. mathematics mﬂ
F

Article

Barrelled Weakly Kothe—Orlicz Summable Sequence Spaces

Issam Aboutaib 1@, Janusz Brzdek >*© and Lahbib Oubbi 3

check for
updates

Citation: Aboutaib, L.; Brzdek, J.;
Oubbi, L. Barrelled Weakly
Ko6the-Orlicz Summable Sequence
Spaces. Mathematics 2024, 12, 88.
https://doi.org/10.3390/
math12010088

Academic Editors: Lakshmi Kanta
Dey and Pratulananda Das

Received: 17 October 2023
Revised: 21 December 2023
Accepted: 24 December 2023
Published: 26 December 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Laboratory LMSA, Department of Mathematics, Faculty of Sciences, Mohammed V University in Rabat,
Avenue Ibn Battouta 4, Rabat 10108, Morocco; issam_aboutaib@umb5.ac.ma

Faculty of Applied Mathematics, AGH University of Science and Technology, Mickiewicza 30,

30-059 Krakéw, Poland

Department of Mathematics, Ecole Normale Superieure, Mohammed V University in Rabat, Avenue
Mohamed Bel Hassan El Ouazzani, Takaddoum, Rabat 10105, Morocco; oubbi@daad-alumni.de

*  Correspondence: brzdek@agh.edu.pl

Abstract: Let E be a Hausdorff locally convex space. We investigate the space Ay[E] of weakly
Kothe-Orlicz summable sequences in E with respect to an Orlicz function ¢ and a perfect sequence
space A. We endow A, [E] with a Hausdorff locally convex topology and determine the continuous
dual of the so-obtained space in terms of strongly Kéthe-Orlicz summable sequences from the dual
space E of E. Next, we give necessary and sufficient conditions for A, |E] to be barrelled or quasi-
barrelled. This contributes to the understanding of different spaces of vector-valued sequences and
their topological properties.
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1. Introduction

Let E be a locally convex space. The spaces ¢F (E) and ¢ {E} of weakly p-summable
and absolutely p-summable sequences in E, respectively, were introduced by Pietsch in [1].
The same author investigated applications of these spaces in the study of absolutely p-
summing operators. In addition, he investigated the spaces A{E} and A(E) of absolutely
A-summable and weakly A-summable sequences in E, respectively, where A is a sequence
space endowed with its Kéthe normal topology. Building upon Pietsch’s work, Rosier [2]
extended the study to the general case, wherein A is equipped with a general polar topology
(instead of the Kothe normal topology). Rosier obtained notable results, which included a
comprehensive description of the dual space of A{E},.

Employing the AK property, Florencio and Padl [3] determined a representation of
the elements of A®.E (the completion of the injective tensor product A ®, E) as weakly
A-summable sequences in E.

Later, Oubbi and Ould Sidaty extended in [4] the concept of strong summability,
initially introduced by Cohen [5] for normed spaces, to the locally convex spaces. This
extension allowed them to obtain a description of the continuous dual space of A(E),.
Further results and properties for A(E) were obtained in [6-8]. Recently, Ould Sidaty
investigated in [9] the nuclearity (as a convex bornological space) of A,(E), i.e., the space
of all totally A-summable sequences within the context defined by [10], where E represents
a convex bornological space. Furthermore, Ghosh and Srivastava explored in [11] the
notion of absolute A-summability (using an Orlicz function ¢). They introduced and
investigated the space F(E, ¢), consisting of all sequences (x;), in a Banach space E that
satisfy the condition
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(o(250)), e

for some p > 0, where F denotes a normal sequence space.

It is worth noting that several kinds of sequence spaces have already been investigated
in the literature. Descriptions of some of them rely on infinite Kothe matrices (ﬂi,j)i,jeNr
some others rely on Cesaro operators, and others rely on different kinds of convergence or
summability (see [1-4,6-20]).

Of course, Orlicz functions yield natural sequence spaces in the scalar-valued case.
They are also used to construct vector-valued sequence spaces (see for example [11,17,19]
and the references therein). The characterization of continuous dual or Koéthe-Toeplitz dual
are examples of the main issues authors are interested in (see, e.g., [21]). But first of all, a
linear topology must be defined on the sequence space in consideration.

In this paper, for an Orlicz function ¢ and a locally convex space E, we introduce the
notion of a weakly (¢, A)-summable sequence (x;), in E and examine some properties of
the linear space A[E] consisting of all such sequences. Actually, weakly (¢, A)-summable
sequences and the corresponding sequence spaces were investigated in [8] for a Banach
space E. There, the author gave necessary and sufficient conditions for A,[E] to be reflexive.
The situation in a locally convex space is quite complicated, for the topology is no more
given by a single norm but by a family of infinitely many semi-norms, which means that a
bounded neighborhood of 0 may not exist there.

The outcomes of this paper extend and improve some results in the literature, espe-
cially those in [8]. We first equip Ay[E] with a Hausdorff locally convex topology, and then
we investigate the completeness and the continuity of projections of the so-obtained locally
convex space. We embed E in Ay[E] as a complemented subspace. In order to investigate
the topological dual of A,[E], we define the notion of strongly (¢, A)-summable sequences
and the space Ay (E) of all such sequences. Actually, we prove that whenever A [E] is
AK, its topological dual can be given in terms of strongly summable sequences. Next, we
characterize the property of barrelledness in A, [E]. To address this issue, we examine
equicontinuous sets of the dual space of Ay[E]. For ample information on barrelled locally
convex spaces, we refer to the monograph [22].

2. Preliminaries

Throughout this paper, K denotes the field of real or complex numbers, N is the set
of positive integers, and (E, 7) is a Hausdorff locally convex space over K, for which the
continuous dual is denoted by E’. If M runs over the collection M of all ¢(E’, E)-closed
and equicontinuous discs of E’, the topology T is generated by the semi-norms

Py (x) :=sup{|a(x)|, a € M}, x €E, Me M.

For any nonempty set X, X' denotes the set of all sequences from X, and X (N s the
subset of X" consisting of all sequences with finite support. If O C EY is a linear space, its
Kothe dual, as defined in [23], is the set

+00
O = {(an)n CE ) |an(xn)] < +oo, (xn)n € Q}.

n=1

If t € E, we write te, to mean the sequence for which the entrees are all zero, but the nth
one equals t. The kth finite section of a sequence x := (x,,), € Q) is defined by

k
x®) = Y xnew = (x1,%2,...,%,0,0,...).
n=1
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If a topology is given on ), we denote by (), the linear subspace of () consisting of

those sequences x such that x®) e Qforallk € N,and x = klim M in Q.
—00

If A is a normal linear subspace of KN, then A contains the set Ar of all finite sections
of its elements. Unless the contrary is clearly stated, it is equipped with a polar topology 7s
defined by a topologizing family S C A* consisting of normal closed and bounded discs
with respect to the weak topology o (A*, A). Such a topology is given by the semi-norms

Ps((an)n) := sup{ Z|anﬁn (Bn)n € S}, (an)n € A, Ses.

For a bounded disc A in a Hausdorff topological vector space F, F4 is the linear span
of A. When no topology is specified on Fy, it is endowed with the gauge ||.||4 of A as a
norm, where |[[t||4 := inf{r > 0,t € rA}, t € F4. We then consider without any further
mention the spaces Eg, E}A, AR and A, where BC E,M e M, S € S,and R C A are
bounded discs, with R normal.

We refer to [23] for details concerning Koéthe theory of sequence spaces and to [24] for
the terminology and notations concerning the general theory of locally convex spaces.

We consider an Orlicz function ¢: this is any mapping ¢ : [0, +00) — [0, +oo| that is
convex, vanishes at 0, and is non-constant (see [17]). The complement of ¢ is the function

¢*(y) := sup{xy — ¢(x),x € [0, +00)}.

Let us observe that ¢* is also an Orlicz function. Clearly, ¢ and ¢* satisfy the Young
inequality; namely,

xy<¢x)+¢°(y), xy=>0.
The function ¢ is said to satisfy A, for small x (or at 0) if for each k > 1 there exist Ry > 0 and
x; > 0 such that ¢(kx) < Rye(x) for all x € (0, x]. The Orlicz sequence class associated
with ¢ is
Z(P:{x—( n)n € cKY. 5(x, @) : Z(p|xn| <—|—oo}

n=1

We denote by By, the set {x = (x,)n € K" : 6(x, 9) < 1}.
The Orlicz sequence space associated with ¢ is

by = {x = (xp)n € KN Z XnYy converges forall y € pr*}-

n>1
<)

- sup{ Z|xnyn| 20y, ") < 1}.

n>1

This is a Banach space with respect to the norm

Y Xuyn|: 6

n>1

g :sup{

Likein [18],if x € £y and |[x|[, <1, then x € lyand 6(x, ¢) < [E4/PS

3. Weakly Koéthe-Orlicz Summable Sequences

In this section, we introduce the notion of weakly Kothe-Orlicz summable sequences
in a locally convex space E and investigate some first properties of the linear space of all
such sequences.
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Definition 1. A sequence x = (x,), C E is said to be weakly Kothe—Orlicz summable with respect
to @ and A (for short, weakly (¢, A)-summable) if the sequence (a, f (xn))n belongs to £y, for every
f € E and every « € A*. The set of all such sequences is denoted by Ay [E].

Since A* = (A™)*, we assume with no loss of generality that A is perfect, i.e.,
A=A
Here are some examples of Orlicz functions and the corresponding Ay[E].

Example 1.

1. Let @ be the identity map x — x. Then Ay[E] coincides with the space A[E] of weakly
summable sequence in E (see, e.g., [4]).

2. Assume A = (' and E = K. Then Ay |E] is nothing but the classical Orlicz sequence
space L.

3. Let ¢ be the Orlicz function defined by ¢(x) := oo if x > land ¢(x) := 0if0 < x < 1. Let
A = cg, the space of all scalar null sequences, and let E be a Hausdorff locally convex space. We
claim that (co)y[E] is the set c,(E) of all bounded sequences in E. Indeed, since (co)™ = 1%,

(co)g[E] = (*[E]. Let x € £3[E]. Then for every f € E' and a € ¢t = (£*)*, we have
(anf(xn))n € Ly := €. Since « is arbitrary in (1, the sequence (f(xy))n belongs to £*.
This means that the sequence (xy,), is weakly bounded in E, for f is arbitrary in E'. Hence,
(xn)n belongs to ¢, (E). The inverse inclusion c,(E) C €5[E] is trivial.

Notice that if for everyx € A*and f € E/, ¢, f is the endomorphism of EN defined by
%c,f((xn)n) = (‘an(xn))n/ then

AglEl = ({¥;H(Ey), a € A, F € E'L
This shows that A[E] is a linear space.

Lemma 1. For every x = (x)n € Ag[E]and S € S, the set Ag below is bounded in E.

P ~
Ag:{Zanynxn:aes,yeB(P*,peN}.

n=1

Therefore, for every S € S and M € M, a semi-norm g(sp, 1 18 defined on Ay[E], where

qu’M(x) = Ssup ||(“nf(xn))n||go: x = (xn)n € A(p[E]'
x€S,feM

Proof. Let x = (x,), € AglEl,a €S,y € B%*, p € N,and f € E' be given. Then

‘f( il y>| _ <l @nf Gl

4
2 anYnf(xn)

Define a linear mapping g¢ : Ag — £y by g¢(B) = (Buf(xn)). Since Ag is a Banach
space ([4], Lemma 3), gr is continuous by the closed graph theorem. Therefore, it is
bounded on S by the norm ||g¢|| of g7. This is

< [lenf (xn))nlle < ligsll-

‘f(éww%)

Since f was arbitrary in E, A? is weakly bounded and is then also bounded in E. The
remainder is trivial. [J
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We denote by eg v the locally convex topology defined on Ay[E] by the family
(8‘5 m) ses, of semi-norms.
’ MeM

Example 2.

1. If ¢ is the identity of R, the topology sg v Of AplE] is nothing but the topology es a1 given
in [4].

2. Incase A = (' and E = K, the topology sf’él \ Coincides with the norm topology of €.

3. When ¢ is the Orlicz function in (3) of Example 1, sg \ 1s given by the semi-norms

em(x) := sup || (f(xn))ulleo, ¥ € cp(E), M € M.
feM
Lemma 2. The topology eg M is Hausdorff. Moreover:

1. Forevery n € N, the projection I, : x := (xy )i + Xy is a continuous mapping from A y|[E]
into E;
2. Ay[E]; is a closed subspace of Ay[E].

Proof. It is easily seen that e(g v is Hausdorff. To show this:

1.  Fixn €N, M € M and choose S € S such thate, € S. Forall x = (x,), € Ay[E], we
have

Py(Zn(x)) = Pa(xn) =

||en|| ”PM(xn)e””q;
[
L

< eg p1(x).

[lenll

Then Z,, is continuous.
2. Letx € Ay[E],. Thenforalle > 0, M € M,and S € S, thereisy € Ay[E]; such

that s(g/M(x —y) < g Since y € Ay[E];, there is ng € N such that for all i > n,,

8£,M(y(i) —y) < g So for all i > ng:

el (x —x) <€l | (x) —yD) 42 | (y) —y)+el ) (x—y)
<el (=) +ef () —y) + € (x—y)
< 25(5,1\/{(x —-y) +SE,M(y(1) -y) <e

Then Ay[E]; is closed.
O

Remark 1. According to the proof above, for every S € S, the set {I,,, e, € S} is even equicontin-
uous. In particular, if A is a normed space so that ||e,||x+ < 1 for every n, then {Z,,n € N} is

equicontinuous and is then also equibounded. An instance where this occurs is A = (P.

The following lemma shows that not only is E (identified with) a subspace of Ay[E],
but it is also complemented in it.

Lemma 3. The space E is complemented in both spaces Ay[E] and Ay[E];.

Proof. Set [E] := {te; : t € E} and consider the mapping p : Ay[E] — [E] defined for all
(xn)n € A[E] by p((xu)n) = x1e1. This is a projection, and since

e v(p((xn)n)) <€l ((x)n),  (Xn)n € AG[E], (S, M) €S XM,
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p is a continuous. Therefore, [E] is complemented in Ay[E]. Now, the mapping ¢ : t — teg
is a bicontinuous linear isomorphism from E into [E] because for all t € E and all (S, M) €
SxM,

€& (ter) = llevl,Ps(en) Pa ().

Identifying E and [E], E is complemented in Ay[E].
The same proof also works for Ay[E],. O

The following theorem shows when A, [E] is complete or sequentially complete.
Theorem 1. The space Ay[E] is (sequentially) complete if and only if E is (sequentially) complete.

Proof. This necessity is derived from Lemma 3. As to the sufficiency, assume E is complete,
and let (x');c; be a Cauchy net in Ay[E], with (I, <) being an upwardly directed ordered
set. The continuity of the projection Z,, implies that (x,); is a Cauchy net in E for all 7.
Hence, it converges to some x; € E.

We claim that x := (x), belongs to Ay[E]. For every S € S, M € M, and ¢ > 0,

choose k € I such that foralli,j > k, sgsv, M(xi — x7) < ¢. Then, by normality of {y, for every
x€S, feM,andi,j >k onehas

[ (sur o) = anf o) | < g =) <

Therefore, (a,f(x};)); is a Cauchy sequence in the Banach space Ly forall n € N. Let
7Y := (Yu)n be its limit in £,. Then for every n € N, we have

anf(xn) = ocnf(li;rn x;) = lilm “nf(x;) = Tn-

Butfori,j > k,a € S,and N € N, we have

yn"‘nf(xiz - qu)

N
sup Yy,

3(y.9*)<1n=1

< [ (anf =), < bt =) <

Passing to the limit on j, we get for all N > n

<e

7

yn"‘nf(x; —Xp)

N
sup Y,

d(y,p*)<1n=1

and then quu/ w(x' —x) < eforevery i > k. This shows at once that x belongs to Ay[E] and
that (x');c; converges to x in Ay[E].

With a similar proof, one shows that A,[E] is sequentially complete if and only if E is
sequentially complete. [

Lemma 3 and Theorem 1 show that the three spaces E, Ay[E], and Ay |E]; are simulta-
neously complete or simultaneously not complete.

Proposition 1. If E is fast-barrelled, then
Ay [EH ={a=(an)n CE : (anan(x))n € ly, x €E, x € A*}.
Moreover, the topology of Ay {EH is given by the semi-norms

8({5,3(“): sup |[(anan(x))nllq,
a€S,xEB
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where S runs over S, and B runs over the collection B of all closed and bounded discs in E.

Proof. If
A:={a=(an)y CE": (anan(x))y € by, x € E, a € A*},
then clearly, A, [EH C A.

Conversely, consider a := (a,), € A, f € (E}'g)’, yE E(p*, and g € A*. Choose x € E.
Then

P
;ynﬁn”n(x)

—+o0
< Y [ynBuan(x)] < +o0, peN.
n=1

Therefore,
4
A= { Zynﬁnan,p € N}
n=1

is ¢(E’, E)-bounded. Since E is fast-barrelled, A is bounded in E;;. Hence, there is some
K > 0 such that

+00
Zl |YnBuf(an)| < K.

Consequently,
A

Now, let M be a closed equicontinuous disc in (E/,g)/. Then the polar M° of M is a

0-neighborhood in E/’g. If B is the polar in E of M°, then B is a closed bounded disc in E
such that .
M= M c B> =B"F"F),

Then for every a € E/, we have

sup |f(a)| < sup |a(x)| < sup[a(x)].
feMm xeBo° xeB

P -
In particular, for a = 2 anYnan € E' withy € Bys,a € Sand a € A, [EH, we have

n=1

4
Y anynan(x)

n=1

P
Y anynan(x)

n=1

P
Z anynf(an)

n=1

sup
feM

< sup
XEB°°

<sup
XEB

Passing to the supremum on p, firston y € Eq,* and thenona € S, we get

qu’M(a) < egB(a),

which completes the proof. [

4. Continuous Dual Space of Ay[E]

In the literature, several kinds of duals are considered when dealing with sequence
spaces: mainly the Kothe-dual or the a-dual, the S-dual, the Kéthe-Toeplitz dual, the
algebraic dual and, whenever the sequence space is equipped with a linear topology, the
continuous dual (see [4,8,21]). In order to determine the continuous dual space of A(P[E},
we introduce the notion of strongly Kothe-Orlicz summable sequences.

Definition 2. A sequence x = (x,) C E is said to be strongly Kothe-Orlicz summable with
respect to ¢ and A (for short, strongly (@, A)-summable), if for every M € M and every a =
(an)n € (A*) g+ [E\], the sequence (ay(xy))n belongs to o

The set of all strongly (¢, A)-summable sequences is denoted by Ay (E).
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Proposition 2. Let S € S and M € M. Then:
1. The space (Ag) g+ [Ejy] is a Banach space for the norm quz Mo defined by

*

ebome(a) = sup [[(wuf(an)nllgr, a:= (an)n € (A§)er[Ep,
feMe, nes°

with S° being the polar of S in A. Moreover, the projections (ay)n +— a, are continuous.
2. The mapping ol ,, is a semi-norm on Ay(E), where for all x € Ay(E),

+oo .
UgM(x) = sup{ Z |an(xn)|;0 = (an)n € (AG) g [E}A],ego’Mo (a) < 1}.
n=1
Proof. 1.1fS’:= {rS’,r > 0}, where S’ denotes the o((A%)*, A§)-closure of S° in (A%)*,
then the norm topology of A is nothing but the S’-topology. Therefore, by Theorem 1,
(A%) g+ [E)] is the Banach space. Moreover, by Lemma 2, the projections are continuous.
2. It suffices to show that o¢ ,,(x) is finite for every x € Ay (E). Fix then such an
x and define a linear mapping Ty from (A%) e [E)] into ¢! by Te((an)n) = (an(xn))n.
Suppose that (a'); € (A%) g [Ej] converges to a := (a,), and (Ty(a')); converges in ¢! to
(7n)n- By continuity of the projections, (al,); converges in Ej; to some a, for every n € N.
Then (a},(x,)); converges to a,(x,) as well. It follows that (a,(xn))n = (77n)n: hence, the

closedness of the graph of Ty. Therefore, Ty is continuous and is then bounded on the unit
ball of (A§) g+ [Ejy]. This yields o, (x) < 4o0. O

The following lemma can be shown using a standard argument. Its proof is thus
omitted.

Lemma 4. If v := (yu)n € co, then yx = (YuXn)n € Ay[E]s for every x = (xn)n € Ay|E].

For a continuous linear functional F on Ay[E] (or on Ay[E],), let Fy(t) := F(te,) for
n € Nand t € E. The following lemma shows that in some sense, the topological dual
space of Ay [E], is contained in (Ay[E])".

Lemma 5. Let F be a continuous linear functional on Ay |E]. Then:

1. There exists M € M such that (F,), € Ej.
2. The sequence (Fy), belongs to (Ay[E])".

If, in addition, the family {e,, n € N} is Tg-bounded, then (Fy), is equicontinuous.

Proof. By continuity of F, for every x € Ay[E];, we have

F(x) = F< ). xnen> = Y F(xpen) = ) Fu(xn).

n>1 n>1 n>1

Moreover, there exist S € S and M € M such that |F(x)| < ng(x) forall x € Ay{E}. Fix
n € Nand t € E. We have

|Ea(t)| = |F(ten)| < Sgso,M(ten) = llenllpPs(en) Pr(t). 1)

It follows that F, belongs to E}; and thus Condition 1 is proved.

For Condition 2, let x € Ay[E] be arbitrary. For all v € ¢, yx € Ay[E],. Choose a
scalar sequence A = (A;), such that |A,;| = 1 and |y, Fu(xn)| = AuynFa(x,) foralln € N.
Since yAx € Ay[E];, we have
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Z |YnFn(xn)| = 2 YnAnFn(xy) = 2 Fu(vnAnxy) = F(Ayx) < oo,

n>1 n>1 n>1

As ¥ € cg was arbitrary, this shows that

Y |Fu(xn)| < oo

n>1

Hence, (F,), € (A(P[E])*.
Now, if in addition, the family {e,, n € N} is 7g-bounded, choose s > 0 such that for
every n € N, Ps(en) <, |len|ly <'s. We then get

|Ea ()] < llenll o Pr()Ps(en) < s*Ppa(t).

Therefore, (Fy,), is equicontinuous. []

Now, we give a better description of continuous functionals on A [E].

Theorem 2. If F is a continuous functional on Ay [E], then there exist M € M and S € S such
that the sequence (Fy)y is strongly (¢*, AS)-summable in Eyy, i.e., (Fy)y € (AG) 4 (Ej)-

Proof. Let S € S and M € M be such that
|F(x)] < S(g’f,M(x), x = (xu)n € NglE].

By Lemma 5, (Fy ) C Ejy. Now, fix (fu)n € (AZ)5 [(Ejy)']. We claim that (f,(F,)), belongs

to 1. Indeed, take an arbitrary k € N and 6 > 0, and denote by X the completion of the
normed space (E/MJ‘,E) and by By the linear span of {F;, F,, ..., F;}. Here, M* is the
annihilator of M in E’, and as usual,

Pu(x + M*) := Py (x).
Since E}, is isometrically isomorphic to (E/M*)" = X’, we have B, C X'. But

(fu)n € (A3)5[(Em)'],

hence

(fa)n C (Epp)" = X"
Let Ay be the linear span of { f1, f2, .. ., fx}. By the principle of local reflexivity, there exists
a continuous operator Tj : Ay — X such that:

Lo Tl < 1+ 0 with || Ty || = fSUP ITe(F)llx;
MO

2. Fu(Tifn) = fu(Fn), ne{l,2,...k}
Since E/ M- is dense in X, for any

1)
(1+ [lenllpPs(en))”

<
0<5n_k

there is x;,, € E such that: o
Py (xn + Mt — T fy) < 65
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Next, (1) implies that || E,||ap < |lex|| (PPS(en). Therefore, as F, is continuous,

Fu(xn + M* — Tifu)| < | EallmPm(xn — Tifn)
0
k(1 + [lenl|pPs(en))

< ||en||(PP5(en)

<

PT‘\Qn

Choose A, in the unit complex circle so that |F(x,e,)| = Ay F(xuep,). Then
k k
Z|fn(Fn)| = Z|Fn(kan)|
n=1 n=1

k k
< Z ’Fn(xn ‘|‘]VIL - kan)| + ’F< Z )\nxnen>
n=1

n
< (5+£950,M((x1,x2,...,xk,O,...))

ana(xn)|: (an)n € S,a € M,y € §¢*}.

But for every (ay)n € S,y € By, and a € M,

k
Z nnd(Xy + M+ — Ty fn) 2 (Ty fr)
n=1 n=1
k k
Z |]/nD‘nH xn“l‘MJ_ kan)"" ﬂ<Tk<Z]/nanfn)>’
k
< Y [t lall g + el il sup { pnfol)| }
n=1 x'eM
<S4 (1+06)ed 1y ((f)n)-
Consequently,
k
2 |fu(Fu)| <264 (1 +5)€£,M((fn)n)/ k €N.
n=1

Hence, (f(Fx))n belongs to A0

Remark 2. Since in the proof of Theorem 2, 6 is arbitrary, it follows that

+oo
Zl ’fn(Pn)‘ < e(g,M((fn)n)~

Using the Hahn-Banach theorem, we get:

Corollary 1. If F is a continuous functional on Ay[E],, then there exist M € M and S € S such
that (Fu)n € (AF) e (E)-

The following proposition is interesting on its own.

Proposition 3. Let S € Sand M € M. If (an)n € (AS) g (EM), then (|[ynan||m)n € A for
every y € Byr.
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Proof. Fix (a,)n € (A%)g+(Ej) andy € By, and let (a,), € A and € > 0 be given. We
have

lynananllp = sup [ynanan(t)|, neN.
teMe

Hence, for every n € N, thereis t, € M° C E such that

€
lynanan|m < o + [Ynnan (tn)].

Fixn € Nand a € E}; and define f,,(a) := a,a(t,). Then
|[fu(@)] = lana(ta)| < llallmPa(tn)|an| < [lallarlcn].

Since a € Ej, there is u > 0 such that a € uM. Therefore, |y, fu(a)| < p||y|l«|an|, and as A
isnormal, (yufu(a))n € A. Hence, (ynfu(a))n € (AS)* for A C (A%)*. Using Proposition 1,
we come to

(fu)n € (A5)p[(En)']-

Further, since (a,)n € (A%)g+(E)), the series

+oo +oo
;fn(’ln) = ;"‘n”n(tn)

is absolutely convergent. As

+oo +o0 T
Z lynanan|lm < e+ Z|yn0‘n”n<tn>| < e+ lylle | fr(an)l,
n=1 n=1 n=1

the series
+o0
Z || lynan || m
n=1

is convergent. Hence, (||yuan||pm)n € A* because o was arbitrary in A.
Now, if (ay)n € S° C A, by Remark 2, we have:

+00 +o0
Z|yn"‘nan(tn)| < [ylleo 2 |fn(an)| < |W‘|oo5(g,M((fn)n)~

n=1 n=1
But

) _ = . 5
85,M((fn)n) sup Z‘Znﬁnfn(a” :(Bu)n €S,a € M,z € By

n=1

+00
< sup{nanw 5 Buttal : (Bu)n € S0 € M}

n=1

S t(p*/
where ty := sup {t € [0;+00), 9*(t) < 1}. Consequently,
—+o0
Y Nynanan(tn)] < |ylleotyr,
n=1
whereby

+o0
lynanan|lm < Hy”wt(l’* +e
n=1
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This means that

(lynanllmn € (lylloty: +€)5°° = ([ylleoty +€)S;
hence (||ynan||m)n € As. O
Proposition 4. Forevery S € S, M € Mand a = (an)n € (AS)y-(Ejy), the mapping
+oo
fa:x— 2 an(Xn)

n=1

defines a continuous linear functional on Ay[E].

Proof. Fix an arbitrary S € S, M € M, and a = (a,), € (A§)g(Ej), and for every
t € E, denote by * the continuous linear map on Ej; defined by t(f) := f(t). Next, for
x = (xp)n € AglE], u € Ej; C E',and y € By, we have

(YnXn(u))n = (Ynut(xn))n € A C (AG)".

So using Proposition 1, we get

Consequently,
—+o00 —+o0
Z an(Xn) — Z fn(an)
n=1 n=1

is convergent, and therefore, f, is well-defined.
Further, observe also that the mapping 9, : (A%),[(Ejy)'] — €', given by

(fi)n = $a((fu)n) = (fu(an))n,

is well-defined.
In fact, let (fu)n € (A§)y[(Epm)'] be given. Since a = (an)n € (AS) g (Eym), the series

—+o00
;fn(”n)

is absolutely convergent; hence, (f(an))n € o
Since (A§)* is perfect and (E},)’ is a Banach space, ((A§);,[(Ep)'] €% ) is also a
Banach space. Further, assume that ((f,)’,); is a null sequence in (Ag)y [(Ejy)'] such that

(0a((fn)},)); converges in /! to (). As the projections (fy)u — fu are continuous, ( i
converges in (E};)’ to 0 for all n € N. Hence, the sequence (2((fi)n))i = ((fi(an))n);i
converges to 0, whereby &, = 0 for every n. By the closed graph theorem, ¢, is continuous.
Therefore, there is K > 0 such that for every (fu)n € (A§); [(Ej)'], we have the inequality

[9a((fr)n)lly < Kegg,M((fn)n)/
which means that

i‘;m(an) < Ke? ().

But (Xy)n € (A)5[(Em)']; hence,
+00

Z Xn(ay)

n=1

|fa(x)f =

< KS(SIM((J?W)H) < Ks(g,M(x).
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Consequently, f, is continuous. O

Theorem 3. The following equality is valid:
(AplED) = U (AS)gr (Eh)-

SeS,MeM

Proof. By Proposition 4, for every S € S, M € M, and a := (a,)n € (A§)g(Ej), we have
fa € (Ay[E]r)". Therefore, the function

¢: U (ASg(Em) — (Ag[E])

SeS,MeM

given by
ar— fa,

is well-defined and linear. Clearly, ¢ is injective

Moreover, observe that if F € (Ay[E];)’, then Corollary 1 1mp11es that there exist
S € 8§, M € M such that the sequence a := (F,), belongs to (A*),(Ej). Next, for each
x € Ay[E];, by the continuity of F, we have

k
F(x )—hmF = ]I(Ilng: (xnen)

—Zann = fa(x).

This means that ¢ is also surjective. Consequently ¢ is an isomorphism. [

In the following, we describe a fundamental base of equicontinuous subsets of
(Ag[E];)". In order to establish it, let us denote for S € S and M € M:

SM = {(fn) € Ap[(Ep)'] : (Ynfu(a))n €S°, aeM,ye Eq,*}.

Theorem 4. The family of sets of the form

So() = {(@e € (A3)ye(Er): T o] <1, (e € KEg
with S running over S and M over M yields a fundamental system of equicontinuous subsets of
(Ag[E])"

Proof. Let us first show that S, (M) is equicontinuous. If x = (x,), € Ay[E] is such that

s(g, m(x) <1, then, as in the proof of Proposition 4, one has

+00 +00
Z |ynonXn (u)| = Z |Ynatnu(xn)| < 8(§,M(X) <1
= n=1
forally € qu*, u € Mand « € S. Hence,
(YnXn(u))n € S°.

Therefore, (X,,)y € KS(PM. Moreover, if a = (a,)n € Sp(M), then

Xn(an) (xp)| <1
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Consequently, S, (M) is equicontinuous.
Now, if H C (Ay[E];)" is equicontinuous, then there are S € S and M € M such that:

forall x = (x4)n € Ay[E]; and a = (ay), € H. Let f = (fu)n € K;P’M. Then s(g,M(f) <1,
and by Remark 2, we have:

—+00
;|fn(”n)| < E(g,M(f) <1

Consequently, H C S,(M). O

Let us consider the collections:

B’ :={B' C E': B'is a closed weak*-bounded disc},
R :={R C A: Risa closed bounded and normal disc},
R’ := {R' € A*: R is a closed weak*-bounded and normal disc},

and for every R’ € R' and B’ € B/, the sets:
Krpr = { (fa)n € Mol(Ep)] s (ynfal@))u € (R)°, a€ B,y € By},

+oo
Ry(8) 1= { (o € (AgIE) : L @)l <1, (o € Kuowr )

The following theorem gives a necessary and sufficient condition for the space A [E],
to be barrelled or quasi-barrelled.

Theorem 5. Assume that A is barrelled (quasi-barrelled). Then Ay[E]; is barrelled (resp. quasi-
barrelled) if and only if the following two conditions are satisfied:

(i)  Eis barrelled (resp. quasi-barrelled).
(ii)  For each weak* bounded (resp. strongly bounded) subset B of (Ag[E],)’, there exist B' € B’
and R' € R' such that B C R,(B').

Proof. Let T be a barrel (resp. bornivorous barrel) in Ay [E],. Then T° is a weakly bounded
(resp. strongly bounded) subset of (A [E];)". By (ii), there exists R € R" and B’ € B’ such
that T° C R;,(B’ ). Since E is barrelled (resp. quasi-barrelled), B’ is equicontinuous. Hence,
it is contained in some M € M.

Similarly, since A is barrelled (resp. quasi-barrelled), there exists S € S such that
R’ C S. Hence, T° C R, (B') C S4(M). Therefore, T° is equicontinuous and consequently
T is a neighborhood of 0 in Ay[E];.

Now, assume that Ay[E]; is barrelled. By Lemma 3, E is complemented in Ay[E];.
Therefore, E is a barrelled (resp. quasi-barrelled) space, whereby (i) is satisfied. Moreover,
Let B be a weakly bounded (resp. strongly bounded) subset of (Ag[E];)". Then B is an
equicontinuous subset of (Ay[E],)". By Theorem 4, there exist S € S and M € M such that
B C S,(M). Hence, (if) is satisfied, too. [

Example 3.

1. If @ is the identity of R, the continuous dual of Ay [E]; is as given in [4].

2. Incase A = ¢' and E = K, the continuous dual of Ay|E]y is L+

3. When @ is the Orlicz function in (3) of Example 1, the continuous dual of (co)¢[E]r := ¢4 (E)r

is | ().

MeM
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In order to give further examples as applications of our results, we determine the
duals of some concrete sequence spaces and characterize the barrelledness therein. For

this, let p > 1 be a real number and g its conjugate (i.e., ;17 + ; =1ifp #1,and g = +o0if

p = 1) and let (*E, ||-ll) be a normed space. Then the topology of EZ)* (E') is defined by the
single norm (71(5, B
and E’, respectively.

We have the following proposition:

it is also denoted by U'q(p;. Here, R’ and B’ are the closed unit bulls of #7

Proposition 5. The topological dual of (}y[E], is K?P* (E"). Moreover, £}, [E], is barrelled if and only
if E is barrelled.

Proof. The first assertion results immediately from Theorem 3.
For the second one, notice that since ¢? is a Banach space, it is barrelled. As éz)* <E’ > is

a Banach space, it is sufficient to show that if E is barrelled, then the unit ball B of 62’* <E’ >
is contained in Rﬁp (B"), where R’ and B’ are the unit balls of /7 and E’, respectively.

So choose an arbitrary (a,), € B and (fu)n € Kgs pr. Then (y,fn(b)) € (R')° for every
b € B and every y € By, whereby

sup sup Z |ynanfu ()| < 1.
«€R',beB" 5(y,9*)<1 n>1

This shows that
S?g//(f) = 5;’%/,3/ (f) <L

Hence,

Y |falan)] < g ((an)n) <1,

n>1

and consequently, (a,), € R;,(B’). O

In the special case where ¢ is the identity x — x, the space 65, [E]; is nothing but the
space (*[E] introduced by H. Apiola [13]. We then obtain a characterization of barrelledness
in such spaces.

Corollary 2. (?[E], is barrelled if and only if E is barrelled.

5. Conclusions and Future Work

We introduce the notions of weakly (resp. strongly) (¢, A)-summable sequences in a
locally convex space E and investigate topological properties of the linear space Ay[E] of
all such sequences endowed with the topology induced by an appropriate family of semi-
norms. We obtain that E is embedded as a complemented subspace in Ay[E]. Whenever
Ay [E] has the property AK, we characterize its continuous dual in terms of strongly (¢, A)-
summable sequences in E’, which is the continuous dual of E. We further provide necessary
and sulfficient conditions under which A, [E] is barrelled or quasi-barrelled. To illustrate
the proposed results, we have included as applications concrete examples of such spaces
(see Proposition 5 and Corollary 2). The outcomes of our paper extend and improve known
results: in particular, of [8]. Our work paves the way for further investigations of these
sequence spaces: namely, for studying reflexivity and distinguishedness.
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