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Abstract: We present a generalized version of a Gagliardo-Nirenberg inequality characterized
by radial symmetry and involving potentials exhibiting pure power polynomial behavior. As an
application of our result, we investigate the existence of extremals for this inequality, which also
correspond to stationary solutions for the nonlinear Schrodinger equation with inhomogeneous
nonlinearity, competing with H*-subcritical nonlinearities, either of a local or nonlocal nature.

Keywords: fractional Laplacian; radially symmetric potential; nonhomogeneous potential;
Gagliardo—Nirenberg inequality; nonlocal nonlinearity

MSC: 30L15; 35A23; 35R11; 46B50; 46E35

1. Introduction

Consider the Cauchy problem associated with the fractional NLS, posed on R with
d>2:
iopu — (—A)u — |x|™"|ulTu = f(x,u), (t,x) € R xR,
u(0,x) = up(x),
where § > 0 and 7y are nonlinear parameters, the fractional Laplacian is defined, via Fourier
transform, by ((—A)Su)(g‘) = (271¢)*u (&), provided s < %, u=u(tx):RxR! = C,
up(x) is an initial datum assumed to be in some function space, and f(x, 1) denotes a

general nonlinearity. The stationary points of the above evolution equation satisfy the
following nonlinear fractional Laplacian equation:

(1)

(=AY u A+ x| 7 ulTu = f(x,u). 2
We consider nonlinearities of type

N 4s

pr— p N
flx,u) = |u(x)|Pu(x), for 0<p< T 3)
and
_ [ [u@)PPu() [uy)]? d+a
f(x,u)—/Rd Py dy, for O<p<d_25, 0<a<d. (4)
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A substantial body of literature exists regarding the radial symmetry of solutions to
elliptic equations of type (2) with s > 1, with the research tradition dating back to the
seminal work [1]. As a result, it is not feasible to provide an exhaustive list of works in this
context. However, for our aim, we cite some significant compactness and existence results
linked to (2) available in key sources like [2-7], among others. Conversely, there appears to
be a notable gap in the literature regarding the analysis of similar properties for (2) when
0 < s < 1. We recall, in this direction [8-13]. We concentrate our attention on [14-16],
addressing the references therein for a comprehensive overview of the topics. The phe-
nomenon of symmetry breaking for (2) with nonlinearity of type (3) is investigated in [14],
establishing several compact embedding theorems for Sobolev-type spaces involving radial
functions with polynomial weight. In [15], the existence of radial ground states of (2) in the
case (3) is demonstrated for 4 = 2 and y = 1. Finally, in [16], a set of embeddings for the
fractional space in the presence of a radial potential is proven by using Lions-type theorems
and a refined Sobolev inequality with the Morrey norm. These embeddings are utilized
also to inspect the existence of ground state solutions for (2) in the case (3) with g = 2 and
v # 0. Motivated by that, we generalize the above outcomes, extending the range of the
parameters p, g,y and s associated with the corresponding embeddings for function spaces.
In addition, we improve the Gagliardo-Nirenberg-type inequalities with symmetry related
to (2), generalizing them to the nonlocal frame, and, as a direct consequence, we shed light
on the extremals of the corresponding minimization problems (see Remarks 1, 3, 4, 5 and 7
for a complete overview of the details) We note also that our work contains a compact
embedding result that extends to s < 3 the outcomes obtained in [14]. More precisely,
one can observe that the inequality due to Strauss (see [17]) suggests the presence of a
continuous representative, thereby establishing its validity solely for s > % However, this
is not a strong restriction. This limitation possesses a structural aspect only, indicating that
functions within H®(R?) with s small lack pointwise representations. Moreover, this notion
aligns very well with the classical Sobolev embedding theorem, which says that H*(R9)
embeds into Cs—4/ Z(Rd ) (see for example [18,19]). We bypass this obstacle by using a
set of inequalities well suited to handle the case s < 1 in combination with a continuity
argument (see Remarks 2 and 6).

2. Preliminaries

Before stating our main achievements, we introduce some necessary notations as well

as several useful results. We say that a function u is rapidly decreasing, that is, u € S(R?)
with

S(RY) = {u € C®(RY) : sup

xeR4

x“Dﬁu(x)‘ < +oo},

for all multi-indices «, 8 € N. The Sobolev space H*(R?) is the space of tempered distribu-

tions &' (R?) with L] _ (R%) Fourier transform endowed with the norm

[0 ey = [ 1E1102) Pt
We recall also that the fractional Laplacian, for 0 < s < 1, can be defined by

(~arue) = oo [, Ty

with C; 5, a normalization constant (see [19-21]). Thus, in this regime, we have

Ju(x) — )P, 5
L2(Rd) ’ /Rd /Rd y|d+25 xay. (%)

s
2

)2 ey = || (=)
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We denote by qu (R?) the weighted Lebesgue space with the norm

|u]?

1%y =/RdW x

Moreover, we introduce also

md

sq’Y(Rd) HS(Rd) N L’% (Rd>,

with the norm
I

[ [

Hqu"r(]Rd) = s(RA) + HuHLq 1 (R’

In addition, let H ;" (R) be the set of radial functions in H*#7(R?). We define
Br(0) = {x € R¥|x| < R}. Letbeaset E C QO C R?. We denote by E° = Q\E the
complement of E in Q). For any two positive real numbers a, b, we write a S b (resp. a 2 b)
to denote @ < Cb (resp. Ca > b), with C > 0, disclosing the constant only when it is
essential. Concerning compactness, we have (see [22]):

Proposition 1 (Riesz—-Kolmogorov). Let Q) be an open subset of R4, 1 < p < oo, and let
S C LP(Q)) be such that

1. supyeglullpr) < oo
2. forevery e > 0, there exists compact K C Q) such that sup . i [ic |u[Pdx < €¥;
3. for every compact K C Q,limy_,osup,,cxc[lu(- +y) — u()|[1p(x) =0

Then K is precompact in LP (Q)).
We need the following generalization of the Strauss lemma (see [14], Theorem 3.1):
Proposition 2. Letd > 2,5 > %, qg>1,and
—d(g—1) <y < (d—1).

Then
1 )| <l 5 ©)

for any u € H 'V (R?), where

2s(d—1)—(2s—1)y 2

2s—Dg+2 ~ T-(s-1)g+2

Notice that a particular case of the previous (6) is the inequality

d—2s
sup [x[ 2 [u(x)] S [ull gomeys )
|x|>0

valid forall u € HS, d(Rd). We have also (see [14,20,23])

Proposition 3. Letd > 2and 0 < s < d/2. Then

</Rd ()| x| P dx>r < Cllull s gy, (8)

for any u € HS_(RY), where r > 2 and

—(d—1)<;—1)§ﬁ<f, L1, b )
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A particular case of the above inequality (8) is the following estimate contained in [20].

Proposition 4. Assumed > 2,0 < s < 1/2and % —s <
inequality

< %—%. Then for R > 0, the

i o PP < CROPE (10)

a (RY)
with C = C(d, S, P) >0, l:ffulﬁlkdfor anyu € H md (Rd)

The following result deals with the local Holder continuity property of functions in
HA7 (RY) (see [14]).

rad

Proposition 5. Let B (0), with R > 0 and s > % Then, the continuous representation of
u € HTY(RY) is Holder continuous in B%(0), and moreover, there exists a constant C > 0
such that

2qs—q
(1) — u(x2)| < Claxr — xal 729 ] g e )
Moreover, we have the following (see [22]).

Proposition 6. Let 1 < p < oo, and let u;, j € N be a sequence weakly convergent to u in LP (Q2),
with QO C R, Then, uj € LP(Q)) is bounded and

lllzr ) < hmH”JHm

Let us recall the following generalized Leibnitz fractional rule (see [24]).

Proposition 7. Suppose1 < p < c0,5 > 0 and

1 1 1
Z - E‘FZ;
withi =1,2,1 < #1 < 00,1 < I < 0. Then
=829,y = (|50, s+ W3] g ) 02

where the constants C > 0 depend on all of the parameters above but not on f and g.
We have the following Hardy-Littlewood—-Sobolev inequality (see Lemma 2.4 in [25]):

Proposition 8. For 0 < a < d and p > 1, there exists a sharp constant C = C(d, p,«) > 0

such that
a—d
d
AT

« d
—gandp < 2.

< CH”HLP(Rd)/ (13)
RY)

1_1
where i=
We also have the Hausdorff-Young inequality (see for example [26]).
Proposition 9. Assuming that f in L (R%), we have then
17l gty < 1 Loy (14
withl <p <2.

The next tool is a Brezis-Lieb lemma for the nonlocal term (see Theorem in [27]).
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2d
Lemmal. Letd >1,0<a<d,1<p< % and uj, j € N be a bounded sequence in Lits (R).
If uj — u almost everywhere on R? as j — oo, then

]1Ln;o<./ﬂgd(|x|“_d * |u]-‘p> |uj|dx — /Rd(|x|"“d * |uj — u‘p) |uj— u]’%ix)
- /ﬂ%d(|x|a—d*\u|r’)|u|vdx. (15)

3. Main Results
We start with the following.

Theorem 1 (Continuous Embedding I). Letd > 2 and % <s< % and q > 1. Then we have that

Hy! (RT) < LP(RY), (16)
with
s 1 d—2s
pe [ps,'yrps]/ 6 > 2d—2’)/ (17)
or
s 1 d—2s
pe (pS/pS,’y]/ a < 2 — 2*7/ (18)
where (25— 1)g +2) o
* L s—1)9 +2)7 E
Py =0t a— 1 —@s -1y P d—2s (19
and 25(d 1)
S J—

In addition, we have the following.
Theorem 2 (Compact EmbeddingI). Letd > 2, % <s< % and q > 1. Then we have that

HITT(RY) e LP(RY), (21)

rad
for p # ps, and p # p5, where p3 ., ps, q asin (17) or (18), with p,, ps defined as in (19) and
0 <y <dasin (20).

Remark 1. The embeddings (16) and (21) in the case (17) were available in [14]. We improved
here the lower bound of the range of admissibility for p. The embeddings in the case (18) were given
in [16] with q = 2; we extended them to q > 1.

We prove also the following.

Theorem 3 (Continuous Embedding IT). Letd >2and 0 <s < 1,q> 1 and Psy. Ps defined
as in (19). Then we have that

HAT(RT) = LP(RY), 22)
pe [ps,'yrps]/ 6 > 2d—2’)/ (23)

or
pe(psrps,'y]/ E*S<a<2d_27. (24)
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The previous result is supported further by

Theorem 4 (Compact Embedding II). Letd > 2,0 < s < %, 0 <y <dandqg > 1such that

__r
9>2- 7 (25)

Then we have that

HA(RY) s LP(RY), (26)
for p # ps., and p # p;, where p; ., ps, g asin (17), (18) or (23), (24), with p;,,, ps defined as
in (19).

Remark 2. The embeddings (22) and (26) in the case (17) were obtained in [16] with g = 2; we
generalized them to q > 1. Let us underline that Theorem 4 is new in the literature and breaks down
the dichotomy s > % and s < %. In addition, we bypass the application of Proposition 5, which is
mandatory to achieve the crucial equicontinuity property in order to apply the method appearing
in [14,28]. This property, which is based on the representations of a radial function with Fourier
transform in L}, C(Rd ) by means of the Jost functions (see [29]), relies on the fact that s > J (see the
proof of Lemma 4.1 in [14]). We pay only the extra restriction (25). However, it perfectly handles
the embedding in the case (17) of the work [14] and extends it to the case (18).

Finally, we have the following.

Theorem 5. Letd > 2, % <s< %, 1<q,p <oo, —o0 <7y < 0andp;,, p; defined as in (19).
Then we have that

HYTT(RY) — LP(RY), 27)

with
pelinrl 1> 3o )

or
pe i) ¢ <z <da-p. )

Moreover, the embedding is compact for p # p;, and p # p;.
Remark 3. The compact embedding (27) in the case (28) was available in [14]; we also extended
here the lower bound of the range of admissibility for p. The compact embedding in the case (29)
was proven in [16] with g = 2. We improved it to g > 1.

As a consequence of the above results we obtain the following.

Theorem 6. Letd > 2,0 <s < %, —d(qg—1) <y <d,1<q,p<coand p;., ps defined as
in (19). There exists a constant C = C(d, s, 7y, q, p) > 0 such that the scaling-invariant inequality

22 ==
futwtaras < e (L 5Ee) T e
holds for all functions u € H /" (R7) if
v % 1 d—2s
p € [psq. pil, 5 > 2d—29
pe(r)*p*] S>1 1<ﬂ
st Psal 2 g 2d-29
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so that (18) or (29) is fulfilled with the extra condition

v € (o, 7252(5‘1__ 11)).

Furthermore, the inequality (30) remains valid if

€ [pirl,)] sct 1 g 1 dz2s
PS1PsiPspl 8>3, 5 g " 2d—29

with v > 0.
We also have the following.

Corollary 1. Letd > 2,0 < s < %, —dg—1)<y<d,1<g,p<ooand0 < a < d. There
exists a constant C = C(d, s, 7y, q, p) > 0 such that the scaling-invariant inequality

2(d4a)—2p(d—2s)

x)[Plu(y)|? s (r Ju()|7 |\ i)
//Rded Tr—ye dxdy < CHu||Hs RY) /]Rd R dx (31)
holds for all functions u € H,\\Y (R?) if
e lp q 1 S d—2s
p ps,a,'y/ Ps i q 2d — 2,)//

. 1 1 —2s
pE [ps,ou ps,tx,'y]/ s> E/ 6 < 2d—2’)’, (|’7| < d(q - p)/’Y < 0)/

are fulfilled with the extra condition,

2s(d —1)
ve (051)

where
s dta)g [@dre)(2s-1)g+2)yq . _ dta
Psan = "4 4ds(d—1)— (2s— 1)y~ Ps== g 25
Furthermore, the inequality (31) remains valid if y > 0,
€ [Pt Pinn] s<t 1o 1 d=2s
p ps,uc/ ps,a,7 ’ =~ 2/ > q 2 — 27.

Remark 4. The inequality (30) in the cases (17) and (28) was available in [14] (and seminally
in [15], for g = 2 and -y = 1); we improved the lower bound of the domain of admissibility for p.
Moreover, we extended it in the ranges given in (18) and (29), respectively. The inequality (31)
appears for the first time in the literature.

Let us introduce now the Weinstein-type functionals

Y (gl
H ||H5 Rd fRd 0% dx
WP (1) 1= |x| (32)
1 fRd |u|P2dx
and
4’2751'1 21) ng(d;su) |q+2 %
P57 H ||Hs Rd fRd | |"y dx
W () 1= 33



Mathematics 2024, 12, 8

8 of 20

Finally, by concentration-compactness arguments, we are in a position to show also
the following.

Theorem 7. Let § <s <1, Psy <P < d2d25' with p; ., q and 7y as in Theorem 6. Then, there
exists a function u E H ’T(Rd ) such that W} () = m with m > 0 and so that

m= inf{Wf’q’s’v( J;u#0,ue HSM(R"Z)}

rad

Analogously, it is possible to prove the following.

Corollary 2. Let 7<s<Lpia,<p< d Lo, with pk, 4, & and 7y as in Corollary 1. Then,
there exists afunctzon u € HAY(RY) such that WY (u) = m with m > 0 and so that

rad
m= inf{Wf’q’s”m( u);u#0,ue qu'y(Rd)}
Remark 5. Theorem 7 and Corollary 2 are new in the literature.

Outline of the paper. The paper is organized as follows. After introducing some preliminaries
in Section 2 and presenting the main results in Section 3, through Section 4, we prove, in
Theorems 1 and 3, the continuous embedding of the function spaces Hf;;“r (R%) into the
Lebesgue spaces L? (R?). The principal target of Section 5 is to unveil that the previous
embeddings are compact. This is achieved with Theorems 2, 4 and 5. We underline that
in Theorem 4, we introduce a new method to prove the compactness of the embedding of

r;Zi, (R?) into LP (R¥). This approach allows us to handle both s > 1 and s < 1, avoiding
the use of Proposition 5. In Section 6, we give the proof of the Gagliardo—Nirenberg
inequalities (30) and (31). Finally, in Section 7, we prove Theorem 7 and Corollary 2 and
thus the existence of positive radial solutions in H r’q’v(Rd) for (2).

4. Embedding in Function Spaces: Continuity
We provide the proof of Theorems 1 and 3. We start with the following.

Proof of Theorem 1. Let us choose R > 0. We shall estlmate the L norm of u € H:;Z'y

separately in Bg(0) and in B (0), respectively. Since p < 724, in Bg(0), we have, by using
the Sobolev embedding, the following.

Pax < RVP(2=3) |u|)” < plop(i-3
/BR(O) |u(x)|Pdx SR (2 d)Hu”LPs*(]Rd) <R (3 d)”uHHs (R (34)

To handle the estimate in B%(0), we follow the lines of the one given in [14] by using
now the inequality (6). More precisely, we have

e
Pdx < Pq d
/3,3(0)'”“‘)' v < sup (i) [ H

[x|>R
A= (p—1q)
< |u ” q+2 (/ u(x)|qu) 1 / |u(x)|qu
S ety g || () [x]7
2s=1)(p=q) |4
A R @)
~ Hs Rd) RE|x|Y ’

Note that, in order to apply (6), one needs that

L<g:25(d_1_7)+7,
p—q (2s—1)g+2

(36)
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25:2257 . We shall look now at the embedding (16)

d_dz S5, we can estimate

which is fulfilled since g < p;, < pandq <
in the case (18). On B%(0),

p

Sy o PP [l = R

by an application of the Holder inequality together with (7). To achieve a bound in Bg(0),
we observe that p} < g < p{, duetoq > Zd =2y
Then, we obtain

s < s[5 1,

L= (Bg(0)) JBr(0) |x|7

e @l N B s
<l L . (38)

Bear in mind that in this framework, to apply the inequality (6), we need the elemen-

d 2s)

dx S CRIPGE D ull, oo (37)

R7)”

,and hence we can assume thatg < p < p; .

o
tary bound |x|77 < |x|7, for |x| < 1, which is guaranteed if

v 1)ty

p—q~  (2s—1)g+2 (39)

This completes the proof. [
Our next target is the following.

Proof of Theorem 3. Letting R > 0, we control the L¥ norm of u € HS A7 in BR( ) in the

same way that we did in the proof of Theorem 1 because of p < d
B%(0) can be handled by using now the inequality (8). In fact, we ach1eve, by selecting
q < ps, < p <rand by a direct application of the Holder inequality,

r—q

r— q
[ lulpax < (/ u(x)l qudx) ‘7(/ ) dx)
B (0) B4 (0) By0) |x|7

p—1q =

o N7 w7\
(B%(O )| |x| ﬁdx) (/R o dx) (40)

< Il ([, 1),

where in the second line of the above inequality we applied (8), with r and  solution of
the system
1 B—s r—p é

1
P2 d gy

The previous identities read as

2(yp—d(p—9q)) g 1y(2d —p(d —2s))
—(@d=2s)(p—9q) 2 yp—d(p—9q)

‘
|
S

*
|
<

=

<

, (41)

2d Z'y

because of the relations (9). It is easy to see that 8 < 0 because q <
addition, we require also that

1y(Q2d—p(d—2s)) 1-dy(p—2)—25(p—q)
2 qp—dlp—q) — 2 yp—d(p—q)

andp<d

, (42)
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due to the second condition in (41), which is satisfied when p > p; .. Notice that we
can rewrite

2 L (2s(d —1)((1 —2s)g —2) syél

1—2s  (1—2s)(2s(d—1)+y(1—2s))’ 2
Py = (43)

q(d—1) +2y s 1

d—1 / 2

Let us examine now the case
(1—2s)(2d —27) .
— <

Fe <(1-28)g<2, q<p<p:, (44)

In this regime, we bound the L norm of u € H::Zi’y in B%(0) by using the inequal-

ity (10), because of p > dEsz. As for the region Bg(0), we argue exactly as in (40), that is

p—q

r— T—q q
[ lulpar < ( / |u<x>|fxwdx) ( [l dx)
Bg(0) Bg(0) Br(0) |x|7

= u()|7 |\~
r—=q
S Il oy (L, ) ™,

by taking notice now that § < 0 since g > 25:22 1 and that the second condition in (41) is

fulfilled if one has

<=

=

=l

17y(2d—p(d—=2s)) _1-dy(p—2)—2s(p—q)

2 yp—dlp—9q) — 2 vp—dip—q)
which means
1 S 2s(d—-1)+9(1-2s5) 1
P~ 2qs(d—1)+2y piy

The proof is then completed. [

5. Embedding in Function Spaces: Compactness

This section is divided into two parts. The first concerns the compactness results for
functions in H*(R?), with s > % The second is devoted to shedding light on the compact
embeddings for s < 1.

5.1. Compactness: Higher Regularity

Let us focus now on the proof of Theorems 2 and 5. To show compactness, we follow
the classical argument introduced in [28] and lately extended in [14], with some refinements.
More precisely, the following.

Proof of Theorem 2. Observe that the space H*77(RY) is reflexive. Then, it suffices to
show that every given sequence u; converging weakly to 0 in H :;;7 (R%), converges strongly

in LP (R%), that is | HLP(]R”’) — 0. Given ¢ > 0, we split R? in three parts, and thus:

|uj(x)|"dx +/

p
R<|x\<R*1’uj(x)| dx,  (45)

P — ) p
e L

where R = R(¢) will be chosen later. Assume now that conditions (18) are satisfied. We
have, arguing as in the proof of (37),

/H ()| dx < CRIP(57%) < (46)
x| >

£
3/
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for R > Ry (¢), given that p

) Pi,v — |uj(x)‘q ) P—a .17
/|x‘<R,1|u,(x)\ dx_/mdi1 X7 | (x) P~ x| Ydx

()1
< C/H 1 WVW_U(FJ_%ZX (47)
x| <R~

. q
< CRO(P*%)*W/ de < CRIP—-7 . &
= Rd |x|,y = 31

for R > Ry(¢) and 7y > o(p — q) which is fulfilled for p < p;,, once q > d 227 Finally,
by choosing R = max{Rj (¢), Ra(¢) }, we observe that according to the Hoélder continuity
property (11) of the proposition, we have

— pd </ . — 1y P4
/RS\xlﬁRl‘ uj(x ) =yl %[ dx R<\x\<R—1|u]<x+y> u](x)| .

= ||Mn|\ Hy T (RA) /R<\x\<R—1 [yl dx,

with y € RY and
_ _295—q
S 2q542—4q°
By Proposition 1, the sequence u;, j € N admits a subsequence u;
almost everywhere to 0 on the compact set

jr» which converges

{xeRd|R< H <R—1}.

By taking j € N to be large enough, one obtains

€
/R<|x|<R*1 ]u]'(x) |pdx < 3 (48)

Thus, by (46) and (47) and the above inequality, we work out Hu]H 1P(RA) — 0 for

ps < p < ps,s asj — oo. The case depicted in (17) can be handled in a similar way as
in [14], with the following difference that we argue as in the proof of (34) and exploit
the bound,

/ |uj(x)|"dx < crr(z=i)-1, (49)
|x|<R-1
if one uses again (45). The proof is now completed. [

5.2. Compactness: Unified Approach
In this section, inspired by [20], we present a method to show compactness with the

main scope of treating both the cases of functions with low and high regularity in a unified
manner. Let us consider now the following.

Proof of Theorem 4. We select ¢ € S(R?). By the fractional Leibniz rule (12) and the
Sobolev embedding, we obtain

S

|(=8)2gu

—A)2y

Il + || (=8) 20 2

e S | . Il
s (RY) L5 (R9)

S ||¢“||H5(Rd) S u ||H;$W(Rd),
where the last inequality is provided by Theorem 3. For all R > 0, we pick a smooth ¢(x)

such that ¢(x) = 1in Bz(0) and ¢(x) = 0in BS,(0). Let us set gu;, with u,, n € N, being a
bounded sequence in '/, (R?). Furthermore, one has that gu; is bounded also in H*(R?)
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because of the continuous embedding HS"m(Rd) < H*(R?) which is a consequence of
d 27

Theorem 3. In fact, if g < p;,, < p < p5 withg < as in (25), one can see that

. ((2s —1)g+2)7
Psy i =4q+ 25(d—1) — (25 — 1)y

> 2,

while the case (44), with p > p{ is straightforward. This bears to the fact that ¢u; con-

verges weakly to some w in L?(R¥) with support still in B,z (0). Notice that we have also
@ € L°(RY). By application of Plancharel’s identity, we achieve

[ ouj — wHLZ(Rd) < |lguj - @HLZ(BR(O)) + [|ow; — ZﬁHLZ(B;{(o)) (50)

for any R > 0. Then
N 1
’|q0uj_w||L2(B§{(0)) < EHq)u]'_wHHS(Rd)' (51)

which means that the quantity ¢u;(¢) — @(¢) is uniformly small if |¢] is sufficiently large.
In addition, if one observes that

nh_r}go((pu] —w,eé §>L2(Rz) = hm ((pu] w) =0,
by the definition of the Fourier transform and of the weak convergence in L?(R%), we
have @u;(¢) tends to @(&) almost everywhere as j — co. By (50) and (51) and Holder’s
inequality, we have

1
L (Rd) RS

<R

L2(RY) ™ (52)

(pu wH

H(P”f_ L1 (Bg (0 NH(PM *(RY)

for a suitable R > 0. Additionally, by an application of the Young-Hausdorff inequality (14)
and again Holder’s inequality, we see that

<R

S SR
L1 (Bs(0))

L2(B3x(0))

75, < o =y

The bounds (52) and (53) allow us to acquire the uniform estimate
| puj — vHLl(BR(O))

< (RR)? || pu; — 0|

1
s (Rd) T ﬁH(P”J‘ —w| Hs(RE) S [ puj — w] HAY (RY)" (54)
By a use of Lebesgue’s dominated convergence theorem, we have that u; converges to
u in the L'(B(0)) and thus almost everywhere, once j — oo. This shows that H /" (RY) is
compactly embedded in L} _ (R%). To deal with the general case, we shall use a contmulty

argument in conjunction with a perturbation argument. Namely, if 0 < s < 1,4 < Piny
d 2"/

p < piwithg < enjoying (25), we note that the constraint (42) is fulfilled with the
strict inequality. We ple ay(e) = v+ e with e > 0 that gives rise to a new set of parameters

(P9, 7(€), P%,, ) B(e),7(€)). We have that

im(p?, ), Be), 7(6)) = (P, B.7).

e—0

By (43), one can readily see that pjv () approaches p; . since it is a decreasing function
of . Moreover, by (41), we obtain

_d—p(d—2s) d(p —q)
ple) = p <1+ W(E)P—d(P—q)>
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and that B(e) " B < 0,7(e) N\, ras e — 0. In conclusion, we can choose ¢ to be suitably
2257 , P > ps,, and one can proceed as for (40) and deduce
by the Holder inequality the following

p—1q r(e)=p

r(e)r— r(e)— q r(e)—

/ u|Pdx < (/ ()| Mvdx> @4 (/ |u(x)] dx) @
B5(0) < (0) Bg(0) |x|7Te

P=1q r(e)—p

1 _ ORT [u(x)|7 ) OB
< — x| rErB(E)
S o (/%(0) ()l x| dx) </Rd T (55)

R rle)—q
rle)—p
o q -
< rls a7, </ \u(xil dx> 0
RET () \Jee x|

Lets > % Selecting again y(e) = 7y + &, we can see that if ¢ is small enough so that

g < deizgs(e), the inequality

() _2s(d—=1) —y(e)(2s — 1)

is still valid. We obtain then, similarly as for (35),

l/%m)lwxnpdxs;sup CCIs )

|x|>R

oo
o () e

2t ()l %%%“l
n|@Rd oo o ,

where in the second inequality, we use that c(e) * o for e — 0, with o(¢) as in (56) and
|x|7(®) < |x|7 for |x| > R > 1. In the case (44), p > pZ, we recall instead that we have,
by (10),

(- '7

(57)

1
Pdx < p
/5{(0) \u(x)| dx ~ RP(%*S)*d HuHH:;ZW(Rd)’ (58)

for0 <s < % and, by (37), one can write the similar inequality
Pdx < CRIP(5-5) 1117
s o 1O S CREPE Il 59)

when s > 1. The previous (55), (56), (58), and (59) give that

lim sup |4l 1p (5 (0)) — 0,
R0 ey JILP (Bg(0))

with p > 1. The proof of the theorem follows by interpolation with the case p = 1 and by
the above embedding H.//" (R?) < L} (R?). O

loc
We conclude the section with the following.
Proof of Theorem 5. To show (27) if (28) is satisfied, we shall estimate again the L¥ norm

ofu € H:a‘;'y in Br(0) and in B%(0). The bound in Bg(0), when p < d%—‘izs, is the same as
in (34). As far as the bound in B (0) is concerned, we have
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7/ p—q /
w) JE
2(0)

P 7 (2s—1)

Sl = :
Sl ([, |x|w<x>|qu) Lo ula @)
R %(0)

g I < sup (o)1

|x|>R

1y 4
q
< I3 i ([ eraopas) T

_a A
where in the second line of the above inequality, we utilize || 77 < |x|777 < |x|7, for
|x| 2 1and (6), once

Y =1+ (25— 1)y

P—q - (2s—1)g+2

<o, (61)

where we took into account that 4/ < v and |x|7" < || for [x| > R > 1. We observe

also that (61) is satisfied for p;, < g < pandg < 2;%—22?, with p; . defined as in (19). In

the frame of (29), we have again (37) in B%(0), 0), with
& R
ps <p<ps,<qgandg> ng—zz;’, we catch that, by the Holder inequality,
/ lu(x)|Pdx < RAG—P) / x)|7dx < / 1|08 | (x) 7dx
Br(0) Br(0) Br(0)
< / ()l S [l o (62)

by the bound |x|41=7) < |x|7, for |x| < 1,if v < d(q — p). As far as compactness is
concerned, we choose € > 0, then again we take

_ . 14 . p . p
s ]HLF’ Rd) _/Ix\>R’u](x)’ dx+/|x|<R71]u](x)| dx"’/Rglx‘SRJ”](xH dx,  (63)

where R = R(e) is selected analogously as in the proof of Theorem 2. In the regime (28), we
estimate the second and the third integrals on the right-hand side of the above inequality
as in (49) and (48), respectively. For the first one, we achieve

p—q
Py ()] 97
u;i(x)|"dx = ——u;(x) " |x|T dx
/|x\>R’ ]( )| |x|>R |x|7 ’ ]( )| | |
q /! /_(7/( _ ) /_‘7/( _ ) |u](x)|q
<C |uj (x) |||V x| TP dx < CRYPA dx (64)
= IR - R |x|7

< CRY () < %

from (61) if one follows the steps used to prove (60). If one considers now (29), we control
the first and the third integrals on the right-hand side of (63) as in (46) and (48), respectively.
For the second, we obtain

—alg— €
/\M—l P S RATII [ Ol <, (65)

for vy < d(q — p), as we did in (62). The proof is thus accomplished. [
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Remark 6. To demonstrate the compactness of the embedding (27), one can employ the approach
illustrated in Theorem 4, considering the estimates provided in (60) and (62). This fact allows us
to treat the full range 0 < s < % in a unified fashion, avoiding also the use of the equicontinuity
property stated in Proposition 5, which seems to work for s > % only (see the proof of Theorem 4.1
in [14]. See also [19] for a better understanding of the role played by the equicontinuity in the
compact embeddings for fractional spaces).

In order to have a self-contained treatise, we need to prove the following.

Proposition 10. Let d > 1,5 > 0,and 1 < g < oo, —d(q—1) < 7 < d, Then the space
HT Y (RY) is complete.

rad

Proof. Assume that v > 0 and consider the Cauchy sequence u; € HTT(RY), j € N. Then

rad
(fA)%u j is a Cauchy sequence in LZ(R"Z), and thus there exists f € Lz(Rd) such that the
sequence (—A)%uj converges strongly as j — o, to f in L?(R?). On the other hand, we
have, for every R > 0,

lu(x)[1
q < RY
/BR(O) |u(x)|7dx <R /Rd R dx (66)

which gives
lim ui(x) —u;(x)]" = 0.
Jim [l ()
There exists thus a measurable function # : R — R such that u j converges, as j — oo,
tou in L?o . (R%). By Fatou’s lemma, we have
q

. _ q . _
lim —]u](x) u(x)| dx < lim liminf —|u](x) ul(x)]

dx = 0. 67
j—roo JRA | x| jooo 1—oo JRA |x|7 (67)

We observe that by (66) we can get also

. — q
lim sup 1 /ZSR(0)|uj(x) —u(x)|? < lim de =0, (68)

=% R>0 RY j—oo JRE |X|7

since (67). Furthermore, by the Holder inequality, we obtain

[, 1050 = () gl
< oy 0508 D@ [ W11 — ol

< sup [|lxlo()| 4 = wll a0y (69)

0<k<N L>(Bg(0))

1
q
‘I’ xk X ( X - (x) — X qu)
o?@v”' ol )HLW(Bam)) /13§(0)| 771 (uj(x) — u(x))]

1
_ q
< sup H|x|’<so<x>HW)<|u]-—u|m<BR<o>)+( L 1710050 = ol )

0<k<N

for any ¢ € S(R?) and N > g7. A use again of (67) in combination with (68) guarantees

lim |(tn(x) —u(x))pldx =0.

j—oo JRA

For this reason, u,(x) — u(x) if n — oo converges to 0 as tempered distributions on

R?. Therefore, (fA)%uj converges to (—A)Zu as distributions on RY. This fact and the
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above consideration on the convergence of (—A)%uj in L2(R?) imply that (—A)3u = f.
Letnow 7 < 0,d > 2, and select, as the above, a Cauchy sequence uj € HfL’IZZ’V(Rd ),j €N,
converging strongly as j — oo to f in L2(R?). One sees that for R > 0 and g < 725, by the
Sobolev embedding,

1—g(l_s
/BR(O)\u,-(x)—u,(x)Wx,gR 9(z d)Huj(x)—u,(x)Hf.{S(Rd)

and for g > d%—sz,

i — Idx < Ty _ q
/BR(O) 4 (x) = i (x)] de/Rd |x|7 |uj(x) — uy(x)|"dx,

which enhance to

li (x) — 7=0o.
Jim f o) = ()]

Then we can find a measurable function u : RY — R such that u j converges, as j — oo,
tou in L?OC (R?). Fatou’s lemma shows that

lim - |x["[uj(x) — u(x)|Tdx < lim Liminf [ [x|7|uj(x) —w(x)|"dx = 0. (70)

jroo j—oo I—oo JRA |
As the above,

[ 1) = u(x))glax

< o 400 ~ DO o BC(2) o

k
S sup [Ixp(x)|
0<k<N

i 02(151\]” o) HL""(BE(O)) </Bfa

1
g q
< sup 000 (nuj ~llaqagon -+ ( [, ¥71006) — el )

Lw(BR(O))H”j—M||L»1(BR(0)) (71)

q

o 171085) = )l

0<k<N

for ¢ € S(R?) and N > gv. The inequality above and a further application of (70) infer

lim |(uj(x) —u(x))pldx = 0.

j—oo R4

The remaining part of the proof is the same as the one carried out above for the case
v > 0. Therefore, we omitit. [

6. Gagliardo-Nirenberg Inequalities

This section is addressed to present the proof of the Gagliardo—-Nirenberg-type in-
equalities (30) and (31).

Proof of Theorem 6. We shall treat only the case v > 0 because the proof for 7 < 0 can

be carried out in a similar manner, with some minor changes. Let us consider the scaling
d

uy(x) = x?u(xx) such that ||uX||Lp(Rd) = ||u||Lp(Rd). The embedding leads to

2
2 |”x(x)|q q
L2<Rd>+c(/w |x|7 dx) ’

o rey < C|[(=8)2uy
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which implies the following
2 N RUC AT
2d —d+2s s 2d 44 ulx q
”u||Lp (RY) <Cxvr (=A)2u L2 (Re) +Cxr 1 (/]Rd R dx>
2d _ 2(d—y)
—Cx? AL Cxr T OB (72)

By optimizing the sum on the left-hand side of the above inequality (72), one obtains
that the minimum of the above sum is attained at

q
~ 1. 2p(d — —2d 2d—27y—q(d—2s) _ +,S

with C = C(p,q,d,7,s) > 0. By plugging the previous (73) into (72), we arrive at

2
s 2 2d _2(d—) |u(x)’q q
—A)3 Cx? q / d
A (e o
41 42d-—p(d—2s)) (2d—2y)p—2dq 2dq—(2d—27)p

B r(2d—2y—q(d—2s)) +CAp (2d—27—q(d—2s)) B p(2d—27—q(d—2s

(2d—27)p—2dq q9(2d—p(d—2s))
< CAp@d=2y—q(d=2s)) B p(2d—27-q(d-2s))

—d+2s

<CXP

HuH%P(Rd)

2d—dp+2ps
< CA1@—2)-(24-27)

(74

which gives (30) with p # p;, and p # p;, where p; ., p5, v, g asin (17) and (18) or (28)
and (29), with p; ., p; defined as in (19). [

We are in a position now to give the following.

Proof of Corollary 1. The proof is a direct consequence of the scaling invariant inequality

/Rd(IXI(“_d)*IMV’)\Ml”de Cld,pa)ul ™y, (75)
Ldta (RY)
arising from (13) in Proposition 8 and of (30) for p;, < % <p: 0O

7. Minimization Problems

In this section, we go over the proofs of the theorems connected to the minimization
problems (7) and (2).

Proof of Theorem 7. The fact that m > 0 follows by Theorem 6. We will prove now that

there is a function u € H” ’q’ (R?) such that W' (u) = m with W} (u) as in (32). For

this proposal, pick up a mmlmlzmg sequence u; € H rZZi’ (R%), j € N converging weakly to

u € H"7(R4) such that

rad
p u?(x) PS5
/]Rd u; (x)dx =1, /Rd ] dx =1, Wj (uj) — m,

for j — co. We may assume also u; > 0 because of the bound

()] = [u@)I?
H< ) | | L2(R7) /Rd /Rd |x — y|d+2s dxdy

|u(x) —u(y)? s
N/Rd/]Rd |x—y|d+2§ Ty Ay _H )u

L2(R4)’
By Proposition 6, we have

H(—A)S/zuH <m, /]R W) 4 <1, /Rd WP (x)dx < 1.

d |x|')‘

(76)




Mathematics 2024, 12, 8

18 of 20

By the compact embedding H:;ZW(R”I ) s LP(R?) of Theorems 2 and 5, we have
that u; — u almost everywhere and

lim uf(x)dx = /

uf (x)dx = 1.
j—)oo R4 R4

This will imply Wlp A7 () < m. Nevertheless, by the definition of m, we arrive
at Wlp A5V (4) = m. Then, u € H:;Z;W(]Rd) is the required minimizer, and the proof is
complete. O

Proof of Corollary 2. We know that d > 0 by Corollary 1. Choose, as the above, a non-
negative minimizing sequence 1; € H./”(R?), j € N converging weakly to u € H,/" (R%)
such that

. 2pd
The compact embedding H /L7 (R?) < Lits (R%) of Theorems 2 and 5 guarantees

2pd
that uj —u almost everywhere, with uj,u € L% (Rd). Then, by (15) in Lemma 1, we obtain
. —d _ —d _
tim [ (el gl = [ (Gl ) =1

This gives W) "7 (1) < m. We conclude, as the above, that W}""**7 (1) = m. Then,

we find a minimizer function u € H:;ZV(Rd). The proof is completed. O

We obtain the following.

Corollary 3. Let % <s<lpi,—2<p< dgs, with p; ., q = 4+ 2 and vy as in Theorem 6.

Then, there exists a positive function u € HZT(R"I), a solution to (2) with f(x,u) as in (3)
such that

WP () = min WP (o).
() iR T (0)

rad
We obtain also the following.
Corollary 4. Let 1 <s <1, Poaqy <P < gfﬁ"s, with p3 s, = 4+ 2, a and vy as in Corollary 1.
Then, there exists a positive function u € H " (RY) solution to (2) with f(x,u) as in (4) such that

WEASET () = min WP (0),
P = min | WEP(0)
Remark 7. In Corollary 3, we improve the result in [15]. To be more precise, we extend the lower
bound of the domain of admissibility for p from ﬁ to Wﬂﬁ%' We generalize it then to
the case q > 1 and vy # 1. Corollary 4 is instead new in the literature.

Remark 8. We emphasize that the existence of positive minimizer solutions for (2) are pivotal in
the study of the dynamics of certain nonlinear evolution equations. To have full insight into the
argument and its association with stability and scattering analysis, we cite, for instance [30-35],
along with the references provided therein.
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8. Conclusions

We extend the outcomes obtained in [14-16] by broadening the range of parameters
p,4,7, and s associated with the embedding of H:;ZV(Rd ) into L? (R?). Additionally, we
enhance Gagliardo-Nirenberg-type inequalities, incorporating symmetry akin to (2), thus
generalizing them to a nonlocal framework. This extension sheds light on extremals
within the corresponding minimization problems. Notably, our work includes a compact
embedding result that improves the findings in [14] by extending them to s < 1. While
Strauss’s radial inequality suggests the existence of a continuous representative, validating
it only for s > %, we emphasize that this constraint does not pose a significant limitation.
This restriction is primarily structural, indicating a lack of pointwise representations for
functions within H*(R?) with small s. Furthermore, aligning with the classical Sobolev
embedding theorem stating that H*(R?) embeds into C%*~4/2(R%) (as seen in [18,19]), we
overcome this obstacle by leveraging a set of radial inequalities tailored for addressing the
case of s < %, coupled with a continuity argument. This enables us to treat the complete
range 0 <s < % comprehensively, without relying on the equicontinuity property stated in
Proposition 5, which works for s > 1 only.
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