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Abstract: The convergence theorems play an important role in the theory of probability and statistics
and in its application. In recent times, we studied three types of convergence of intuitionistic
fuzzy observables, i.e., convergence in distribution, convergence in measure and almost everywhere
convergence. In connection with this, some limit theorems, such as the central limit theorem, the
weak law of large numbers, the Fisher-Tippet-Gnedenko theorem, the strong law of large numbers
and its modification, have been proved. In 1997, B. Rie¢an studied an almost uniform convergence on
D-posets, and he showed the connection between almost everywhere convergence in the Kolmogorov
probability space and almost uniform convergence in D-posets. In 1999, M. Jureckova followed on
from his research, and she proved the Egorov’s theorem for observables in MV-algebra using results
from D-posets. Later, in 2017, the authors R. Bartkové, B. Rie¢an and A. Tirpakova studied an almost
uniform convergence and the Egorov’s theorem for fuzzy observables in the fuzzy quantum space.
As the intuitionistic fuzzy sets introduced by K. T. Atanassov are an extension of the fuzzy sets
introduced by L. Zadeh, it is interesting to study an almost uniform convergence on the family of the
intuitionistic fuzzy sets. The aim of this contribution is to define an almost uniform convergence for
intuitionistic fuzzy observables. We show the connection between the almost everywhere convergence
and almost uniform convergence of a sequence of intuitionistic fuzzy observables, and we formulate
a version of Egorov’s theorem for the case of intuitionistic fuzzy observables. We use the embedding
of the intuitionistic fuzzy space into the suitable MV-algebra introduced by B. Rie¢an. We formulate
the connection between the almost uniform convergence of functions of several intuitionistic fuzzy
observables and almost uniform convergence of random variables in the Kolmogorov probability
space too.

Keywords: intuitionistic fuzzy event; intuitionistic fuzzy observable; intuitionistic fuzzy state;
MV-algebra; almost everywhere convergence; almost uniform convergence; Egorov’s theorem; function
of several intuitionistic fuzzy observables

MSC: 03B52; 60A86; 60B10

1. Introduction

In 1983, K.T. Atanassov first introduced the theory of intuitionistic fuzzy sets in the
paper [1]. So, in this year, 2023, we celebrate the 40th anniversary of the foundation of this
theory. By an intuitionistic fuzzy set on the set (), he means a pair (yi4,v4) of mappings
Ha,va s Q — [0,1] such that Oq < pg +va4 < 1n. The concept of the intuitionistic fuzzy
sets is an extension of the concept of fuzzy sets introduced by L. Zadeh (see [2,3]). Namely,
if f is a fuzzy set, then (f, 1 — f) is the corresponding intuitionistic fuzzy set. The inequality
Ua +va < 1n means that there is room for a third function 74 = 1g —pa —va > 0,
which stays for the degree of uncertainty. So, there are three functions: membership,
nonmembership and uncertainty (hesitation).

The year 2023 is the 20th anniversary of the research of the intuitionistic fuzzy sets in
Slovakia. In 2003, B. Rie¢an formulated the descriptive definition of probability for intuition-
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istic fuzzy sets in the paper [4]. He was inspired by the research of P. Grzegorzewski and E.
Mréwka (see [5]). In papers [6-10], the authors formulated several types of convergence
of intuitionistic fuzzy observables, i.e., an almost everywhere convergence, a convergence
in distribution and a convergence in measure, and they proved some limit theorems for a
sequence of intuitionistic fuzzy observables, i.e., a variation of the central limit theorem,
a variation of the weak law of large numbers, a variation of the Fisher—-Tippet-Gnedenko
theorem, a variation of the strong law of large numbers and its modification.

B. Rie¢an studied an almost uniform convergence on D-posets in the paper [11]. He
showed the connection between an almost everywhere convergence in the Kolmogorov
probability space and an almost uniform convergence in D-posets. M. Jureckova followed
on from this research, and she proved the Egorov’s theorem for observables in MV-algebra
using results from D-posets (see [12]). In [13], B. Rie¢an formulated and proved the
variations of Egorov’s theorem for small systems, submeasures, lattice-valued nonadditive
measures, maxitive measures and MV-algebras. Note that Egorov’s theorem can also be
found in the literature under the name Egoroff’s theorem (see [13]) or Jegorov’s theorem
(see [12]). In [14], the authors studied an almost uniform convergence and the Egorov’s
theorem for fuzzy observables in the fuzzy quantum space. Since the intuitionistic fuzzy
sets are an extension of fuzzy sets, it is interesting to study an almost uniform convergence
on the family of the intuitionistic fuzzy sets.

In this paper, we define an almost uniform convergence for intuitionistic fuzzy ob-
servables. We show the relation between an almost uniform convergence and an almost
everywhere convergence of a sequence of intuitionistic fuzzy observables. We formulate
a version of Egorov’s theorem too. Finally, we prove the relation between the almost
uniform convergence of functions of several intuitionistic fuzzy observables and random
variables in the Kolmogorov probability space too. Since the intuitionistic fuzzy observable
x : B(R) — F is an extension of the random variable ¢ : ) — R, I am inspired by an
almost uniform convergence of random variables: The sequence of random variables (&;,)7°
converges to 0 almost uniformly on A if for every a > 0 there exists a measurable set A such that
P(A) > 1 — a and such that for every B > 0 there exists k such that A C {t € Q2 : |, (t)| < B}
for every n > k.

Now, we recall an almost everywhere convergence of random variables: The sequence
(Cn)S° converges P-almost everywhere to 0 if

(RBA=(3)

k+i 11
lim lim lim P( N gn1<<_ ))) =1
pP—00 k— 00 i—00 ek pp

And we are inspired by the Egorov’s theorem for random variables: Let (Q), S, P) be
a probability space and (&) be a sequence of random variables. If a sequence (&) converges
P-almost everywhere to 0, then the sequence (&,){° converges almost uniformly to 0. See [13].

We note that in the whole text we use the notation IF as an abbreviation for intuitionis-
tic fuzzy.

ie.,

2. IF-State, IF-Observable and m-Almost Everywhere Convergence

In this part, we explain the basic terms from IF-probability theory, like the IF-event,
IF-state, [F-observable and term of m-almost everywhere convergence.

Definition 1 ([15-17]). Let us have a space (Q), S), which is measurable. Hence, S is a o-algebra
of subsets of Q). An 1F-event is called an IF-set A = (pa,va), where 0 < pa +va < 1q, such
that pa,va : Q — [0,1] are S-measurable functions.
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Denote by F the family of all [F-events on ((), S). In this paper, we will work with
Lukasiewicz binary operations ®, ® given by

ADB = ((pa+us)Nlg,(va+vp—1a)V0q)),
AOB = ((pa+pup—1a)VO0q, (va+vp)Alqg))

foreach A = (pa,va) € F and B = (up,vp) € F. The partial ordering is defined by
A <B<= pua < pupva > vs.

In this paper, we use the max-min connectives defined by AV B = (y4 V g, v A V),
ANB = (uaAup,vaVvg). We work with the De Morgan rules: =(a V b) = —a A —b and
—(aAb) =—-aV b, where ~a =1—a.

Definition 2 ([18]). Let F be the family of all IF-events in Q). A mapping m : F — [0,1] is called
an 1F-state if the following conditions are satisfied:

(i) m((1n,0q)) =1and m((0q,1q)) =0;

(i) IfFA®B=(0q,1q)and A,B € F, then m(A & B) =m(A)+ m(B);

(iii) IfAy /Alie, pa, / ta vVa, \Va) thenm(A,) / m(A).

Let J be the family of all intervals in R of the form [2,b) = {x € R : a < x < b}.
Then, the o-algebra o (.7 ) is denoted by B(R). It is called the o-algebra of Borel sets, and its
elements are called Borel sets.

Definition 3 ([18]). By an n-dimensional IF-observable on F, we understand each mapping
x : B(R") — F, satisfying the following conditions:
(i) X(Rn) = (10, OQ) and x(@) = (OQ, 10),‘
(i) IfANB=Qand A,B € B(R"), then x(A) ® x(B) = (0q, 1) and
x(AUB) = x(A) ® x(B);
(iii) IfA; /A, then x(A;) / x(A) forall A, A; € B(R").
When n = 1, we simply say that x is an IF-observable.

In [17], B. Riecan defined the notion of a joint IF-observable and proved its existence.

Definition 4 ([17]). Let x,y : B(R) — F be two IF-observables. The joint IF-observable of the
IF-observables x,y is a mapping h : B(R?) — F satisfying the following conditions:

(i) h(R?*) = (10,00), 1(@) = (0n, 1n);

(i) IfA,B€ B(R*)and ANB = @, then h(AUB) = h(A) ® h(B)

(iii) If A, Ay € B(R?) and A, /A, then h(Ay) / h(A);

(iv) h(C x D) = x(C) -y(D) foreach C,D € B(R).

Recall that - is the product operation defined by A - B = (y4 - yp,va +vp — VA - Vp)
foreach A = (pa,va), B = (up,vg) € F (see [19]).

Theorem 1 ([17]). For each two IF-observables x,y : B(R) — F there exists their joint IF-
observable.

In paper [6], we defined the notion of almost everywhere convergence for IF-observables.
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Definition 5 ([6]). Let (x,,){° be a sequence of IF-observables on an IF-space (F, m). We say that
(x4)$° converges m-almost everywhere to 0 if

m<7\ VA x ((J 1))) — lim lim umm<k/+\ix ((_1 1))) 1
et N PP poekoeine AT Py '

n

3. MV-Algebras and Embedding
In this section, we show that any IF-space F can be embedded into a particular MV-

algebra. First, we recall the basic notions. Using the Mundici theorem, any MV-algebra can
be defined with the help of an /-group (see [20]), as defined below.

Definition 6 ([20]). By an ¢-group, I shall mean the structure (G, +, <), such that the following
properties are satisfied:

(i) (G, +) is an Abelian group;

(i) (G, <) is alattice;

(iii) a<b—a+c<b+c

For each (-group G, an element u € G is said to be a strong unit of G if for all a € G there is an
integer n > 1 such that nu > a (nu is the sum u + . .. + u with n).

Definition 7 ([20]). An MV-algebra is an algebraic system (M, ®, ®, —,0,u), where &, ® are
binary operations, — is a unary operation and 0, u are fixed elements, which can be obtained by the
following way: there exists a lattice group (G, +, <) such that M = {x € G;0 < x < u}, where 0
is the neutral element of G, u is a strong unit of G and

adb = (a+b)Au,
a®b = (a+b—u)Vo,
-a = UuU-—ada.

Here, \/, A\ are the lattice operations with respect to the order and —a is the opposite element of
the element a with respect to the operation of the group.

In this paper, we will work with the following MV-algebra connected with IF-sets.

Example 1. Let (Q), S) be a measurable space, S be a o-algebra and M be the family of all pairs
A = (pa,va), where yup, vy : QO — [0,1] are S-measurable functions,

ASB = ((‘uA+VB)/\10/(VA+VB_1Q)\/OQ),
AOB = ((pa+ps—1a)VO0q,(va+vp)Alqg)),
A = (10 - ,uA/ 10 - VA)-

Then, the system (M, @, ®, =, (00, 1q), (1q,0q)) is an MV-algebra. There, the particular
C-group is (G, +, <), where

G = {A=(pava)mua,va: Q — Rare S-measurable functions},
A+B = (pa+pupva+vs—1q),
A<B << s <uupva>vpg

and 0 = (0q, 1)) is the neutral element of -group (G, +, <),
A—B=(us—pupva—vg+la).

The lattice operations of {-group (G,+,<) are given by AV B = (uas V up,va A vp) and
AANB = (,’l/lA NUB, VA \/UB).
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Definition 8 ([20]). An MV-algebra M is said to be o-complete if its underlying lattice is o-
complete, i.e., every nonempty countable subset of M has a supremum in M.

Recall that every finite MV-algebra M is o-complete. Indeed, M is complete in the
sense that every nonempty subset of M has a supremum in M. Now, we explain a notion
of state in MV-algebra and its properties.

Definition 9 ([21]). Let (M, ®, ®,—,0,u) be an MV-algebra. By a finitely additive state on an
MV-algebra M is considered each monotone mapping m : M — [0,1] (i.e.,a < b = m(a) < m(b))
satisfying the following conditions:

(i) m(u)=1m(0)=0;

(i) a©b=0=m(adb)=m(a)+mb).

A finitely additive state is a state if, moreover,

(iti) an, /a= m(ay) / m(a).

m is faithful (also called, strictly positive) if m(x) # 0 whenever x # 0, x € M.

Proposition 1 ([20]). Let m be a finitely additive state on an MV-algebra M. Then, we have

the following:

(i) m(—a)=1—m(a) foralla € M;

(i) mis a valuation: m(a) +m(b) = m(a® b) +m(a®b) forall a,b € M;

(iii) If m is faithful, then m is strictly monotone: if a < b, then m(a) < m(b);

(iv) m is also a valuation with respect to the underlying lattice order of M; stated otherwise, for all
a,b e M, m(a)+m(b) = m(aVb)+m(aAb);

(v) m is subadditive, in the sense that m(a VvV b) < m(a ®b) < m(a) + m(b).

Due to Proposition 1, we prove that each state on MV-algebra is sub-c-additive.

Lemma 1. Let m be a state on MV-algebra M. Then,

m( {; an> < im(an)

n=1

for each sequence (a,)y°, ay € M.

Proof. By mathematical induction, we can show that for every n > 1 the following inequal-
ity holds:

m<va> <Y mia). M
i=1 i=1

According to property (v) in Lemma 1, for n = 2 the condition (1) holds. Suppose that
condition (1) is true for n. Then, for k = n + 1 we calculate the following:

m(ay Vay V... Vay)+m(a,q)
m(ar) +m(az) + ...+ m(any1).

m((@aVayV...Vag)Vay) <
<
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Then, using (iii) in the Definition 9,

n=1 1

n
< i ;
< Jim Yo

= i m(ay).
n=1

<=

This completes the proof. [

Now, we recall some important results about the embedding of the IF-space to the
particular MV-algebra.

Theorem 2 ([22]). Let the system (M, ®,®,—,(0q,1qa), (1a,0q)) be the MV-algebra con-
structed in Example 1. Then, F C M and to each finitely additive IF-state m : F — [0, 1] there
exists a finitely additive state m : M — [0, 1] such that it is an extension of m (i.e., m|F = m).

Theorem 3 ([23]). The family F can be embedded into an MV-algebra (M, ®,®, -, (0, 1q),
(10,0q)) constructed in Example 1 such that for each IF-state m : F — [0, 1] there exists a state
m: M — [0,1] such that m|F = m.

Really, if (pa,va) € M, then (y4,0q) € F and (0q,1qg —v4) € F. Itis reasonable
to define

m((pa,va)) =m((pa,0q)) —m((0n, 1o —va)).

It is not difficult to prove that m : M — [0, 1] is a state of MV-algebra M and m|F = m.
For details of proof, see [23]. We will use these results later.

4. Almost Uniform Convergence for IF-Observables and a Variation of Egorov’s Theorem

In this section, we formulate almost uniform convergence for a sequence of IF-
observables in the IF-space (F, m).

Definition 10. Let (F, m) be an IF-space with an IF-state m. The sequence (x,,)7° of IF-observables
converges m-almost uniformly to 0 if to every & > 0 there exists an IF-set A € F such that
m(A) > 1 — a and such that to every B > 0 there exists k such that A < x,,((—p, B)) for every
n > k.

The following theorem mentions a relation between the m-almost uniform conver-
gence and m-almost everywhere convergence of IF-observables.

Theorem 4 (A variation of Egorov’s Theorem). Let (F, m) be an IF-space with an IF-state m.
If a sequence (x,)S° of IF-observables converges m-almost everywhere to 0, then the sequence (xy){°

converges m-almost uniformly to 0.

Proof. Let us assume that a sequence of IF-observables (x,,){° converges m-almost every-
where to 0. Using Definition 5, we have

Put
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Then, AZ < A,’f 1 and

(V) =m(V A= ((=55)) - >

. . p _
for every p, i.e., plgr.}om(Ak) =1.

If m is an [F-state, then from Theorem 3 there exists a state m : M — [0, 1] such that
m|F = mand F C M. By (2), for every « > 0 and every p there exists A,f(p) ceFcCcM
such that

m(-Af,) <55 ®)

and —|AZ € M. Put

(p) -
A= /\ Af(p) and A € F,
p=1

then, using De Morgan rules,

- p
—A=\/ -Aj  and ~A € M.

p=1

)

Now, we use the sub-c-additivity of state m (see Lemma 1) and the inequality (3);
Therefore, we obtain

neon) = n(V -a,)

IN
72

3
—~ 4
|

>

>
S
N

Since, by (i) of Proposition 1, m(—A) = 1 — m(A) and, moreover, m(A) = m(A),
because m|F = mand A € F,

For every B > 0, choose p such that % < B. Then,

A = AAy,
p=1
< Aby)
@ 11
WEEH)
n=k(p) pp
((=57))
S x}’l - 5
pp
S xn(_ /ﬁ)/

i.e., by Definition 10 the sequence (x;){° of IF-observables converges m-almost uniformly
to0. O
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In the following text, we describe the construction of the Kolmogorov probability
space (RN, (C), P) and we show its connection to the IF-space (F, m).
Let RN be a space of all sequences (t;)$° of real numbers. A set C C RN given by

C={(t)® €RN: (t,...,t,) € A}

is called a cylinder, where n € N and A € B(R"). Denote by C the family of all cylinders in
RN and by ¢(C) the c-algebra generated by C. The cylinder C can be expressed in the form
C = 7, '(A), where a mapping 7, : RN — R" is n-th coordinate random vector given by
70 (( )‘f’) = (t1,...,ty). Therefore,

C={m,(A)|neN,AcB(R"}
and there exists exactly one probability measure P : 0(C) — [0,1] such that
P(1t, 1 (A)) = Pa(A) = m(hu(A))

for each A € B(R"), where h, is a joint IF-observable of I[F-observables x1, ..., x,. Hence,
we can define the random variable &, : RN — R with respect to ¢(C) by @n(( )5) = tn
such that Pz, = m o x, = my, (see [6,24]).

In limit theorems, we used the functions of several IF-observables and studied their
convergence (see [6-8]). The function of several IF-observables is the IF-observable, which
is a composition of several IF-observables and a Borel measurable function (see [8]).

Definition 11 ([8]). Let x1,...,x, : B(R) — F be IF-observables, hy, their joint IF-observable
and g, : R" — R a Borel measurable function. Then, we define the IF-observable g, (x1,...,%y)
B(R) — F using the formula

gu(x1, ..., xn) (A) = hy (g, ' (A)).

foreach A € B(R).

In the following example, we show the definitions of functions of several observables
for some limit theorems.

Example 2. Let xq,...,x, : B(R) — F be the IF-observables and hy, : B(R") — F be their joint
IF-observable. Then, we use the following:

1. For the function of several IF-observables y, = gun(x1,...,%) = ( Z X — a) in the

central limit theorem and in the weak law of large numbers, is the purtzculur Borel function
gi’l(tll' . '/tl’l) - 7<ﬁ Z tl - a)/
i=1
n
2. For the function of several IF-observables yy = gu(x1,...,xn) = + ¥ (x; — E(x;)) in the

1
n
strong law of large numbers, is the particular Borel function g, (t1, ..., ty) = 1 ¥ (t; — E(x;));
=1

3. For the function of several IF-observables v, = gu(x1,..., %) = L (max(xl,.. bn)
in the Fzsher—szpett—Gnedenko theorem, is the partzculur Borel functzon gn(t, .. tn) =
A (max(ty, ..., tn) —bn) .

There ty,...,t, are real numbers.

The next proposition discusses the connection between an almost everywhere conver-
gence of the functions of several IF-observables in the IF-space and an almost everywhere
convergence of random variables in the Kolmogorov probability space (see [24]).
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Proposition 2 ([24]). Let (x;){° be a sequence of IF-observables in the IF-space (F,m), hy :
B(R") — F be the joint IF-observable of x1,...,x, and g, : R" — R be a Borel measurable
function. Let IF-observable y, = gn(x1,...,%n) : B(R) — F be given by y, = hy o g;; ' and
random variable 17, = gn(t1,...,tn) : RN — R be defined by 1, = gn o 7, where 7t : RN — R"
is the n-th coordinate random vector defined by 7w, ((£;)°) = (t1,. .., tn). It follows that

Py, =Pony,! =moy, = my, and

if the sequence (11,)$° converges P-almost everywhere to 0, then the sequence (y,)y° converges
m-almost everywhere to 0.

In Theorem 4, we proved for IF-observables that almost everywhere convergence im-
plies almost uniform convergence. Will it also apply to functions of several IF-observables?
What is the relationship between the uniform convergence of functions of several IF-
observables and uniform convergence of random variables in the Kolmogorov probability
space? The following theorem discusses this.

Theorem 5. Let (x;){° be a sequence of IF-observables in the IF-space (F,m), h, : B(R") — F

be the joint IF-observable of x1,...,x, and g, : R" — R be a Borel measurable function. Let

[F-observable y, = gn(x1,...,xn) : B(R) — F be given by y, = hy o g, ' and random variable

M = gnt, ... tn) RN — R be defined by n, = gn o 1Ty, Where 7T, : RN — R" is the n-th

coordinate random vector defined by 11, ((£;)5°) = (t1, ..., tn). Then, the following applies:

(i) The sequence (y,)$° converges m-almost uniformly to 0 if and only if the sequence (17,)$°
converges P-almost uniformly to 0;

(ii)  If the sequence (1,,)y° converges P-almost everywhere to 0, then the sequence (yy,)3> converges
m-almost uniformly to 0.

Proof. (i) “<=" Let the sequence (77,,)]° converge P-almost uniformly to 0 in the Kolmogorov
probability space (RN, (C), P). Then, by definition, for every a > 0 there exists A € ¢(C)
such that P(A) > 1 — « and such that for every p > 0 there exists k such that |17, (t)| <
for every n > k and every t € A.

Since A € 0(C), then there exist 1 € N and B € B(R") such that A = 7, (B).
But A C ,71((—B, B)); therefore,

i (B) C {(t)T € RY < (..., t) € 8, (=B, B)) };
ie.,
m (B) € (3 ((—8.8))).
Put A = h,(B). Then,

m(A) = m(h,(B))
1

and

=
R
—
|
=
-
—
o5 )
SN—
~~_
IN
=
= B
7 N
N
=
—-
~~
oq
N
—_
—
—~
=
=
SN—
S—
~—
~—

=
=
—
> =
IN N
< =
= =
_
oqQ
=
[
—
—~~
[
>
=
N—
S~—
N——
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Hence, the sequence (y,){° converges m-almost uniformly to 0. “=-" is an analogy to
proof “<=".

(ii) Let (1,);° converge P-almost everywhere to 0. Then, by Proposition 2 the se-
quence (y,){° converges m-almost everywhere to 0. Using Theorem 4, the sequence (y,){°
converges m-almost uniformly to 0. [J

Remark 1. The condition (ii) in Theorem 5 is a variation of Egorov’s theorem for functions of
several IF-observables.

5. Conclusions

This paper concerns aspects of a probability theory for the intuitionistic fuzzy sets.
We defined the m-almost uniform convergence for a sequence of IF-observables. We
proved a variation of Egorov’s theorem for an intuitionistic fuzzy case. We showed the
connection between almost everywhere convergence and almost uniform convergence for
IF-observables. We formulated the connection between the almost uniform convergence of
functions of several IF-observables and almost uniform convergence of random variables in
the Kolmogorov probability space too. The results are a generalization of the results in [14],
because if f is a fuzzy set, then (f,1 — f) is the corresponding IF-set, i.e., fuzzy sets are the
special case of IF-sets. In further research, we shall study another type of convergence of
IF-observables, like the convergence in a mean p, where 1 < p < oo.
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