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Abstract: The present paper is devoted to establishing several existence results for infinitely many
solutions to Schrodinger—Kirchhoff-type double phase problems with concave—convex nonlinearities.
The first aim is to demonstrate the existence of a sequence of infinitely many large-energy solutions
by applying the fountain theorem as the main tool. The second aim is to obtain that our problem
admits a sequence of infinitely many small-energy solutions. To obtain these results, we utilize the
dual fountain theorem. In addition, we prove the existence of a sequence of infinitely many weak
solutions converging to 0 in L*-space. To derive this result, we exploit the dual fountain theorem
and the modified functional method.

Keywords: Kirchhoff function; double phase problems; Musielak-Orlicz-Sobolev spaces; multiple
solutions; variational methods
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1. Introduction

In this paper, we demonstrate the existence of multiple solutions for the following
double phase problem in RV:

_ M(/RN 71?|Vw|17 + U(qy)|Vw|‘7 d]/) diV(|Vw|p72Vw + V(y)|Vw|‘7*2Vw)
+ 2 (y) (|l 2w + v(y) w7 2w) = o(y) v w +6g(y,w) nRN, (1)

where N >2,1< p <q<N,1<r<p,0isa positive real parameter, g : RN x R — R is
a Carathéodory function,

1

<1+ N’ v:RN = [0, c0) is Lipschitz continuous,

= =

and U : RN — (0, 00) is a potential function satisfying

(V) U € C(RY), essinf,cpn U(y) > 0, and meas{y € RN : T(y) <V} < +oo, for all
Vo € R.

Furthermore, let us assume that a Kirchhoff function M : Ra“ — RT satisfies the
following conditions:

(M1) M € C(R") fulfills inf;cp+ M(Z) > xo > 0, where &g is a constant;
ere exists a constant ¢ > 1 such that = T)dT > or( > 0.
(M2) Th i 4>1 h that M ({ 9 OgM d M(Z)C forC >0

The double phase operator, which is the natural generalization of the p-Laplace opera-
tor, has been studied extensively by many researchers. The research interest in differential
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equations and variational problems with double phase operators can be regarded as a key
factor in diverse fields of mathematical physics, such as strongly anisotropic materials, the
Lavrentiev phenomenon, plasma physics, biophysics, chemical reactions, etc.; for more
information, see [1,2]. In relation to regularity theory for double phase functionals, there
is a series of remarkable papers by Mingione et al. [3-8]. Eigenvalue problems for a class
of double phase variational integrals driven by Dirichlet double phase operators have
been dealt with [9]. A study on a remarkable existence result of solutions to quasilinear
equations involving a general variable exponent elliptic operator was investigated in the
recent work by Zhang and Radulescu [10]. Recently, the authors in [11] provided a new
class of double phase operators with variable exponents. As its application, they gave the
existence and uniqueness results for quasilinear elliptic equations with a convection term.
Other existence results for double phase problems can be found in the papers [12,13].

The study of elliptic problems with the non-local Kirchhoff term was initially intro-
duced by Kirchhoff [14] in order to study an extension of the classical d’Alembert’s wave
equation by taking into account the changes to the lengths of strings during vibration.
The variational problems of the Kirchhoff type have had influence in various applications
in physics and have been intensively investigated by many researchers in recent years; for
examples, see [15-28] and the references therein. A detailed discussion about the physical
implications based on the fractional Kirchhoff model was initially suggested by the work
of Fiscella and Valdinoci [20]. They derived the existence of non-trivial solutions by tak-
ing advantage of the mountain-pass theorem and a truncation argument on a non-local
Kirchhoff term. In particular, the conditions imposed on the non-degenerated Kirchhoff
function M : Ra“ — Ra“ were that M is an increasing and continuous function with (M1);
also, see [24] and references therein. However, this increasing condition eliminated the case
that is not monotone; for example,

M@Q) =1+ + 1+ twitho <k <1

for all { € RJ . In this regard, the existence of multiple solutions to a class of Schrodinger—
Kirchhoff-type equations involving the fractional p-Laplacian was provided by refer-
ence [25] when the Kirchhoff function M is continuous and satisfies (M1) and the condition:

(M3) For 0 <'s < 1, thereis ¢ € [1, g%;) such that 9M({) > M({){ for any ¢ > 0.

We also referred to [15,16,25-29] for recent results.

Recently, the authors of [22] studied the existence result of a positive ground-state
solution for an elliptic problem of the Kirchhoff type with critical exponential growth
under the following condition:

(M4) There exists ¢ > 1 such that 1&/{9(51) is non-increasing for ¢ > 0.

From this condition and direct computation, we immediately recognize that 9.M({) —
M(Z)( is non-decreasing for all { > 0, and thus, this implies the condition (M2). A typical
model for the Kirchhoff function M satisfying (M2) is given by M(Z) = 1+ a?, witha > 0
for all { > 0. Hence, the condition (M2) includes this classical example as well as cases
that are not monotone. Under this condition, the authors of [18] obtained multiplicity
results for certain classes of double phase problems of the Kirchhoff type with nonlinear
boundary conditions; also, see [19] for the Dirichlet boundary condition. For these reasons,
the nonlinear elliptic equations with a Kirchhoff coefficient satisfying (M2) have been
comprehensively investigated by many researchers in recent years [15,17-19,21,25,27,28].

The main aim of the present paper is to provide several multiplicity results of solutions
for Schrodinger—Kirchhoff-type problems involving a double phase operator for the com-
bined effect of concave—convex nonlinearities. In this paper, we first discuss that Problem
(1) has infinitely many large-energy solutions. Second, we demonstrate the existence of a
sequence of infinitely many small-energy solutions. Finally, we provide the existence of a
sequence of infinitely many weak solutions converging to 0 in L*-space. To derive such
results, we exploit the fountain theorem, the dual fountain theorem, and the modified func-
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tional method as the main tools. The present paper is motivated by recent work in [30,31].
Moreover, the authors of [30] obtained multiplicity results to the double phase problem
as follows:

—div(|VulP 2V u + v(y) [Vl T Vu) + B (y) (JulP~>u + v(y)[u|Tu)
= Ao (y)|w| " w +g(y,u) in RN,

where 0 : RN — (0, ) is a potential function satisfying (V) and g : RN x R — R fulfills the
Carathéodory condition. In particular, in the work [30], the authors obtained the existence
of a sequence of small-energy solutions under specific conditions of the nonlinear term that
were different from those in previous studies [23,32-37]. More precisely, in view of [32-35],
the conditions of the nonlinear term g near zero as well as at infinity were decisive for
proving the hypotheses in the dual-fountain theorem. However, the authors also ensured
the hypotheses when the behavior at infinity was not assumed, and the condition near
zero—namely, ¢(y,{) = o(|¢|P~2Z) as || — 0 uniformly for all y € RN—was replaced by
(G4), which is discussed in Section 2. Although this study is inspired by [30,31], the presence
of the non-local Kirchhoff coefficient M required more complicated analyses that had
to be performed meticulously. In particular, one of the key ingredients to obtain this
multiplicity result in [30,31] is that the potential function V € C(RY, (0, )) is coercive:
that is, lim,| V(x) = 400, which is crucial to guarantee the compactness condition of
the Palais—Smale type. However, in order to prove this condition, we employ a weaker
condition (V) than the coercivity of the function V. Therefore, in this study, we develop a
multiplicity result for double phase problems of the Kirchhoff type under various conditions
on the convex term g.

Our multiplicity result of infinitely many small-energy solutions converging to 0 in
L*-space is motivated by [38-42]. However, in contrast to [38,41,42], we utilize the dual-
fountain theorem instead of the global variational formulation in [43]. This multiplicity
result yielding small-energy solutions for variational elliptic equations based on the dual
fountain theorem does not guarantee the boundedness of the solutions. For this reason,
the authors of [39,40] combined the modified functional method with the dual-fountain
theorem in order to demonstrate the existence of multiple small-energy solutions converg-
ing to zero in L®-space. In this direction, our final result is based on recent research [39,40].
However, our approach differs from [40] when validating a condition in the dual fountain
theorem, as shown in the Section 4. Furthermore, we have to carry out more complicated
analyses than those in [39]: not only because our problem has the Kirchhoff coefficient M
but also because the given domain is the whole space RN.

The outline of this paper is as follows. We present necessary preliminary knowledge of
function spaces for the present paper. Next, we provide the variational framework related
to problem (1), and then we establish various existence results of infinitely many non-
trivial solutions to the Kirchhoff-type double phase equations with concave—convex-type
nonlinearities under certain conditions on g.

2. Preliminaries

In this section, we briefly discuss the definitions and the essential properties of
Musielak—Orlicz-Sobolev space. For more in-depth examinations of these spaces, we
refer to [9,44-46].

The functions H : RN x [0,00) — [0,00) and Hgg : RN x [0,00) — [0, 00) are defined
as follows:

H(y,§) == +v(y)i, Ha(y,0) :=By)(" +v(y)T) 2)
For almost all y € RN and for any ¢ € [0,00) with 1 < p < g,

1

<14 —,
= +N

v: RN — [0, 0) is Lipschitz continuous,

= =
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and U : RN — R is a function satisfying (V).
We define the Musielak-Orlicz space L7 (RN) as

L*(RN) := {v : RN — R is measurable : ¢y(v) < 00},

induced by the Luxemburg norm

Jol :=inf{A >0+ ¢ (y,

v
=1t
where ¢ denotes the H-modular function with
cn(©) = [ M lody. ©

If we replace H with Hy;, we obtain the definition of the Musielak—Orlicz space
(La RY), [ 9255), e,

Ly (RN) = {v : RN — R is measurable : ¢k (v) < 00},

induced by the Luxemburg norm

[0ll3y = inf{)\ >0: ¢lf (y,

7)) <)

where g% denotes the Hg;-modular function as

()= [ Hulylo)dy. @

According to [45,47], the spaces L7 (RN) and Ly, (RN) are separable and reflexive
Banach spaces.

Lemma 1 ([47]). For ¢%(v) given in (4) and v € Lyy,, (RN), we have:
(i) forv#0, oy, =Aiff (%) =1;

(i) [olpy < U=1;>1)iffZi(v) <1(=1;>1);

(iii) i [0lpy > 1, then o]}, < ¢Hi(0) < |0lf,;

(i0) if [ollg < 1, then [0l < cli(o) < ol

Furthermore, analogous results hold for ¢4 (1), given in (3), and || - || .
The weighted Musielak-Orlicz-Sobolev space W%H (RN) is defined by
Wyt (RN) = {0 € Ly, (RN) : |Vo| € L¥(RN)}.
Then, it is provided with the following norm:
[oll = Vol + 0]y

Note that W%H (RN) is a separable reflexive Banach space [45]. In the following
calculations, the notation E < F indicates that space E is continuously embedded into
space F, while E << F denotes that E is compactly embedded into F.

According to Lemma 1, we obtain the following results:

Lemma 2 ([47]). The following embeddings hold:
(i) Ly (RN) < LH(RN);
(i) Wyt (RN) — LT(RN) for T € [p, p*);
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(iii) W' (RN) v LT(RN) for T € [p, p*).

Lemma 3 ([47]). Let

Aw)i= [ A IVoldy + [ My lo])dy

Then, the following properties hold:

(i) A(v) < [0 + [[o]|7 forall v € Wy (RN);
(i) Iffjo] <1, then 21 ]o]7 < A(v) < ||o]?;
(iii) If |o| > 1, then 27P|v||P < A(v) < 2|o]|9.

Let us define the functional ® : ¢ := W%H(RN ) — Rby

(w) = (/ Hyay, [V dy) [ ooty Ll dy,

where the functions 4 : RN x [0,00) — [0,00) and My 4 : RN x [0,00) — [0, 00) are
defined as

( )

/Hp,q(yrg)- §p+ —2279  and ’Hm,p,q(y,g) =U(y )( o+ v(y )€q>

Then, it is standard to check that ® € C! (¢,R), and its Fréchet derivative @ : ¢ — ¢* is
defined as follows:

(@' (w),v) —M(/ Hp (1, |Vw|)dy> /N(|Vw|”’2Vw-Vv+v(y)|Vw|””2Vw~Vv) dy
+/ y)(Jw|P~ 2wv+v( )|w|q*2wv)dy

forall w,v € € where €* denotes the dual space of €, and (-, -) denotes the pairing between
¢ and €.

Throughout this paper, the Kirchhoff function M satisfies the conditions (M1)-(M2),
and the potential U fulfills the condition (V).

Definition 1. We say that w € € is a weak solution for Problem (1) if
M(/ Hp,q(y,wwndy) /N(|Vw|7”’2Vw-Vu+v(y)|Vw|‘7’2Vw-Vu)dy
+/ y) (|Jw|P2wu + v(y)|w|12wu) dy = /RN U(y)|w|r72wudy+G/RNg(y,w)udy
forany u € €.

We assume the following:
(Bl) 1<r<p<g<tl<p%
"
(B2) 0<c € LTQ’(RN) N L®(RN) with meas {y € RN : 0(y) # 0} > 0 for any g with

P<7<p
(G1) g : RN x R — R satisfies the Carathéodory condition, and there is an s € [p, p*),

0<p; € LY (RN) N L®(RN) and a positive constant p, such that

180, ) < p1(y) + 202!

for all { € R and for almost all y € RV;
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(G2) There exist u > #q and My > 0 such that

8w, —uG(y,¢) >0

forall (y,¢) € RN x R with || > 9y where G(y,{) = fog <(y,s)ds;
(G3) There exist u > 8q, ¢ > 0, and M > 0 such that

s, )T —uG(y, Q) > —¢l¢lP

forall (y,7) € RN x R with || > 9y;
(G4) There exist My > 0,1 < d < p, T > 1 with p < v/d < p*, and a positive function
&€ LY(RN) N L®(RN) such that

liminfg(yi’?2 >
=0 S(y)[¢]" ¢

uniformly for almost ally € RN,

Remark 1. It is clear that the condition (G3) is weaker than (G2), which was initially provided
by [48]. If we consider the function

$,0) = p(v) (a:(y)a“é i+ fgsm g)

with its primitive function
¢y) a1 2 2)
Gy, Q) = 2222+ =[P — = cosT+ = ),
(5.0 = o) (ELe1? + 212l = 2 cosg+ 2

where p € C(RN,R) with 0 < inf, cpn p(y) < sup,cpn p(y) < oo, and d, ¢ are given in (G4),
then it is obvious that this example satisfies the condition (G3) but not (G2). However, the conditions
(G1) and (G4) are also satisfied.

Let us define the functional ¥y : € — R as

1

Yo(w) = [ oWl dy+0 [ Glyw)dy.

Then, it is easy to show that ¥y € C 1(¢,R), and its Fréchet derivative is

(Fp(w),z) = [ ool vzdy+6 [ gy,w)zdy
for any w, z € € [47]. Next, we define the functional & : € — R by
Eo(w) = @(w) = Fp(w).
Then, it follows that the functional & € C' (¢, R) and its Fréchet derivative is:
(&y(w),z) = (D' (w),z) — (Yy(w),z) foranyw,z € €.
Before describing the proofs of our results, we present several preliminary assertions.

Lemma 4 ([47]). Assume that (B1), (B2), and (G1) hold. Then, ¥y and ¥, are sequentially weakly
strongly continuous.

Definition 2. Suppose that X is a real Banach space. We say that the functional F satisfies
the Cerami condition at level ¢ ((C).-condition for short) in X if any (C).-sequence {w,} C X,



Mathematics 2024, 12, 60

7 of 35

ie., F(wn) — cand | F'(wy)|x+ (1 + [|wnllx) — 0asn — oo has a convergent subsequence
in X.

The following Lemmas 5 and 6 are the compactness condition for the Palais-Smale
type that play a crucial role in obtaining our main results. The basic concepts behind the
proofs of these logical consequences follows the analogous arguments in [30]. However,
more complicated analyses have to be carried out because of the presence of the non-local
Kirchhoff coefficient M.

Remark 2. The basic concepts of the proofs for the following logical consequences use similar
arguments to those in [30,31]. From this point of view, it is important that the potential function
V € C(RY, (0,00)) is coercive. As mentioned in the introduction, we show this condition without
assuming the coercivity of the function V.

Lemma 5. Suppose that (B1), (B2), (G1), and (G2) hold. Then, the functional &g ensures the
(C)c-condition for any 6 > 0.

Proof. Forc € R, let {w, } be a (C).-sequencein &, i.e.,
Eg(wy) — cand [ Ey(wy) ||z (1 + |walx) — 0asn — oo, (5)

which show that
c = &(wy) +0(1) and (Eg(wy), wy) = 0(1), (6)

where 0(1) — 0 as n — co. Firstly, we verify that the sequence {w, } is bounded in €. To do
this, we claim that

1 1
(55— 1) Jo P (v lonl) Cl/{|Wn|ssno}lwn| +o1()[wnl +p2lwnl dy ()
1,1 1
25(1974_%) [ Hesl oul) dy = Ko

for any positive constant C; and for some positive constant Ky, where Hgs, as given in (2).
Indeed, without the loss of generality, we suppose that 9y > 1. By Young's inequality, we
know that

(30 = 3) Jow Mool el dy

— p ,
C1 {\wn\gzmo}“w”' + p1(y) |wn| + p2|wa|”) dy

1 1
> (55— 3) fo o . el
p— p s/ s [
Cl/{\wn\gmo}(m"' + 05 () + |wn|® + p2|wy| )dy
> 1(i_l> [/ Hm(y/|Wn|)dy+ ’Hm(y,wnl)dy]
b n RN {lwn| <0}

2
Cl/{\wn\g}('w"‘ + [ +Pz|wn|) %

_ p s Y4 . s
“ /{1<|wn\§§m0}(|wn| + |w”‘ +P2|wn| )dy ClHPlan’(RN) 8
1,1 1
> — — — d d
_2(l9q ﬂ)[/RNH”(y'W”') Y Sty 2@ 0D y]
—C1(2 / Pdy —C s’,
L T
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—Cy (14 5P 4 P / P
1( + Mo F + My Pz) {1<\wn|§£m0}‘wn| Y

1,1 1
> —=—-= , d , d
> 3 (5= ) o ety [ o

—C1(2+P2)/

{lwn| <1}

= Co(1+ 20 ' ) /{1<\w <ogy T ) Ay
nl> 0

1,1 1
> == , d , d
> 3 (5= ) | o ety [ ot

—6/ U(y, |w,|) dy — Cy,
o o oy )y~ G

H(]/' |wn|) d]/ - Cl ”Pl “SL/s/(RN)

where H, as given in (2), Co =G (1 + M*~F —H)ﬁoé_ppz). and C; := C1lp1 ||SL,S,(RN).
We set
By, ={y €RY: |yl <ro}, A={yeRV\By:9(y) >}
and
B={ycRY\ By : B(y) < o}
for any Vy > 0. Then, it is clear that AU B = Bj , where A and B are disjoint. If y € A,

281G

>
then for any Vo > =55

, we know that

2191]]/!607_[

>

(v, |wnl) 9
for |y| > ro. Furthermore, since U € L!(B,, ), we infer

Ha(y, [wal]) dy < + d H(y, |wn|) dy < 10
/{|w"<5m0}mBro o fnl) dy = {lwn| <O }NBy, (s wn]) dy < +oo (10)

for some positive constants Cy, Cs. Using (V), we know meas ({y € RN : |wy, (y)| < Mo} N B)
is finite, and thus,

Ho(y, wnl) dy < + d H(y, [wa|) dy < +o0. (11
/{|w,,|§9ﬁg}ﬂ3 m(y |wn|) Y o {|wn| <M }NB (y |wn|) y *© ( )

This, together with (8)—(11), yields the following;:

1 1 ,
o, 4 n d _C/ np n n d
(30~ 30) Jon Mol =Co [ (anl? -+ pr ()l + pafen ) dy
1,1 1
2 3\Gg 7 ) L Pem v fnl)d Ha(y, [wal) d
25 (5= ) o Moty [ My

Hos (v, d
+/{wn§9ﬁo}ﬂ]]§r0 ‘B(y |wn|) y]

H(y, [wal) dy + [

{lwn| <O }NBy,

- é0[/{|wn|<arno}mmo MLy, o) dy | = G

1/1 1
-2 e (y, |, |) d / o (v, |wy]) d
(ﬂq #)[/RN ol o+ [ - Mol ) dy

Hasly fenlydy] ~Co [ Aol dy

> -
-2

g/
{|wn| <M }NB

7 n d _iC
+/{|wn|ssmo}mBH(y fenl ] = Ko
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Ha (y, |wal) dy

1,1 1 p—19q
(5~ ) Jfou Mool laydy + B0

O u /{\wn\gimo}m

—6/ H(y, |wn|) dy — K
Ly A (y, lwn]) dy — Ko

1,1 1
> E(ﬁiqiﬁ) /RNHQ?(?/r‘wnDdy*

where Ky and K are suitable constants. From this, the relation (7) is proved. Combining
(7) with (B1), (B2), (G1), and (G2), we find the following:

12 Eqfun) o (E4(an) w0)

([ Hpaly IVeanl)dy )+ [ o oy
—%/ o(y)|wa|"dy — 9/ (Y, wn) dy
- m( RNHp,q<y,|an|>dy) [ A IV dy

1
*ﬁ/ Heg (Y, [wnl) dy + — / y)|wa|" dy + — / gy, wn)wy dy

1
> 5m( [, Hp,q@,wnndy) [ Hoalv [Vl dy

-0

[ Howpatv ey = [ ool dy—e [ Gl dy
1

-m( [, Hp,q@,anDdy)/ H(y, [V dy

—*/ Ha (y, |wnl) dy + — / y)|wa|"dy + — / gy, wn)wy dy

> (- 2)m( [, Hpqy,medy)/ H(y, Vil dy

+ (;;) '/RNHm(y,Iwnl)dy (1;> /RNU(y)Wn\rd?/

0
- ’ - G ’ d
t /RNg(y W)Wy — PGy, wn) dy

1 1 1 1
> —— = H(y, |V d - — = Hos (v, d
>0 =3 ) fou HVldy+ (53 ) [ Hon oy

1 1 L8
~(5-3) fucttmrdr e S [ sl mngn = pGly,m)dy

9
“r*/ , Wy )Wy — UG(y, wy) d
” {‘wﬂ‘mo}g(y ) nG(y, wn)dy

(ﬂlq_;) /RNH(y,VwA)dw(;—;) [ Heo o oul) dy
(5 5) Lol dy
—q /{‘wn‘gmo} |wn]? + 01(y) wnl + pa|wnl dy

(ﬁlq_lli> /HQNH(y,anI)dy-I—;(;—;) /]RN Hay (y, [wn]) dy

~(5-3) Loty
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. min{Koéllg;;H —9q) {/RNH(%an)dij/RN Hos (y, |wy|) dy
. mm{KOé;;;H - ﬁq)mm{ ||ﬂ;z;||p, ||2a;i|r }
, i 1= L L)

where C, iy is an embedding constant of € — L7 (RN). Since p >r > 1, we assert that
the sequence {w, } is bounded in €, and thus, {w, } has a weakly convergent subsequence
in €. Passing to the limit, if necessary, to a subsequence according to Lemma 2, we have
the following:

w, — woin €, w,(y) — wo(y) a.e. in RN and w, — wp in LY(RN) (12)

asn — oo for any 7 € [p, p*). To prove that {w, } converges strongly to wy in € as n — oo,
we let € € be fixed and let & denote the linear function on € as defined by

y(0) = [ V9PV Vody+ [ v()[Tyl" V- Tody (13)
for all v € €. Obviously, by the Holder inequality, ®y is also continuous, as

By(0)] < Co (V9P vy + HT9I vy )
< G (V1L vy + IV ) 101
for any v € € and a positive constant C,. Hence, (12) yields

Jim [M / Hyq (v, [Veou]) dy) - / Hyq (v, [V ]) dy ) | Dy (0 — w0) =0, (14)

as the sequence {M(fRN Hp,q(y, [Vwn|) dy) — M(fRN Hp,q(y, | Vo)) dy) } is bounded in
R. Using (G1) and the Holder inequality, it follows that

/RNI(g(y/ wn) — &y, wo)) (wn — wo)| dy
< [ [2010) + o2 (jol ™+ awol )] feow = wol dy
<2|p1l;s (RN) lwwn — wol sy

+p2<”w7’l Lﬂ(RN) + ||w0‘ LI//(RN)> Hwn - wO“L[(RN)

Then, (12) implies that

lim | (g(y,wn) — g(y, wo))(wy — wo) dy = O. (15)

n—oo JRN
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Let us denote 7y :=

Lol (10al 200 = oo 2200

= [ @[] (lenl" 2y — a0l o)

B 1\ 0
< [ @) (leoal =+ oo 1) ™ dy

we obtain the following:

'Yl
Ody

70 dy

l/ " r=1y70' (%)I
< [ |t L oty

r !
=7 N
Yo (%)

-1 o
= [ o)+ Z (o o) ]dy

dy (16)

RN | Y 70
Yo r—1
<C/—J T+ Wy |70 + |wo|70) d
<Cs [ o)+ - ol o+ o) dy

for a positive constant Cs. Invoking (12), (16), and the convergence principle, we have

Yo'

< fily)

o) eon| 220 = o () ool 2w

for almostally € RN and for some f; € L'(RN), and thus, o'(y) |w,|" 2w, — o (y)|wo| >wo
as n — oo for almost all y € RVN. This, together with Lebesgue’s dominated convergence
theorem, yields the following:

lim [ o(y) (Joonl" 2w — o] 200 ) (wn — wp) dy = 0. (17)
Because w,; — wy in € and é'é(wn) — 0in &%, as n — oo, we obtain the following;:

(Ep(wn) — Ef(wy), wy — wo) — 0 as n — oo, (18)
Let us denote ¥y in € with

Fy(0)i= [ 0w (191" 2p+v(n)lylT2p)ody.
Then, we infer
(5(10n) = E(wo), s — o)
= M( [, Mol V) dy ) a0, — )
-m( / (v, Viau]) dy ) Dy 10— o)
+ [0 (lonl" 20 + () a0, ) (00 — w0) dy
- [ 3w (|w0\p_2w0 + () o' 2w ) (s — wo) dy
— [ ) (Jonl"2200 = o] 2100 ) (s — o) dy
0 [ (80rw0) = gy, w0) ) (wn — o) dy

= M(/RN Hp,q(yr |Vw,|) dy) [‘fw,, (wy — wp) — Doy (wn — wo)]
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/ Hpqwaumdy M( [, My, |V0]) dy )|y (w2 = o)
+ / ) (Ionl?”2wn = leol” 200 + v(y) (fwn 210 — faeol2w))
X (wn —wp) dy

— [ ) (lroal" 220 = aol" 200 ) (w0, = o) dy
0 [ (st - (%wo))(wn—wo)dy

= M(/RN Hpq(y, [Vwal) dy) [P, (wn = wo) = Py (wn — wp)]

M( [ Mgl 19w0alydy) = M( [ Hia ([ V00]) dy )|y (w2 = o)
— [ o) (Jonl"200 = oo 2100 ) (w5 — o) dy
—9/ 8y, wn) — (y,wo))(wn—wo)dy-

This together with Equations (14), (15), (17), and (18) yields

n—o0

i [M (/]RN ,Hp,q(]// |an|> d]/) [&Dwn <w” - wO) - éwo (wn - ZU())]
+ qun (wn - wo) - ‘?wo (wn - w()):| =0.

By convexity, (M1), and (V), we have the following:

M(/RN Hpg (v, V0 ]) dy) (B, (1w — w0) — Doy (10 — wp)] > 0
and
0(y) (Ieon P2, — [w0|" =200 + v(y) (Jwal~2e0n — [w0|"2100)) ) (w0, — w0) = 0.

It follows that

nlgrolo [&)wﬂ (wn - ZU()) - ci)wo(w” - w())] =0

and

lim Yo, (wy — wo) — Py (wn — wo)] = 0.

n—o0

It should be noted that there are the well-known vector inequalities:

C(m)(|‘:|m72§ - |’7|m72’7) (E—n) form > 2,

§—nl" < qcom[(e" e~ " - @ —m)]*
<(|E™+ 7)™ 2" forl<m<2

(19)

(20)

(21)

(22)

(23)

for all ¢, 7 € RN, where C(m) is a positive constant depending only on m [49]. It is now

assumed that 2 < p < g. Then, according to (23), we know the following;:

/RNan — Vwy| dy



Mathematics 2024, 12, 60 13 of 35

<Cp) [ (IVal? T, = (Voo *Vawo) - (Vo — Vo) dy  (24)
and
Jo V@) Ve — V| dy
<C@) [ V) (ITw0al" V0, = [Vaoo|**Vavg) - (Ve = Vawo)dy. (25)
Then, based on (24), (25), and the definition of <T>¢ in (13), it follows that

/RNan — Vuwy|? +v(y)|Vw, — Vwp|T dy

< max{C(p), C(q)} (Pw, (wn — wo) — Proy (wn — wp)). (26)
Similarly, utilizing (V) and (23),
[y Bl — ol dy
< C(p) [, D) (woal? 500 = [r00]w00) (10 — w0) dy @)
and
[ BV ln = ol dy
~ q—2 q—2
< @) [, ) (v)lwnl w0 = v(y)lwol"P0) (s —wo)dy. @8)
Then, according to (27) and (28), we deduce that
[ B0 (00 = w0l? + () 0 — wwol?) dy
< max{é(p),é(q)} [qrwn (wn — wp) — qfwo (wn — wo)] (29)
However, we consider the case where 1 < p < g < 2. As {wy} is bounded

in €, there exist positive constants of C4 and Cs such that fRN |Vw,|Pdy < C4 and
Jrn V() |[Vwy|7dy < Cs for all n € N. By (23) and the Holder inequality, we have

/RN |Vw, — Vwy|P dy

P
2

<C(p) /RN (V0P 72V 0, — Vg P2V ) - (Ve — V)|

% (|Vwn|P + |Vawol?) 2 d

<

NI

< C(p) </RN(|an”_2an — |Vw0|P—2VwO) - (Vwy, — Vwy) dy> (30)

2—p
=t
X (/RN(|an|p + |Vwo|”)dy)

N

2—p
2

< C(p)(2Cy) T (./#N(lmv’zwn — [Vawo|P*Vwy) - (Vw, — Vi) dy)

NS

and
/[RN v(y)|Vw, — Vwy|?dy
<

C@) [, [rn)(Fwal? 2w, = [ Taol' 2 Vao) - (Vs = Va)|



Mathematics 2024, 12, 60

14 of 35

< C(g) </]RN v(y)(|anW‘2vzun — |Vw0|ﬂ—2Vw0) - (Vwy, — Vuwyg) dy>

X [v() (| Vawa| T + [ Vewg|)] Ty

[

< (o v 1Tl ) Ty

Then, according to (30), (31), and the definition of <i>¢ in (13), it follows that

AMVW—V%W+WMVW_VWW@
< C(&)wn (wn — WO) — q~)wg (wn - wO))a/

2—q

2

(31)

9

2

=

2

gC@QQfJQQﬂWXWmM2V%—WMWZVMO(WW—VWMO.

(32)

where C := max{C(p)(2C4)PTp,C(q)(2C5)T} and « is either 5 or . Similarly, from (V)
and the boundedness of {wy,} in €, there exist positive constants C¢ and Cy such that

Jan B(y)|wn|P dy < Co and [pn B(y)v(y)|wn|7dy < Cy for all n € N. According to (23)
and the Holder inequality, we have the following;:

and

=

IN

< ) [, D) [(nlt20, — ol 20) 0 — )] )

< Cla) 2> ([, Do (ol 2o, — rolt ) oy — ) dy )

[ Bl — wol” dy

C(p) [ [B0) (roal? 2000 = [0l w0 (00 — )|

P
2

IN

2—p
2

< [B)? + )] T ay

<€) ( [, 900 (ol 20, = rol?2e0) (0 — 0)]

SIS

2—p
2

< ([ B lwnl? + ) oy

=

< Cpce)™? ( [, 000 [(fonl? 2, = ol )y —w0)] dy )
B(y)v(y)leon — wol"dy
@ [, [B0w) (a0, = ol 2w0) (s — wo)] :

< [B@ wnlt + lol)] *

Nk

X(AN”WWWWWW+m@w@wWw@)

q
2—q 2

2

2

(33)

(34)
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Then, based on (33) and (34), we get that
[ B0 (f0n = wol? + vyl — wol?)
< C(Yw, (wn — wo) — Py (wn — wo))ﬁ, (35)

where C := max{C(p)(Zcé)zg , C(q)(2C7) } and B is either £ or 1. Then, with the foun-

dation of (21) and (22) and according to (26), (29), (32), and (35), we obtain ||w,, — wp| — 0
as n — oo. Hence, & satisfies the (C).-condition. This completes the proof. [

Remark 3. As mentioned in Remark 1, condition (G3) is weaker than (G2). Howeuver, to obtain
the following compactness condition, we need an additional assumption on the nonlinear term g
at infinity.

Lemma 6. Suppose that (B1), (B2), (G1), and (G3) hold. In addition,

(G5) limg| 00 G‘é‘yég) = oo uniformly for almost all y € RN

holds. Then, the functional &y fulfills the (C).-condition for any 6 > 0.

Proof. For c € R, let {w,} be a (C).-sequence in € satisfying (5). Based on Lemma 5, it is
sufficient to prove that {w, } is bounded in €. To this end, suppose, to the contrary, that
|wn| > 1and |wy,| — oo asn — co, and a sequence {®,} is defined by @, = wy,/|wy|.
Then, up to the subsequence denoted by {w@, }, we obtain @,, — @ in € as n — o0, and due
to Lemma 2,

@y — @ ae. inRY and @, — @ in Lt(RN) (36)

asn — oo for any ¢t with p <t < p*. By Lemma 3 and assumption (B2), we have

Ealion) = M [ Hya Tul)dy) + [ Hanpao, 0y

1 fewlwiray=e [ Glyw,)dy

r

1
2 ﬁM(/RN Hp,q(y,|an|)dy>/ Hp,q(y, [Vwn|) dy
+ [ Hopa oy = [ ol dy—6 [ Gly,w)dy
3 1 ~
> G fon M IVl dy o [ Hon(y o) dy @7)

1 r
Lol dy - 9/ Gy, wa) dy

r
> ([t V) dy o+ [ Aol ) )

1
5 L@l dy—e [ Gly,wn)dy

r
min{ro,

8} |
- v I p _ = r .
2 ﬂqu ”wn ” ”UH %(RN ”w”HL'YO (]RN) 0 /RN G(y, wn) dy

min{xg, ¢ C
>£” n||p_i 9/

il 19q2p ]/, wi’l
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for a positive constant Cg. Since & (w;,) — casn — oo, |wy| — c0asn — oo, and r < p,
we assert that

9 Cs, o
[ Sty = (M o - S () e a5 om0 G9)

According to Lemma 3, we have

Eo(wn) = (/ Hpq(y, [Vw|) dy) / Hopq(y, [wnl) dy

1
— 7 el dy=0 [ Gly,wi)dy

r

<M(/ Hpq y,|vwn| d]/) / Hmpq(y/|wn‘) y

—6/ (y,wn)d

.
< M ([ Hpalo [V dy) w3 [ Honla el dy

—0 / (v, wn) (39)

<M(1) (1 + (/RN Hpq(y, [Vwnl) d]/) ﬂ)

+ [ Myl dy = [ Gly,wn) dy

< Cgmax{/\/l(l),l}(l—|—/RN’H(y,|an|)dy+/RN %m(y/wnDdy)ﬁ

—9/ (y,wn)d

< Comax{M (1), 1}(1 + 2w’ 0 [ G(y,wa)d

< 49Comax{M(1), 1}||wn||l9q—9/ G(y, wy) dy

for a positive constant Co, where M(7) < M(1)(1+41?) forall T € R because if 0 < 7 < 1,
then M (1) = [ M(s)ds < M(1),and if T > 1, then M(7) < M(1)7’. Furthermore,

49 Comax{ M (1), 1}t |*7 > g (wn) + / Gly, wy) dy. (40)

Due to assumption (G5), there exists a 6 > 1 such that G(y,{) > |{ |ﬁq for all x € RN
and |{| > 6. Taking into account (G1), we obtain |G(y, {)| < C forall (y,{) € RN x [y, o]
for a constant C > 0. Therefore, there is C; € R such that G(y,{) > C; for all (y,{) €
RN x R, and thus,
G(y,wy) — C
>0 41
49Comax{ M (1), 1}|w,|® ~ 4

forally € RN and n € N. Combining (7) with (B1), (B2), (G1), and (G3), we have
the following:

413> E(wa) — ;<£é<wn>,wn>

—M</ Hpq (v, |Vwal) d]/) /H%pq(y/‘wnD

1
—;/ y)|wn|" dy — (9/ (y, wn) dy
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1
Mgy [Vanl)) [ Hly, Vool dy

1 1
— = He(y, |wal) d f/ o7 d
o o oo ey [ eyl dy

+— /RN 8y, wn)wn dy

1 1
> ko o — | Vwnl)d
_Ko(ﬂq y)/Rme wa) dy

+ (; - ;) /RN Hog (y, |wn]) dy — C - ;) /u.gN o (y)|wn|" dy

0

= f , — 4Gy, wp) d
. {‘wnlgml}g(y wy)wy — uG(y, wn) dy

0

= f , — 4Gy, wp) d
. {‘wnlzml}g(y wy)wy — uG(y, wn) dy

1 1
> - = H(y, |V d
>0 =3 ) fou M Ve dy

(5-3) L rattobay= (7= 1) [ ol dy

_ , Z
Cl/{\wn\giml} [wn|P + p1(y)|wn| + p2|wn|” dy

L
Y w,|Pd
m {\wnesml}g' nl"dy

1 1
>0 3= ) fou e dy
1/1 1 1 1
(=== dy— (== wig
w3(G-1) [y (3= 1) [ ol dy

0
_ p _
V/RNg\wﬂ dy — Ko

s min{o 1} (11
- 2 v u
x [/RNH(y,anDdy—l—/RN Hm(y,|wn|)d]/:|
1 1 r
=7 ) W g e

- *||wn||zp(RN> —Ko

min{xg, 1 -0
> D0 I 00) g
qu

1 1
_(2_= C. . r
(7’ }4) ”UHL%(RN) yo,zmwan ”

0
=l = Ko

Hence, we know that

1 1 r Hg P
(5= )1l Conmllenl” + Sl gy + Ko +1

min{xg, 1 — 8
> { 0+1}(.” q) Hwn”p
2P dqu
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min{xo,1}(p1—8q)
27+ g
inequality as n — oo, we find the following:

Dividing this by |wn|P and then taking the limit supremum of this

27 +1940¢
~ min{x, 1}(y — 99)
Hence, based on (42), it follows that @y # 0. Set A} = {y € RN : @y(y) # 0}. By

Equation (36), we infer that |w,(y)| = |@u(y)||wn| — o0 asn — oo for all y € A;. Thus,
by using (G5),

_ 2P +1940¢

”LF’(RN) = min{Ko,l}(‘M — 195]) ” OHLp (RN) (42)

hm sup |©x

G(y,a;n) ~ fim G(y,vgn)|wn|
n—soo ”wnH q n—oo |wn| q

% — +oo, fory € A;. (43)

Hence, we obtain that meas(A;) = 0. Indeed, if meas(A;) # 0, according to
Equations (38)—(43) and the Fatou lemma, we have the following:

Jrn Gy, wy) dy
— = liminf
n—oo 0 [on Gy, wn) dy + Eg(wn)

. Gy, wn)
>1 f
= amin RN 49Comax{ M (1), 1}|w,|?

= liminf Gy, wn)
n—co JRN 49Comax{M (1), 1} |wy|?

. C1
—limsu
lng)oop RN 49Comax{ M (1),1}|w, |

= liminf Gy, wn) —C
n—oo Ja; 49Comax{ M (1),1}|w,|?

2/ lim inf Gy, wn) = Cy dy
Ay n—oo 48Comax{M (1), 1}|w,||%

G(y, wy)
= i f
A 1:52102 49Comax{M (1), 1}|wy |7

Cq
— limsu
4y oP 48 Comax { M (1), 1} [wn [

dy

dy

dy

dy

dy

dy = oo,

which is impossible. Thus, @y(y) = 0 for almost all y € RN. Consequently, we yielded a
contradiction, and thus, the sequence {w; } is bounded in €. The proof is completed. [J

3. Main Results

In this section, we illustrate two existence results for a sequence of infinitely many
solutions to Problem (1). The primary tools for these consequences are the fountain theorem
and the dual-fountain theorem in [37]. Let X be a real reflexive and separable Banach space;
then, it can be known (see [50,51]) that {¢;} C X and {f;} C X* exist such that

X =span{ey:k=1,2,---}, X" =span{f} :k=12,---}

and

1 if i=|
<fi*/€j>={ e

0 if i#j.

Let us denote X = span{ex}, 1 = D_; Xi, and &, = B, Xi.
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Lemma 7 (Fountain Theorem [34,37]). Assume that (X, || - ||) is a Banach space, the functional
F € CY(X,R) satisfies the (C).-condition for any ¢ > 0, and F is even. Therefore, if, for each
sufficiently large n € N, there are B, > «y, > 0 such that

(1) op:=inf{F(®):@ € &y, |@| =an} —00 as n— oo

2)  pp:=max{F(@):@ € Fy, |@| =Bn} <O.

Then F has an unbounded sequence of critical values, i.e., there is a sequence {@y} C X such that
F' (@) = 0and F(@y) — +o00as k — +oo.

Lemma 8. Lef us denote

Xin = sup Hu”L’(RN)
[u|=1ues,
and
Xn = maX{Xf,n/ Xsns X’YOr”}‘ (“44)

Then x, — 0asn — oo (see [34]).

Lemma 9. Assume that (B1), (B2), (G1), and (G5) hold. Then, there are B, > ay, > 0 such that

(1) by:=inf{&)(w) :w € By, |w|| =an} > 00 as n— oo,
2)  tp:=max{&x(w) 1w € Fn, |w| = Bn} <O
for a sufficiently large n .

Proof. The basic concept of the proof is carried out similarly to [52] (see also [32]). For the
reader’s convenience, we provide the proof. For any w € &, suppose that |w| > 1.
From assumptions (B1), (B2), (G1), and Lemma 3, as well as the similar argument in (37), it
follows that

9(w) = (/ Hpa(v, IVol) dy )+ [ Hon () dy

[ owleldy—o [ Glyw)dy

> W(/RNH(%WM)@—F/RNHQJ(%w|)dy)

]‘ r
—~ [ ekl dy—o [ Gly,w)dy

min{xo, 8}, ., 1
L R (T
002
- 6”101HLs’(RN)”w”LS(RN) - HwHLz (RN)
min{xo, 8} 1 iy
2 T ol = Tl e

2
—Olloal o gyl — 22 ol

min{xo, 8}  x%60, _ 1
> ( - "ZP o7 Nl = el o el
L70-7 (RN)

0q2p
— 001 HLs/(RN)Xn||wH~

Since p < £, we obtain

p+1,.0 1
w = (T K0P T o

min{xo, 9}/
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as n — oo. Hence, if w € &, and |w| = «;,, then we find that

min{ry, 0} , 1 .
— " ah - ;”UHL%(RN)X”“" — 0|1 ”Ls’(RN)X"“” — 00 as n — oo,

which implies (1) because a;, — 00, X, = 0asn —ocand p >r > 1.
Next, we show condition (2). To the contrary, suppose there is n € N such that
condition (2) is not fulfilled. Then, sequence {wy} exists in §, such that
[wi| — c0oask — 00 and &y (wy) >0 (45)

Let zy = wy/|wg|. Since dimF, < oo, thereisaz € F, \ {0} such that, up to a
subsequence still denoted by {z;},

|z =z[ =0 and  z(y) = z(y)

for almost all y € RN as k — co. We assert that z(y) = 0 for almost all y € RN, If z(y) # 0,
then |wy (y)| — oo forally € RN as k — co. Hence, in accordance with (G5), it follows that

tim SOy SO yon o (46)
k=oo [Jwil®T koo |awy (y)|*

forally € By := {y € RN : z(y) # 0}. In the same fashion as in the proof of Lemma 6, we
can choose a C, € R such that G(y,{) > C, forall (y,{) € RN x R, and so

g [[7

for ally € RN and k € N. Using (46) and the Fatou lemma, we have the following:

lim inf G(Lu;k)dy > lim inf G(Lu;k)dy — limsup C2 5y
koo JRN g% koo By [wge]*0 koo /By ||k
= lim inf Clyw) = C wk)ﬂ_ C dy
koo B o7
B koo w0
=/ liminfG(Lu;k)dy— lim sup 7219dy.
S (Y Bi koo [[wk]™
Thus, we infer
/ Mdy—)oo as k — oo,
RN ooy |7

We may assume that |wy| > 1. Therefore, by (39), we have

E(wy) < 4/Comax{M(1), Lwr| —0 [ G(y,wy)dy

G(y, wy)

K (41969 max{M(1),1} -0 [ BN

dy) — —00 ask — oo,
which contradicts (45). This completes the proof. [

With the help of Lemma 7, we are ready to establish the existence of infinitely many
large-energy solutions.
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Theorem 1. Assume that (B1), (B2), (G1), (G2), and (G5) hold. If g(y, —{) = —g(y, ) holds
forall (y,) € RN x R, then for any 6 > 0, Problem (1) yields a sequence of non-trivial weak
solutions {wy} in € such that Ey(wy,) — oo as k — oo,

Proof. Clearly, & is an even functional and the (C).-condition by Lemma 5 is ensured.
From Lemma 9, this assertion can be immediately derived from the fountain theorem. This
completes the proof. [

Theorem 2. Assume that (B1), (B2), (G1), (G3), and (G5) hold. If g is odd in &, then for any 8 > 0,
Problem (1) yields a sequence of non-trivial weak solutions {wy} in € such that Eg(wy) — o0 as
k — oo.

Proof. If we replace Lemma 5 with Lemma 6, the proof is the same as in Theorem 1. [

Definition 3. Suppose that (X, || - ||) is a real separable and reflexive Banach space. We say that F
satisfies the (C)Z%-condition (with respect to Fy) if any sequence {wy }reny C X for which wy € Fy
foranyk € N

Flwe) » ¢ and  |(Flg,) (wi) |z (14 i) — 0as k — oo,
possesses a subsequence converging to a critical point of F.

Lemma 10 (Dual Fountain Theorem [34]). Assume that (X, | - |) is a Banach space, and
F € CY(X,R) is an even functional. If ng > 0 so that for each n > ny there exists By, > ay > 0
such that the following holds:

(A1) inf{F(@):@ € &,,||@| =B} >0;

(Az) 6y :=max{F(@): @ € Fy,|@| =an} <O;

(Az) ¢p :=Inf{F (@) :@ € &y, |@| < Bn} — 0asn — oo,

(Ag) F fulfills the (C)3-condition for every c € [¢y,,0),

then F yields a sequence of negative critical values dy < 0 satisfying dy — 0as k — co.
Next, we check all the conditions of the dual fountain theorem.

Lemma 11. Assume that (B1), (B2), (G1), and (G2) hold. Then, the functional Ey satisfies the
(C)¥-condition for any 6 > 0.

Proof. First, we claim that ®’ is a mapping of type (S ). Let {wy} be any sequence in ¢
such that w; — wpin € as k — oo and

lim sup (' (wy) — @' (wp), wix — wp) <0

k—o0 N

Then, by using the notation in Lemma 5, we know the following:

lim [M </RN Hpq(y, | V) dy) [Py, (Wi — wo) — ey (wy — wp) ]

k—o0

+ Yo, (wy — wo) + Yoy (Wi — wo)} <0.
According to (19) and (20), we find the following:

lim <<I>’(wk) - @’(wo),wk — wo> =0.

k—o0

Therefore, using (12), (26), (29), (32), and (35), wy — wp in € as k — oo as claimed.
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Let ¢ € R, and let the sequence {wy} in € be such that wy € § for any k € N
Eo(wy) = ¢ and  [(Eolg,) (wi) e (1+ Jwk]) — 0ask — co.

Therefore, we obtain ¢ = Eg(wy) + 0(1) and (Ef(wy), wi) = 0 (1), where 0x(1) — 0
as k — co. Repeating the argument from Lemma 6 proof, we derive the boundedness of
{wy} in €. Therefore, there is a subsequence, still denoted by {wy }, and a function wy in &
such that w, — wp in € as k — oo.

To complete this proof, we will show that wy — wp in € as k — oo, and also, wy is a
critical point of £. Though the concept of this proof follows that in [34] (Lemma 3.12), we
provide it here for convenience. As & = Jic §k, we can choose vy € i, k € N such that
v — wp as k — co. Since || (&3, ) (wr)|lex — 0, {wx — v¢} is bounded, and wy — v € Fy,
we have

(Eg(wr), wi — vx) = ((Eplg,) (wr), wi — k) — 0ask — oo, (47)

The analogous argument in Lemma 9 [47] implies that @’ is continuous, bounded,
and strictly monotone. This, together with Lemma 4, indicates that {&£;(wy)} is bounded
because {wy } is bounded. Thus,

<‘%(wk)rvk —wp) — 0ask — oo, (48)
Using (47) and (48), we find that
(E)(wy), wg — wo) — 0 as k — oco.

Therefore,
(E)(wy) — Ep(wy), wy — wp) — 0ask — oo. (49)

According to Lemma 4, we know the following:

(Pp(wy) — ¥y(wo), wp — wo) — 0 as k — co. (50)
Based on (49) and (50), we derive that

(@ (wy) — D' (wp), wr —wg) — 0ask — .

Since @' is a mapping of type (S ), we conclude that wy — wy as k — oo. Furthermore,
we have &)(wy) — £y(wp) as k — co. Then, we can prove that wy is a critical point of &.
Indeed, fix kg € N and take any u € §y,. For k > ko, we find that

(Eg(wo), u) = (Eg(wo) — Eg(wi), u) + (Eg(wi), u)
= (&p(wo) — Eg(wi), u) + ((Eol5,) (wi), u);

thus, passing the limit on the right side of the previous equation, as k — co, we obtain

wo
wo

(Eg(wp), u) = 0 for all u € Fy,.

As ko is taken arbitrarily and Uy § is dense in €, we have £j(wp) = 0 as required.
Then, we conclude that &y satisfies the (C)*-condition for any ¢ € R and for any 6 > 0. [

Lemma 12. Assume that (B1), (B2), (G3), and (G5) hold. Then, the functional &y satisfies the
(C)%-condition for any 6 > 0.

Proof. Based on Lemma 6, we obtain that {w;, } is a bounded sequence in €. The proof is
the same as for Lemma 11. O
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Lemma 13. Assume that (B1), (B2), and (G1) hold. Then, there is ng > 0 so that for each n > ny,
there exists B, > 0 such that

inf{&(w) : w € &, |w| = pn} > 0.

Proof. Let x; < 1 for a sufficiently large n. Based on (G1), Lemma 3, and the definition of
Xn, we find

Eateo) = ML ([, [al)dy + [ HooCo, ) )

—1/ oy )|w|rdy—9/RNG

min{xg, ¢
> mintro, 8},

1 r r
> T ol el

2
— 0lloal o oy oIl — 22 o]

min{xo, §} 002\ ;0 e
> _ L C
> Tt — (el + 22 il
—0|p1 ||Ls/ (RN)XnHw“

for a sufficiently large n and ||w| > 1. Let us choose

1
_ (1 Op2\ 2Pt |7
Pn = l(r”(T”mgOr(RN) T )mm{xo,ﬂ} ' 1)

Let w € &, with |w| = B, > 1 for a sufficiently large k . Then, there is ny € N
such that

min{xg, ¢
Eatw) = M e

1 0
- (nan 0 +%)x;w-enpl|Lsf(RN>xnnw|

1
Opa | _Bg2rt! | S
-enplan,(RN)K ol 2, ,(RN)+£>rrlir1~{1c(),l9} o

>0

for all n € N with n > ng, which implies that the conclusion holds since lim; /Bﬁ =0
and x, - 0asn —oco. O

Lemma 14. Assume that (B1), (B2), (G1), and (G4) hold. Then for each sufficiently large n € N,
there exists a, > 0 with 0 < ay, < By, such that

(1) 0y :=max{&(w) :w € Fn, |w| = an} <O;
(2)  ¢p = Inf{&(w) : w € By, ||w| < Bn} — 0asn — oo,

where By, is given in Lemma 13.

Proof. (1): Since §, is a finite dimensional, | - | ;4 (ERN)/ Al (RN, and | - | are equivalent
on §y. Then, 91, > 0and gy, > 0 exist such that

ounlw] < |wllpa(g rny and [w]l gy < @2ulw]
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for any w € §,. Letw € §, with |w| < 1. Based on (G1) and (G4), there are C19, C11 > 0
such that

G(y,0) = C1o&(y)[2]* — Cualg)*

for almost all (y,{) € RN x R. According to Lemma 3, we obtain

for some positive constant K. Then, we have
Ealw) < M( [ Hyaty IVl dy) + [ Hony gt o) dy

> [ el ay-0 [ G

< ( sup M(¢ )/ Hp,qa(y, |Vwl|) dy+/ Hea p,qg(y, |w|) dy (52)
0<g<l€

—6Cu [ el dy+6Cy [ ol dy
< Cppfw|? - 9C1o||w||id(g,RN) + 9C11|‘w‘|iZ(RN)
< Cplfw|” — 0C100 o] + 6C115,, ]
for some positive constant Cyp. Let f(x) = Cypx? — 9C1()Q‘1i’nxd +9C11Q§’nx€. Sinced < p < ¢,
we infer f(x) < 0 forall x € (0, x) for sufficiently small xy € (0,1). Hence, we can find

ay > 0 such that &(w) < 0 for all w € §, with |w| = a, < x for a sufficiently large k.
If necessary, we can change 1 to a large value so that 8, > a; > 0 and

Op = max{&(w) :w € Fp, |w|| = an} <0

for all n > ny.

(2): Because §, NG, # ¢ and 0 < a, < By, we have ¢, < §, < 0 for all n > ny.
For any w € &, with |[w| =1and 0 < t < B, we have

Eq(tw) >M</ Hp (v, |V tw]) dy) / Hoo g (v, |t0]) dy

> [ewlrdy—e [ G,y

r

> —}/ elw)ltwl dy =6 [ Gly,tw)dy
> _;“UH %(R ”tw”L“Yo (RN)
—6/ 01(y |tw|dy——/ |tw|gdy (53)
2=l BTy
—ﬁne/ o1y ledy—f / [w|“dy
9p2
> _;“(THL# :Ban - 9Hp1 ||Ls’(RN)ﬁ”X71 - 718

for a sufficiently large n, where x, and B, are given in (44) and (51), respectively. Hence,
based on the definition of B, it follows that
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r oy ¥ L

2, .
0> ¢ > ——————— By — Ollor v ey Brdn — = Bt
ol N
L v [ (1 0 P gy
- (Yo, o+ Y|

1
p—20 r+p-=2(
p—2(
Xn

_ 1 % p+1
s | (101, + 22 )

_t_ ,
1 epz p—20 (r+p_—22/)é
2o Pz 2p+1 p=26
(rl IIngg,(RN)Jr 7 )q Xn

02

14

Because p < p+r < 2 and x, — 0as n — oo, we derive that lim, o ¢, = 0. O

With the aid of Lemmas 10 and 11, we are in a position to establish our final
consequences.

Theorem 3. Under the assumptions in Theorem 1, if (G4) holds, then Problem (1) yields a sequence
of non-trivial weak solutions {wy} in € such that Ey(wy) — 0 as k — oo for any 6 > 0.

Proof. Due to Lemma 11, we note that the functional & is even and fulfills the (C)}-
condition for every ¢ € [¢y,,0). Based on Lemmas 13 and 14, we ensure that properties
(A1), (Ap), and (Aj3) in the dual fountain theorem hold. Therefore, problem (1) possesses a
sequence of weak solutions {wy } with a sufficiently large k. The proof is complete. [

Theorem 4. Under the assumptions in Theorem 2, if (G4) holds, then Problem (1) yields a sequence
of non-trivial weak solutions {wy} in € such that Eg(wy) — 0as k — oo for any 6 > 0.

Proof. Similar to Theorem 3, instead of Lemma 11, we apply Lemma 12 to obtain this
result. [J

Finally, we demonstrate the existence of a sequence of infinitely many weak solutions
to (1) that converges to 0 in L*-space. To accomplish this, we needed the following
additional assumptions regarding g:

(G6) There exists a constant {1 > 0such that g(y, {) isodd in RN x (—{y,¢;) and pG(y, Q) —
¢(y,0) > 0forally € RN and for 0 < || < 1;

(G7) limg| o éfg’;@g = oo uniformly for all y € RN,

The following assertion follows upon the analogous arguments of Proposition 1 in [40]
and Proposition 3.1 in [39].

Proposition 1. Assume that (G1) holds. If w is a weak solution of Problem (1), then w € L®(RN),
and there exist positive constants C,y independent of w such that

U

o) < Claolls gy

With the help of Lemma 10 and Proposition 1, we are in a position to derive our final
major result.

Theorem 5. Suppose that (B1), (B2), (G1), (G6), and (G7) hold. In addition, suppose that

(M5) M (t) < M(t)t forany t > 0.

Then, there exists an interval T such that problem (1) has a sequence of non-trivial solutions {w, }
in € whose Eg(wy) — 0 and ||wy| o @ny — 04as n — oo for every 6 € T.



Mathematics 2024, 12, 60

26 of 35

Proof. To obtain the desired properties of the energy functional, as in Lemma 10, we modify
the nonlinear term g as follows. According to (G6) and (G7), for any 913 > 0, there exists
{» € (0,min{{7,1}) such that

G(y,0) > M3|¢|P forae. y € RN andall || < . (54)

Fix {3 € (0, {2/2), and let ¢ € C'(R,R) be such that ¢ is even, () = 1 for || < {3,
¢(2) = 0for |g| > 223, |¢'(0)] < 2/3, and ¢'({){ < 0. We then define the modified
function g : RN x R — R as

~ 9 ~
Wy, Q) = @G(y,@,

where

G(y,0) = 9(0)G(y,0) + (1—¢(0))EIC|P

for some fixed ¢ € (0, min{ 1 _1 }) with Cp, ;yp being the embedding constant for the

7 acP
P qcp,imb

embedding € — L?(RN) by means of Lemma 2. Clearly, G is even in ,

§w,0) =9 Q)G )+ 9(0)8w, ) — ¢ (Q)EIZIP + (1 — 9(0))EpICIP%¢,  (55)

and
pG(1,8) — 8,05 = ¢(@) [pG(y,0) — 8(v.0)] — ¢'(D)Z[G(y,0) — ¢IZF].
Thus, the definition of ¢ and (54) yield the following:
pG(y,0) —8(y,0){ >0 forae ycRN andall { €R, (56)
and -
pG(y,0) —8(y,0)¢ =0 ifandonlyif { =0 or [{| > 203. (57)

By the definition of G and (G1), we infer
C(y,0) < eIl + 212l +¢le (58)
for a.e. y € RN and all { € R. Consider the modified energy functional & : ¢ — R given by
Eo(w) == @(w) — ¥y (w),
where

Fo(w) = %/RN U(y)IWI’d}/Jr@/RN G(y, w) dy.

Subsequently, by a standard argument invoking the embedding ¢ — LP(RN) and the
differentiability of ®, we can show that & € C!(&,R) is an even functional. Furthermore,
we have

Eo(u) = 0= (E)(u),u) ifandonlyif u=0. (59)

Indeed, let &(u) = <gé(u), u) = 0. Then, according to (M5), we find that
0= —pEy(u)
== ([, Pl IVl ) = p [ Hon it
+£ /RN o (y)|ul"dy + 6p /RN Gy, u)dy

> M ([ Mgl [T dy) [ Py, 19Dy (60
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/ Hy(y, |Vul) dy+/ |u|’d}/+0/ pG(y,u)dy
> =M [ gl [Ty [ o [9ul)dy
f/RNHm(y,IWI dy+/ Iulrdy%/ PGy, u)dy

and

Eatu) ) =m( [ Hoglo [Vudy) [ Ho,[9uldy
+ [ Helu [Vudy— [ o)l dy =6 [ Fwuudy=0. (61

Based on Equations (60) and (61), it follows that

/RN (Pé(y,u) - §(y,u)u) dy <0.

Consequently, the relations (56) and (57) imply u = 0.
(Aq): Let x, < 1 for a sufficiently large n. Based on Lemmas 1 and 3 as well as the
similar argument in (37), it follows that

Eo(w) = (w) — ¥o(w)
_M</ Hpg(y, |Vwl) dy) /H‘BM(W”’D

f/ o(y |w|rdy—9/

min{xg, ¢
> {0}[/ Hy (v, [V0)) dy + Hag, g (v, |0]) dy

— [ ot Wdy 0 [ (Gly,w)+¢fwl?)dy

min{xg, 9}

= W” | 70 (RN ”w“mo (RN)
—9/ Gy, w)dy — 9@‘/ \W\pdy
min{xo, 9}

L FEN L ot
0 [ ()l + %|w|f) dy— 0cchlwl?
min{xg, 9} .

Z W”w r "VQ (RN ”w”mo(RN)

002

= Ollorll o gy 1wl s vy — ”w”LI(RN — 08 xh|w|?
min{xg, ¢

> mintro 0}y

1 r r
> Myl = Lol o il

2
—Olloal o gyl — 22 ol — 02kl

min{xg, 9} .
> ol = 2ol el

—Bllor ol = 0 (52 + &) o).
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for a sufficiently large n and ||w| > 1. Let us choose

1
~ dq2r 1yt =20
oo 2

min{rxo, 9}

and let w € &, with |w| = B, > 1fora sufficiently large n. Then, there exists np € N
such that

= min{xo, ¢} 1
> v p_ = r r
fofw) > Pl Lol s il
2
— 0lp1 ] vy Xl fe(‘i +¢) bl
min{xg, 8} ~p 02 dq2r+1 o 2 .
o( L2 s P
o 2P+1 ﬁ” (RN) [ ( J4 + C) mil’l{Ko, 19} An
02 ﬁqu—kl ﬁ 2}(}1—2?)
_9||p1HLs’(RN) [9<£+§) mm{KO,ﬂ}] Xn
>0
for all n € N with n > ng by being
min{xg, 9} ~»
e300 dg2r+1 B =
Then, we find the following;:
inf{&y(w) : w € &,,||w|| = Ba} > 0.
(Az): Observe that | - || gy, || - [Lr(ryy, and | - || are equivalent on §,. Then, there are
positive constants 01 , and 0, such that
QL@ oy < @] < @nlwlpe @y (62)

for any w € §,. From (G6) and (G7), for any M3 > 0, there exists {3 € (0,{»/2) such that

3QZn

Gy, 0) = — =gl

for almost all y € RN and all || < 3. Choose &, := min{%,@@‘lﬂ} for all n € N. Then, we

know that [[w|| .« vy < 3 for w € §y with [w] = &, and so G(y,w) = G(y,w). From the
analogous argument in (52) and based on (62), we derive the following:

Gatww) =M ( [ Hoglo [V} dy )+ [ Hon o o)y
Lol dy—6 [ Gly,w)a
< < sup M(C )/ Hpq(y, |Vwl|) dy

0<i<k
30
/quy,|w| dy—0 [ 2l dy
3Q
< Cpfw]? — 2n||

p ”U’ ]RN
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oM
< Cpfw]? - =2

|| |17
< pCr2 ; 99ﬁ3 i’

for any w € §, with ||w| = @,. If we choose a sulfficiently large 93 such that 1 < 6913, we
obtain the following;:

o = max{&y(w) : w € Fn, |w| = &} < O.
If necessary, we can change n to a larger value so that ﬁn > &y > 0foralln > ng.

(A3): Because 9, NG, # ¢ and 0 < txn < ﬁn, we have gbn < (5n < Oforall n > ng.
For any w € &, with |w| =1and 0 < t < B,,, we have

&y (tw) = (/ Hpg (v, | Vtw)]) dy) / Hog, g (v, | 0] dy
> [ ol dy—o [ Gy, tw)dy

r

> _%'52/ y)|w|" dy — 0/ G(y, tw) + ¢|tw|?) dy
> —%EZIIUH s gy [0 )
_9/ (y, tw) dy — 96/ |tw|? dy
> *;,BZH‘THL% ”w”L70 (RN)
—O/RNpl(]/)|tw|d]/_ 7 / ool "y 95/ rwfdy
> —%EZ ( N)||w||rmo(RN)

_ 08 _ 0p2 = 14 4 p

0B [ or()loldy— 528, [ ool ay—o2B [ ful? dy
1

2 _;”U”L% :Ban 9”leLS’(RN)ﬁnXﬂ_ pZIBan_G‘:.BanI

where ) is given in (44). Hence, we achieve

ol

~ L7007 (R ~ ~
0> > —%ﬁnxn —0lloa] o gy Brn — P2 Bl — 0B

o o o,
- “ ||L'YO T (RN) 0 (& é) 19q217+1 p—Z/X%
r [ min{xg, 9} "

v

1
02 191727‘”rl 2t 2;7’77772?
~lerlueen |27+ mingosy ) o

L
_9P2[9<Pz (3’) l9q2?’+1 r_%)(%’”(p%[)

¢ ¢ min{xg, 9} !
p
oq2r+1 1 BeD
B 96[ ( + C) min{xy, 19}} A )

Because p < £ and x, — 0 asn — oo, we conclude that lim;, . ¢7n =0. N
(Ayg): Before proving that & ensures the (C);-condition, we have to show that ¥},
is sequentially weakly strongly continuous on € for any § > 0 and that & is coercive.



Mathematics 2024, 12, 60 30 of 35

Therefore, we first derive that & ensures the (C).-condition for any ¢ € R and for every
6 € T. Let {wy} be a sequence in € such that wy — w in & as k — co. Since {wy } is bounded

in €, Lemma 3 guarantees that there exists a subsequence {wkj} such that
wi;(y) = w(y) a.e. in RN and Wy, — w in L"(RN) as j — oo, (63)

where p < m < p*. By the convergence principle, there exists a subsequence {wk].} and a
non-negative function v € LP(RN) N LY(RN) N L7 (RN) such that Wy (y) > v(y)asj— oo

for almost all y € RN, and lw;(y)| < o(y) forall j € Nand for almostall y € RN. For any
u € ¢, we have

=| L (U@\w !Hwk. - o(y)|w|”w)udy

+9/ y,wk g(y,w))udy\

< ( [alew

+9‘/ y,wk g(y,w))udy‘~

r—2
w, — o(y)w

’wk]» |772

r/
w d!/) el vy

By Young’s inequality, we infer that

Llr®)
< Cus [ o) T o)l (J, | + fwl") dy
< C14/ (‘wk ’ + |w|” )dy

2(70—) (1 r >
<C == g 70‘*+—v7°+—w70 d 64
<Css RN( o lo(y)] 70| | 'Yo' | Yy (64)

r=2 r—2 !
‘wkj’ wy; — o (y)|lw]"w| dy

for some positive constants Ci3, C14, and Cys. By the definition of ¢ and (G1) and based on
(55), we deduce that

80, 2)] < Cus (1 (v) +p2li] " +EpllP ) (65)

Due to (65), we obtain

/RN (& (i) —g~(y,W))udy‘

< [ ([8(mwg)| + Bww) ) uldy (66)
-1 p-1 -1 p—1

<Cu [ @orly) +pafw | +eplwg|” +pall 7+ Eplol’ ) uldy

<Cr [ (2or@) +p2(lol " + ol ) + e (jo " + o) ) uldy

for some positive constants Ci¢ and Cyy. Invoking (63)-(66) and the convergence principle,
we find the following:

r—2 2
wy, — o (y) o]

v < fi(y) and |(g~<y,wkj) —g~(y,w))u| < fa(y)

o ]/)’wk]-
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-2
for almost all y € RN and for some f1, f» € L'(RN), and also, o (y) ’wkj ‘r Wi, — o (y)|w| " *w
and |(§(y, wkj> —§(y,w))u| — 0asj — oo for almost all y € RN. This, together with

Lebesgue’s dominated convergence theorem, yields that

1% (w0, ) — Fo(w)le-
= sup ‘<‘¥’g<wk/.) —‘?g(w),u>‘

lul<1

e
u <1

+6/ y,wk gN(y,w))udy‘ —0

-2 2
ay, o (y) w2 Judy

as j — oo. Therefore, we derive that ¥/, (wk]) — ¥)(w) in €* asj — co. Letw € € with

|w] > 1. Weset A := {y € RN : |w(y)| < {3}, Ax:={y € RN : {3 < |w(y)| < 23}, and
Az = {y € RN : 273 < |w(y)|}, where {3 is given in (57). From the condition of ¢, we have

& (w) (/ Hpa (v, IVol) dy ) + [ Hon (v ) dy
—_ = r p— ~
- el dy—6 [ Gww)dy
min{xy, 9 1
> P ol = 2ol Il =0 f 160wy
=0 [ p@)IGly )|+ (1~ p(w))lwl dy—0 [ el dy
3
min{xy, 9
> PO o~ Yol L, Cromli?
y Gy, w)|d —9/ Pd
AlUAZ| (v, w)| dy UA3C|w| y
min{xo, 8} r
> —Z 4
2 Tl = el Clugmoled
"y dy — 6 ‘4 9/ Pd
on, P Wwldy =8 f EIWI Y- Slwldy
min{xo, 8} Jeo]]?

1 ) )
= " oq =l o o 121

— 2001 [0l sy = 0 (B2 + ) [ ool dy

min{xo, ¢}, ., 1
> B ol = el

— 2,0l o o0l = (52 + ) el v

min{xp, 9} 02
> - = . P
= l: ﬂqu 9( / + g) Cp,zmb “w”

Choimp @]’

Cloimpll@l” = 2Cs impOllo1ll o vy 1]

70
0 (RN)

where C,, iy is an embedding constant of & < L™(RN) for any m with p < m < p*.
Therefore, we deduce that for any

fmin{xg, 9}
9 S 1—' = O, 7
( 892° (02 + €¢ )Cp,imb>
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the functional & is coercive in €; that is, & (w) — o as ||w|| — co. Based on the analogous
argument in Lemma 9 in [47], it follows that @’ is strictly monotone and coercive. Similar
to the proof of Lemma 11, &’ is a mapping of type (S; ). According to the Browder—Minty
theorem, the inverse operator of @’ exists (see Theorem 26.A in [53]). Since @’ is of type
(S4), itis clear that it has a continuous inverse. From the compactness of the operator ‘T’g
and the coercivity of &y, it follows that the functional & satisfies the (C).-condition for any
c € Rand for every 6 € I as required.

Finally, we show that (A4) is verified. Let ¢ € R and let the sequence {w;} in € be
such that wy, € §; forany k € N,

Eo(wy) — ¢ and  |(&lg,) (we) e (14 wg]) — 0 ask — co.

Then, based on the coercivity of &, it follows that {w;} is bounded in € for every 8 € I.
Following the concept of the proof of Lemma 11, we deduce that wy — wg in € as k — oo
and also that wy is a critical point of 59 Therefore, we conclude that the functional 89
satisfies the (C)j-condition for any ¢ € R and for any 6 > 0. This shows the condition (Ay).
Consequently, all conditions of Proposition 10 hold, and thus, for § € I', we find a
sequence of negative critical values dy for & satisfying di — 0 when k goes to co. Then, for
any {w;} € € with & (wy) = dy and Hgé(wk) |« = 0, the sequence {wy} is a (C)o-sequence
of & (w),and {wy} yields a convergent subsequence. Thus, up to the subsequence denoted
by {wy}, we have wy — w in € as k — co. Equations (56), (57), and (59) imply that 0 is
the only critical point with 0 energy and the subsequence {wy} has to converge to 0 in &;
thus, |wgl| ¢ rv)y — 0asn — oo for any t with p <t < p*. By virtue of Proposition 1, any
weak solution w of (1) belongs to the space L*(RY), and there are positive constants of
C, n independent of w such that
[0l Loy < Clleollfgay-
Therefore, we know [wg||;~gny — 0. Hence, by applying (56) and (57) once again, we
achieve |w ||« gn) < 03 for a sufficiently large k. Thus, {wy} with a sufficiently large k is
a sequence of weak solutions to (1). The proof is complete. [

4. Conclusions

In order to use the dual fountain theorem, the authors of [23,36,37,40,47] considered
the existence of two sequences 0 < a; < B, — 0 as n — co. However, our approach differs
from the above papers. In view of the papers [32-35], we adopted the conditions (G5) and

(8) G(v,0) =o0(]Z]7) as { — 0 uniformly for all y € RV,

These conditions play an important role in proving the assumptions of the dual fountain
theorem, and the authors of [30,32-35] established the existence of two sequences 0 < a, <
Bn, which are both sufficiently large. However, when utilizing the analogous argument
from [33,34], we cannot ensure property (2) in Lemma 14. More precisely, if we replace
in (51) with

1

s (1 O\ Ogq2rtt |7
P = Kr“gnmgﬁ (RN) T )mm{Ko,ﬂ} ’

and r + p > ¢, then in Equation (53),

1

s |[1 fpp\ Oq2rtl 7T oot
ﬁan— [<T||U||L%%(RN>+E>HW} Xn — o0asmn — o0,

However, the authors of [32,35] overcame this difficulty with a new setting for §,,
as in (51). Although the basic idea for proving Lemmas 13 and 14 is analogous to [32,35], in
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this paper, we derive these conditions without assuming (G5) and (g). For this reason, our
approach is slightly different from those of previous related studies [23,32-37,40,47].

Additionally, a new research direction is the study of Kirchhoff-Schrodinger-type
problems with Hardy potentials:

_ M(/RN r17|Vw|P + v(y) Vw1 dy)div(|vw|p_sz+1/(y)|Vw|‘7_2Vw)

q
_ _ w|P2w w|1 2w .
() (P 2o+ vl ) = A ) ) o) iR,

where N > 2,1 < p < g < N,A € (—oo,A") for some A* > 0, 6 is a positive real parameter,
¢: RN x R — R is a Carathéodory function,

1

<1+ N’ v:RN [0, c0) is Lipschitz continuous,

< =

and U : RN — (0,00) is a potential function satisfying (V), and a Kirchhoff function
M: Rg — R* satisfies the conditions (M1) and (M2).

Because of the term A(|w|P~2w|y| =P + v(y)|w|T2w|y| 1), when A # 0, the classical
variational approach is not applicable to our focus in the present paper. The reason is that
the Hardy inequality only guarantees the embeddings of the Musielak—-Orlicz—Sobolev
space Wé’H (RN) < LP(RN, |y|~7) and W&’%(RN) — L1(RN,v(y), |y| 7). However, these
embeddings are not compact. Hence, problems with A # 0 must be handled more carefully
due to the lack of compactness.

Also, we indicate some further research for degenerated Kirchhoff coefficients as fol-
lows.

{—M<¢H<Vu|>>div(<|ww2+b<y>|ww2>w>=g<u> inQ,
u=0 on d(),

where the modular function ¢y, is defined by ¢y (|Vu|) := [, |VulP +b(y)|Vu|? dy for all

u e Wé'H (Q), g is a continuous function with suitable conditions, and the exponents p, g
and the weight function b : Q) — [0, +00) satisfy the following condition:

KI)1<p<N,p<qg<p:= N%,andb € L®(0; [0, +00)).

Also, M : [0, +00) — [0, +0c0) is the Kirchhoff function satisfying the condition:

(K2) M is continuous and there are constants 0 = sy < s1 < sp < --- < sg such that
M(sy) =0foreach ¢ € {0,1,...,R} and M(s) > O foralls € [0,sg] \ {s0,51,---,5r}-

Regarding this problem, the authors of [54] considered a nonlinear elliptic equation
involving a nonlocal term that vanishes at finitely many points, a double phase differential
operator that satisfies unbalanced growth, and a nonlinear reaction term. The model is
referred as the double phase degenerate Kirchhoff problem, as it involves a nonlocal Kirch-
hoff term, too. The major contribution of this paper is to establish a multiplicity theorem in
which the main method is based on a truncation technique and variational method.
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