Tp,u]/l/ )\) S QM(Ur pr ]’l/ )\)I

where

Sn(Uw,Up, Wi, A), Sn(Tv, Tv, Wy, A),
M(v,p,u,A) = max SNOWVv, Wp, W, A)
Sn(Tpo, To,Un,A),kSy(Wv, Wp,Un, A)

Further, assume that for any vg € X,

n}ir_r}oo N(V'rl/ Vn, Vm) < Er

Moreover, if the pairs {T, W} and {U, W} are compatible, then the maps T, U, and VV have
a unique common fixed point in X provided that YV is continuous.
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If we set U = T in Corollary 1, we have the following important result as an extension
and generalization of the result of Jungck [20].

Corollary 2. Suppose that T and W are self-maps defined on a complete symmetric extended
parametric Sy-metric space (X, Sn), with T (X) € W(X), such that for each v, p, u € X and for
all A > 0with 0 < k < 6 < 1, the following is satisfied:

SN(Tv, Tp, Tu,A) <OM(v,p, 1, A),

where

SN(Tu, Tu, Wi, L), Sn(Tv, Tv, Wv,A),
M(v,p, i, A) = max SNOWVY, Wp, W, A)
SN(Tp, To, Tu,A),kSy(Wv, Wp, Tu, )

Further, assume that for any vy € X,

n}%lz)looN(anvn’ Vm) < %/

Moreover, if the pair {T, W} is compatible and W is continuous, then the maps T and YV
have a unique common fixed point in X.

Corollary 3. Suppose that T ,U, and WV are self-maps defined on a complete symmetric extended
parametric Sy-metric space (X, Sy ), with T (X) C W(X) and U(X) C W(X). Forallv,p,u € X
and for all A > 0, there exists a function ¢ € P such that

SN(Tv, Tp,Un,A) < ¢(M(v,p,1,A)),

where

_ SN(WV/ Wpr W,u/ A)r SN(TV/ TP; WV/ )‘)/
Mo A) = max{ SNUpUR W, A), SN(Te, To,Up,A). f°

Further, assume that there exists 0 < 6 < 1 such that for every v € X, we have

ng;lo N(vy, vy, v) < 8

Moreover, if the pairs {T, W} and {U, W} are compatible, then the maps T ,U, and WV have
a unique common fixed point in X provided that YV is continuous.

Proof. If we take V = W, then from Theorem 2, it follows that 7, {, and W have a unique
common fixed point. O

Corollary 4. Suppose that T and W are self-maps defined on a complete symmetric extended
parametric Sy-metric space (X, Sy), with T (X) C W(X). Forall v,p, u € Xand forall A > 0,
there exists a function ¢ € ® such that

Sn(Tv, Tp, Tu,A) < ¢p(M(v,p,u,A)),

where

_ SOV, Wo, Wi, A), Sn(Tv, Tp, Wy, A),
M(”'p’”')‘)—max{ Sn (T, T WA, Sn(To, To, T A). |
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Further, assume that there exists 0 < 0 < 1 such that for every v € X, we have

nlgx;loN(vn,vn,v) < %"

Moreover, if the pair {T, W} is compatible and W is continuous, then the maps T and YV
have a unique common fixed point in X.

Proof. By letting{/{ = 7 and V = W in Theorem 2, we obtain the result. [J

Corollary 5. Suppose (X, Sy) is an extended parametric Sy-metric space, which is symmetric and
complete. Let T,U,V, W : X — X be four self-mappings such that it satisfies the following conditions:

1. T(X) CV(X),UX) CWEX),
2. YVand W are continuous;
3. Thepair (T, W) and (U, V) are compatible;
4. Forallv,p,u € Xand forall A > 0, suppose that
Sn(Tv, Tp,Upu,A) < M(v,p,p, 1),

where

_ SNOWv, Wp, Vu, L), Sn(Tv, Tp, Wv, A),
M.t A) = max{ SnUu UV, M), Sn(To, To,Up, A).

Further, assume that there exists 0 < 6 < 1 such that for every v € X, we have

Jgr;oN(vn,vn,v) <5

Then, the maps T, U, V, and W have a unique common fixed point.

Proof. By letting ¢(t) = t in Theorem 2, we obtain the result. [J

Remark 5. Note the following:

1. Corollary 2 is an extension of the result of Jungck [20] in an EPS,-metric space.
2. Corollary 4 is an extension of the result of Saluja [26] in an EPSy-metric space.
3. Corollary 5 is an extension of the result of Sedghi et al. [27] in an EPSy-metric space.

Example 3. Let X = [0,1]. Define function N : X3 — [1,00) by
N(v,po,u) = max{v,p} +pu+1
and a function Sy : X3 x (0,00) — [0, 00) by
Sn(v,p,p,A) = Amax{v,p} — u)?

where each A € (0,00) is a parameter, and v, p, u € X. Then, Sy is an EPSb space.
Define self-maps T,U,V, and W on X by

1% 1%
6V =3

Obviously, T (X) C W(X) and U(X) C V(X). Furthermore, the pairs {T,V} and {U, W}
are compatible mappings.

1%

TWw)==—=,Uv)= () =

v
5
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We have
SNn(Tv, Tp,Uu,A) = )\(max{Tv,Tp}—Z/Ipt)2
— VvV Py _ Ky
= AMmax{z, 51 76)
< %SN(VU,VP,W%A)
63
< =
< 64M(v,p,pt,/\),
where

SnUp, U, Wi, M), SN(Tv, Tv, Vv, A),
M(v,p,u,A) =maxq Sy(Vv, Vo, Wu,A),Sn(To, Toe,Un, A),
kSny(Vv, Vo, Up, A)

Meanwhile, for each v, p, u € X, let

(Vg — (Yynoyn — (Y ypon — (Ve
T = (32) U (16 .V (16) W (2) .
Then,
1 1
. n n m _ . —
n}}lr_r}wN(T v, T"o,U"n) =1< 29,V9€ (0,2).

Thus, all the necessities of Theorem 1 have been accomplished. Also, the behavior of inequal-
ity (7) of Example 3 is shown graphically in Figure 1. The number 0 is the only fixed point that is
common to the mappings T,U,V, and W.

T T T T T T T T
— RHS
450 - — | HS ||

400

350

300

250 -

200 -

0 s @ s w0 % @

Figure 1. Graphical behavior of inequality (7) of Example 3.

Example 4. Let X = [0,1). Define function N : X3 — [1,00) by
N(,p,u) =1+ [v[+|p|

and a function Sy : X2 x (0,00) — [0, 0) by

SN o, A) =Alv=p[+]p—p|+]v—p]]

where each A € (0, 00) is a parameter, and v, p, u € X. Then, Sy is an EPSb space.
Define self-maps T,U,V, and VW on X by

T(v) = 1 UW) = %,V(v) -
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Obwiously, T (X) C W(X) and U(X) C V(X).
Furthermore, the pairs {T,V} and {U, W} are compatible mappings.
From inequality (7), we have

SN(Tv, Tp,Up,A) = A TW)=T) |+ [T () =U(p) [+ [T w)=Uu)]

R I =1

- Aé[l V() = V(o) [+ V() = W) |+ V() =W |]
< 2SN, V(0), W), )

< gM(v,p,u,/\);

where

SN(Uw,Uu, Wi, A),SN(Tv, Tv, Vv, A),
M(v,p, i, A) =maxqs SN(Vv, Vo, Wi, A),Sn(Tp, To, U, A),
kSny(Vv, Vo, Up, A)

Also, for every v, p, u € X, consider

n_ln nzzn nzzn n_ n
Then,
1 1
. n n m _ _ —
WlérgooN(T v, T"o, U y)—1<29,v96(0,2).

Thus, all the necessities of Theorem 1 have been accomplished. Also, the behavior of inequal-
ity (7) of Example 4 is shown graphically in Figure 2. The number 0 is the only fixed point that is
common to the mappings T,U,V, and W.

T T
— | HS
— RHS -

0.8
0.6 -
0.4 -

ol
0 10 20 30 40 50 60 70 80 920

Figure 2. Graphical behavior of inequality (7) of Example 4.
Example 5. Let X = [0, §). Define function N : X3 — [1,00) by
N, o,p) =1+ |v[+]p]
and a function Sy : X3 x (0,00) — [0, 00) by
SN, o, A) = A[v—p|+[p—pu[+]v—pl]

where each A € (0,00) is a parameter, and v, p, u € X. Then, Sy is an EPSb space.
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Define self-maps T,U,V, and W on X by

sinv sinv

T(v) = T,Z/l(v) =
Obwiously, T (X) C W(X) and U(X) C V(X).
Furthermore, the pairs {T,V} and {U, W} are compatible mappings.
From inequality (7), we have

Sn(Tv, To,Uu,A) = M TW)=T() | +[T() =U(p) [+ [T W) =Uw) ]

B sinv  sinp sinp  sinpu sinv. sinp
S (- L)
= %[I V) =V(p) [+ V() = W) | + [ V() = W) ]
< gSN(V(V)/V(P)fW(.”)/A)

< oM(v,o,m,A)),

SN(Uw,Uu, Wi, A),SN(Tv, Tv, Vv, A),
M(v, p,u,A) = maxq Sn(Vv, Vo, Wi, A), Sn(Te, To,Up, A),
kSny(Vv, Vo, Up, A)

Alternatively, for every v, p, u € X, let us consider

o sinv., ., o sinv., . sinv., ...,  sinv,,
Then,
1 1
: n n m _ . -
n}}lrng(T v, T"o,U"n) =1< ZG,VGG (0,2)

Thus, all the necessities of Theorem 2 have been accomplished. The number 0 is the only fixed
point that is common to the mappings T,U,V, and W.

5. Common Solution of System of Integral Equations: Existence and Uniqueness

Here, we use the results obtained in Section 3 to investigate the existence of a solution
for a Fredholm integral problem.
For a real number A > 0 and for all ¢1, ¢, ¢3 € [0, E], define Sy : X3 x (0,00) — [0, 00)
by
SN (91§23, A) =| max{g1 (1), ¢2(A)} — ¢3(2) |7
and N : X3 — [1,00) by

N(¢1, ¢2,¢3) = max{| ¢1 |, ¢2 [} + ¢35+ 1.

It is evident that (X, Sy) is a complete extended parametric S;-metric space for all
wveloEl.

Theorem 3. Let X = C[0, E| consists of all continuous real-valued functions defined on the
closed and bounded interval [0,E| in the real number system R. Then, the system of linear
integral equations

I
[

-E
W+ [ R vga ()
m+ [ " Rat, v, n () (36)

¢1(p)

I
[1]

¢1(p)
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has a unique solution ¢1 (i) € [0, E] if it satisfies the following assumptions:
(i) E:[0,E] — Ris continuous;
(ii) Rq,Rp:[0,E] x [0,E] x R — R is continuous;
(iii) For every u,v € [0, E],
1
| Ri(pv, 1 (V) = Ro(p, v, p2(v) |< 5 [ @1 (v) — (V) |-
Proof. Let us define 7,4 : C([0, E]) — C([0, E]) by
E —
Tou() = [ Ralpv, i ()av -+ 2(p)
and c
Up(p) = [ Ral,v, 1 (v)av +2(n),
where i, v € [0, E], and ¢1 € C([0, E]).
Now,
E
T ()~ U () | < [ | Raloe,v, 1 (v) = Rl v, a(v) | v
1 (E
<5 [ 1910) = ga(v) [ dv. @7)
Consider

SN(Tr, Tr, Uy, A) =| max{Tp1(A), T (A)} — Ugpo(A) |?
=| Te1(A) —Uga(A) |*.

1/ (E 2
2 ( /0 [ 1(v) = ¢2(v) | dV> [Using Equation (37)].

Using the Cauchy—Schwartz inequality, we obtain

2
SN(Tg1 Tor,Ugo,A) < = Sx (1 (A), 91 (1), 92(1), ).

For every E,0 < E < 2, ETZ < 1, and hence, all the conditions of Corollary 2 are
satisfied, and therefore, there exist a ¢ in C[0, E| that is a common fixed point of maps 7T
and Y. That is, ¢; is a common solution of the integral in Equation (36). [

6. Conclusions

This study presented a more comprehensive version of the conventional fixed point
problems within the context of symmetric extended parametric 5;,-metric spaces. The dis-
cussion aimed to establish common fixed point theorems for two pairs of compatible
self-maps. This paper includes two theorems and a few examples. These examples high-
light the relevance and practicality of our findings. We have also shown that in the case
when all functions are real-valued and continuous, specified on a closed and bounded
interval [0, E], with the condition %2 < 1, the system of linear integral equations has a
unique common solution.
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