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1. Introduction

Curvature pinching problems, as one of the most important topics of differential
geometry, have recently attracted significant research interest. Generally speaking, a
typical conclusion is that a general manifold M retains particular geometric and topological
properties under the given assumptions for a sectional, Ricci or scalar curvature if it is
bounded between suitable constants (e.g., [1-5]).

Let M" be an n-dimensional compact manifold which is minimally immersed in an
(n+ p) sphere S"*P(c). The scalar curvature pinching problem of minimal submanifolds
of spheres was initiated in 1968 in [6], in which Simons established the famous Simons
integral inequality:

/&S{(Z;)Snc}dVZO, (1)

where S denotes the square of the second fundamental form and 4V is the volume form
of M". It follows from Equation (1) thatif 0 < S < C; = nc/(2 — 7) then either S = 0
and M" is a totally geodesic submanifold, or S = C;. Soon after, Lawson [7] and Chern,
do Carmo and Kobayashi [8] proved that if S = Cj, then either p = 1 and M" is a Clifford
minimal hypersurface My, x = SK(%) x S"F(-24) in "™ (c) with1 < k < n—1, or
n = p = 2,and M" is a Veronese surface M? in S*(c). Later, Li and Li [9] improved the first
pinching constant C; to Z”C for cases where p > 2 (see also Chen and Xu's result [10] with
another method). Xu [11] obtained a sharp generalization of the above theorems for the
compact PMC submanifolds of a sphere.

Instead of the scalar curvature assumption, Yau improved Simons’ inequality under
the sectional curvature assumption (see Theorem 15 in [12]). In fact, it was proven in [12]
that if M" is a compact minimal submanifold in S"*7(c) with the sectional curvature of M"

not being less than (2 o % , then M" is a totally geodesic sphere S"(c), a Clifford minimal

hypersurface M, in S"*1(c) with 1 < k < n — 1 or a Veronese surface M? in S*(c). Later
on, Itoh proved in [13] that if M" is a compact minimal submanifold in S"*7(c), and the

sectional curvature of M" is not less than 5 n +1) then M" is either a totally geodesic sphere
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S"(c) or a Veronese manifold of a constant sectional curvature % with the co-dimension

= 1(n—1)(n+2). In 2005, Xu and Han [14] established a geometric rigidity theorem for
submanifolds with parallel mean curvatures in a space form, which generalizes Yau and
Itoh’s pinching theorems.

In 1979, Ejiri [15] considered the question of classifying all compact minimal #-
dimensional submanifolds of a sphere under some restrictions on the Ricci curvature.
Actually, the author proved in [15] that if M"(n > 4) is an n-dimensional simply connected
compact minimal submanifold immersed in S"*7(c), the immersion is full, and the Ricci
curvature of M" is not less than (n — 2)c, then M" is a totally geodesic sphere S"(c), a
Clifford minimal hypersurface My ; in S"*!(c) with n = 2k or a two-dimensional complex
projective space CP? (%c) with a holomorphic sectional curvature %c in §7(c). Moreover,
Shen [16] and Li [17] settled Ejiri’s type of pinching problem for the case where n = 3.
Xu and Tian [18] showed further that Ejiri’s pinching theorem still holds for n > 3 by
removing the simply connected condition. In the case of a nonzero parallel mean curvature
vector, Sun [19] initially established an Ejiri-type theorem. He proved in 1987 that if M" is
a compact PMC submanifold in S"*7(c) with n > 4, and under the additional assumption
that the Ricci curvature of M" is not less than n(n — 2)(c + H?)/(n — 1), then M" is a totally
umbilic sphere. By replacing Sun’s pinching constant with the optimal possible constant
(n —2)(c + H?), He and Luo [20] and Xu et al. [21,22] further generalized Ejiri’s pinching
theorem to compact PMC submanifolds in a space form.

Pinching phenomena in submanifolds also arose in the Riemannian product spaces.
In 2011, Chen and Cui [23] obtained a pinching theorem concerning the squared length of
the second fundamental form or the scalar curvature for compact minimal submanifolds in
a kind of product space S (1) x R. By replacing the real line R with a general Euclidean
space with an arbitrary dimension, the second author [24] further extended Chen and
Cui’s rigidity theorem to the compact minimal submanifolds in a generalized cylinder
S™(c) x R"2. After deriving a Simons-type formula on the squared length of the second
fundamental form, Chen-Chen-Li [25] investigated the pinching problems of compact
minimal submanifolds in S™ (1) x R. Actually, they obtained a series of pinching theorems
involving the scalar, Ricci and sectional curvatures, which generalize the rigidity theorems
due to the works of Li and Li [9], Ejiri, Shen and Li [15-17] and Itoh [13]. Later on,
the authors of [26] considered a compact minimal submanifold M" in S$"1(c) x R"2 and
obtained several rigidity results depending on the Ricci curvature, the squared length and
the squared maximum norm of the second fundamental form on M". Some other types
of pinching theorems in general product spaces seem to be of interest and worth further
discussion (refer to [27-30]).

Inspired by the previous results, the aim of this paper is to investigate the geometric
rigidity of compact submanifolds in a kind of Riemannian product space with a parallel
mean curvature vector (PMC). We extend some pinching results for the minimal subman-
ifolds to the PMC submanifolds in S™(c) x R. The outline of this paper is as follows. In
Section 2, we briefly recall some basic notations, concepts and general properties of compact
pseudo-umbilical PMC submanifolds in S (c) x R. In Section 3, we summarize several
relevant inequalities, which is crucial for obtaining our curvature pinching theorems. In
Sections 4-6, we give the proofs of our pinching theorems (For details see Theorems 1, 2
and 4) for the compact pseudo-umbilical PMC submanifolds in §"(c) x R in terms of the
Ricci, sectional and scalar curvatures of the submanifolds, respectively.

2. Preliminaries

Suppose that M := S"(c) x Ris an (m + 1)-dimensional Riemannian product space,
M" is a manifold of a dimension (> 3) and ¢ : M" — M is an isometric immersion with
the co-dimension p = m + 1 — n. We denote by V and V the Levi-Civita connections of M"
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and M, respectively. Throughout this paper, we agree on the following ranges of indices
and the Einstein summation convention to be used unless otherwise stated:

lSA/B/C/§m+1/ lSl,],k,Sn, n+1§a/ﬁ/7/§n+p

We can choose {e;} to be a local orthonormal basis of the tangent bundle TM with a
dual basis {w;} and {e,} to be a local orthonormal basis of the normal bundle T+ M with a
dual basis {w, }. Let {w4p} be the connection 1-forms associated with {w4 }. Since w, =0
when restricted on M, it follows immediately that

0 =dw, = —wjy N\ w;.
Under Cartan’s lemma, we can write
Wi = hfiwj, b = K. (2)

We denote by A, = (h?}), h = h;’;wi ®w;®ey and v = H', = %hf;e,x the shape

operator with respect to ¢,, the second fundamental form and the mean curvature vector
field, respectively. The length of v, denoted by H, is defined to be the mean curvature of
M". Moreover, M" is defined to be a submanifold with a parallel mean curvature vector if
v is parallel on the normal bundle. M" is said to be a minimal submanifold if v vanishes.
The first and second covariant derivatives of h‘l?;- are defined as
VS =l + Wy i + Wy + Wwpe = Hyor, 3)
We denote by ¢ the Cartesian coordinate on the Euclidean line R and o; := % the unit

vector field tangent to R. By decomposing d; into its tangential and normal components,
we see that

o =T+ n= ZTiei + 277066111 )
i o

which satisfies |T|> = ¥; T?, ||*> = L, 7% and |T|*> + ||> = 1. Moreover, the covariant
derivatives of T; and #, are defined to be

VT, =dT; + T]‘a)]‘i = T,-,]-a)]-, (6)
Ve = dyjg + NpWpy = Ma,jW;. (7)
Since V is a Euclidean connection when restricted to R, it follows that 9; is parallel

in M. Taking the covariant derivative of each side of Equation (5) and using Equations (6)
and (7) gives

Tij= %hgﬂﬁ, (8)

Naji = — Zh?‘ka (9)
k

L~et T]\ZI denoNte the tangent b~undle of M. Recall that the curvature tensor of M is the
map R: TM x TM x TM — TM, defined as
R(X,Y)Z =VxVyZ—VyVxZ - VxyZ, (10)

and it is written in terms of the orthonormal basis {¢4 } as

E(EC, ED)EB = Zﬁ%CDeA‘
A
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Moreover, the Riemannian curvature tensor R ABCD Of M is the covariant 4-tensor field
obtained from the (1,3)-type curvature tensor field ﬁ%CD of M by lowering the first index.
Here, we continue to use the same symbol R for the Riemannian curvature tensor when
there is no risk of confusion. With this definition, we write

E(EA,EB)E’C = ZﬁDCABED,
D

and by utilizing the symmetries of the Riemannian curvature tensor, we obtain

(R(ea,ep)ec,ep) = Rpcap = Ragpc. (11)

It is worth pointing out that we can define the Riemannian curvature tensor R and the
normal curvature tensor R of M". It is convenient to write

(R(ei,ej)ex,er) = Ruig = Rijik, (R (i, ¢j)en, ) = R (12)

As we know, the standard Gauss, Codazzi and Ricci equations are given by these
respective equations:

Rijiy =Rijg + Y (Hhty — hijht), (13)
14
—Ruijic =hiy — Hi, (14)
R =Rapit + E(h?kh]?k - hih?k)- (15)
k

Moreover, the Ricci identity is written as
g — P = i Roiig + hs, Ronjig + M5 R (16)

Let 7 : M = S"(c) x R — S™(c) denote the natural projection map. Since e4 projects
to the vector field 71, (e4) on the tangent bundle TS™(c), then

7T*(€A) =€p — <€A,at>at. (17)
By taking into account Equations (10), (11) and (17), it follows that
Rapcp =c- { (7 (en), muec)) (.(en), 7. (ep))
— (. (ea), 7 (ep)) (7 (ep), 7 ec)) }- (18)
Instituting Equation (18) into Equations (13)—(15) leads to the following result.

Proposition 1 (cf. [25]). Let M" be an n-dimensional immersed submanifold in an
(m + 1)-dimensional Riemannian product space M := S™(c) x R. Then, the Gauss, Codazzi and
Ricci equations are given by these respective equations:

Rijiy =c{6idj1 — 6j + TiTedyy + TiTi05 — TiTydy — TiTydic }

+ Y (hihs — ), (19)
®
—Ruijic =y =y = enu(Tjo% — Tidyg), (20)
Ri_ﬁij = 2<h?khl€j - hﬁh%)- (21)
k

Using Equation (20) gives the following proposition derived in Proposition 1 of [31]:
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Proposition 2 ((c.f. [31]). Let gfy = %(hf;k +hl + h,ﬂ]) Then, we have
2
Y () = 3 (8i)* + 5 (n = 1) |TP [ (22)

1,5k a,i,jk

Remark 1. Ifhl]k = 0 for any w, 1, j,k in Equation (22), then |T| = 0 or || = 0 (i.e., M" is
either contained in a slice S™(c), or 0y is tangent to R everywhere). In particular, suppose M" is a
compact submanifold of S™ (c) x R. It is easy to see that |T| = 0, and thus M" lies in S™(c).

The Ricci curvature is a symmetric 2-tensor field, and we find with Equation (19) that
the Ricci curvature of M" is given by

Ry =c{(n—1—|T?)éy — (n —2)T;T} +n Y H*hE th 4 (23)
o

In particular, using k = i in Equation (23) gives
2
Rij=c{n—1—|TP — (n=2)T7} +n) H'H} =) (hf)". (24)
o a,]'

In this paper, we assume that M" has nonzero parallel mean curvature vector (PMC),
and thus we can choose e,, ;1 = v/|v| such that H is a constant, and for & # n + 1, we have

H* = %TrA,X =0, (25)
H' = %TrAn_H =H, (26)
Ry 1,47 = 0. 27)

The detailed proofs are given in [12].

Remark 2. Suppose that M" is a complete pseudo-umbilical PMC hypersurface in a product
space S"(c) x R. It follows that hg{l = 0forany 1 < i,j,k < n. According to Remark 1, it

may be concluded that M" is either a sphere S"(c) or a product space S"~'(c + H?) x R of an
(n — 1)-dimensional sphere of a constant sectional curvature ¢ + H? and a real line R. In the
remainder of this paper, we require p > 2.

Let Sy be a function given by

S;= Z Tr(Ag).
aFEn+1

We intend to compute the Laplacian of S;. In fact, using the Codazzi equation
(Equation (14)) and Ricci identity (Equation (16)), we deduce that

Lasi=Ia( ¥ xos)

aFn+1 i
2 2 z]k + Z Zhl] ijkk
a;énJrl ijk aFn+1ijk
=h+Dh+I+]1y (28)

where

ZZZ]]{

zxaén-&-l i,k
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Y. Y h(Rakikg + Rugji),

a#En+11i,k
Iy = 2 2 hi szﬁtxjk'
aF#n+114,jk,p
Iy = Z 2 h (hlx mkjk+hkm mz]k>
aF#En+114,jkm

Recall that M" is said to be pseudo-umbilical if the shape operator A, in the direction
of the mean curvature vector field v is proportional to the identity map id (i.e., Ay = A -id
for some function A). In particular, M" is called totally umbilical if its second fundamental
form h and its mean curvature vector field v satisfy

h(X,Y)=(X,Y)v, X, YeT,M" peM. (29)

We now assume M" to be pseudo-umbilical. Equation (29) means that we can choose
a suitable local orthonormal basis {e;} such that

Wt = Ha, (30)
which gives
hf],jl H 6 = 0. (31)

When tracing Equation (23) on i and k, the scalar curvature R of M" takes the form
R =n(n—1)(c+H?) —2(n—1)c|T|* - S;. (32)

The fundamental (p x p)-matrix (S.g), defined by S,p := Tr(AsAp), is symmetric.
We thus find that for each « # n + 1, we have

Snita = Tr(Au114Aa) 2H(51} HZh"‘ =0. (33)

We fix e, 11 = v/|v| and choose a suitable orthogonal basis {ea}Ziﬁ 4 such that the
(p x p) matrix (S,p) is diagonal; in other words, we have

. Sa, ‘X:ﬁ}
S“ﬁ_{ 0, a#p

By the definition of S;, we conclude that

Y. Sw

aF#n+1

and therefore
Yy, s2<si (34)
aFEn+1

According to Equations (19)—(21), (25)—(27) and (33), one computes

h=ncy (¥ h,]qa) —ne Y Vi3 (35)

ij a#n+1 aF#n+1
L=— Y {Tr(AiA%)—Tr(A,XAﬁ)z}, (36)
a,f#n+1
Iy =|n(c+H?) = c|TR|S; —nc Y |Vl
aF#En+1
- ¥ [m(aad) - Tr(4uap)?| - L S (37)

a,B#n+1 a#En+1
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Remark 3. It should be emphasized that the formulas mentioned above in this section are closely
associated with the similar computations obtained in the proof of Equation (4.3) in [30], where the
authors used the method of an invariant operator.

3. Several Key Estimates

For future purposes, in this section, we give several key inequalities which will play
crucial roles in the proof of our rigidity theorems. At first, Lemma 1 is immediate from the
Cauchy-Schwarz inequality.

Lemma 1. The expression Y. |V1,|? satisfies the following upper bound estimate:
a#En+1

2
Y vmP= ¥ Y (LmT) <ITPs: (38)
aFEn+1 aFn+1l i j

Lemma 2 (c.f. [12]). Let Kg stand for the infimum of the sectional curvature of M at each x € M.
Then, we have a lower bound estimate of 14:

Iy=) ) hi(h Rk + My Rije) > nKoSr. (39)
aFEn+11,5km

Proof. We fix each &« # n +1and let A{, A5, - - - , A}, be the eigenvalues of A,. The matrix
(h;’;) can be diagonalized for a suitable choice of an orthonormal basis {¢;} at each point
x € M. It can easily be checked that

Y h (i R + M Roiie)

i,j,k,m
=Y AF(AfRikik + AfRyik)
ik
1
==Y (MY = A2)*Rykix
2%
1 2
ZE g(/\?‘ —Ap)"Ko
=nKp Z(/\?)Z —Ko) AP ) Af
; ; k
=nKo }_(h})*. (40)
K

By taking the sum over the index a in Equation (40), not including n + 1, we can obtain
the inequality in Equation (39). In fact, the above inequality (Equation (40)) is originally
due to Yau's estimate (Equation (10.9)) in [12]. O

We end this section by recalling a well-known inequality from the results due to [9].

Lemma 3 (c.f. [9]). We abbreviate Tr( A2 A%) — T'P(A,,(Aﬁ)2 to Nyg for a, p # n + 1. Further-

;)
more, weset Np =}, Nygand Ly = ) S2. Then, we have
o, fAN+1 aF#n+1

1
2N;+ Ly < [14 5sgn(p—2)] s}, (41)
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where sgn(+) stands for the sign function. The equality holds if and only if at most two of the shape
operators { Ay } are nonzero for n +2 < a < n + p. And if we assume that A, # 0, Apy3 # 0
and Ay = 0 forany n +4 < a < n + p, then there exists an orthogonal matrix U such that

_ Jox2  (0)2xr _ Koxo  (0)2xy
UTAVH_ZU/\( (O)r><2 (O)rxr )’ UTAVH_SU/\( (O)r><2 (O)rxr )’

where r = n — 2, A is a nonzero constant and

01 1 0
]2><2—<1 0), K2><2—<0 _1)-

4. Ricci Curvature Pinching Theorem

In this section, we consider the Ricci curvature pinching problem. Assume that
Qo denotes the infimum of the Ricci curvature of M at every point x € M. From
Equations (24)—(26) and (30), one has

Y Y (h)? < (n—1)(c+ H?) — | T2 — (n = 2)cT? - Qo (42)

aFn+1 j
Taking the sum over i in Equation (42) gives
S; <n(n—1)(c+H?) —2(n—1)c|T|* — nQ. (43)

Since (A% — A%)2 < 2[(A%)2 + (A%)?], where the equality holds if and only if A% = —A%,
we obtain

Nap = L AFALHG I, — AFHEARHE)

ik ik
2 Z h/g)
z;ék
< Z [(A9)2 + (A)?] (HE)2. (44)
z;ék

This implies in particular that

N < T [(A9)? + ( =21 (9 E0?). (45)
i,k i
Combining Equations (45) and (42) gives

Ni= ¥ Ng<2 ¥ Y((0? ¥ yoh?)

a,BF#n+1 aFn+1 i B#n+1 j

<2 ¥ YO ((n—1)(+HY) —c|TP = (n—2)eT? — Qo)

aFEn+1 1
=2((n=1)(c+H?) = c|TP = Qo) S —2(n —2)c Y Y TS
aFEn+1 i
SZ((n —1)(c+ H?) — ¢|T]* - QO)SI. (46)

On the other hand, with Equation (44), one obtains

Nop < 1[0+ 04" () < L2 L ()% = SaSp,
)

ik
z;ﬁk
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from which we have

Ni= Y Ng< Y SuSg=57i- Y, Si=5s7i-L. (47)
a,p#n+1 a,B#n+1 aFEn+1

With these preparations, we shall now prove the following pinching theorem for the
Ricci curvature:

Theorem 1. Let M" be a compact pseudo-umbilical PMC submanifold immersed in a product space
S™(c) x R (n > 3,p > 2). If the infimum of the Ricci curvature of M" satisfies Qy > D1, where
D is defined as Equation (51), then |T| = 0, and M" is a totally umbilical sphere S" (c + H?) ina
slice S™ (c).

Proof. According to Equations (35)—(37), a direct computation shows that
1
EASI =h+L+LE+1

:Il+[n(c+H2)—c|T|2}SI+ncZ( Y h’f}m)z

ij a#En+l
—2nc Y |V —2N;—L;
a#En+1
>0+ [n(c+H?*) —c|T|?)S; —2nc Y |Vnal* = Ny — (N;+ Ly). (48)
aFEn+1

By applying Equations (38) and (43)—(48), it is straightforward to show that

%As, >I + [n(c+ H?) — c|T|*]S; — 2nc|T|*S;
—2((n = 1)(c+ H2) — c|[T[2 ~ Qo) S; - 5F
>I; + [n(c + H?) — c|T|*]S; — 2nc|T|?S;
—2((n=1)(c+H?) =T~ Qo) S
- (n(n —1)(c+ H?) —2(n—1)|T2 - nQ())SI

nz—2

n+2

=i+ (1+2)(Q — S e+ HE) — —sc|TR) s, (49)

On the other hand, applying Equations (38), (41) and (43) to Equation (48) gives rise to
%AS; >I + [n(c+ H?) — c|T|*]S; — 2nc|T|*S| — [1 + %sgn(p - 2)} s?
>I + [n(c+ H?) — (2n+1)c|T|?]S;

- {1 + %sgn(p - 2)} (n(n —1)(c+H?) —2(n—1)c|T|* - nQO) Si

=L +n [1 + %sgn(p — 2)} [QO 2= 2; i ign_(;)sgzr)l(p —2) (c+ H?)
_ 6—2(n—1)sgn(p—2)C|T|2}Sl. (50)

n[2+4sgn(p —2)]

We set

2

. (n

Dy :mm{
n

-2 2 1 2

2(n=2)+(n—L)sgn(p—2) .
2+sgn(p—2) (e +H")
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N 6—2(n—1)SgH(P—2)C|T|2}‘ (51)

n[2+sgn(p —2)]

Provided that Qy > Dj, taking integration over M" on Equations (49) and (50), and
using the compactness of M", we are led to the conclusion that AS; = 0 and

Z Z 1]k = (52)

a;én+1 i,jk

Taking into consideration Equations (31) and (52), we find 1%, ik =0 for any «,1,j, k.
It follows from Remark 1 that |[T| = 0, and M" is a compact pseudo -umbilical PMC
submanifold in S (¢). Under Theorem 1 in [32] (see also [33]), we find that M" is either
a sphere S"~1(c + H?) or a minimal submanifold immersed in S"~1(c + H?) with the
co-dimension p = p — 2. Moreover, we see that

Y Y (k)=

aFn+1 i,j

or
n?—2

Qo:D1:min{n+2 2(n—2)+ (n—1)sgn(p —2)

T sgn(p 3] (c+H2)}.

If S; = 0 or p = 2, then M" is a totally umbilical sphere S"(c + H?) in S"(c).
If S; > 0 and p > 3, then the Ricci curvature of M" is identically equal to D;. Now,
we also observe that

(c+ H?),

. (n*=2
Dlzmm{ n+2(

4(c+H2) ifn=3;
;2@+fﬂ) if n > 4.

3n—5

c+ H?), (a+H%}

It can easily be seen that the Ricci curvature satisfies
Ry = D1 > (n —2)(c + H?)

for any n > 3. This, combined with the results of Ejiri [15] and Li [17], implies that M" must
be a totally geodesic sphere 5" (c + H?) in S"~1(c + H?), which contradicts the assumption
that S; > 0. We have thus proven Theorem 1. [

5. Sectional Curvature Pinching Theorem

Now, we shall state and prove the following sectional curvature pinching theorem:

Theorem 2. Let M" be a compact pseudo-umbilical PMIC submanifold immersed in a product space
S™(c) x R (n > 3,p > 2). If the infimum of the sectional curvature of M" satisfies Ky > D,
where Dy is defined as Equation (60), then |T| = 0 (i.e., M" lies in a slice S™(c)). Furthermore,
M" is locally either a totally umbilical sphere S"(c + H?) in S™(c) or a Veronese manifold with a
constant sectional curvature 1) +1) (c+ HZ)

Proof. By substituting Equations (35)-(37) into Equation (28), a direct computation
shows that

fAS =] I I 1+ ——)1 —
1=h+L+LE+(1+ +2)

2(n+1)1 . n
n+2 * n+2

"
n+2t
2
(n (c + H?) — c|T|? ]Sl—i—ncZ( Z h1]7704>

ij a#En+l

:Il —+
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2nc 1
- Yo IVl + (nL; —2Ny)
114—2“?&’1+1 n+2
2(n+1) n
> _
2h+ = =i

2nc 1
— Yo VP + (nL; —2Nj). (53)
114—2‘%7'&,1+1 n+2

[n(c+H?) — | TP]S;

In light of Equations (38) and (39), we can derive through Equation (53) that

1 2n(n+1)
ZAS; >1 KoSy —
i R aa

L [n(c+ H) — TPy
2nc

1
_ 2 _
- 2|T| Sl+n+2(nL1 2Nj)

2n(n+1)
=h+ n+2 (0_2(n+1)(

c|T|?
c+H2)_2(n+1))sl, (54)

where the last inequality is followed by
n
< —
N < > Ly,

which is taken from T. Itoh (see [34], Proposition 1).
Likewise, by substituting Equations (35)—(37) into Equation (28) again, we have

1 p—2 p—2
“AS;=L+DL+1I 1 Iy — Iy
SAS =L+ L+ 3+(+p 1)l P

B 2p — 3 P—2 2\ 2
ne 1
_ Z | 771x|2+7 (p 2)L1 N
p_loc;én+1 p= ( )
2p—3 p—2
> + o Iy — p_l[n(c+H2)—C|T|2]Sl
nce 1
i na|2+—((r) 2)L; - Ny). (%9)
aFn+1 P

Applying Equations (38)-(39) to Equation (55) implies that

13 nKoSy

1 2p — -2
SAS; >+ p”_ — e+ H?) = e|TP]s,

1
- Sy +p7<(}7 Z)Ll NI>
2p—3 _p—2 5 _n+2—p 2
—11+7p 17’1( 2p_3(C+H) 7n(2p_3)C|T| )S[
+ (-2 - N, (56)
p

With the Cauchy-Schwarz inequality, we obtain

(L 1s)0’<s L1 ¥ 2=(p-1) ¥ S2=(p-1L, 7

aFEn+1 aF#n+1 aFEn+1 aFEn+1

where the equality holds if and only if one of {5} , is nonzero or

ucn+

Snt2 =Sppz =" = Sn+p'
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Also, it follows from Equations (47) and (57) that
(p—2)Li =Ny > (p—2)L1 = (Sf = L) = (p — 1)L; = ST > 0. (58)
Applying Equation (58) to Equation (56) shows that
2p—3 p—2 > n+2—p 5
7A > Ko — H?) — —>¢|T .
S12 b+ S (Ko — 5 5+ B — o el TR )8y (59)
We set
_n_ 2y, TP
Dz—mln{2 )(C+H)+2(n+1)'
p—2 n+2—p 5
H?) + ——=—F|T]?}.

Provided that Ky > Dy, by integrating Equations (54) and (59) and using the compact-
ness of M", we therefore conclude that AS; = 0 and

2211k=

oc;én+1z]k

An argument similar to that used in proof of Theorem 1 shows that |T| = 0, and M" is
either a sphere S"~!(c + H?) or a minimal submanifold immersed in S"~!(c + H?) with
the co-dimension p = p — 2. Moreover, we see that

Y, Y (nf)? =

aFEn+1 i,f

or

(c+H2), —F(c+ H2)}.

K0:D2:mm{ 511

_n

2(n+1)
For the former case, M" is a totally umbilical sphere S"(c + H?) in S"(c). Hereafter,

we consider the latter case, where the sectional curvature Rj; is identically equal to Ds.
Case A.If 2p > n, then

D, = (c+ H?),

2(n+1)

Therefore, M" is a Veronese manifold with a constant sectional curvature (n ) (c+

H?)and p = 3(n —1)(n +2) (see Example 2 in [8] and Main Theorem in [13]). Here, we
assume that the immersion

@1 : M" — S"(c 4+ H?)

is full. In particular, for n = p = 2, we recover the Veronese surface.
Case B.If 2p < n, then

D, = zp’i -(c+H?),

Therefore, the equality holds in Equation (58), and so does Equation (57).

Suppose that S;12 = Sy43 = -+ = Syp = 0. It is easy to see that M" is a totally
geodesic sphere S"(c + H?) in S"~!(c + H?).

Suppose that S, 12 = S;43 = -+ = Sy4p # 0. Note that M" is contained in a slice
S™(c), and we thus find that 0; = 7 is perpendicular to the mean curvature vector field v.
We can certainly assume that e, » = #. Since the equality holds in Equation (53), we obtain
(h;}*z)z = 0 for arbitrary 1 < i,j < n, namely S, 1, = 0, which is a contradiction.
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We now turn our attention to the case where S, # 0and S;43="---= S;1, =0.
Therefore, we assume that M" is a minimal immersed hypersurface of S"*!(c + H?) with
the shape operator A = diag(A1,Az,---,Ay). According to the Gauss equation, it fol-
lows that

p 2 Oy
— H?) = H ; 1
2ﬁ+1(c+ ) (C-I— )-1—/\1}\;{ (61)
for any i # k. Hence, 7\1 = 7\2 = ... = 7\,1, which is due to the fact that n > 3. From

Equation (61), one easily finds that for any i,

o Pl

2 _ H?
: 2va+1(c—i— ) <0,

which is impossible. This finishes the proof of Theorem 2. [

6. Scalar Curvature Pinching Theorem

Upon substituting Equations (38) and (41) into Equation (48), one sees immediately
that

%As, >1 + [n(c+ H2) — c|T|?]S; — 2nc|T|2S; — [1 + %sgn(p - 2)} s2
1
- {n(c + H2) = 20+ 1)e| T2 = [1+ 5sgn(p — 2)]51}51. (62)

By the same argument as that in [8,9], we can now establish the desired pinching
theorem for S;.

Theorem 3. Let M" be a compact pseudo-umbilical PMC submanifold immersed in a product space
S™(c) xR (n > 3,p > 2). If Sy < D3 everywhere on M", then |T| = 0 (i.e., M" lies in a slice
S™(c)). Here, D5 is given by

1

Dy=—
° T 1+ Isgn(p-2)

{n(c+H?) — (2n+1)c|T|*}.

Furthermore, one of the following assertions holds:

(i)  M"is asphere S"(c + H?);

(i) M" is a Clifford minimal hypersurface My, ,,_»_y contained in S"~1(c + H?) with 1 < k <
m — 3, where the Clifford minimal hypersurface My ,,_o_ is given by

e e e R e = )

(iii) M" is a Veronese
surface M? in S*(c + H?).

In light of Equation (32), we point out that if S; < D3, then R > Dy, where

Dy =n(n —1)(c + H?) —2(n —1)c|T|* — D3
:2(7’1 — 2) + (7’1 — 1)sgn(p — 2>Tl(C + HZ)

2+sgn(p—2)
6 — 2(” — 1)Sgn(P — 2)C|T|2
2+sgn(p—2) '

Consequently, Theorem 3 can be formulated equivalently in terms of the scalar curva-
ture R of M" as follows:
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Theorem 4. Let M" be a compact pseudo-umbilical PMC submanifold immersed in a product
space S"(¢) x R (n > 3,p > 2). If R > Dy everywhere on M", then |T| = 0, and M" is a sphere
S"(c + H?2), a Clifford minimal hypersurface My, 5y contained in S™~(c + H?) or a Veronese
surface M? in S*(c + H?).
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