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Abstract: In this work, the effect of vibro-impact nonlinear, forced, and damped oscillator on the
dynamics of the electromagnetic actuation (EA) near primary resonance is studied. The vibro-impact
regime is given by the presence of the Hertzian contact. The EA is supplied by a constant current
generating a static force and by an actuation generating a fast alternative force. The deformations
between the solids in contact are supposed to be elastic and the contact is maintained. In this study,
a single degree of freedom nonlinear damped oscillator under a static normal load is considered.
An analytical approximate solution of this problem is obtained using the Optimal Auxiliary Functions
Method (OAFM). By means of some auxiliary functions and introducing so-called convergence-
control parameters, a very accurate approximate solution of the governing equation can be obtained.
We need only the first iteration for this technique, applying a rigorous mathematical procedure in
finding the optimal values of the convergence-control parameters. Local stability by means of the
Routh-Hurwitz criteria and global stability using the Lyapunov function are also studied. It should
be emphasized that the amplitude of AC excitation voltage is not considered much lower than bias
voltage (in contrast to other studies). Also, the Hertzian contact coupled with EA is analytically
studied for the first time in the present work. The approximate analytical solution is determined with
a high accuracy on two domains. Local stability is established in five cases with some cases depending
on the trace of the Jacobian matrix and of the discriminant of the characteristic equation. In the study
of global stability, the estimate parameters which are components of the Lyapunov function are given
in a closed form and a graphical form and therefore the Lyapunov function is well-determined.

Keywords: vibro-impact; electromagnetic actuation; resonance; optimal auxiliary functions method;
stability

MSC: 34C15

1. Introduction

In the last decades, analysis of the Hertzian contact and electromagnetic actuation
(EA) has been caried out in several studies since these are present in various engineering
systems such as railway wheel contact [1], the automotive sector [2], gear drive [3], energy
dissipation in mechanical systems, and in mechanisms transforming movements of rota-
tions or translations [4]. EA are used in some engineering applications such as hydraulic
valves, small heart pumps, electric door, power relays, etc.

Some studies are devoted to the problem of resonances (principal, subharmonic, or su-
perharmonic). Mann et al. [5] investigated the dynamic behavior of a pendulum with finite
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time impact events that is modeled by Hertz’s contact law. Periodic, subharmonic, quasi-
periodic, and chaotic behavior are experimentally and numerically explored. Ma et al. [6]
explored Hertzian contact problem of a dynamic response for a spherical plane contact
interface with contact loss. The clearance-type nonlinearity is given by the contact loss
with harmonic balance approximation. Liaudet and Sabot [7] considered the principal,
subharmonic, and superharmonic resonances for the case of a loaded sphere-plane Hertzian
contact. Also, the classical contact problem of normal contact between a rigid sphere and
elastic half-space is examined by Popov [8]. An exact solution of this problem in the
framework of the half-space approximation is obtained and the deformations in an elastic
half-space are given by the stress activity upon its surface.

The Hertzian distribution was assumed by Axinte [9] for the normal surface contact
load over a circular contact area. The rail-wheel contact problems have been analyzed by
means of the three-dimensional finite element models. The bodies of the contact problem are
the standard rail UIC60 and the standard wheel UICORE. Liaudet and Rigaud [10] proposed
a numerical procedure based on shooting method and multiple scale method and then
experimental technique in the study of superharmonic resonance for an impacting Hertzian
oscillator. The practical way for controlling the vibroimpact dynamics of a Hertzian contact
forced oscillator is the introduction of a fast harmonic base displacement, as showed by
Bichri et al. [11], which is generally around some microns. Different aspects of vibroimpact
dynamics in a forced Hertzian contact oscillator such as the effect of time delay, control
of a forced impact Hertzian contact near resonances [12], contact stiffness modulation
in contact-mode atomic force microscopy [13], and the effect of EA on contact loss in
a Hertzian contact oscillator [14] are intensively investigated.

Belhaq et al. [15] considered the effect of EAs on the dynamics of a periodically excited
cantilever beam, numerically by means of finite element method, analytically based on
a perturbation analysis and experimentally using a test rig. The force induced by the EA
lead to a softening behavior into the system. The role of a high frequency AC of an EA and
the dynamics of an excited cantilever beam is explored by Bichri et al. [16] by means of
analytical and numerical procedures near the primary resonance. Pereira et al. [17] applied
EA to a rotating machine on the learning position, and a proportional derivative controller
is used for deriving the desired control laws. The Timoshenko beam theory and finite
elements method are considered.

To enhance the actuation performance controlled by a harmonic input signal, Zhang et al. [18]
proposed a novel bistable nonlinear EA with elastic boundary. The bifurcation features
have been derived in terms of the inclined spring stiffness, the input signal frequency
and amplitude. The effect of nonlinear actuator dynamics and an aeroelastic simulation
model of a flexible wing with control surface are examined by Tang et al. [19]. Zhang and
Li [20] proposed a compound scheme based on an improved active disturbance controller
and nonlinear compensation for an electromechanical actuator system. The Lu Gre model
and hysteresis inverse model are used to compensate for the friction and backlash phe-
nomenon. Simulation and experiment are presented to validate the effectiveness of the
proposed method.

The multiple scale method with the force-deflection characteristic approximated by
a third order Taylor series expansion is proposed by Xiao et al. [21]. Then, harmonic
balance method is employed to determine the natural frequency for free vibrations of
an elastic body by interaction of a mass with a Hertzian contact stiffness. The Hertzian
contact given by a dry contact between a rigid flat surface and elastic cylinder is considered
by Ali [22]. The two-dimensional numerical simulation on the subsurface stress field
in Hertzian contact under pure sliding condition for different speeds and coefficients of
friction is studied applying normal load and angular speed for the cylinder. Quazi et al. [23]
proposed a strip-based local approach to extend the FASTSIM algorithm to non-elliptical
contact cases. Different settings for the traction bound are explored to determine their
influence on the contact stresses, creep forces, and the limits of the saturation zone in the
case of wheel-rail contact. The absolute error in the normalized creep forces is used as the
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quantity of interest and found to be consistent with other known results. Ciulli et al. [24]
compared the results obtained by theoretical and finite element analysis of the point contact
of non-conformal and conformal pairs made of spheres, caps, and spherical seats. The
displacement and force relation were investigated by varying the geometrical parameters,
the materials, the boundary conditions and the friction coefficient.

Constandinou et al. [25] established that in the case of multi-spherical approach, there
exist two sources for error directly affecting the normal contact forces. These are due to
the difference between the true particle shape and the multi-spherical approximation and
other arises from the contact model used in the Discrete Element Modelling simulations.
Wu et al. [26] analyzed the validity of the Hertz theory for large deformations by means
of nanoindentation tests and finite element method. They proved that the loading load-
displacement relation still holds for 5/R as large as 0.66 with a maximum principal strain
of 46.6%. Vouaillat et al. [27] studied the rolling contact fatigue in spur gears taking into
account the spur gear material geometry, the contact pressure fields and several parameters
such as friction, sliding coefficient, load variation and roughness. A fatigue criterion
based on rolling contact fatigue micro-cracks nucleation at grain boundaries is proposed.
Yousuf [28] examined the effect of contact load on the bending deflection considering
a system with spring stiffness and viscous damping to reduce the bending deflection on the
cam profile. The dynamic response has been obtained by means of Solid Works software
based on the contact parameters. Finite element analysis was used to calculate the bending
deflection of the cam profile numerically. A new impact-driving piezoelectric vibration
energy harvesting for low-frequency and broadband vibration harvesting is proposed by
Cao et al. [29]. The results of the numerical simulation and vibration test demonstrate
the advantages of the vibration energy harvesting for the lower resonance frequency and
the higher output power. Zhang et al. [30] proposed an enhanced vibro-impact energy
harvester using acoustic back holes for scavenging low-frequency vibration energy.

The present work is motivated by the need to add new results to this narrow field of
research. The first objective of this work is to find an approximate analytical solution for
the nonlinear differential equation of the vibro-impact oscillator under the influence of the
two symmetric EA force near the primary resonance. The vibro-impact regime is given by
the presence of the Hertzian contact supposing that the contact is elastic and is maintained.
The Optimal Auxiliary Functions Method (OAFM) is applied to determine an analytic
approximate solution of the problem. The main novelties of the proposed approach are
the presence of some auxiliary functions, the introduction of the convergence-control
parameters, the original construction of the initial and first iteration, and the freedom
to choose the procedure for determining the optimal values of the convergence-control
parameters. The proposed technique is proved to be very accurate, simple, effective, and
easy to be applied using only the first iteration.

The second objective of the paper is to perform an analysis of the stability of the
nonlinear model by means of the eigenvalues of the Jacobian matrix. The signs of the
eigenvalues determine stability, so that we will lease discussions of the borderline cases.
The global stability is studied by means of the Lyapunov function.

2. Mathematical Model

Henceforward we consider two symmetrical EA on the loss contact only on the
frequency response of the Hertzian contact oscillator near the primary resonance. The
model is depicted in Figure 1 and the governing equation can be written as [4,15,16]:

mz + cz + kz3/* = N(1 + Acosvit) + Fop, (1)

where the dot denotes differentiation with respect to time ¢ and z(t) is the normal dis-
placement of the rigid mass m, c is the damping coefficient, k is the constant given by the
Hertzian theory, N is the static normal load, A is the amplitude, and v, is the frequency of
the harmonic excitation load, and F,, is the electromagnetic force.
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Figure 1. Sketch of damped forced Hertzian oscillator with two symmetric EA.

Within Equation (1) we took into consideration that the deformation between the
solids in contact are elastic, the contact is maintained and the dry contact is equivalent with
the linear viscous damping.

The vibrating beam of mass m is placed on z-axis between two fixed electrodes. The
driving voltage Vs + Vacsinvyt is generated by the combined action of DC and AC
voltage and sources on the resonator electrode. The interaction between the driving voltage
and parallel plate causes the electromagnetic force

1 G
2(d—z)?

2 _ 1 CO 2 (2)

Forn = 2 (d+z)2 Vbias,

(Vbias + Vac sinvzt)

in which Cy is the capacitance of the parallel-plate actuator, 4 is the initial gap width, and
v; is the frequency.
Using Equation (2), the Equation (1) can be rewritten in the dimensionless form as

3/2 .
1 Q 1-— 20)
x4 px’ + 1+22 =1+ AcoswT+a - p sin 0t +7( cos 200r) 3)
3 2x\2 14 2x 2 2x\2 2x\2
(1-3%)" (+3R) (1-3%) (1-3%)
where the prime denotes differentiation with respect to T and
2/3 2x C
Zs:<¥> ; wg:%zg/% z—zs(l+); p=—— Tt=wot; d=2z(1+R);
2m 3 mwy @)
L2 CoV2 CoVac Vbias CoV3
:ﬂ — . in — 0 Vbias_. = — — AC
© =y vt =0T w) T P e YT i
The following approximations are used:
2x\3/? x x? x3 x x°
Fx)=(1+2) ~1+Z+—— — =G
1(%) ( + 3R> t R ere " mre T mrs T iavers ~ 1)
1 1 8x  64x3  128x°
F(x) = - N 4 =G
2(x) 2\ ax)P 3R +orrs T girs 2
(%) () ®
1 4x  4x? 323 80x*  64x°
F3(x) = ) Pl =G
3(%) TR e e e - W

N
3R
Figures 2—4 depict the variations of F;(x) and Gj(x), i =1, 2, 3 for R = 1 on domain
[-0.5-0.5]. The maximum errors of the approximations (5) are, respectively:

6 - — _ _ . —6
e1 = max|Fy (x) — Gy(v)| = 1.3-10 6 e2=max|h(x) - Gy(x)|=16-10

(6)
g3 = max|F3(x) — G3(x)| =7.9-107°
xeD
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Figure 2. Comparison between the functions F; and G for R = 1.
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Figure 3. Comparison between the functions F, and G, for R = 1.
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Figure 4. Comparison between the functions F3 and G3 for R = 1.
In this way, Equation (3) can be rewritten in the form

X"+ px' 4+ agx — ¢ 4+ axx® + azx® + agx* + asx® = A cos wr+

+pB1 1+ 4i + sz + 32, + 80z* + 64x° sin Ot — 1+ 4— + ﬁ + 3227 + 80x* + 642> cos 20t @
3R  3R2 ' 27R3 ' 81R* 81RS v 3R  3R%2 ' 27R3 ' 81R%* 8IRS
where
8x 4 4 80 64
alzlf———T ﬂ2=1 v 1 640 1 7. 1 128a v ®)

6 3RY T T5iT 7Ry ™ T 43 8IRS T 1296 BIRS  SIRS

It should be emphasized that in this paper no simplifying assumption is made as in
other papers. For example, the amplitude of AC excitation voltage is much lower than the
bias voltage [10,15,25]. In the present paper we consider only the primary resonance:

w =/ +0% e<<1 9)

in which 6 is the detuning parameter from the primary resonance.
The initial conditions for the nonlinear differential Equation (7) are

x(0)=A; ¥'(0)=0 (10)
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It is clear that the Equation (7) with initial conditions (10) is a second order nonlinear
differential equation with variable coefficients of the five order and therefore is very difficult
to find an exact solution. In the following, for Equations (7) and (10) the OAFM is applied
to study the nonlinear vibrations near the primary resonance.

3. Application of the OAFM

In order to apply OAFM [31-36], it is observed that the linear operator and the
nonlinear operator corresponding to Equations (7) and (10) are, respectively:

Lix(7)] = 2" 4+ wx’ + a1 x (11)

N[x(1)] = =7 + ax? + a3x® + agx* + a5x® — A cos wt—

2 2 2
Nlxo(1)] =7+ a2A27p4;2 B pmnr a4A43u

16p2

4x  4x% 323 80x*  64x (12)

0 1
)Sm T+"< T3RR3R T 27Re TRiRE T RIRS

42 320 80xt | 64x®
3R> ' 27R3  81R* ' 8IR®

> cos 20t

For Equations (7) and (10), the approximate analytical solution can be written as:
E(T) = XO(T) +x1 (T/ Cl/ C2/~- -/CH) (13)

where C;,i=1,2, ..., n are n parameters unknown at this moment, and # is an arbitrary
positive integer fixed number. The initial approximation x((t) is determined from the
following linear differential equation:

Llxo(t)] =7, x(0)=A, x0(0)=0 (14)
whose solution is
L U g Jo
xo(T) = o + (A a1>e 2% (cos pt + 2 sin p) (15)

where p = \/ (w— 5&)2 — u2/4. Inserting Equation (15) into Equation (12), after simple
manipulations we obtain:

44 22p2p? + 12p*
32p*

e~ 2ZHT _ A cos wt+

8  16p>  128p* 32p3

3u 5u
2, 2y 2B 4\ 2O 2_ 2
+ {ﬂ3A373(4p + 1) e 2 4 asAS (5 + LH + b )E ? T] Cos pT + {Q3A373u(16p a )e_“T+

Sp
5( 22
LZ5A (16p +

+ {uzAZ 2pe THT gy

15H4 e_
256p%

+lZ4A4

Sp

+H5A5€7 2

—vycos207) |1+

5u3 5ud

32p3  256p°

i 2 _ 2 4_ 4
)}e 2 Tsinp’(—f— [azAZZPALTHe*“T +a4A44pSp4uez”T} cos2pt+

3p
2 2 2 a2 PF 2
Al 711(2]04 :H )6_2”} sin2pt + a3A374p 3w e 2 * ( 5 S
P

16p2 16 32p2
S5u 3u 5 5u
- sh(12p? —?) -5 5(150 54  5u T
cos3pT + [a A 3273 e +as A 32p + —— 64p> 512;95 e sin3pT+ (16)
ut — 8u?p® 4 4p* p(2p? —u?) _

5278 e 2HT cosdpT+

(1  5p2 5t 5u 548 R .
I ol o O Qr—
[(16 + 322 + 256p" cos 5pT+ 32 6ap + 512/ sin5pt| 4 (B sin Q1

_k 342 2y _oH
44 2T+2A(4P +H)e T

4A% (U2 4 2p?) . 5A%(3ut 4 22p%p? 4 12p%) 2u 2.

12072 162R4p* 30 9R5p?

+

5u n 3u
+40p2p2 + Ap —% A (16p% 4+ p2) ——
s 162125;’);9u = ) ’ T) cos pt < Do 2" w(16p” + 1) )e 2"

3Rp 9R3p3
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104 (4p* — i)

_l’_
81004 p4

62“T> cos 2pt+

Su
A°(80pp? +40p°p* +51°) —— ) A2(2p* —?)
AR ¢ 2 |sinpr (stpze ”

3p
2 4043 _9ip2 3(4p2 _ 2y2) —2F
+(ZA Mo 20A%(A° —2up )e_zm) sin2pr + (ZA (4p* — 3 )e T

3R?%p 81R4p3 27R3p3
[ u
A524 4_4 2.2 4\ _ A312 2_ .3 _
(240up® — 40wp” +5u7) -~ cos3pT+ (12up° — %) =57,
324R3p* 27R3p3
Sp
A5(240up* + 40p3p? —5p2) -7 S5A%(ut — 8p2p? + 4pt)e 21T
2 i 4
6ASR5 P e sin3pT + 162RApt cos 4pt+
Sp
——— T
40A% (2up® — p)e2HT A°(16p* + 4p* 2 +5pt)e 2
4 5
8IRYp3 sSI4pT + 324R5 " CosopT+
Sp
- T
A(80pp* —40p3Pp* + e 2
+ 64855 sin5pt
To obtain the first approximation x1(t,C1,Cy, ... ,Cy), we choose this function in
the form:
X1 (T/ Clr CZ/ ey Ci’l) = xlO(Tr Cl/ CZ/ ey CTI) + .XZO(T, Cl/ CZ/ sy C?l) (17)
where x19(7,C;) can be obtained by using Equations (15) and (16) in the form:
L[x10(T, C)] = Gj(ek”T, cos pT, sin pt, cos 3pT, sin 3pr, . . .) (18)
in which G; are combinations of the functions which appear into Equations (15) and (16).
These auxiliary functions G; are not unique. For example, the auxiliary function G;j can be
of the form:
G (eFHT, cos p, sin pr, cos 3pT, sin 3pt) = e MT(Cy cos pt + Cy sin pt + C3 cos 3pt + Cy sin3p7) (19)
or

Go (MM, cos p, sin pr, cos 3pT, sin 3pt) = e*%T(Cl cos pt + Cp sin pt + C3sin3pt) (20)
or

G3 (€57, cos pr, sin p, cos 3pT, sin3pt) = e 57 (Cy cos pt + Cp sin pt + C3 cos 3pT + Cy cos 5pT+

21
+Cssin3pt + Ce sin3pr) @1

and so on. The initial condition for the first iteration are obtained from Equations (10) and (14):
X1 (0) =0, x/1 (0) =0 (22)

Having in view only Equations (19) and (22), the function x19 can be obtained from
the linear differential equation:

Llx10(t,C;)] = e *7(Cq cos pt + Cy sin pt 4 C3 cos 3pt + Cysin3pt), x1(0) = x/1(0) =0 (23)

The solution of the last equation is

x10(7,Ci) = My (e M sinpt — e~ % sinpt) + My {e‘“t cospT+e 7 (% sin pt — cos pT)} +
(24)

+M; [e‘”t cos3pT — e~ 7 (cos pT — % sin pT)} + M,y (e‘”t sin3pT — 3¢~ 7 sin pT)
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where
M, = —upCi+ (a1 — p*)Cp M, = (a1 = p*)C1—wpCy Ms = (a1 —9p*)C3 — 3upCy
12p2 + (a1 — p?)? 12p2 + (a1 — p2)° 92p? + (a1 — 9p2)°? 25)
M, — —3upCs + (a1 — 9p2)C4
4= 2
InZp? + (a1 — 9p?)
We have a great freedom to choose the function xog from Equation (17):
x20(T, Ci) = My (e% - e%) sin pt — My (e M — e_%) sin pt (26)
Or T T T
x0(7, C;) = M4(e% — 30 ) sin pt — My(e " sinpt — 3¢'7 sin pr) (27)
or [T q nt [T q
x20(7,C;) = My(e5 — e )sinpt — My(e ™ —e 7 )sinprt (28)
and so on.

If we choose the expression (26) for the function x,0(t,C;), then the first approximation
is obtained from Equations (17), (24) and (26):

x1(1,Cq1,Ca,C3,Cq) = My (e%T sin pt — ¢’ sin pT) + My [e_“t cos pt + e T (% sin pt — cos p’r)} +
(29)

HT

+M; [e‘ Mt cos3pT — e~ 2 (cos pT — 35 sin pT)} + My (e sin3pt — 3¢~ 7 sin pr)
The approximate solution of clamped, forced oscillator can be obtained from Equations

(13), (15) and (29):

T

X(1,C1,Cp,C5,Cq) = L + (A — l)e_ 7 (cos pT + 35 sin pT) + M; (e’ sin pt — e’ sin pt)+

a ay
+M> [e_ Mt cos pT+ e T (% sin pt — cos pft)} + Mze M [cos 3pT—e "7 (cos pt — 35 sin p’t)} + (30)
+My(e M sin3pt — 3¢~ 7 sin pr)

where the coefficients M, i = 1, 2, 3, 4 are given by Equation (25).
It is known that the damped solution (30) is valid on a certain domain D = [0,7*]. For the
steady-state solution, valid for T > 7%, the linear and nonlinear operators are, respectively:

Lix(t)] = x" +a1x

Nx(1)] = v + a2x? + azx® + agx* + a5x° — Acos wt—

—B(1+ il + ﬁ + 32 + s0* + 64 sinQt+y( 1+ 2x + ﬁ + 32 + 80+* + 640 cos 200t ey
3R 3R?2 27R® 81R* " 8IRS 7 3R 3R? 27R3® 81R* " 8IRS
The initial approximation is obtained from the linear differential equation:
Lixo(t)] =0, xo(t*) =x(t*), *o(t*) =X (%) (32)

where X(7*) and X’ (%) are obtained from Equation (30), so as to ensure the continuity of
the solution.
The solution of Equation (32) is:

xo(T) = X(7*) cos p*(t — %) + X/ (7*) sin p*(t — T¥) (33)
The first approximation x; (t) can be obtained similarly to Equation (23):

L[x1(t)] = Cssin3p*(t — 1*) + Cg sin5p*(t — ) + C7sin7p*(t — %), x1(7*) = x/1(7%) =0 (34)
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from which

x1(t) = Cs[3sin p*(t — ) — sin3p*(T — T%)] + C¢[5sin p*(T — TF) — sin5p* (T — 1) |+ (35)
+Cy[7 sin p*(t — ) — sin7p*(T — )]

The steady-state solution of Equations (7) and (10) is obtained from Equations (13),
(33) and (35):

Nix(T)] = 7 + a2x? + a3x> + agx* + asx® — Acos wt—

e 1+4i+ﬁ+ 3243 N 80x* N 64x°
3R 3R2 ' 27R3 = 81R%*  81R5

4x 42 32x%  8S0x* 6440 (36)

3R T3r2 T o7re Tsirt T BiRS

) sinQT—i—’y(l—l— ) cos20t
4. Numerical Example

The efficiency of our procedure can be proved considering the following particular
case, characterized by the following parameters:

A=0.04, u=0.1, A =0.0007, « = 0.001, B = 0.0001, vy = 0.0002, 6 = 0.02, ¢ =0.01, R = 1.

From the above procedure, the optimal values of the convergence-control parameters
are determined by minimizing the residual of the governing equation:

C1=0.030429, C,= 0.00073852, C3= —0.000338155, C4= 0.000342986, t* =50 (37)

The Figure 5 shows the comparison between approximate solution (30) of nonlinear
problem (7) and (10) and numerical solution obtained by means of a fourth-order Runge-
Kutta approach for t = [0,50].

XalT)
0.04
0.03F
0.02
0.01

-0.01
-0.02F
—0.03F

Figure 5. Comparison between the approximate solution (30) and numerical integration results for
T =[0,50] _ _ _ _analytical results; numerical results.

For the steady-state solution (¢ > 50) the optimal values of the convergence-control
parameters are

Cs= —0.000003211, Cg= 0.000016621, Cy = 0.0000563803, T* = 50, p* = 0.988  (38)

and the comparison between the corresponding approximate solution and numerical
integration results is presented in Figure 6.
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X3(T)
0.008 [

0.006
0.004
0.002F

~0.002f
~0.004f
~0.006 |

Figure 6. Comparison between the approximate solution (36) and numerical integration results for

T>50: __ _ _ analytical results; numerical results.

From Figure 7, it can be seen that the two solutions for T < 50 and T > 50 obtained
using the proposed technique are nearly identical with that obtained through numeri-
cal integration and this excellent agreement validates the proposed approach and the

obtained results.

X(7)
0.04¢

0.03
0.02
0.01§
-0.01H
-0.02¢
-0.03¢

Figure 7. Comparison between the approximate solution (7) and numerical integration results: _ _ _ _

analytical results; numerical results.

5. Analysis of the Stability of Steady-State Motion for the Primary Resonance
In this section we use a perturbation method to investigate the stability of the steady-
state motion. For this aim we use the transformation [37]

(=Wt MN=¢eT, w=,./a;+0¢ (39)

In order to substitute this transformation into Equation (7), we need expressions of the
first and second derivatives of variable x with respect to T. We obtain

dx dxd¢ Odxdn ox ax
R o~ VA e
d’x ,0%x 82 »0%x 0%x ,0%x 0
=W a—gz—f—Zw&agan —i—s —— (\/>+6£) pre +2(y/a1 + de)e acon an2
Expanding x in power series, one can get:
x(&m) = X(¢m) +eXa(Gm) +... (41)

Substituting Equation (41) into Equation (7) it holds that
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X"+ X!+ w(X +eX1) + a1 (X + eX1) — 7 + a2(X? 4 2e X X7 + e2X?) + a3(X3 + 3e X X3 + 32X X3+
+e3X3) + ag(X* + 4eX3X7 + 6e2X2X? + 463X XF + €2 X*) + a5(X° + 5e XXy 4+ 10e2X3 X5+

4(X +eX
+10e3X2X3 + 564X X7 + €2X°) — A cos wt — (B sin QT — 7y cos 201) {1 + % +
+4(X2 +2eXXy + €2X3) N 32(X3 +3e2X2X; + 362X X2 + €3X3) N (42)
3R2 27R3

80(X* + 4eX3Xy + 6e2X2X2 +4e3X X5 + e*X})

+ +
81R4

64(X° +5eX*Xy + 10e2X3X? + 10e3X2 X3 + 5t XX} + £9X3)

+ 81R5 =0

Averaging Equation (42) we obtain

X"+ uX +mX —y+a(X2+e2 < X2 >)+a3(X3 +362X < X2 >) +ag (X +6e2X%2 < X2 > +

et < X} > +a5(X° +10e2X% < X2 > +5e*X < X} >) — Acoswt =0 (43)
Subtracting Equations (42) and (43) yields
eX| +euX] +em Xy + em Xq + ap[2eX Xy + €2 (X5— < X3 >) +a3(3eX2X; 4+ 32X (X3 — < X2 >)+
+e3X7] + a4 [4eX3 X4 + 662X2% (X2~ < X2 >) + 483X X3 + e (XF— < X} >)] + as[5eXA X+
+10e2X2(X2— < X2 >) + 1083 X2X3 + 5 X (X — < XT >) +X7] — (BsinQr—
4(X +eX 4(X2% 4 2eXXq 4+ €2X2)  32(X3 +32X2X; + 32X X? + 3X3
oy c0s2007) (X +e 1)+ (X=+2eXX) + ¢ 1)+ (X° 4+ 3¢ 1+3e°XX7 +e 1)+ »
3R 3R2 27R3 (44)
80(X* + 4eX3Xq + 662 X2 X3 + 43X X3 + ¢4 X7)
+ +
81R4
64(X° +5eX4X; + 1062 X3X? 4+ 1063 X2 X3 + 5e* X X* 4 5 XD
+ ( ! é1R5 L 1 i — (Bsin QT — ycos2Qt) =0

Using the so-called inertial approximation [37], i.e., all terms of Equation (44) can be
ignored, except the first and the last terms, such that:

eX{ — (BsinQt — ycos Q1) =0 (45)
from which we have: 8
. Y
eX] = —— sinQ1T+ — cos201 46
1 oY TRy (46)

Inserting Equation (46) into Equation (43) and taking into account the following identities:

2/Q)

1 . g 7 +16p>
<eX?P>=_— sinQt — —cos2Q1)dtT = ———— 47
177 abon (B 4 ) 32004 #7)
21/Q)
44 : v 3(4A* + 7B* +4p%)
<Xy >= ——— sin Ot — — cos 20 1)dt = 48
1 Fom (B 1 ) 30 (48)

We find the approximate equation for the variable X in the form
X" 4 uX' + A1 X + ApX? + AsX3 4+ AyX* + AsX® +T — Acos wt = 0 (49)

in which
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3(v2 + 16p2 15(49% + v2B2 + 4p2 3(v2 + 16p2
Ay =ay 120 4B>a3 (47 tal B s Ayt (7+4‘3)a,
320 320 ) , 160 50)
5(7% 4 16B2) B v? 4168 3(49* + 2% +4p%)
Ay =as+ 1 — " 240 Ay=ay As=as; I =7+——F— 4 a
3 3 To0 5, A4 = a4 5 5 3004 2 00}

Now, introducing a bookkeeping parameter € and scaling p = €y, A; = €A;, i =
1,2,...,5, with notation

X(& ) =u(g ) +eo(c,un) (51)

and then taking into consideration Equation (40), Equation (49) can be rewritten as

%u 9%

(\/E—Hie)( §2+a§2>+2(\ﬁ+5e) (aa;;nJreaa;;)Jr (azgz‘Fng]z)-i-

P?u  _9 ou _0
[(\/>+5£)<a§2 v) +£<ag v)] + €A1 (1 4 T0) + TA» (1 4+ T0)* + A3 (u + 50)°+ (52)
+EA (1 +50) + E(u +50)° +T — Acos¢ =0
We seek a solution of Equation (52), equating the terms of same power of €:
2,
ala&Z +A1u+F—0 (53)
a aiv+A U+2ﬁ582—u+2ﬁaz—u+ ﬁa—u+A u? + Az’ + Agu* + Asu® — Acos& =0 (54)
1852 1 1 9e2 18§8n [ 18§ 1 3 4 5 =
The solution of Equation (53) is of the form:
. T
u(gm) = A(n) cosg + B(n) sing — - (55)

Substituting Equation (55) into Equation (54) and avoiding secular terms, we obtain
after some manipulations:

2 3 4
224 A28 - 2 p(a2 4 B - 2542+ B2) - (2%2 S B e 5F4?5> =0 (560
dn N2 aj a% a3 at
B A TA T2A; 4AIBA A A
2%+ B- 25A+MA(A2+32)+hA(A2+BZ)+A< 5 2 55 35 g 455> = (57)
va v ay ar ay ay vVl

Equilibrium points of Equations (56) and (57), correspond to periodic motion such
that 94 = 4B = ¢

d — dy ’

Using the notation:

2TA, 3[%2A; 4T%A, B5T*As

0= 58
EA AR SR )
from Equations (56) and (57) we obtain
A3B(A2 + B2 B(A? 4+ B?)?
WA+ (25— g)p — 2BATH BT SesBAT+ BT, (59)
v a1 /a1
A3 A(A2 + B2 A(A2+B2)* A
(6—26)A+uB+3 AT+ BT | SasA(A+BT) (60)

v Va Ve
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From algebraic Equations (59) and (60) one can get

AW AW?
A=——" __ B=— """ 61
TS Y (E R e ©1
where W is obtained from the following nonlinear equation:
W2 \?  3aAzp® W2 L (0-2)a° el )
1+ W2 5A5A2 1+ W2 5A5A% 5A5A4W

From Equation (62) it can be obtained W as a function of 6. In this way the values of
the equilibrium points A and B are known. For example, Figures 8-10 depict the function
W from (62) and the equilibrium points A and B from Equation (61) in the particular case
a1 =1;a,=1/6;a3=—1/54; a4 =1/432; a5 = 1/1296; v = 0.0002.

W
15h

104

")
T

—-0.0005 00005 0.0010  0.0015 0_002(()J

Figure 8. Illustration of W from Equation (62) fora; =1;a, =1/6;a3 = —1/54; a4 = 1/432; a5 = 1/1296;
v = 0.0002.

0.002F

0.00L¢

1 I 1 I . O"
-0.010 -0.005 _—0.005 0010 0015 0.020
—-0.001

-0.002F

-0.003

Figure 9. Illustration of A from Equation (61) fora; =1;ap =1/6;a3 = —1/54; a4 = 1/432; a5 = 1/1296;
v = 0.0002.

0.006
0.005
0.004
0.003
0.002

0.001 L

—-0.0010 —-0.0005 0.0005 0.0016J

Figure 10. [llustration of B from Equation (61) foray =1;a, =1/6;a3 = —1/54; a4 = 1/432; a5 =1/1296;
v = 0.0002.
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In Figures 8-22 it can be observed the influence of some key parameters on the system
stability. From Figures 12, 13, 15 and 16 it is observed that in the neighborhood of the origin,
the amplitudes of A and B decrease with the increases of the parameter a;. In the outside
of the neighborhood of the origin, the amplitudes of A and B are very little influenced
by the parameter 4;. The same conclusions can be drawn concerning the influence of
the parameter y: the amplitudes of A and B decrease with the increases of the parameter
v in the neighborhood of the origin, but outside of the neighborhood of the origin, the
amplitudes of A and B are very little influenced by .

W
04

0.2

i -

-0.0015 -0.0010 —0.0005 (Foo'os 0.0010 0.001
_0.2.

-04l

g
5

-06+

Figure 11. Illustration of W from Equation (62) for a; = 0.75; ap = 1/6; a3 = —1/54; a4 = 1/432;
as =1/1296; v = 0.0002.

A
0.003

0.002
0.001

5

-0.0015 -0.0010 -0.0005 .0005 0.0010 0.001
-0.001F

-0.002

-0.003

Figure 12. Illustration of A from Equation (61) for ay = 0.75; ap = 1/6; a3 = —1/54; a5 = 1/432;
as =1/1296; v = 0.0002.

B

0.0020

0.0015F

0.0010}

0.0005 7
L .
—0.6004—0.6002 0.0(‘)02 0.0004 0.0606 0.0608 0.0618

Figure 13. Illustration of B from Equation (61) for a; = 0.75; ay = 1/6; a3 = —1/54; a4 = 1/432;
as =1/1296; ¢ = 0.0002.
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-0.0010 -0.0005 .0005 0.0010
-0.1

-0.2

Figure 14. Illustration of W from Equation (62) for ay = 2; a = 1/6; a3 = —1/54; a4 = 1/432;
as =1/1296; ¢ = 0.0002.

g
5

00015 —0.0010 —0.0005 0005 0.0010 0,001

-0.0005

-0.0010

Figure 15. [llustration of A from Equation (61) for a; =2;a, =1/6; a3 = —1/54; a4 =1/432; a5 =1/1296;
v = 0.0002.

0.0006
0.0004{+

0.0007

~0.0004  -0.0002 0.0002 _0.0004
Figure 16. [llustration of B from Equation (61) foray =2;a, =1/6;a3 = —1/54; a4 = 1/432; a5 =1/1296;
v = 0.0002.

w
0.2

0.1

/|

L " 6
-0.002 -0.001 .001 0.002

-0.2¢

-0.3F

Figure 17. Illustration of W from Equation (62) for ay = 1; a = 1/6; a3 = —1/54; a4 = 1/432;
as =1/1296; v = 0.0005.
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0.0015¢

0.0010f

0.0005

L " - ~ I 6
-0.010 -0.005 0.005 0.010

-0.0005

-0.0010

-0.0015
-0.0020F

Figure 18. [llustration of A from Equation (61) fora; =1;a, =1/6; a3 = —1/54; a4 =1/432; a5 =1/1296;
v = 0.0005.

0.005
0.004
0.003

0.002

0.001

4 A A i 6
-0.0010 -0.0005 0.0005 0.0010

Figure 19. [llustration of B from Equation (61) foray =1;a, =1/6;a3 = —1/54; a4 = 1/432; a5 = 1/1296;

= 0.0005.
W
03f
0.2
0.
i " " 6
-0002  -0.001 0.001 0.002
-0.1
-02
-03

Figure 20. Illustration of W from Equation (62) for ay = 1; a = 1/6; a3 = —1/54; a4 = 1/432;
as =1/1296; ¢ = 0.0001.

A
0.002f

0.004F

1 A e ~ i o“
-0.010 -0.005 [ 0.005 0.010
-0.001

-0.002}

Figure 21. Illustration of A from Equation (61) for a; =1;ay =1/6; a3 = —1/54; a4 = 1/432; a5 =1/1296;
v = 0.0001.
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0.0008

0.0006

0.0004/H

0.0003 ¢

" " ‘5
-0.0010 -0.0005 0.0005 0.0010

Figure 22. [llustration of B from Equation (61) foray =1;a, =1/6;a3 = —1/54; a4 = 1/432; a5 =1/1296;
v = 0.0001.

In order to determine stability of the equilibria, we will construct the Jacobian matrix,
obtained from Equations (59), (61) and (62):

] = {”“ ‘“2] (63)

a1 a

where

anzide; ﬂ1zzidi; ﬂzlzidj; ﬂzzzidj (64)
dA \ dn dB \ dn dA \ dn dB \ dn

and therefore

p 3A3AWS 10AsAW* 0 | BANWA(1+W?)  5AsA'WH(1+5W?)
2 AP R2(1+ W) l52(1 4 w2)? 2 20202 (1+W2)" - 2a}5p2(1+ W2)*
U= 21072 2 4174 2 21073 4174 (65)
5_@_3A3AW(1—|—W)_5A5AW(5—|—W) B 3AATW _ 1045A*W
2 2al5u2(1 4+ w2)? 2a1512(1 + W2)° 2 apP2(1+W2) als2(1 4 w2)?
The sign of real parts of the eigenvalues of the Jacobian matrix are obtained from the
characteristic equation:
det([J] = A[L]) =0 (66)
where [I,] is the unity matrix of the second order and A is the eigenvalue of the Jacobian
matrix. From Equation (66) we have:
A2 4 (tr[J])A + det[]] = 0 (67)
where the trace of [J] and the determinant of [J] are given by
(tr]]) = n (68)
2
(2 3A3A2W? 10A5A*W* 0 6A3A2W? 15A5A4W4
det[J] = 7 — 15,21 + W2 15 2 22 (8=73) 15,2(1 + W2 152 2)2
ay nA(1+ ) al'u(1+W) n w2 (1+ ) al'u(l-l—W) (69)
3A3N?W2(1+3W?2)  5AsA*WA(1+5W2) | | 3A3A2W2(3+W?)  5AsA*W4(5 4+ W?)
203212 (1 + W2)> 201212 (1 + W2)>2 20512 (1 + W2)>2 201 12 (1 + w2)3
The discriminant of Equation (67) is
D = (tr[]])* — 4det]J] (70)

where W is obtained from Equation (62).
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The quadratic Equation (67) has the solutions:

A= —%tr[ﬂ +-vD (71)

1
2
5.1. Possible Cases of Stability

The sign of eigenvalues A and A, determines stability, so that we will leave discussion
on so-called “borderline” cases. There are possible the following cases.

5.1.1. Case 1

The discriminant D is positive. If det[]] > 0, then A and A, are real with the same sign
and we have two subcases.

Subcase 1.a. If fr[J]] > 0 then A; and Aare negative and therefore the steady-state
motion corresponds to nodal points and the motion is stable.

Subcase 1.b. If t7[]] < 0, then A; and Ajare positive and the motion is unstable.

5.1.2. Case 2

The discriminant D is negative, then the eigenvalues are complex-conjugate and the
steady-state motions correspond to focal points (or focus). It follows three subcases.

Subcase 2.a. If tr[]] = 0, then the focal points are centers.

Subcase 2.b. If tr[]] > 0, then the focal points are stable.

Subcase 2.c. If tr[J] < 0, then the focal points are unstable.

5.1.3. Case 3

The discriminant D = 0 and therefore tr[J] = £24/det[]]. The steady-state motion
corresponds to nodal points.

Subcase 3.a. If tr[J] > 0, then A1 = A, are negative and nodes are stable.

Subcase 3.b. If tr[]] < 0, then A1 = A, are positive and nodes are unstable.

Subcase 3.c. If tr[J] = 0, then A1 = A, = 0, then there is no motion.

In the case of Hopf bifurcation A1 = iQ2, Ay = —i(}, such that tr[J] = p = 0 and det[J] > 0.
Based on the saddle-mode bifurcation theory, there is no zero eigenvalue of the Jacobian
matrix and this condition corresponds to det[J]] = 0. From Equation (69), the detuning
parameter 6 can be easily obtained.

5.2. Numerical Examples

In what follows we present some numerical examples based on particular cases
corresponding to the above section.

Subcase 1.a. For i =0.001, a; = 0.98, A3 = 0.09, A5 = —0.05, 8 — 26 = 1.1355-107°, we
obtain D = 1.921258-10~%, A; = —0.000378, A, = —0.000519 which confirm that the motion
is stable.

Subcase 1.b. For u = —0.001, 2y = 0.98, A3 = 0.09, A5 = —0.05, 6 — 25 = 1.1355-10° it
follows that D = —1.921258-10’9,)&1 =0.000519, A, = 0.000378 which proves that the motion
is unstable.

Subcase 2.a. For a; = 0.98, A3 = 0.09, A5 = 0.05, 6 — 26 = —0.00020945, one can get for
w=0,D = —0.00146448-10~°, and therefore the focal points are centers.

Subcase 2.b.In conditions of Subcase 2.a and p = 0.001 one retrieves D = —0.0014662566
and A1 = Ay = —0.0005 such that the focal points are stable.

Subcase 2.c. For 1 = 0.001, in conditions from Subcase 2.a, we have A1 = A, = 0.0005
and the focal points are unstable.

Subcase 3.a. For a; = 0.98, A3 = 0.09, A5 = 0.05, 0 — 26 = —1.13774-10~°, we obtain,
D =0,and A = A» = —0.0005for p = 0.001. The nodes are stable.

Subcase 3.b. For un = —0.001 in conditions from Subcase 3.a, it holds that A; = A, =
—0.0005 and the nodes are unstable.

Subcase 3.c. For u = 0 in conditions from Subcase 3.a, the motion does not exist.

We mention that for n = 0, the expressions given by Equation (64) become
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. _ _6AsAB 1043 AB.
1 — \/E \/a ’

s 3A3(A’ +3B%)  5A5(A”+3B?) (25A2 3I2A,
12 = - - -

VA v TR

4T%A, 5T*A 3A3(3A2+ B?) 5A5(3A2 4+ B2 25A, 3T2A
75 455 jan =20+ ol ) + ol ) 152 + 2.53+ (72)
a3 ay Vi Va1 ay a2

4T3A, 5I*As N 6A3AB  10As5AB
a§-5 azli.s 1022 — NG NG

6. Global Stability by Lyapunov Function

The governing Equation (7) of damped, forced oscillator on the dynamics of EA can
be written by adding control input U in the form:

X1=Xx2
X'y = —pxp —ax1 4y — ax3 — azxs — agx} — asx; + Acos wt + (B sin Qr— 73)
2000 (1 + 41 402 3223 | 80xt | 64xd U
—ycos20t)(1+ 38 + 352 + x5 T grs +ogRs | T
One defines the tracking errors e; and e; as
ep=x1—% e =x—X+¢e (74)

where ¥ is the approximate analytical solution of Equations (7) and (10) above obtained by
means of the OAFM, ¢ is a positive parameter and the control U will be defined later.

If I, ay,d0,a3,d4,35,A, p are defined as estimated parameters, then the estimation
errors of parameters are defined as [25]:

—a , a3 =4az—as, (75)

The Lyapunov function is chosen in the form:

S 1 _ . ~ . _ " ~ ~2 ~
Viey, er, 1, a;, A, B) = 5 (A162 4 Ae3 + A3fi? + Ayd? + Asis + Agli3 + A7iig + Mgl + AoA2 + Ayof~ + A1A2) (76)
where /\]-,j =1,2,...,11 are positive parameters. The time derivative of Lyapunov function
can be written, taking into consideration Equations (74), (75) and (76) in the form
A% 2

i Aver(ea — @e1) + Agey[— Xy — a1x1 + 7y — a2x3 — azxs — agx] — asx; + Acos wt + (B sin Qt—
4x;  4x? 32x)  80xf  64x]

Cycos20m) (14 2 4 20
reos T)( 3R T3r2 T27Re T BIRE T BIRS

) — 7+ @(er — pey)] + Al + Mgy @, + Asipidy+  (77)

+Agiialy + Apiigily + Asisiy + AoAA + A1oBB + A7)
We define the input control U through Equation (77) as:

_ 4
U =Hxy +a1x1 + sz% + ﬁgx% + E4x‘1L + E5x? — Acos wt — (B sin Ot — 7 cos 207) (1 + %
78
4xi | 32x]  80x] | 64 78)

3R? + 27R3 © 81R* + 81R>

) +x" — e, —7

Then Equation (77) can be rewritten through Equation (75) in the form:
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av _ - S - ~ ~ ~ ~ .
T Aerex — Aq cpef + Ao[fixy + 121 — 4+ azx% + a3x~;’ + a4x‘1L + a5x? — Acoswt — (B sinQt—

~ 4 4x% 32x3  80xt  64xd
—7cos2()ﬂr)<1—i-x1 e S 1 1 1

3R T 3R2 T 27R3 T BIRE T IR > 1 &2 — Ma@Perer + Al + Aaiy @) + Astody+ (79)

+ Aoty + A7ylly + Asisily + AoAN + AoBB + AuFT
After some manipulations, Equation (79) becomes:

av _ — - - - -
E = (/\1 — (pz)tz)elez — )\1({)6% + u()\zxzez + )\3LL/) + ﬂ1()\2X1€2 + )\411/) + ﬂz()\zX‘?‘Ez + )L5a/2)—|—

+Eg,()\2xfez + Ags) + 54()\2x;1€2 + Azay) + 55(/'\2351562 + Agz) + Z(/\gZ’ — Apey cos wt)+

O 4y, 4x? 32x3  80xf  64x) , ~ 4xy
MoB — (142 + =L Naeasin Q] — Flhaer — 14+ o2
Th(Ab ( T3R Tare T pe T g ) Meeesini] — Al — (14 g+

(80)

4x% 32x3  80x%  64x2 4x;  4x 32x3 80x#
1 1 1 1 A inQ — 7 —(1 xA1 M1 1 1
T3RE T Re TaiRs T ogigs |22 sin | — ke ( T3R T3r2 T 27R3 T BIRS

64x? -
@ }\26’2 cos 200t — )\11’)/ ]
The estimate parameters [, a;, B, v,i=1,2,...,5which appear in the last equation are
defined as:

drl. - )Lz . dﬁl N )tz . dﬁz o /\2 2 . da3 - /\2 3 . dll4 - /\2 4
it )\3x262 A )T4x1€2 "t j /Tleé’z A /Téxlé’z A */\*7 €2
dis Ay s dA As 4B _ A 4x;  4x? 32x3  80xT  64xY )\ |
dr AN gr = 20T T e M 3R Tare T ozre aie Tsire ) ST 8)

v Ay dx;  4x3 32x)  80xf  64x]
ay _ 1— (1420 24 0
¢ [ < t3r TRz T o7re Teire TosiRs ) €T

or taking into account Equations (73) and (74):

i A _ _. da . a . -
g; = —A};x’[x’ — X +o(x—3)]; ‘Z{ = —%x[x’ —X 4+ o(x—3)]; ilagN: —%xZ[x’ — X+ @(x—3X)]
=R el D) T = P ¥ oD = —szS[;c' ~% (=)
AN Ay 5, o, . B Ay . . 4x;  4x;  32x]  80x (82)
an _ M _ _ Ot _ Moy _ i G as | 1 1
I /\9x [x' =X + @(x — X)] cos QT; T [ =X +oo(x—%X)](1+ 3R + 3R + k8 T 51Re

645\ 4y _ A2 4y, 4x3 32x3  80xf  64x3

Zr_ 7z & B P i it i § 1 1 1 20)

+ 81R5;> it A oY tel—3)] ( T3R Tare T o7Rs TaiRe toBiRS ) €T

In this way the Equation (80) becomes:

av
T (M — @*A2)erer — A el (83)

The positive parameter ¢ defined in Equation (74) is chosen as

@ =/AA)! (84)
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and therefore Equation (83) can be rewritten in the final form

v

e = M (85)

It is clear that Z—Z < 0.

Using the Lyapunov function and La Salle’s invariance principle, the system studied in
the present work is globally asymptotically stable since the function V is a positive defined
function and dV/dt is negative definite.

Figures 23 and 24 depict the tracking errors e; and ey, respectively.

el(7)

0.010¢

0.005¢

-0.005¢

-0.010

Figure 23. Tracking error e;.

(1)

0.010f

0.005F

-0.005F

-0.010}

-0.015F

Figure 24. Tracking error e;.

In Figures 25-28 are depicted only the variations of the parameters {1, 41, 4 and A.In
this way, it is clear that the Lyapunov function is well-defined.
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3.x107°
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Figure 25. Variation of parameter 1.
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Figure 26. Variation of parameter 4.
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Figure 27. Variation of parameter a;.
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Figure 28. Variation of parameter A.

The values of the errors e; and ep show that OAFM is a very efficient procedure and
the estimate parameters show that the Lyapunov function can be practically determined,
not only theoretically.

7. Conclusions

In the present work, the action of a vibro-impact nonlinear, damped, forced oscillator
on the DC and AC electromagnetic actuation near the primary resonance is analyzed. The
vibro-impact regime appears by the presence of Hertzian contact. This contact is supposed
to be elastic and is maintained. The governing equation of motion is a nonlinear differential
equation with variable coefficients. To find an approximate analytical solution of nonlinear
differential equation we used a very accurate, effective and simple procedure, namely the
Optimal Auxiliary Functions Method (OAFM). The governing equation is reduced to only
two linear differential equations. The main novelties of our technique are the presence of
so-called auxiliary functions, some convergence-control parameters, the construction of the
two iterations, and the freedom to choose the procedure to determine the optimal values of
the convergence-control parameters by applying rigorous mathematical procedures.
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Also, we analyzed the local stability using some notions as the transformation aver-
aging method, bookkeeping parameters, Jacobian matrix, or Routh-Hurwitz criteria. The
borderline cases are presented for different values of the parameters. Global stability is
studied by both Lyapunov function and La Salle’s invariance principle. These results lead
to the conclusion that it is possible to control the nonlinear characteristics of the response
near the primary resonance by tuning intensity of DC and AC electromagnetic actuation.
Moreover, the proposed technique can be useful in certain engineering applications where
the operating frequency range includes some critical frequencies that should be avoided.

Taking into account the proved performance of the OAFM technique, the proposed
approach could be easily extended to other real practical applications from other fields
of research, such as fluid dynamics, astronomy, mechanics, electrical machines, where
nonlinear dynamical systems are involved.
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