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Abstract

:

The world has been fighting against the COVID-19 Coronavirus which seems to be constantly mutating. The present wave of COVID-19 illness is caused by the Omicron variant of the coronavirus. The vaccines against the five variants (α, β, γ, δ, and ω) have been quickly developed using mRNA technology. The efficacy of the vaccine developed for one of the strains is not the same as the efficacy of the vaccine developed for the other strains. In this study, a mathematical model of the spread of COVID-19 was made by considering asymptomatic population, symptomatic population, two infected populations and quarantined population. An analysis of basic reproduction numbers was made using the next-generation matrix method. Global asymptotic stability analysis was made using the Lyapunov theory to measure stability, showing an equilibrium point’s stability, and examining the model with the fact of COVID-19 spread in Thailand. Moreover, an analysis of the sensitivity values of the basic reproduction numbers was made to verify the parameters affecting the spread. It was found that the most common parameter affecting the spread was the initial number in the population. Optimal control problems and social distancing strategies in conjunction with mask-wearing and vaccination control strategies were determined to find strategies to give better control of the spread of disease. Lagrangian and Hamiltonian functions were employed to determine the objective function. Pontryagin’s maximum principle was employed to verify the existence of the optimal control. According to the study, the use of social distancing in conjunction with mask-wearing and vaccination control strategies was able to achieve optimal control rather than controlling just one or another.
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1. Introduction


COVID-19 was first reported in December 2019 [1,2,3,4,5,6], and people all over the world have faced the challenges of the COVID-19 public health crisis. Their way of life and their economy [7] were affected since the governments needed to issue many lockdown measures to reduce the spread. Shops, department stores, and many places were closed down. Meanwhile, the use of social distancing for participating in social activities was employed to reduce the disease spread. Coronavirus disease 2019 or COVID-19 is a contagious disease caused by the virus severe acute respiratory syndrome Coronavirus 2 or SARS-CoV-2 [8,9,10,11,12,13,14,15,16], affecting the human respiratory system. COVID-19 virus can spread via droplets via from coughing, sneezing, and exposure to body secretions. The most common symptoms found among people infected with COVID-19 are cough, sore throat, runny nose or nasal congestion, loss of smell and taste, and breath difficulty, some people have severe pneumonia which sometimes can lead to death. The incubation period of COVID-19 is 2–14 days after getting the virus [11,12,17,18,19]. COVID-19 virus is one of the most widely mutating viruses. The World Health Organization (WHO) identified all five Coronavirus variants, i.e., Alpha, Beta, Gamma, Delta, and more recently Omicron [19,20]. The Omicron COVID-19 variant was first found in South Africa towards the end of November 2021 [21,22,23] and Thailand detected its first case of Omicron at the beginning of January 2022. The Omicron variant has more than 50 mutations, compared to SARS-CoV-2 [22,23], and spreads significantly faster. Therefore, its spread has to be closely monitored.



The World Health Organization (WHO) reported the worldwide spread of COVID-19. As of 31 May 2023 the total number of confirmed COVID-19 cases globally was 767.36 million and the total number of COVID-19 deaths globally was 6.93 million. As for cumulative confirmed COVID-19 cases by world region, Europe had 276.46 million, Western Pacific had 203.87 million, Americans had 192.94 million, Eastern Mediterranean had 23.37 million, and Africa had 9.53 million. The top three countries with the highest number of confirmed COVID-19 cases were the United States of America (103.43 million cases), China (99.28 million cases), and India (44.99 million cases). The top three countries with the greatest number of COVID-19 deaths were the United States of America (1.12 million deaths), Brazil (702,000 deaths) and India (531,000 deaths) [24]. In Thailand, from 3 Jan 2020 to 31 May 2023, there were 4.73 million confirmed COVID-19 cases and 34,000 COVID-19 deaths [25]. Though the number of COVID-19 patients significantly decreased, the importance given to how to reduce the number of patients is necessary to reduce the spread of the disease. Social distancing, quarantine, and vaccination are effective measures that help control the outbreak and reduce the spread of the disease [10,26,27,28,29]. According to WHO’s report on 29 May 2023, 1.33 billion doses of COVID-19 vaccines were given to people, and people in Thailand were given 139.17 million doses of COVID-19 vaccines. Vaccination is a measure that helps control the outbreak effectively.



In order to manage the COVID-19 pandemic, a mathematical model is employed to analyze situations and formulate policies to reduce the disease spread. Numerous researchers proposed different models of the spread of COVID-19 to investigate dynamics of COVID-19 spread. Lamwong et al. [30] proposed a SEIQR mathematical model for MERS-CoV by considering two groups of the population, namely, a group of the Thai population and a group of tourists from South Korea traveling to Thailand to see the effects of infections introduced by tourists. Sardar et al. [31] created a mathematical model for MERS-CoV infection based on the spread of two variants by monitoring social behavior to investigate and predict an outbreak during 2012–2016. Mwalili et al. [32] created a COVID-19 model based on the SEIR model by considering pathogens in the environment and social distancing. It was found that non-adherence to social distancing may contribute to an outbreak while quarantine for infectious individuals can help stop the spread. Yohanres et al. [33] proposed a SEIR model to describe the spread of COVID-19. An optimal measure was used to reduce the number of infectious patients, to reduce expenses spent on vaccines, and to reduce medical expenditures as much as possible. It was found that getting vaccinated for COVID-19 could decrease the number of risk groups and infectious people, showing that vaccination can control the spread of COVID-19. Omame et al. [34] made a mathematical model for the co-interaction of COVID-19 and dengue transmission dynamics in Brazil. There were five strategies used to control dengue and COVID-19 infection, namely, the prevention strategy for dengue infection, the control strategy for COVID-19 situation, the control strategy for co-infection for both dengue and COVID-19, the control strategy for dengue treatments, and the control strategy for COVID-19 treatments. It could be concluded that the prevention strategy for dengue infection could prevent COVID-19 infection among 870,000 new cases while controls against dengue and controls against COVID-19 could only considerably reduce the infection. Nainggolan and Ansori [35] studied a model of the spread of COVID-19 in Indonesia. Importance was given to quarantine for infectious persons. Parameters were examined and it was found that parameters affecting the spread were the recruitment rate, the transmission rate, and mortality rate of disease. Akuk et al. [11] proposed a mathematical model in the form of the SV1V2EQITR model. Importance was given to quarantine for infectious individuals and getting vaccinated with two doses. Stability of the model was analyzed and sensitivity of parameters affecting the spread was considered. Satar and Naji [17] proposed a mathematical model replicating the spread of the coronavirus disease by considering asymptomatic infected people. The SEIJR model (S = susceptible, E = Exposed, I = symptomatic, J = asymptomatic, and R = Recovered) was used to meet the data. Sensitivity of parameters were defined by the factors that regulate illness breakout, from the above mentioned. In this paper, we develop the model by considering additional the quarantined population to suit the epidemic situation in Thailand.



According to the literature review of articles relevant to the spread of COVID-19, a mathematical model of COVID-19 in Thailand was made. Optimal control strategies that will help control the spread of the disease were determined. From the above mentioned, the model is suitable for the epidemic situation in Thailand. Therefore, we created a model by considering the symptoms, infected population, asymptomatic, infected population, and paying attention to the population group that is in quarantine. In Section 2, the analysis of theoretical results and the analysis of disease stability were presented. In Section 3, numerical results were presented, using model fitting to estimate the results of the model to meet the actual data of the spread of the disease in Thailand. Meanwhile, the sensitivity of parameters was analyzed to examine parameters affecting the spread. In Section 4 and Section 5, optimal control strategies were presented as well as a numerical model of control strategies. A model without the determination of control strategies and a model with the determination of control strategies were compared. The research conclusion and recommendation were presented in Section 6.




2. Materials and Methods


2.1. Mathematical Model


A mathematical model is a technique to help analyze the spread of a disease and see the consequences of any actions which could be taken to prevent the spread. It is a guideline to help the government formulate policies to reduce the number of patients. The model used in the study was based on the SEIR model (Wickramaarachchi and Perera [13], Mahardika [33], Carcione et al. [36]) and the SEIQR model (Bhadauria et al. [37], Youssef et al. [38], Hussain et al. [39], Khan et al. [40], Li et al. [41], Abioye et al. [42]). As the government had a quarantine measure among infectious individuals so as to separate them from those without COVID-19, we will be concerned with the additional steps which might be taken. Therefore, the model was developed to meet the current situation. A mathematical model for COVID-19 was studied by separating people into six sub-classes, namely, susceptible classes, exposed classes, symptomatic classes, asymptomatic classes, quarantined classes, and recovered classes, where  S  represents the susceptible population,  E  represents the exposed population,    I 1    represents the symptomatic, infected population with the ω variant,    I 2    represents the asymptomatic, infected population with the other variant,  Q  represents the quarantined population,  R  represents the recovered population, and  N  represents the number of total populations.



The differential equation of the spread of COVID-19 can be written as follows:


       S ′  ( t ) = Λ − λ S ( t ) − d S ( t ) ,      E ′  ( t ) = λ S ( t ) − ( τ ε + τ ( 1 − ε ) + d ) E ( t ) ,       I ′  1  ( t ) = τ ε E ( t ) − ( α + g + d )  I 1  ( t ) ,       I ′  2  ( t ) = τ ( 1 − ε ) E ( t ) − (  γ a  + g + d )  I 2  ( t ) ,      Q ′  ( t ) = α  I 1  ( t ) − (  γ q  + d ) Q ( t ) ,      R ′  ( t ) =  γ a   I 2  ( t ) +  γ q  Q ( t ) − d R ( t ) ,      



(1)




and


  N = S + E +  I 1  +  I 2  + Q + R  



(2)




where the variables and parameters of Equations (1) and (2) are defined in Table 1 and Table 2.



It was determined that susceptible people were able to become infected with COVID-19 since they received the disease from people in the symptomatic group   (  I 1  )   and people in the asymptomatic group   (  I 2  ) .   The intensity of the infection is


  λ ( t ) =  β s   I 1  ( t ) +  β a   I 2  ( t ) .  



(3)







From Figure 1, the population inflow and population outflow in the mathematical model can be described as follows: susceptible group   ( S )   had one way of the population inflow, i.e., initial number in the population by  Λ  while the population outflow was the flow of people to the exposed group based on the rate   λ S   and the outflow of people who died of natural causes based on the rate  d . The exposed group had one way of the population inflow, namely, the flow of people from the susceptible group based on the rate   λ S   while three ways of the population outflow were the flow of people to the symptomatic group and to the asymptomatic group based on the rate   τ ε   and the rate,   τ ( 1 − ε )   respectively. The outflow of population who died of natural causes was based on the rate   d .   In the symptomatic group   (  I 1  )  , there was population inflow from the exposed group to the symptomatic group based on the rate   τ ε  . The population outflow was the flow of people to the quarantined group based on the rate  α  since the government had a measure ordering infected people to stay in quarantine to separate infected people from people who were not infected with the disease. Two ways of the population outflows were the outflow of people who died of natural causes and people who died of COVID-19 based on the rate  d  and  g , respectively. The asymptomatic group   (  I 2  )   had one way of the population inflow, i.e., the flow of people from the exposed group based on the rate   τ ( 1 − ε )  . There were three ways of the population outflow, namely, the flow of people to the recovered group based on the rate    γ a  ,   deaths caused by natural causes based on the rate  d , and deaths caused by COVID-19 based on the rate   g .   In the quarantined group   ( Q )  , there was population inflow, namely, the flow of people from the symptomatic group to the quarantined group based on the rate  α . There were two ways of population outflow, namely, the flow of people to the recovered group based on the rate    γ q    and deaths caused by natural causes based on the rate   d .   The last one was the recovered group   ( R )  . There were two ways of population inflow, namely, the quarantined group and the asymptomatic group based on the rate    γ q    and the rate,    γ a    respectively. There was one way of population outflow, namely, deaths caused by natural causes based on the rate   d .   According to the above description, a differential equation of the spread of COVID-19 can be written as follows:
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Figure 1. Shows the relationship between population inflow and population outflow in the mathematical model of COVID-19. 
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Table 1. Variables.





	Variables
	Description





	  S  
	Susceptible population.



	  E  
	Exposed population.



	    I 1    
	Symptomatic, infected population with the ω variant.



	    I 2    
	Asymptomatic, infected population with the other variant.



	  Q  
	Quarantined population.



	  R  
	Recovered population.



	  N  
	Number of total populations.










 





Table 2. Parameters.






Table 2. Parameters.





	Parameters
	Description





	  Λ  
	The recruitment number of population.



	    β s    
	The infection rate of symptomatic population with the ω variant.



	    β a    
	The infection rate of asymptomatic population with the other variant.



	  τ  
	Incubation period.



	  ε  
	The rate of exposed moving to symptomatic.



	  α  
	Quarantine rate of the symptomatic, infected population.



	    γ q    
	Rate at which quarantine to be recovered.



	    γ a    
	Rate at which asymptomatic, infected population to be recovered.



	  g  
	Mortality rate of COVID-19.



	  d  
	Mortality rate of natural causes.








Lemma 1.

Initial condition:   S ( 0 ) > 0 ,   E ( 0 ) > 0 ,    I 1  ( 0 ) > 0 ,    I 2  ( 0 ) > 0 ,   R ( 0 ) > 0    and   N ( 0 ) > 0   from the Equation (1) the invariant set   ϕ =     S ,   E ,    I 1  ,    I 2  ,   Q ,   R   ∈  ℝ + 6  : N ≤  Λ d    ,   and then the closed set  ϕ  is positive invariant.





Proof. 

Groups of population are considered when   N = S + E +  I 1  +  I 2  + Q + R  , it can be seen that


    d N   d t   =   d S   d t   +   d E   d t   +   d  I 1    d t   +   d  I 2    d t   +   d Q   d t   +   d R   d t    










    d N   d t   = Λ − g  I 1  − g  I 2  − d N .  



(4)







From Equation (4), it is supposed that there is no mortality rate of the disease   ( g )  ; therefore,


    d N   d t   ≤ Λ − d N  








integrating the above equation, it can be given as follows:


  N ( t ) ≤  Λ d  +   N ( 0 ) −  Λ d     e  − d t    








where   N ( 0 )   initial value, and   N ( t ) = N ( 0 )   at   t = 0  . In addition, it can be noticed that   N ( t ) →  Λ d    as   t → ∞  . Thus, it can be concluded that   N ( t )   is bounded as   0 ≤ N ( t ) ≤  Λ d    Epidemiological parameters are positive. It can be concluded that the problem solving area is in    ℝ + 6   . Therefore   ϕ =     S , E ,  I 1  ,  I 2  , Q , R   ∈  ℝ + 6  : N ≤  Λ d      is a positive invariant set. □






2.2. Stability Analysis


2.2.1. Equilibrium Point and Basic Reproduction Number


An equilibrium point is considered in this part. An equilibrium point is important to long-term epidemic behavior since it identifies a state where the output of the system remains constant, even in the presence of varying inputs and are the states when there are no changes in the number, i.e.,   d X ( t ) = 0  . Derivatives of the equation system (1) on the right side are determined to be zero. From the model, two equilibrium points are obtained, namely:


  Λ −  λ ∗   S ∗  − d  S ∗  = 0  



(5)






   λ ∗   S ∗  − ( τ ε + τ ( 1 − ε ) + d )  E ∗  = 0  



(6)






  τ ε  E ∗  − ( α + g + d )  I 1 ∗  = 0  



(7)






  τ ( 1 − ε )  E ∗  − (  γ a  + g + d )  I 2 ∗  = 0  



(8)






  α  I 1 ∗  − (  γ q  + d )  Q ∗  = 0  



(9)






   γ a   I 2 ∗  +  γ q   Q ∗  − d  R ∗  = 0  



(10)







From Equation (7), we have


   I 1 ∗  =   τ ε  E ∗    ( α + g + d )    










   I 1 ∗  =  T 0   E ∗   








where


   T 0  =   τ ε   ( α + g + d )   .  











From Equation (8), we have


   I 2 ∗  =   τ ( 1 − ε )  E ∗    (  γ a  + g + d )    










   I 2 ∗  =  T 1   E ∗   








where


   T 1  =   τ ( 1 − ε )   (  γ a  + g + d )   .  











From Equation (9), we have


   Q ∗  =   α  I 1    ∗    (  γ q  + d )   =   α  T 0   E ∗    (  γ q  + d )    










   Q ∗  =  T 2   E ∗   








where


   T 2  =   α  T 0    (  γ q  + d )   .  











From Equation (10), we have


   R ∗  =    γ a   I 2    ∗  +  γ q   Q ∗   d  =    γ a  (  T 1   E ∗  ) +  γ q  (  T 2   E ∗  )  d   










   R ∗  =  T 3   E ∗   








where


   T 3  =    γ a   T 1  +  γ q   T 2   d  .  











From Equation (3), we have


   λ ∗  =  β s   I 1 ∗  +  β a   I 2 ∗   










   λ ∗  =  β s  (  T 0   E ∗  ) +  β a  (  T 1   E ∗  )  










   λ ∗  =  T 4   E ∗   








where


   T 4  =  β s   T 0  +  β a   T 1  =    R 0  d ( d + τ )  Λ  .  











From Equation (6), we have


   λ ∗   S ∗  − ( τ ε + τ ( 1 − ε ) + d )  E ∗  = 0  










  (  T 4   E ∗  )  S ∗  − ( τ ε + τ ( 1 − ε ) + d )  E ∗  = 0  










     T 4   S ∗  − ( τ ε + τ ( 1 − ε ) + d )    E ∗  = 0 .  











Therefore,    E ∗  = 0   or


   S ∗  =   ( τ ε + τ ( 1 − ε ) + d )    T 4     










   S ∗  =   ( τ ε + τ ( 1 − ε ) + d ) Λ    R 0  d ( d + τ )    








where


   T 4  =    R 0  d ( d + τ )  Λ  .  











Thus, when    E ∗  = 0   we obtain the disease-free equilibrium points    K 0 ∗   , given by


   K 0 ∗  = (  S ∗  ,  E ∗  ,  I 1 ∗  ,  I 2 ∗  ,  Q ∗  ,  R ∗  ) =    Λ d  , 0 , 0 , 0 , 0 , 0   .  











Substituting    S ∗  =   ( τ ε + τ ( 1 − ε ) + d ) Λ    R 0  d ( d + τ )     and    λ ∗  =  T 4   E ∗    in Equation (5), we have


   E ∗  =   Λ d (  R 0  − 1 )    R 0  ( τ + d )    











The remaining expressions for the endemic equilibrium points are


   I 1 ∗  =   Λ τ ε (  R 0  − 1 )    R 0  ( α + g + d ) ( τ + d )   ,  










   I 2 ∗  =   Λ τ ( 1 − ε ) (  R 0  − 1 )    R 0  (  γ a  + g + d ) ( τ + d )   ,  










   Q ∗  =   Λ τ α ε (  R 0  − 1 )    R 0  ( α + g + d ) (  γ q  + d ) ( τ + d )   ,  










   R ∗  =   Λ τ (  R 0  − 1 )      γ a  ( 1 − ε )   (  γ a  + g + d )   −   α ε  γ q    ( α + g + d ) (  γ q  + d )        R 0  d ( τ + d )   .  











Therefore, disease-free equilibrium point is:


   K 0 ∗  =    Λ d  , 0 , 0 , 0 , 0 , 0    



(11)




with    R 0  < 1   and endemic equilibrium point is


   K 1 ∗  = (  S ∗  ,  E ∗  ,  I 1 ∗  ,  I 2 ∗  ,  Q ∗  ,  R ∗  )  



(12)




where


   S ∗  =   ( τ ε + τ ( 1 − ε ) + d ) Λ    R 0  d ( d + τ )   ,    E ∗  =   Λ d (  R 0  − 1 )    R 0  ( τ + d )   ,    I 1 ∗  =   Λ τ ε (  R 0  − 1 )    R 0  ( α + g + d ) ( τ + d )   ,  










   I 2 ∗  =   Λ τ ( 1 − ε ) (  R 0  − 1 )    R 0  (  γ a  + g + d ) ( τ + d )   ,  Q ∗  =   Λ τ α ε (  R 0  − 1 )    R 0  ( α + g + d ) (  γ q  + d ) ( τ + d )   ,  










   R ∗  =   Λ τ (  R 0  − 1 )      γ a  ( 1 − ε )   (  γ a  + g + d )   −   α ε  γ q    ( α + g + d ) (  γ q  + d )        R 0  d ( τ + d )   ,  








with    R 0  > 1  .



The    R 0    value is the basic reproduction number of the equation system (1), which can be noticed from expression  E ,    I 1    and    I 2   .


     E ′  ( t ) = (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t ) − ( τ + τ ( 1 − ε ) + d ) E ( t ) ,      I 1 ′  ( t ) = τ ε E ( t ) − ( α + g + d )  I 1  ( t ) ,      I 2 ′  ( t ) = τ ( 1 − ε ) E ( t ) − (  γ a  + g + d )  I 2  ( t ) .    











The next-generation matrix method [43,44] is used to derive the basic reproduction number   (  R 0  )   which can be obtained from the most outstanding characteristic determinant consistent with the spectral radius of the matrix   ρ ( F  V  − 1   )  , when  ρ  is spectral radius,  F  is the Jacobian matrix of the gains matrix, and  V  is the Jacobian matrix of the losses matrix. Then we have


        G a i n s   t o   E       G a i n s   t o    I 1        G a i n s   t o    I 2              (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      0     0      ,           L o s s e s   t o   E       L o s s e s   t o    I 1        L o s s e s   t o    I 2              ( τ + τ ( 1 − ε ) + d ) E ( t )       − τ ε E ( t ) + ( α + g + d )  I 1  ( t )       − τ ( 1 − ε ) E ( t ) + (  γ a  + g + d )  I 2  ( t )       .  











It can be seen that


  F =      0     β s  S ( t )      β a  S ( t )      0   0   0     0   0   0      ,       V =       ( τ + τ ( 1 − ε ) + d )    0   0      − τ ε     α + g + d    0      − τ ( 1 − ε )    0     γ a  + g + d       .  











The disease-free equilibrium point


   K 0 ∗  = (  S ∗  ,  E ∗  ,  I 1 ∗  ,  I 2 ∗  ,  Q ∗  ,  R ∗  ) =    Λ d  , 0 , 0 , 0 , 0 , 0    








we have


  F  V  − 1      K 0 ∗    =        H 1       H 2       H 3       0   0   0     0   0   0       








where


     H 1  =   ( d + g + α ) ( 1 − ε ) Λ τ  β a    d ( d + g +  γ a  ) (  d 2  + d g + d α + d τ + g τ + α τ )   +   Λ ε τ  β s    d (  d 2  + d g + d α + d τ + g τ + α τ )   ,      H 2  =   (  d 2  + d g + d  γ a  + d τ + g τ + τ  γ a  ) Λ  β s    d ( d + g +  γ a  ) (  d 2  + d g + d α + d τ + g τ + α τ )   ,      H 3  =   Λ  β a    d ( d + g +  γ a  )   .    











Therefore, the basic reproduction number (   R 0   ) can be derived from the most outstanding radius of   ρ ( F  V  − 1   )   considered from the largest positive eigenvalue. Thus, the formula is given as:


   R 0  =    ( (  1 − ε ) α  β a   + (  1 − ε ) ( d  +  g )  β a   +   β s  ε ( g  +   γ a  + d    ) )    Λ τ   d    (  d  +  g  +  α  )   (  d  +  g  +   γ a   )   (  d  +  τ )   .  



(13)







The basic reproduction number (   R 0   ) represents the average number of secondary infections produced by an infected individual in a susceptible host population [45]. In an epidemiological model, if    R 0  > 1  , the disease will spread and may cause an epidemic, when    R 0  < 1  , an epidemic can be controlled. When    R 0    is larger, an epidemic is difficult to be controlled.




2.2.2. Global Stability of Equilibrium Points


In this part, the global stability of the COVID-19 model in the equation system (1) was analyzed. The Lyapunov function was used to verify stability, and two theorems were obtained as shown below.



Theorem 1.

If    R 0  < 1  , it indicates that the disease-free equilibrium point of the model (1) is globally asymptotically stable in the region  ϕ .



We assume that


    β s  =  β a  =   g + d    S ∗    .   



(14)









Proof. 

According to the results shown above, the Lyapunov function was determined as follows:


  G = ( S −  S ∗  −  S ∗  ln  S   S ∗    ) + E +  I 1  +  I 2  + Q + R  








The time differentiation of  G  is given by


    d G   d t   =  S ′    1 −    S ∗   S    +  E ′  +  I 1 ′  +  I 2 ′  +  Q ′  +  R ′   








using system (1), we have


      d G   d t   =   Λ − (  β s   I 1  +  β a  I ) S − d S     1 −    S ∗   S    +   (  β s   I 1  +  β a   I 2  ) S − ( τ ε + τ ( 1 − ε ) + d ) E                 +   τ ε E − ( α + g + d )  I 1    +   τ ( 1 − ε ) E − (  γ a  + g + d )  I 2    +   α  I 1  − (  γ q  + d ) Q   +    γ a   I 2  +  γ q  Q − d R      










  = Λ   1 −    S ∗   S    + d  S ∗    1 −  S   S ∗      +    β s   S ∗  − ( g + d )    I 1  +    β a   S ∗  − ( g + d )    I 2  − d E − d Q − d R  








substitution of the Equation (11)


    d G   d t   = Λ   1 −    S ∗   S    + d  S ∗    1 −  S   S ∗      − d E − d Q − d R  








based on the disease-free equilibrium point    S ∗  =  Λ d    is obtained


      d G   d t   = Λ   1 −    S ∗   S    + Λ   1 −  S   S ∗      − d E − d Q − d R               = Λ   2 −    S ∗   S  −  S   S ∗      − d E − d Q − d R    










    d G   d t   = −   Λ          S ∗  − S    2     S ∗  S     + d E + d Q + d R   ≤ 0 .  



(15)




Therefore, it can be seen that when    S ∗  = S ,   E = 0 ,   Q = 0   and   R = 0  , then     d G   d t   = 0   Since   E ,   Q   and  R  are positive. According to the Equation (15), the resul     d G   d t     is definitely negative. According to LaSalle’s Invariance Principle, it can be concluded that the disease-free equilibrium point    K 0 ∗    of the equation system (1) is globally asymptotically stable on  ϕ  if    R 0  < 1  . □





Theorem 2. 

If    R 0  > 1  , it indicates that the endemic equilibrium point of the model (1) is globally asymptotically stable in the region  ϕ .





Proof. 

The Lyapunov function is determined as:


    M = ( S −  S ∗  −  S ∗  ln  S   S ∗    ) + ( E −  E ∗  −  E ∗  ln  E   E ∗    ) + (  I 1  −  I 1 ∗  −  I 1 ∗  ln    I 1     I 1 ∗    ) + (  I 2  −  I 2 ∗  −  I 2 ∗  ln    I 2     I 2 ∗    )                 + ( Q −  Q ∗  −  Q ∗  ln  Q   Q ∗    ) + ( R −  R ∗  −  R ∗  ln  R   R ∗    ) .    








The time differentiation of  M  is given by


    d M   d t   =  S ′    1 −    S ∗   S    +  E ′    1 −    E ∗   E    +  I 1 ′    1 −    I 1 ∗     I 1      +  I 2 ′    1 −    I 2 ∗     I 2      +  Q ′    1 −    Q ∗   Q    +  R ′    1 −    R ∗   R     










    =   Λ − λ S − d S     1 −    S ∗   S    +   λ S − ( τ ε + τ ( 1 − ε ) + d ) E     1 −    E ∗   E            +   τ ε E − ( α + g + d )  I 1      1 −    I 1 ∗     I 1      +   τ ( 1 − ε ) E − (  γ a  + g + d )  I 2      1 −   I 2 ∗    I 2              +   α  I 1  − (  γ q  + d ) Q     1 −    Q ∗   Q    +    γ a   I 2  +  γ q  Q − d R     1 −    R ∗   R       








putting   S = S −  S ∗  , E = E −  E ∗  ,  I 1  =  I 1  −  I 1 ∗  ,  I 2  =  I 2  −  I 2 ∗  , Q = Q −  Q ∗    and   R = R −  R ∗   , then


      d M   d t   =   Λ − (  β s   I 1  +  β a   I 2  )   S −  S ∗    − d   S −  S ∗          S −  S ∗   S                      +   (  β s   I 1  +  β a   I 2  ) S − ( τ ε + τ ( 1 − ε ) + d )   E −  E ∗          E −  E ∗   E                      +   τ ε E − ( α + g + d )    I 1  −  I 1 ∗           I 1  −  I 1 ∗     I 1      +   τ ( 1 − ε ) E − (  γ a  + g + d )    I 2  −  I 2 ∗           I 2  −  I 2 ∗     I 2                        +   α  I 1  − (  γ q  + d )   Q −  Q ∗          Q −  Q ∗   Q    +    γ a   I 2  +  γ q  Q − d   R −  R ∗          R −  R ∗   R       










    = Λ − Λ      S ∗   S    − (  β s   I 1  +  β a   I 2  )       S −  S ∗     2   S  − d       S −  S ∗     2   S  + (  β s   I 1  +  β a   I 2  ) S − (  β s   I 1  +  β a   I 2  ) S    E ∗   E            − ( τ ε + τ ( 1 − ε ) + d )       E −  E ∗     2   E  + τ ε E − τ ε E     I 1 ∗    I 1      − ( α + g + d )        I 1  −  I 1 ∗     2     I 1              + τ ( 1 − ε ) E − τ ( 1 − ε ) E     I 2 ∗    I 2      − (  γ a  + g + d )        I 1  −  I 1 ∗     2     I 1    + α  I 1  − α  I 1    1 −    Q ∗   Q              − (  γ q  + d )       Q −  Q ∗     2   Q  +  γ a   I 2  −  γ a   I 2       R ∗   R    +  γ q  Q −  γ q  Q      R ∗   R    − d       R −  R ∗     2   R  .    











An equation that is rearranged and determined is obtained.


    d M   d t   =  Z 1  −  Z 2   








when


   Z 1  = Λ + (  β s   I 1  +  β a   I 2  ) S + τ ε E + τ ( 1 − ε ) E + α  I 1  +  γ a   I 2  +  γ q  Q  








and


     Z 2  = Λ      S ∗   S    + (  β s   I 1  +  β a   I 2  )       S −  S ∗     2   S  + d       S −  S ∗     2   S  + (  β s   I 1  +  β a   I 2  ) S    E ∗   E  + ( τ ε + τ ( 1 − ε ) + d )       E −  E ∗     2   E                  + τ ε E     I 1 ∗    I 1      + ( α + g + d )        I 1  −  I 1 ∗     2     I 1    + τ ( 1 − ε ) E     I 2 ∗    I 2      + (  γ a  + g + d )        I 1  −  I 1 ∗     2     I 1                    + α  I 1    1 −    Q ∗   Q    + (  γ q  + d )       Q −  Q ∗     2   Q  +  γ a   I 2       R ∗   R    +  γ q  Q      R ∗   R    + d       R −  R ∗     2   R     








Since all parameters in the model (1) are positive, therefore when    S ∗  = S ,     E = 0 , Q = 0   and   R = 0   and     d M   d t   = 0   sultand then the re     d M   d t     is definitely negative when    Z 1  <  Z 2   . According to LaSalle’s Invariance Principle, it can be concluded that the equilibrium point of the endemic steady state    K 1 ∗    of the equation system (1) is globally asymptotically stable on  ϕ  if    R 0  > 1  . □








3. Numerical Analysis Result


3.1. Model Fitting


In this part, some parameters in the model (1) were adjusted. Parameter adjustment is essential as it helps numerical simulation close to the actual data of the epidemic. Meanwhile, it helps analyze some parameters that cannot be identified. The infection rate of the symptomatic population with the ω variant   (  β s  ) ,   the infection rate of the asymptomatic population with the other variant   (  β a  )   and the rate of exposed moving to symptomatic   ( ε )   were adjusted as seen in Table 3. The model adjusted was implemented using fmincon Algorithm in MATLAB to ensure the model was suitable for the actual epidemic data. Results obtained from the parameter adjustment are seen in Figure 2. The blue circle indicates the number of people infected with COVID-19 each day from the data collected by the Department of Disease Control, Ministry of Public Health. The data were collected from 1 January to 1 March 2022 since the Omicron variant was confirmed. It was considered the fifth wave of COVID-19 infection [46]. The red solid line indicates results from the model (1) (susceptible group).




3.2. Numerical Simulations


In this part, numerical analysis of the COVID-19 model (1) is performed to verify the appropriateness of the model, i.e., it yields conclusions consistent with earlier works. The Runge—Kutta order four method in MATLAB was used to generate the numerical results. The analysis in this part was divided into three parts. Part 1 is the analysis of parameter values to be suitable for the actual epidemic data. Part 2 is the analysis of model stability (1), and part 3 is the comparison of parameter values used in this study.



3.2.1. Part 1: The Analysis of Parameter Values Suitable for the Actual Epidemic Data


According to COVID-19 epidemic data reported as of 1 January to 1 March 2022 by the time the Omicron variant was confirmed in Thailand (with reference to the report on the Omicron variant detected in this when the epidemic was found the most). As for model (1), parameter values were adjusted to be suitable for the actual epidemic data. Parameters adjusted were the infection rate of the symptomatic population with the ω variant   (  β s  )  , the infection rate of the asymptomatic population with the other variant   (  β a  ) ,   and the rate of exposed moving to symptomatic   ( ε ) .   Parameter values adjusted to be suitable for the model were shown in Table 3 and Figure 2, showing appropriateness of parameters to be suitable for the actual epidemic data.




3.2.2. Part 2: Stability Analysis of the Model (1)


This part shows the numerical values of disease-free steady state, the endemic steady state, and global linear stability (globally asymptotically stable). Figure 3 shows the numerical results of a disease-free steady state. It can be seen that as time passed by, the number of susceptible 1000 days passed. The number of the exposed population   ( E ) ,   the number of symptomatic, infected population   (  I 1  ) ,   the number of symptomatic, infected population   (  I 2  ) ,   the number of quarantined population   ( Q ) ,   and the number of recovered population   ( R ) ,   as time passed by, would converge to zero (such as   E = 0 ,      I 1  = 0 ,    I 2  = 0 ,   Q = 0 ,   R = 0  ) as there was no epidemic of the disease. Figure 4 shows endemic steady state of the disease. As time passed by, the number of people would converge to the equilibrium point at    K 1 ∗  = (  S ∗  ,  E ∗  ,  I 1 ∗  ,  I 2 ∗  ,  Q ∗  ,  R ∗  ) =   (11,501, 4196, 34, 6729, 137, 18,248,000) when 300 days passed. In order to see more convergence, the infection rates were adjusted to be    β s  = 0.00000075   and    β a  = 0.000009  . The convergence was shown in the form of 2D, 3D phase portrait trajectories of model (1) as seen in Figure 5 and Figure 6. It can be seen that the convergence was clearer in both phases. Stability analysis was essential for designing an epidemiological model. If the model is stable, other controllers shall be designed (will be shown in Topic 4). If the model is not stable, it will not be used in real life and should be improved to ensure various conditions will have stability before being used.




3.2.3. Part 3: Comparison of Parameters


The parameters used in the comparison were the initial number of people   ( Λ )   and the infection rate of the asymptomatic population with the other variant   (  β a  )   since both parameters had an impact on a high increase in the basic reproduction number   (  R 0  )  , as analyzed in Table 4. The parameters adjusted were   Λ =   50, 60, 70, 80 and    β a  = 0.000006 , 0.000007 , 0.000008   and   0.000009  . From Figure 7 and Figure 8, it can be seen that increased parameter values contributed to the controllable spread of the disease rather than decreased parameter values.





 





Table 3. The parameter values of model.






Table 3. The parameter values of model.





	Parameters
	Disease-Free
	Endemic
	Reference





	  Λ  
	1
	700
	Assume



	    β s    
	0.0000075
	0.0000075
	Fitting



	    β a    
	0.0000009
	0.0000009
	Fitting



	  τ  
	1/6
	1/6
	[36,47]



	  ε  
	0.01
	0.01
	Fitting



	  α  
	0.2
	0.2
	[47]



	    γ q    
	0.05
	0.05
	[47]



	    γ a    
	1/10
	1/10
	[47]



	  g  
	0.00286
	0.00286
	[47]



	  d  
	0.000036529
	0.000036529
	[47,48]










 





Table 4. Sensitivity values of    R 0   .
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	Parameter
	Sensitivity





	  Λ  
	1



	    β s    
	0.000425



	    β a    
	0.995749



	  τ  
	0.000219



	  ε  
	−0.005807



	  α  
	−0.004190



	    γ a    
	−0.967719



	  g  
	−0.027737



	  d  
	1.000570
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Figure 7. Time series of the system Equation (1) showing the comparison results of initial population   ( Λ )  . 
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Figure 8. Time series of the system Equation (1) showing the comparison results of the transmission rate of asymptomatic population   (  β a  )  . 






Figure 8. Time series of the system Equation (1) showing the comparison results of the transmission rate of asymptomatic population   (  β a  )  .
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3.3. Sensitivity Analysis of Parameters


In this part, sensitivity analysis for the epidemiological model is presented, aiming to learn about factors associated with the basic reproduction number the affecting numerical simulation of the model. Moreover, the sensitivity analysis will reveal the importance of each parameter affecting the epidemic. Such data would be important to designing an experimental model and help design and determine strategies for controlling the epidemic. The sensitivity index    R 0    associated with the parameters is the ratio of the relative change in variables    R 0    to the relative change in the parameters when variables are the function finding derivatives of parameter. The sensitivity index can be determined by the following derivatives:



Definition 1.

[10,49] The sensitivity index of    R 0   , which depends differentially on a parameter  ψ , is defined by:


   ϒ ψ   R 0    =   ∂  R 0    ∂ ψ   ×  ψ   R 0    .  



(16)









Expression for    R 0    in Equation (13) used the data in Table 3 showing the basic value of the parameters used in the numerical simulation. Sensitivity analysis results of the basic reproduction number of each parameter are listed in Table 4.



According to the analysis results in Table 4, it can be seen that the most sensitive parameter was the initial number of the population   ( Λ ) ,   followed by    β a  ,  β s  , τ  , respectively. A positive index apparently indicated an increase (or decrease) in parameter values affected an increase (or decrease) in the basic reproduction numbers (   R 0   ). On the contrary, indices that were negative,   ε , α ,  γ a  , g , d  , led to a decrease (or increase) in the basic reproduction numbers (   R 0   ). The research results indicated that the most effective control strategy was controlling the initial number of the population   ( Λ )  .





4. Optimal Control Problem


Lamwong et al. [45] studied the efficiency of vaccines for COVID-19 in Thailand. It was found that a 10% increase of vaccination rates would cause a 10% increase of the basic reproduction number. It can be concluded that an increase in vaccine efficacy would cause a decreased number of infected people. However, vaccination is just one measure for controlling the spread of the disease. There may be other measures that may lessen the need for everyone to be vaccinated. These are other control steps that can be taken. In this research, optimal control strategies were presented. Control strategies introduced were    u 1  ( t )   and    u 2  ( t )  :   u 1  ( t )   social distancing and mask wearing strategies.    u 2  ( t )   vaccination control strategy to be the most suitable guideline is used with the dynamic of COVID-19 spread. Optimal control is determined as follows:


       S ′  ( t ) = Λ − ( 1 −  u 1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t ) − d S ( t ) −  u 2  ( t ) S ( t ) ,      E ′  ( t ) = ( 1 −  u 1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t ) − ( τ ε + τ ( 1 − ε ) + d ) E ( t ) ,      I 1 ′  ( t ) = τ ε E ( t ) − ( α + g + d )  I 1  ( t ) ,      I 2 ′  ( t ) = τ ( 1 − ε ) E ( t ) − (  γ a  + g + d )  I 2  ( t ) ,      Q ′  ( t ) = α  I 1  ( t ) − (  γ q  + d ) Q ( t ) ,      R ′  ( t ) =  γ a   I 2  ( t ) +  γ q  Q ( t ) − d R ( t ) +  u 2  ( t ) S ( t ) .      



(17)







Pontryagin’s maximum principle [50,51] was used to reduce the number of COVID-19 infected people and to enable the expenditure on the control at the minimum. Therefore, the objective function was defined as follows:


  J (  u 1  ,  u 2  ) =    ∫ 0 T      W 1   I 1  ( t ) +  W 2   I 2  ( t ) +  1 2   W 3   u 2    1  ( t ) +  1 2   W 4   u 2    2  ( t )      d t  



(18)







Parameter    W 1  ,  W 2    represents weight constant value of infected people,    W 3   u 1  ( t )   represents the expenditure spent on social distancing campaign and mask wearing campaign,    W 4   u 2  ( t )   represents the expenditure spent on vaccination at  t  time, and  T  represents the last time. Nonlinear cost function was used. Squared objective function was used for cost control measurement to achieve optimal control    u ∗    1  ,  u ∗    2   ,


  J (  u ∗    1  ,  u ∗    2  ) =   min  U    J (  u 1  ,  u 2  )   .  



(19)







When   U =   (  u 1  ,  u 2  ) : [ 0 , T ] → [ 0 , 1 ]    . Lagrangian and Hamiltonian were used for optimal problem solution.


  L (  I 1  ,  I 2  ,  u 1  ,  u 2  ) =  W 1   I 1  ( t ) +  W 2   I 2  ( t ) +  1 2   W 3   u 2    1  ( t ) +  1 2   W 4   u 2    2  ( t )  



(20)




and


  H = L (  I 1  ,  I 2  ,  u 1  ,  u 2  ) +  λ 1    d S   d t   +  λ 2    d E   d t   +  λ 3    d  I 1    d t   +  λ 4    d  I 2    d t   +  λ 5    d Q   d t   +  λ 6    d R   d t   .  



(21)







Theorem 3. 

(Pontryagin’s Minimum Principle for control problem [44]) Optimal control was determined.    u ∗    1  ,  u ∗    2    and   S ,   E ,    I 1  ,    I 2  ,     Q ,   R   were the results of control equation system (17) that minimize   J (  u 1  ( t ) ,  u 2  ( t ) )   over   U .   Then there exist an adjoint variable    λ i  ; i = 1 , 2 , 3 , 4 , 5 , 6   under the control equations:


    d  λ 1    d t   = −   ∂ H   ∂ S   ,   d  λ 2    d t   = −   ∂ H   ∂ E   ,   d  λ 3    d t   = −   ∂ H   ∂  I 1    = ,   d  λ 4    d t   = −   ∂ H   ∂  I 2    ,   d  λ 5    d t   = −   ∂ H   ∂ Q   ,   d  λ 6    d t   = −   ∂ H   ∂ R   .  



(22)




And transversality conditions given as    λ i  ( T ) = 0   for all  i = 1 , 2 , 3 , 4 , 5 , 6  .



Then the characteristic values     u ∗    1  ,  u ∗    2     are given by


    u ∗    1  ( t ) =       0                                   i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    ≤ 0 ,            λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3      i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    <  u 1  max   ,        u 1  max                                 i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    ≥    u 1  max   .           



(23)






    u ∗    2  ( t ) =      0   i f       (  λ 1  −  λ 6  ) S ( t )    W 4    ≤ 0 ,       (  λ 1  −  λ 6  ) S ( t )    W 4      i f       (  λ 1  −  λ 6  ) S ( t )    W 4    <  u 2  max   ,      u 2  max     i f       (  λ 1  −  λ 6  ) S ( t )    W 4    ≥    u 2  max   .          



(24)









Proof. 

Hamiltonian function was determined in the equation system (21).


  H = L (  I 1  ,  I 2  ,  u 1  ,  u 2  ) +  λ 1    d S   d t   +  λ 2    d E   d t   +  λ 3    d  I 1    d t   +  λ 4    d  I 2    d t   +  λ 5    d Q   d t   +  λ 6    d R   d t   .  








where   L (  I 1  ,  I 2  ,  u 1  ,  u 2  )   is Lagrangian given in (20), therefore we have


    H =  W 1   I 1  ( t ) +  W 2   I 2  ( t ) +  1 2   W 3   u 2    1  ( t ) +  1 2   W 4   u 2    2  ( t )     +  λ 1    Λ − ( 1 −  u 1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t ) − d S ( t ) −  u 2  ( t ) S ( t )       +  λ 2    ( 1 −  u 1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t ) − ( τ ε + τ ( 1 − ε ) + d ) E ( t )       +  λ 3    τ ε E ( t ) − ( α + g + d )  I 1  ( t )       +  λ 4    τ ( 1 − ε ) E ( t ) − (  γ a  + g + d )  I 2  ( t )       +  λ 5    α  I 1  ( t ) − (  γ q  + d ) Q ( t )       +  λ 6     γ a   I 2  ( t ) +  γ q  Q ( t ) − d R ( t ) +  u 2  ( t ) S ( t )   .    











The adjoint system satisfying the following ordinary differential equations


    d  λ 1    d t   = −   ∂ H   ∂ S   =  λ 1    ( 1 −  u ∗    1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) + d +  u ∗    2  ( t )   −  λ 2    ( 1 −  u ∗    1  ( t ) ) (  β s   I 1  ( t ) +  β a   I 2  ( t ) )   −  λ 6   u ∗    2  ( t ) ,  










    d  λ 2    d t   = −   ∂ H   ∂ E   =  λ 2  ( τ ε + τ ( 1 − ε ) + d ) −  λ 3  τ ε −  λ 4  τ ( 1 − ε ) ,  










    d  λ 3    d t   = −   ∂ H   ∂  I 1    =  λ 1    ( 1 −  u ∗    1  ( t ) )  β s  S ( t )   −  λ 2    ( 1 −  u ∗    1  ( t ) )  β s  S ( t )   +  λ 3  ( α + g + d ) −  λ 5  α −  W 1  ,  










    d  λ 4    d t   = −   ∂ H   ∂  I 2    =  λ 1    ( 1 −  u ∗    1  ( t ) )  β a  S ( t )   −  λ 2    ( 1 −  u ∗    1  ( t ) )  β a  S ( t )   +  λ 4  (  γ a  + g + d ) −  λ 6   γ a  −  W 2  ,  










    d  λ 5    d t   = −   ∂ H   ∂ Q   =  λ 5  (  γ q  + d ) −  λ 6   γ q  ,  










    d  λ 6    d t   = −   ∂ H   ∂ R   =  λ 6  d .  











With transversality conditions    λ i  ( T ) = 0   for all   i = 1 , 2 , 3 , … , 6   and the optimum condition for the Hamiltonian is given as     ∂ H   ∂  u j    = 0   for all   j = 1 , 2   at    u j  =  u ∗    j  .  



Therefore,


    ∂ H   ∂  u 1    =  W 3   u ∗    1  ( t ) +  λ 1    (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )   −  λ 2    (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )   ⇒  u ∗    1  ( t ) =      λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3     










    ∂ H   ∂  u 2    =  W 4   u ∗    2  ( t ) −  λ 1  S ( t ) +  λ 6  S ( t ) ⇒  u ∗    2  ( t ) =   (  λ 1  −  λ 6  ) S ( t )    W 4    .  











Based on the above-mentioned equation, the optimal control equation was obtained as follow:


   u ∗    1  ( t ) =       0                                                 i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    ≤ 0 ,            λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3                i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    <  u 1  max   ,        u 1  max                                   i f          λ 2  −  λ 1      (  β s   I 1  ( t ) +  β a   I 2  ( t ) ) S ( t )      W 3    ≥    u 1  max   .          










   u ∗    2  ( t ) =      0   i f       (  λ 1  −  λ 6  ) S ( t )    W 4    ≤ 0 ,       (  λ 1  −  λ 6  ) S ( t )    W 4      i f       (  λ 1  −  λ 6  ) S ( t )    W 4    <  u 2  max   ,      u 2  max     i f       (  λ 1  −  λ 6  ) S ( t )    W 4    ≥    u 2  max   .         








 □ 






5. Numerical Results for Optimal Control Problem


As for numerical simulation, numerical analysis of non-control model (1) and control model (19) was made. The red line indicates the non-control model, and the black line indicates the control model. The fourth order Runge—Kutta forward-backward sweep method [52] was used to generate the results. The parameters used are identified in Table 3. We have considered the initial conditions and weight constant values were determined as   S ( 0 ) = 500 ,   E ( 0 ) = 10 ,    I 1  ( 0 ) = 4 ,    I 2  ( 0 ) = 3 ,   Q ( 0 ) = 5 ,   R ( 0 ) = 25,000   W2 = 20, W3 = 30, W4 = 40 and the period of the numerical simulation was determined as 100 days to ensure the goal of the control can be achieved. The highest value of the control was    u 1  = 0.6 ,       u 2  = 0.225  . The study was divided into three cases. Case 1 is social distancing measure in conjunction with mask wearing and vaccination measure, Case 2 is social distancing measures in conjunction with mask wearing measure, and Case 3 is vaccination measures, which are described as follow:



	Case 1: 

	
   u 1  ≠ 0   and    u 2  ≠ 0 .  







It was supposed that    u 1    (social distancing in conjunction with mask-wearing) and    u 2    were controlled (vaccination control measure) as shown in Figure 9 and Figure 10. Figure 9 shows the results of the epidemic in the disease-free steady state and Figure 10 shows the results of the epidemic in the endemic steady state. From Figure 9 and Figure 10, it is clearly seen that social distancing measure in conjunction with mask wearing and vaccination measure were able to control the disease in a more efficient manner, compared to when no measures were available.



	Case 2: 

	
   u 1  ≠ 0   and    u 2  = 0 .  







Social distancing measures were used together with mask wearing as seen in Figure 11. It can be noticed that the control measures took longer time for controlling the epidemic, compared to what happened in Case 1.



	Case 3: 

	
   u 1  = 0   and    u 2  ≠ 0 .  







Only vaccination measures were used as seen in Figure 12. From Figure 12b–d, it can be seen that vaccination measures were able to control the epidemic. According to Figure 12b,c, the number of exposed people and the number of symptomatic people shall decrease and the disease can be controlled for 60 days, showing that only vaccination measures can control the epidemic similarly, compared to Case 1.



It can be said that various control measures are highly important to help control the epidemic in an efficient manner efficiently control the epidemic. Vaccination measures are considered essential for controlling the epidemic.
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Figure 9. Comparison between the cases    u 1  = 0 ,  u 2  = 0   and    u 1  ≠ 0 ,  u 2  ≠ 0   for the disease-free steady state. 
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Figure 10. Comparison between the cases    u 1  = 0 ,  u 2  = 0   and    u 1  ≠ 0 ,  u 2  ≠ 0   for the endemic steady state. 
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Figure 11. Comparison between the cases    u 1  = 0 ,  u 2  = 0   and    u 1  ≠ 0 ,  u 2  = 0   for the endemic steady state. 
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Figure 12. Comparison between the cases    u 1  = 0 ,  u 2  = 0   and    u 1  = 0 ,  u 2  ≠ 0   for the endemic steady state. 
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6. Discussion and Conclusions


This article presents a model related to the dynamic of COVID-19 spread in Thailand. According to epidemiology, a mathematical model is a tool that has been used to help analyze the spread of the fifth version of COVID-19 (Omicron). The vaccine against the α, β, γ, or δ variant of the COVID-19 coronavirus may not have the same efficacy against the ω variant. It appears the rate of infection by this variant of the coronavirus is much higher than that of the other variants and so before a new vaccine directed towards the ω variant can be developed, the other techniques to control the spread must be used. A new model must be used, one in which there are two variants are present, i.e., there are two types of infections, one caused by an α, β, γ, and δ variant of the COVID-19 coronavirus and another caused by the ω variant. A recent study by Lamwong et al. [45] studied the efficiency of vaccines for COVID-19 in Thailand. It was found that a 10% increase of vaccination rates would cause a 10% increase of the basic reproduction number. It can be concluded that an increase in vaccine efficacy would cause a decreased number of infected people. However, vaccination is just one measure for controlling the spread of the disease. There may be other measures that may lessen the need for everyone to be vaccinated. These are other control steps that can be taken. In this study, the   S E  I 1   I 2  Q R   model, developed from the   S E I Q R   model was presented. The presentation is divided into two parts. Part 1 is the non-control model. Both theoretical models and numerical analysis were available. Part 2 is the control model, developed from model (1) based on optimal control strategies to reduce the infection to the minimum. The analysis can be examined as follows:



	1.

	
Analysis of equilibrium point and the basic reproduction number of model (1). Disease-free equilibrium point   (  K 0 ∗  )  , equilibrium point of endemic steady state   (  K 1 ∗  )   and the basic reproduction number   (  R 0  )   were calculated using the next-generation matrix method.




	2.

	
Stability analysis of model (1). The Lyapunov function was used to measure stability. It was found that in there was stability in the equilibrium point under the disease-free steady state when    R 0  < 1  , and under the endemic steady state there was stability in the equilibrium point when    R 0  > 1  .




	3.

	
fmincon Algorithm in MATLAB was used to be a technique for adjusting parameter values to ensure the model was suitable for the actual data of COVID-19 spread in Thailand and to estimate any spread than may come after. The parameters adjusted to be suitable for the model are the infection rate of symptomatic population   (  β s  )  , the infection rate of asymptomatic population   (  β a  )  , and the rate of exposed moving to symptomatic   ( ε )  , making the data analysis more precise.




	4.

	
Based on the model (1), numerical data analysis was presented to verify and support theoretical conditions. The comparison of parameters found that an increase in recruitment number of people   ( Λ )   and the infection rate of asymptomatic population with the other variant   (  β a  )   had an effect on a faster control of the epidemic.




	5.

	
Parameter sensitivity analysis showed the relationship between parameter values and the basic reproduction number   (  R 0  )  , indicating the importance of each parameter value affecting the epidemic. The analysis results of the model (1) are shown in Table 4. From Table 4, it can be described that positive parameter sensitivity and increased parameters affect an increase in the basic reproduction numbers, leading to an increasing epidemic. Similarly, negative parameter sensitivity and increased parameters shall affect a decrease in the basic reproduction numbers. Based on the analysis, it was found that the most sensitive parameter was the initial number of the population   ( Λ )  .




	6.

	
In this study, there were two control strategies, namely, social distancing strategy (   u 1    in conjunction with mask wearing strategy) and    u 2    (vaccination control strategy). Pontryagin’s maximum principle was used to analyze the needs of conditions. The analysis was divided into three cases. Case 1 is social distancing strategy in conjunction with mask wearing strategy and vaccination control strategy, Case 2 is social distancing strategy together with mask wearing, and Case 3 is vaccination control strategy.







According to the analysis, the optimal control with the shortest duration of disease control is Case 1, social distancing strategy in conjunction with mask-wearing strategy and vaccination control strategy.



The determination of various strategies is a guideline that helps control the epidemic. There are many methods that help control the epidemic. Fractional derivatives are a tool that helps assess different outcomes and determine an optimum in a better way. It is a topic to be studied in the next chapter.
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Figure 2. Data in the model and data report in case the infection was confirmed from 1 January to 1 March 2022 [46]. 
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Figure 3. Time series of the system Equation (1) of the disease-free steady state    K 0 ∗    when    R 0  = 0.247311  . 
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Figure 4. Time series of the system Equation (1) of the endemic steady state when    K 1 ∗       R 0  = 1.73118  . 
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Figure 5. Time series of the system Equation (1) projected onto the 2D of the endemic steady state    K 1 ∗    when    R 0  > 1  . 
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Figure 6. Time series of the system Equation (1) projected onto the 3D of the endemic steady state    K 1 ∗    when    R 0  > 1  . 
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