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Abstract: This article concentrates upon the issue of finite-time tracking control for a category of
nonlinear systems in pure-feedback form with actuator faults and unmodeled dynamics, where
the loss of effectiveness and bias fault are considered. Meanwhile, the function approximation
method utilizing fuzzy logic systems and dynamic surface control approach with first-order filter
are implemented to model the unknown nonlinear terms induced from the proposed controller
procedure and tackle the “explosion of complexity” issue of the classic backstepping method. The
use of the maximal norm of the weight vector estimation method and adaptive approach reduces the
computation load induced by fuzzy logic systems. Within the framework of backstepping control, a
finite-time adaptive fuzzy fault-tolerant control protocol is derived to guarantee the boundedness of
all signals and tracking error of the controlled system within a finite-time. Simulation studies are
offered to show the validity of the derived theoretical results of the finite-time control protocol.
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1. Introduction

The backstepping-based control has undergone considerable development in its appli-
cation to various types of systems and some significant results have been established [1-4].
However, when the nonlinear systems contain unknown functions, the backstepping-based
control schemes are not feasible. Unfortunately, the assumption that the nonlinear system
under consideration is totally known is quite restrictive for a variety of engineering sys-
tems. To relax this assumption, the function approximation method with neural networks
(NNs) or fuzzy logic systems (FLSs) has been broadly employed to deal with the model
uncertainty functions due to their great approximation ability [5-7]. Fruitful adaptive
backstepping NNs or adaptive backstepping FLSs control protocols have been proposed
and have been widely applied to engineering systems, such as unmanned aerial vehicles,
autonomous underwater vehicles, satellite clusters, sensor networks, and so on [8-11]. Note
the fact that the applicability of traditional adaptive NNs/FLSs backstepping methods
requires recursive differentiation on virtual control inputs at every step. This can induce an
explosion of complexity issues, which may intensify the computational requirements or
even reduce the control performance. The dynamic surface control approach is an effective
way to resolve this drawback [12]. Recently, numerous studies have focused on lever-
aging the dynamic surface control approach to design adaptive controllers for nonlinear
uncertain systems [13,14].

On the other hand, in real-world industrial systems, various types of faults may occur,
such as process failures, actuator faults, sensor failures, and communication failures, which
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can adversely affect the performance of the controlled systems, and in severe cases, result
in instability [6]. With the aim of guaranteeing safe and reliable operations, studying
fault-tolerant schemes is crucial. Therefore, researchers have developed control schemes
that can take into account the presence of actuator faults and adapt to them [6,15,16]. By
using the adaptive approach and command filter method, a tracking control strategy is
given for a kind of switched systems subject to unmeasurable states and actuator fault
in [6]. Based on the reinforcement learning algorithm, a fault-tolerant adaptive tracking
controller is derived for discrete-time multiagent systems in [15]. In [16], an adaptive
distributed fault-tolerant controller is derived for nonlinear multiagent systems, where
the hybrid faults are considered. The proposed adaptive adjustable parameter method
can improve the accuracy of the fault information value estimation by utilizing the output
signal, which has been widely used in the fault-tolerant control research field. Further,
to handle the nonaffine nonlinear faults, in [17], a prescribed performance fault-tolerant
control strategy is developed utilizing the excellent approximation capabilities of FLSs. It is
should be noted that the fault-tolerant controllers mentioned earlier can only ensure the
controlled systems are asymptotically stable.

The majority of the current research focuses on infinite-time tracking control, which
involves ensuring that the states of controlled systems can reach a specified reference signal
as the convergence time tends to infinity. In industrial applications, it is necessary for
the system to reach the desired signal within a finite time to achieve ideal robustness and
performance. Therefore, the finite-time approach was used to design the tracking control
schemes to attain high-speed convergence [13,18-20]. In comparison with asymptotic
control methods, the finite-time control approaches not only provide better disturbance-
rejection ability, higher tracking precision, and faster convergence rate but also ensure
that the control aim is achievable within finite-time, rendering them more significant [21].
Thus, extensive research has been conducted by scholars on finite-time control methods
for complicated industrial systems, such as aircraft, nuclear power stations, and high-
performance automobiles [3,22-25]. Nonetheless, there is little research focusing on the
issue of unmodeled dynamics resides. The issue of unmodeled dynamics is present in
virtually all real-world systems due to measurement noise, external disturbances, and
modeling inaccuracies. The presence of these factors often leads to the degradation of
system performance and instability. Therefore, investigating the issue of unmodeled
dynamics is highly critical, and numerous significant works have been given in [26-28].
Despite the considerable works reported, there is still an essential issue that requires
to be tackled in finite-time tracking control for nonlinear systems with actuator faults
and unknown functions, which will make the proposed control more challenging and
complicated. Furthermore, when the unmodeled dynamics are incorporated, the control
design becomes more difficult.

Motivated by the statements mentioned above, this article addresses the fault-tolerant
finite-time issue for unmodeled dynamical systems with unknown functions. The superior-
ity of the results shown in this article are given as follows: (1) As compared with recent
results [6,15,16] on fault-tolerant control, which only emphasizes that the controlled sys-
tems are asymptotically stable, in this article, a new finite-time control scheme is derived for
unmodeled dynamical nonlinear systems to guarantee finite-time tracking with bounded
tracking error. (2) Different from the finite-time controllers in [29,30], the impact of the
unmodeled dynamical and actuator faults is considered in this paper. By utilizing the FLSs
and adaptive approach, the challenge regarding the presence of unmodeled dynamical
and actuator faults is resolved, thus the control performance is not affected by the unmod-
eled dynamical and the fault-tolerant property is guaranteed. (3) To prevent the issue of
“explosion of complexity” that is often associated with traditional backstepping methods,
the controller design utilizes dynamic surface control technology featuring a first-order
filter. In addition, by the maximal norm of the weight vector estimation method, only two
adaptive parameters are required to derive the fuzzy control protocol for the unmodeled
dynamical systems, which greatly reduce the computational load.
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The rest of this article is outlined as follows. The problem statement and preliminaries
are presented in Section 2. In Section 3, the adaptive fault-tolerant finite-time fuzzy con-
troller design and the stability analysis are shown. In Section 4, simulation examples are
shown. In Section 5, concluding remarks are provided.

Notations: R™*" denotes the set of m x n real matrices. C¥ means a function with
p continuous derivative. || - || denotes the Euclidean norm. sig?(-) = sign(-)| - |2, where
sign(-) refers to the sign function.

2. Problem Statement and Preliminaries
2.1. System Description

In this paper, we consider the following strict-feedback uncertain nonlinear systems

z=1q(z,x)

X1 = Xp +f1(X1) +A1(3C,Z,f),

X = X1 + fn(Xm) + D (x,2,t), 2<m<n—1 1)
Xy = fn(fn) +u +An(x,Z,f),

y=x1

where x = [xq,..., xn]T € R", u € R, y € R, are the plant state vector, control input, and
output of the system, respectively. x,, = [xq,..., xm]T € R™, z € R is the unmeasured state.
q(-) and f;(-) are unknown Lipschitz continuous functions. A;(-) € R,i =1,...,nis the
nonlinear dynamic disturbance which is unknown Lipschitz continuous function.

For practical engineering, the actuator faults are a common occurrence, which can be
modeled as

uwl = n(t)u(t) +ur(t) @)

where fi(t) is time-varying unknown efficiency factor, which satisfies 0 < i < h(t) <1

with 71 is the lower bound of 71(t). u,(t) is bias fault, which can be described as the bounded
time-varying functions. u,(t) satisfies |u,(t)| < uf"®x.

Control objective: Given the desired signal y; for systems (1) with unmodeled

dynamical and actuator faults, derive a finite-time adaptive fuzzy fault-tolerant control

protocol such that the tracking error y — y; converges to a small region within finite-time,
and all the closed-loop signals are SGPFS.

Lemma 1 ([31]). If11 > 0,1, > 0,and j > 0, we have

—11/1p
1 11+ 2] 1 11+1
iyl < 1+12 1+12 3
e < At 22 ®

Lemma 2 ([32]). If oo > 0, we have
0 < Joo| — gotanh(*2) < 0.2785: @
where 1 > 0 is a constant.

Lemma 3 ([32]). Ifx € Rand ¢ € R, one has
N 101 o1 1 o 5
o < Il + gl ©)

wherel > 0,01 > 1,00 > 1,and (01 —1)(02—1) = 1.

Lemma 4 ([33]). Consider the nonlinear system

1= flx 1), (6)
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assume that there exists a positive-definite Lyapunov function V(x) : D — R with b > 0,
0 <wa <1, andyu > 0,such that

V(x) < =bV(x)*+pu (7)
then the system (6) is semiglobal practical finite-time stability (SGPFS).
Assumption 1 ([34]). The reference signal y, and its first derivative 1, are bounded.

Assumption 2. The A; is unknown Lipschitz continuous function. Based on [35], the dynamic
uncertainty A; in (1) satisfies

|8i(x,2,1)| < @i (|%i]) + @i2(|z]) ®)

where @;1(-), i = 1,...,n are non-negative smooth unknown functions, and @;(-) are non-
negative strictly increasing functions.

Definition 1 ([35]). A C! function V is said to be an ISpS (input-to-state practically stable)-
Lyapunov function for system x = f(x,u) if there exist functions 1, ¥, of class Koo such that

P1(x]) < V(x) < ya(lx]), ©)
there exist two constants ¢ > 0, dg > 0 and a class Keo-function Y such that
Vv,
=% o) < —coV(x) + Y(Jul) + do (10)

where Equation (10) holds with dy = 0, the function V is referred to as an ISS (input-to-state
stable)-Lyapunov function.

Assumption 3 ([35]). The z = q(z,x) has an ISpS Lyapunov function V,(z) in the sense of
Definition 1, there exists two constants ¢ > 0, dg > 0 and three class Keo-functions {1, o, and Y
such that a function V,(z) such that

pi(lel) < V(@) < pallel), SE @) < V(@) + (D +do (D)

moreover, ¢ € (0,c), do, Y, P71 are known.
The dynamical signal is constructed as follows

k= —ck+Y(|x1]) + do, x(0) = Ko (12)
where Y(|x1|) > Y(|x1]), € € (0,¢p), and ¢y > 0 is a constant.
Lemma 5 ([28]). According to (12) and Assumption 3, we have

Vz(z) < x(t) + B(t) (13)

forall t > 0, where B(t) is a non-negative function and B(t) = 0 for t > Ty with Ty = Ty(¢, %o, z0)
being finite time.

Moreover, we have
k= —ck + x3Y(x3) + do, k(0) = o (14)

where Y (|x1]) = x3Y(x3).
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2.2. Fuzzy-Logic Systems
The FLSs in this paper are designed using the following IF-THEN rules:

R':IF xy is Fl, xp is F}, ..., and x, is F,, THEN y is G, 1 =1,2,...,¢ (15)

where x = [x1,...,x,]T € R" and y € R refer to the FLSs input and output, respectively,
F/ and G' are the fuzzy sets associate with the membership functions y i (x;) and g (y),

respectively. ¢ is the number of rules.
Then, the FLSs can be modeled as

T AT g ()

y(x) = (16)
Zzg:1 [T Ml (x;)
where A; = maxycr g (v), and the fuzzy basis functions can be modeled by
[T Vpil (xi)
1(x) (17)

B Zf:l [H?:l VF,,I (xi)}

Denote 07 = [A1, A, ..., Ag] = [61,0,,...,6¢] and ¢T (x) = [@1(x), p2(x),..., @g(x)].
Then, we have

y(x) =0T p(x) (18)

Lemma 6 ([36]). Assuming f(x) is a continuous function defined on a compact set 2, then for any
given positive constant e > 0, it is possible to construct FLSs that satisfy the following inequality:

supf(x) — 0" p(x)| < e (19)
xeA
3. Main Results

In this section, a finite-time adaptive fuzzy fault-tolerant control protocol for un-
modeled dynamical nonlinear systems will be proposed by utilizing the dynamic surface
technique with first-order filter and backstepping method.

3.1. Finite-Time Adaptive Fuzzy Fault-Tolerant Control Protocol

Prior to designing the controller, a sequence of function transformations is described
through the following steps

1 = X1 *yd
€ =Xi — K| i=2,3,...,n (20)
i = &L — &

where «;_; is the virtual control. «;; denotes the output of the first-order filter, which is
defined as

Oideip + i = a1, ;,0(0) = a;1(0),i =2,3,...,n (21)
where 0; is a positive constant.

Remark 1. The backstepping technique, which involves repeated differentiation of the virtual
control signal w;_1, is widely recognized as a potential cause of the “explosion of complexity”. To
address the “explosion of complexity” issue, the approach adopted is the utilization of the dynamic
surface control technique, which incorporates a first-order filter (21). This filter is applied to w;_q
to produce the filtered signal w;, which is free from the explosion of complexity. This filtered
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signal is then utilized to the design of the control scheme. As a result, the occurrence of repeated
differentiation can be efficiently avoided. The new function transformation e; = x; — a; 1 is defined
by using the first-order filter to derive the finite-time tracking control protocol.

Remark 2. This article adopts a first-order low-filter to avoid the algebraic error. However, this
approach can cause a filtering error. This study is conducted without taking unexpected filtering
errors into consideration. This undesirable error may degrade the control performance. According
to [37], approaches to control based on a filtering-error compensation mechanism need to be explored
in future.

Step 1: The time derivative of é; yields

¢ =x2 + f1(x1) +Mi(z,x,t) — yg

. (22)
=ey + 12+ a1 + f1(x1) + B1(z, %, ) — Ya
Define the Lyapunov function candidate as
1 1 =2 1 1 .
1 261+2)\11 1+2172+2A12g (3)
Then, its time derivative is
. 1 F 1 =z & .
Vi =eér + 0161 + G161 + 1212 (24)
A1l M2
Invoking (22), e1é; is calculated as
eréy =ej(ex+ 1 +ar+ fi(x1) + Az, x,t) — yg) (25)
Then, we have
. . 1 == 1. .
Vi=e(ea+m+ar+ fi(x1) + Mz, xt) —yq) + Tnelel + U +mi2 (26)
In light of Young’s inequality, we have
1 1
eip < 56% + 577% (27)
Based on Assumption 2, the term e1A; 1 (z, x, t) satisfies
e1d1(z,x,t) < ler|@11(|x1]) + |er|@12(]2]) (28)
According to Lemma 2, we have
le|@11(|x1]) < e1drn(x1,e1) + T (29)
where the terms ©11(x1,e1) and 77 is defined as
R e1011(|x 3
cD11(x1, 81) = (D11(|x1|)tanh(L(|l|)), t11 = 0.2785711 > 0 (30)

!
For the term |e; |@12(|z|), we have
le1|@12(]2]) <le1|@i2(y; ' (k + B))
<ler|@r2(; " (2K)) + [er| @12 (w1 (2B)) (31)

. ) 1
<ejdip(er, k) + T2 + 16% +dy(t)
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with

iy = 0.2785715 > 0, dy(t) = (@2(w; '(2B)))*

-1 (32)
A _ e1W12 2K
D12(e1, k) = @12(P; 1(2K))tanh((;/]112()))
Substituting (27)—(31) into (26), we have
. 1 2 1 2 . 1 = £ 1 =~ & .
Vi <zef+eex+ -5 +eg (0(1 + A (xl) — ]/d) + +=—0101 + —¢1G1 + 1212
. . . , 1
+ 61(011(961,61) + 111 + 616’012(61,1() + T2 + 16% + dl(t) 33)
33
1 1 .. ,
<erer + 5775 +e1(a + x1(X1) — va) + L 56+ G161 + 1212
2 A1 A2
3
+ t1 + tip + 16% +dq (t)
where x1(X1) = d11(x1, 1) + @ra(er, x) + f1(x1), Xq = [x1,e1,] 7.
Based on Lemma 6, the FLSs are applied to approximate x1(X7) as follows
x1(X1) = o (X1)07 +e1 (34)
As ¢ is bounded, there exists a constant ¢ that is positive, such that
le1] < ¢1 (35)
Then, we have
' 1, T x , 1= 1. -
Vi <erex + 515 +er(ar + @1 (X1)07 + €1 — Ya) + 50101 + —G161 + 1272
2 A A (36)
, , 3,
Tttt et di(t)
Then, the virtual controller «; is defined as
eléf e183 T 3
wy = — = - —= +Ya — 5sgn”(e1) — ce1 (37)
lergl ) By +ep,  faleate, 20 2° 1
01 = —A11by + A flerd (1)) (38)
¢1 = =Ml + Anale | (39)

where sgnf(z;) = sign(z1)|z1/f, 0 < B < 1is a positive design parameter, 05| < 8,
€}, = exsign(|z1||| @] (x1)]|61) , €}, = € xsign(|z1/£1), € > 0 is a positive constant.
Substituting (37)—(39) into (36), we have

2 22
e167 167

+y 1s ﬁ(e ) 3@
2 - Y A~ = 1) — —€1
lergT (x) |16y + €3, lealén+epy 28" 4

. 1
Vi <ejep + EU% +e ( —

. 1 =« 1 . . L L 3
+ 91 (X1)0; +e1—va) + Tn9191 + )\nglgl + 1212 + f11 + T2 + Ze% +dy(t) (40)
€167 48
ler T (x1)[|61 + et lealér+efy

+ 0181 — llerg (x0)I) + &1 (&1 — lea]) + main + fi2 + Ty + i (8) + e |Jex]

1 1 -
<erez + 515 — — 55gnf(er) + llere] (X1)1161
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Applying the fact that ¢I (-)¢1 () < 1, we have
_ 262 ~ 19T ||6yer
lergTGenllf - ——— A ey gT ()| = — B gy
lerpy (x1) (|61 + €74 lleroT (x1) 16 + €ty
Similar to (41), one has
2 22 2 *
€167 = €1G1€1p
erller] — = Gl £ 7 F—5 < (42)
erllen) = e e, 919 = o e
From (41) and (42), we have
. 1 1 = 2 = a . , ,
Vi <ejer + 577% - EsgnﬁH(Q) + 0101 + G181+ mamp 4+t + fip +di () 26 (43)
Since 77 = & + 5o where & = —Z—;, sp = —a&y. From [38], we know 77, is a continuous
function. Based on Lemma 3, one obtains
e < (L~ Ly (44)
2tz = s 212 = a2 o 2 2
where / is a nonzero constant.
Furthermore, one has
1, . 1 1 1, 5 > 9
- = (== ¢ 45
Mt === gm =5+ s (45)
where 0, and ¢ are positive constants satisfying a% - ﬁ —3>0.
Invoking (45) and (44), one has
. 1 = 2 = & , ,
Vi <ejep — Esgnﬁﬂ (e1) + 6101 + G161 + T + T2 +di(t) + 2¢
1 1 1., (46)
(= =——-= 0
Stepi: (2 <i < n — 1) The time derivative of ¢; yields
¢ =xit1+ fi(xi) + Di(z,x, 1) — &L @)
=eiy1 + Miv1 + o+ fi(xi) —dip + Di(z,x,t)
Then, we have
eiéi = ei(eit1 + i1 +a;i + fi(xi) — & + Bz, x, 1)) (48)
Based on Assumption 2, the term e1A; 1 (z, x, t) satisfies
eili(z,x,t) < lej|@i (|x1]) + [ei] @i (|2]) (49)
According to Lemma 2, we have
lei|@i1(|x;]) < e1ddi(xi,e;) + (50)
where the terms ©;1 (x;, ¢;) and 7;; is defined as
. eji (|x; 3
Wi (xl-, e,-) = wi1(|xi|)tanh(L(|lD), ti1 = 0.27857;1 > 0 (51)

il
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For the term |e;|@;,(]z|), one obtains
lei|@in(|z]) <leil@n (1 (x + B))
<leil@ia(py ' (26)) + leil@ia(yy ' (2B)) (52)
. 3 1,
<eidp(ei, k) + T + 461 +d;(t)
with

tp = 0.2785T > 0, d;(t) = (@n(w;'(2B)))°

, - 53)
) - ei@12(; ' (2x)) (
@iz (ei, k) = @ip (¥ 1(2K))tanh(+)
1
In light of Young’s inequality, we have
1 1
eiffit1 < 5612 + 5’71‘2“ (54)
Define the Lyapunov function candidate as
1, 1 1 1
Vi=Vii+ e +2/\11911+2A2€zz+2’71+1 (55)

Then, its time derivative is
L1, 1, , T2 1. ,
Vi Viei+ 5 Feieivn + i + ei(a; + fi(xi) — &) + /\*9 0 + /TQ iCi F it

R , N , 1,
+ ei@i1 (xi,€) + T +e1dp (e, k) + fip + 46‘, +d;(t)

1 1=z 1 (56)
<Vier + (m2 — e 1 +eeir + 5171‘2+1 + i+ xi(Xi) — &) + /\*9 0; + 75 i+ i
+m+m+iel +di(t)
where x;(X;) = @ (x;,€;) + dpn(es, 1) + fi(xi) + (1 — ma)ei1, X; = [x;, ¢, 1] "
Based on Lemma 6, the FLSs are applied to model yx;(X;) as follows
Xi(Xi) = 9] (Xi)6] +¢; (57)
As ¢; is bounded, there exists a constant ¢; that is positive, such that
leil < ¢ (58)
It follows from (57) and (58) that
. . 1 . 1 ==
Vi <Vio1+ (2 — Dejei—1 +eieiq + 5’71'2+1 +ei(ai+ o] (X0 +ei — &) + 79 i0;
1 3, (59)
+ &G Miatlic1 + T + T + € +di(t)
Aip 4
Then, the virtual controller «; is defined as
e;02 e;iC? _ 1 3
;= — - ! li — Al L — tain— Esgnﬁ(ei) — Eei — 71261 (60)
leipq (x:)]10; + € leilCi + €5

0; = —Anbi + At lleso! (x)) (61)
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i = —Anéi + Anle| (62)

where 7, > 0, sgnP (e;) = sign(e;)|e;|P, 0 < B < 11is a positive design parameter, |07 || < 6;,
el = e =sign(|e;||| @] (x;)]|6;) , €}, = €+ sign(|e;|¢;), € > 0is a constant.
Substituting (60)-(62) into (59), we have

. . 1 2 eié.z 81‘62- 1 3
Vi <Vio1 +ejeip1 —eiaei+ iy +ei( — e~ — e — sgnP(e) — e
R S o Bl iR R R A
— i1+ @ (X)0F +e;) + /%15151' + /\isziéi + Hig1fig + T+ T + ZE? +d;(t)
<V +1 2 61'251'2 B 612612 71s n5+1((3-)+“€' T(x)”@ ©3)
RS PP TR e PR
+eieigr + leillei] +0:(0: — lleip] () ) + E(& — leil) + Miatiion
+ i + T +di(t) —eiqe;
Applying the fact that ¢! (-)¢;(-) < 1, we have
272 THA. -*
_ e26- ~ lle;g; ||0;€!
leip (xi)110; — ————T—— — Bille; ] (xi)|| = Tl(Pl ——<e  (64)
lleig; (xi)[|6; + €y lleig; (xi)[|6; + €y
Similar to (64), one has
2 22 2 Lk
€ 6; = €iGi€pn
eilleil — —7—— —Gileil < 7= <€ (65)
elled = e ey 4l < g v e
Invoking (64) and (65), one has
. . 1 2 1 ﬁ‘i’l = & ~ A .
Vi <Vio1 +eieipq + 51— 558N (ei) +0;0; + CiCi + Miv11iv1 (66)
—ej1e; + Ti1 + Tp +di(t)
Since 7,1 = i1 + Si41 where &1 = —%, Si+1 = —&;. According to [38], we know
7i+1 is a continuous function. From Lemma 3, one attains
. M 1 LR 2.2 67
Nit1Mi+1 = Toin +Sip1hiv1 < (@ - a)’?iﬂ + €774 (67)
where /¢ is a nonzero constant. Furthermore, one has
1, . 1 1 1, 5, 5 9
i1t il = _(0’1'+1 T E)’?iﬂ +sipq (68)
where 0711 and /¢ are positive constants satisfying 0%1 - ﬁ - % > 0.
From (67) and (68), we have
. < . 1 1 1 2 Ez 2 1 /3+1 = 4 =~ 2
Vi <Vioi +ejeipg — (a T 5)’1i+1 4757 — 5880 (ei) +0;0; + GiGi
+ T + T2 +di(t)
n—1 n—1 n—1 n—1
1 1 1 1 ~ 2 69
<eieis1— Y, (— = 5 S Y st — 5 Y senP T (e) + ) 08 (69)
= o 42 i=1 23 i=1

n—1 . n—1 n—1 n—1
+ Y GG+ ) ta+ ) o+ ) di(t)+2ie
i=1 i=1 i=1 i1
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Step n: The time derivative of ¢, yields
bn =fu(%n) + 1+ An(z,x,t) — ity . (70)
Based on Assumption 2, the term e, A, (z, x, t) satisfies
endn(z,%,1) < len|@n1 (|xn]) + len]@n2(]z]) (71)
According to Lemma 2, we have
len|@n1 (|xn]) < endm (xn, en) + T (72)
where the terms @1 (xy, en) and 7, is defined as

@
en@n1 ([%n]) ), T = 0.2785T,1 >0 (73)

(@nl(anen) :wn1(|xn|)tanh( T
n

For the term |e, |@,2(|z|), one obtains

lenl@na(|z]) <len|@n2 (7 (k + B))
<len|@n2 (7} (2K)) + len|@n2 (7 ' (2B)) (74)

N , 1
Senwnz(en/ K) + Tu2 + Zle% + dn(t)
with

i = 0.2785T,, > 0, d(t) = (@u(p; ' (2B)))?

-1 (75)
N _ enno 2k))
wnZ(en/ (P) = @nZ(lIJl 1(2K))tanh(nn(;hz<>)
n
Choose the Lyapunov function candidate as
1 1 = 1 .
Vi =V,_1+4 =62 0, +-—°¢ 7
n n 1+2€”+2/\n1 n+2/\n2€n (6)
Then, its time derivative is
. . . 1 = & 1 ~ 2
Vi <V,_1+ (7'[2 - 1)3n€n71 + en(gn(xn)u +fn(xn) - lxn,L) + 0,6, + 75— G6uCn
Ant A2
. . N | 1
+ enwnl(xn/ en) + Tyl + enp2 (en/ K) + T2 + 1631 + dn(t)
77)
) 1 = = (
Vi1 + en(gn(xn)u + Xn(Xn)) + Tlenen
n
~ . 1 2 ]. ~ &
+ 1 + T2 + Sy +dn(t) + ——8&,Cn
4 Ao

where x4 (Xn) = @1 (Xn, en) + Dna(en, 1) + fu(xn) — i + (1 — 72)en—1, Xn = [xn, en, €]
Based on Lemma 6, the FLSs are applied to model x; (Xy) as follows

Xn(Xn) = @ (Xn)05 + €n (78)

Because of the boundedness of u,, 6, and ¢, there exist positive constants 8, and ¢, that
satisfy

|ur + | < U™ + ™ < Gu, (160311 < O (79)
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From (79), one has

Vi Vi1 + (712 = Denen—1 + en(R(E)u(t) + ur () + @ (Xn)05 + €0) +

1
*35 +dn(t)

+ 77n+177n+1 + fnl + fnz + 1

(80)
. 1 = & 1 ~ & L L
Vi1 + (72 — Venen 1 + enli(t)u(t) + 79 nn F R onln T s T+ T2
n
1 -
+ 16% +dn(t) + llengn (Xn) 16 + lenln
Then, the actual control protocol u is constructed as
710,02 Ty ené> s 1
U= — 1€n 11 . i nGn - Jsgnﬂ(en) — Een — 11702651 (81)
len@ (xn)110n + €5y len|Cn + €5 2 n
én = _/\nlén + /\n1||3n(l’rTz(xn)H (82)
é = —Aman + Anzlen] (83)

where sgnf (e,) = sign(en) len|P,0 < B < 1isa positive design parameter, ||0};]| < 0,, €%, =

e »sign([ea 97 (xa) [6), 71 = 1 for 362/ (leng (x0)|1f + €50) + 282/ (el + €) +
TsgnPtl(e,) + mae,_1eq > Oelse 1y = 1. €}, = e xsign(|es|én), € > 0is a positive constant.
Substituting (81)—(83) into (80) yields

6319_% = &

222
enén 1
/\nZ gl’lgn

+ L6+
len@T (xn)[10n + €2y lenlGn+epn o

7 < B
Vn _anl /\nl

+ len|Gn

. , 1 _ 1
+ Tt + T2 + 16% +dn(t) + llenpl (Xn)||0, — EsgnﬁJrl (en) —eney_1

242 )
e~0 e (84)
non_ — A71911 - +|en\gn+9n( ||en§0n(xn)||)
len®d (xn)[|0n + €, lenlGn + gy

+ &0 (En — lenl) + fr + Tz + dn(t) + llenqpr (Xn)||0n

<Vn—1 -

1
— Esgnﬁ“(en) —eny_1

Applying the fact that ¢! (-)@,(-) < 1, we have

242 TIA %
_ 0 = e 0,.€
||€n(P3;(Xn)||9n - T En ni » anHen%Tl(xn)H = HTVI(PnH Z il N (85)
len @t (x1)[10n +€, ||en§0n(xn)||9n+en1
Similar to (85), one has
- 2 *
€n6n = enGn€pp
enllen| — —F— —C,len| < — 72— <e (86)
| n|| Tl| |en|gn+€:;2 gn| 'rl‘ |en|G71+€;;2
From (85) and (86), we have
) ) = a L. ) ) 1
Vi <Vy1 + 046, + CuGn + Tyl + T2 + dn(t) - Esgnﬁﬂ (en) —epey_1 +2€
n—1 1 1 1 ) 2}’1—1 ) 1M fi1 no_ o,
< - _@_E)m-&-l"’g Zsi+1_§25gn (i) + 299 (87)

i=1

I
—

n n
255 Znﬂj:m+2d ) + 2ie
i=1

i=1
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Remark 3 For any Yy > 0and A > 0,T := {(ya,Ya, Ja) : V3 +95+¥5 < Yy} and T;
{ Z] 1 2 e; 245 /\ o 92 Alz g‘?) + 2;»12 17]2 < 2A} are compact in R® and R¥, respectively. Thus,

I' x I'; is compact in R3+4’ Therefore, s; 1 has the maximum 5,1 > 0.

3.2. Stability Analysis

The results obtained in this paper are presented as follows.

Theorem 1. Consider the nonlinear systems (1) satisfying Assumptions 1-3, controlled by the
control protocols (81), (60), and (37) with the adaptation laws (38), (39), (61), (62), (82), and (83).
The derived control protocol can ensure that the controlled system is SGPFS, and that the tracking
error x1(t) — y4(t) is bounded within finite-time.

Proof. According to the relationship {; = ¢; — ¢; and 51 =0; — éi, the following inequalities

hold
=~ 2 1 =2 ]- !
Gi6i S =56 + EQ% (88)
= 2 l =2 l —
0:6; < —50; + 591.2 (89)
Thus, (87) can be described by
. 12 n—1 1 1 1M
V,o< = (BT - _ = I
n = 2 ; ‘€,| l;(ai+1 402 7]1+1 2 ;| T 2 ;gz

—7294— 292+£2251+1+2f11 ETZQ-I-Zd ) + 2ie

(90)
<o 3Rl oy Dt g L g LAy L B ane
23 2/\12 i= Ao 23
1 n
+§Z £2251+1+ZTZ]+ZTIZ+Zd +21€
i=1
where 0 = min{2/0;41 — 1/20%> — 1, Ay, Ay }.
1 (B -2
Based on Lemma 1, let ] = ﬁT : >’ we have
N /3+1 1 o
& <(1-=1- F 91
(2/\1‘291) _( ) 2)\1‘2gl ( )
Similar to (91), one has
B+l B+1
1 2 2 1 2 ﬁ“rl 1 =2\ 72 1 =2 ,8+1
< 4 < ) S o 92
(3t1) * <gtar 0= (70) " <qmfiva-Sgn D
Invoking (91) and (92), we have
I PN R PR A R
< —22) T g
Vn— z; (2Zl) 0;(z’71+1> 0—1‘71 <2/\i2 1)
- - - (93)
L 1 2%
*‘Tl; (2Ai1 ;)T
wherev = 1y Iy 2 +30(1- ﬁ+1)l+€22” 72, Yt YT
2111 =15 771+1 i=1 til i=1 ti2

+21:1 ( )"_216
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Let V =V, it is easy to prove
V< —V7T +v (94)

where ¢ = min{2f~1,¢}. According Lemma 4, the (94) means that the resulting system is
SGPFS. For t > T*, one has v < [v/(1 —v)c], and the settling time

O (250" )

where 0 < v < 1. It means that the signals ¢;, 51‘/ ¢;, and s; 1 are bounded. Due to the

1
T"F = ———— |V
<1—ﬁ2”>vc[

15
2

virtual control «; being a function of e;, 51', i, and 77,11, we know that «; is continuous and
bounded. Furthermore, it can be proven that z, A; and x are bounded.
Then, we have

1

X1 — yal SZ(( ) 2640 (96)

v
1—v)c
That is, the tracking error converges to a small neighborhood of the origin within finite-time. [J

Remark 4. Theorem 1 provides a novel control scheme for uncertain nonlinear systems with
actuator faults and unmodeled dynamics. Different from existing results in the literature [6,15,16],
our approach ensures finite-time convergence of the closed-loop system. To prevent the issue of
“explosion of complexity”, the dynamic surface control technology featuring a first-order filter is used.
Moreover, unlike the recent work on finite-time controllers in [29,30], which addressed nonlinear
systems with limited discussions on system uncertainties, the proposed adaptive control scheme
of this article is able to handle nonlinear systems with known nonlinear functions and unmodeled
dynamics, in the actuator faults case.

The algorithm of the derived finite-time tracking control protocol is presented in Algorithm 1.

Algorithm 1 Algorithm to Derived Finite-time Tracking Control Protocol.

Input: The parameters €7, €,, B, and  in actual controller (81) and virtual control laws

~

(37), (60); the parameters A;1, Ajp, 6;(0), and ¢;(0) in adaptive laws (38), (39), (61), (62), (82),
and (83); the parameters o; in first-order filter (21) , the fuzzy membership functions ¢; in
(34), (57), and (78).

Output: The adaptive finite-time fuzzy controller (81).

Begin:

1: Step 1: Formulate the membership functions and establish the fuzzy basis functions.

2: Step 2: Select suitable design parameters and formulate adaptation laws (38), (39), (61),
(62), (82), and (83), first-order filter (21), and intermediate virtual control (37) and (60).

3: Step 3: Choose suitable designed parameters and formulate actual control protocol (81).
4: Step 4: Determine the convergence time of the resulting system.

5: Step 5: Prove the tracking error is bounded in finite-time.

end

Remark 5. The problem investigated is new in the sense that this article represents the few attempts
to cope with the finite-time tracking control problem for a class of unmodeled dynamical systems with
actuator faults and unknown functions. Furthermore, especially, the systems under consideration
are comprehensive to cover unknown nonlinear function actuator faults and unmodeled dynamics,
hence reflecting the reality more closely and making the design of the controller more challenging
and complicated. Based on Lemma 6, we can easily prove that the FLSs possess the capability of
universal approximation. Due to this unique ability, the FLSs have been utilized to a great extent in
handling the uncertainties of nonlinear control systems. Thus, the unknown nonlinear term x;(+)
in this article is approximated by FLSs. Therefore, the obstacle caused by uncertainties x;(-) of



Mathematics 2023, 11, 2193

15 of 22

nonlinear control systems can be dealt with by the combination of the FLSs, and adaptation laws
(38), (39), (61), (62), (82), and (83). Moreover, a finite-time fault-tolerant fuzzy tracking control
protocol with adaptation laws is derived in this article, which can guarantee that all signals in the
resulting system and tracking error are bounded within finite-time.

4. IMlustrative Examples

To further validate the feasibility of the derived control protocol, a one-line arm
dynamics example is utilized, where the system’s dynamic, and the dynamic balance
equation are described by

t=-2z+¢+05

97
Mij + Ng+ Rsin(q) = F+ A(q,4,2(q),t) ©7

where g and F denote the arm’s position and control input signal, respectively. R = mgL
with L =1 mis the link length, ¢ = 10 N/kg refers to gravitational acceleration, and m = 1 kg
refers to the load mass. M = 1 kg - m? refers to mechanical inertia. N =1 N-m-s/rad refers to
the coefficient of viscous friction. A(g,4,z(q), t) denotes dynamic uncertainty. The dynamic
signal is denoted as ¥ = —x + 2x] + 1.

Define x; = g, x, = g, and Ay (x,z,t) = zx1cos(x) then (97) can be expressed as

z=-2z+x}+05

5(1 = X2 (98)
Xp = —xp — 10sin(x1) + u + Ax(x, 2, t)
y=x

Based on Theorem 1, the finite-time adaptive fuzzy controller (81) is constructed as

A2 )
mexds me6; T

1
_ B s 1
), + Ey + € sgn-(e en — TT17T0e 99

le2pd (x2) |0 + €5,  le2léates, 2 g’ (e2) 2 mme (99)

with the adaptation laws, are designed as

A

0y = —A2102 + Az llend (x2)|, &2 = —Améa + Amled] (100)

The fuzzy the membership functions are defined as pp(x1, x2,x) = exp[—(x1 —4 +
1)2/4] x exp[—(xa — 4 +1)?/16] x exp[—(r — 4 +1)2/16], where | = 1,2,...,7. Further-
more, the fuzzy basic functions can be defined as

I Mg (x1, 22, K)
¢ (x1,x0,1) = (101)
Y7y pp (x1, X2, %)

where ¢ = [}, ¢?%,...,¢"]T.

Case 1. The parameters are chosen as Ap; = 0.002, Ay, = 0.02, B = 0.3, y; = 0.15sin(0.1¢),
&,(0) = 0.01, 6,(0) = 0.01, e = 0.1, 05 = 0.5, [x1(0), x2(0), 2(0), x(0)] = [-2.5, —0.1,0,0]7,
hi(t) = 0.8 + 0.01sin(0.02¢), and u,(f) = 0.1 4+ 0.02cos(0.01¢).

For two cases, the simulation results are given in Figures 1-10. The response curves of
the states x1, y; and x; are shown in Figures 1 and 2 for case 1, respectively. The curve of
tracking error is shown in Figure 3. It can be seen that the output y can track the reference
signal y; within 10 s for case 1. The curve of control signal is given in Figure 4. The curve
of adaptive laws are given in Figure 5. For case 2, the simulation results are given in
Figures 6-10. The response curves of the states x1, y; and x; are given in Figures 6 and 7 for
case 2, respectively. It can be seen that the output y can track the reference signal y; within
11 s for case 2. The curve of tracking error is given in Figure 8. The curve of control signal
is given in Figure 9. The curve of adaptive laws are given in Figure 10. Accordingly, the
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simulation results are given in Figures 1-10, where it can be seen that the feasibility of the
developed finite-time control strategy in handling unmodeled dynamics and actuator fault
problems. Furthermore, the good tracking performance can be ensured within finite-time
under the derived adaptive finite-time fuzzy control protocol for the two cases.

2.5

X, andyd

-2.5
0 10 50 100 150

Time (Sec.)

Figure 1. The curves of the state x; and y,; in case 1.

6 T T

2 H i

_6 1 1
0 50 100 150

Time (Sec.)

Figure 2. The curve of the state x; in case 1.
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25 .

[\
T
1

—_
(9]
T
1

The tracking error Ix oy dI
1

0 50 100 150
Time (Sec.)

Figure 3. The curves of tracking error |x; — y,| in case 1.

5 I T T

4 i

(98]
1

[\S)
1

Control signals
S =
Il Il Il Il

1
N
1

-5 I I
0 50 100 150

Time (Sec.)

Figure 4. The curve of control signal in case 1.
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09} — 0y 1

0.8 1 4

0.7 n

0.6 n

S

0y and

0.1 .

0 50 100 150
Time (Sec.)

Figure 5. The curves of adaptive laws 6, and {yin case 1.

3 T T T T T T

1 1 1 1 1 1
0 10 20 30 40 50 60 70
Time (Sec.)

Figure 6. The curves of the state x1 and y,; in case 2.

Case 2. The parameters are chosen as Ay; = 0.002, Ay, = 0.02, B = 0.3, y; = 0.2sin(0.5¢),
2,(0) = 0.01, §,(0) = 0.01, € = 0.1, o» = 0.5, [x1(0), x2(0), 2(0), x(0)] = [~3,-0.1,0,0]7,
i(t) = 0.9 + 0.01cos(0.02¢), and u, () = 0.1 + 0.02sin(0.01¢).
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4+

_6 L L L L
0 10 20 30 40

Time (Sec.)

Figure 7. The curve of the state x; in case 2.

50

60
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3.5 T T T T

—_ o
) ) W
T T T

The tracking error Ix oy dI

—_
T

0 {WWN\I\/\M D e = —t—

0 10 20 30 40
Time (Sec.)

Figure 8. The curves of tracking error |x; — y,| in case 2.
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Control signals
(e}

_5 Il Il Il Il Il Il
0 10 20 30 40 50 60 70

Time (Sec.)

Figure 9. The curve of control signal in case 2.

1 T T T T T T

0.9 — 0y

0.8 1 .

0.7 r .

0.6 .

S

05 .

6 and

04 r .
03 r .
02r 4

L/ _
0.1F,

0 10 20 30 40 50 60 70
Time (Sec.)

Figure 10. The curves of adaptive laws 6, and ¢, in case 2.

5. Conclusions

This article examines the issue of adaptive finite-time fuzzy control for nonlinear sys-
tems with unmodeled dynamics and actuator faults. The unknown nonlinear terms which
are induced during the designer process are modeled by FLSs. The dynamic surface control
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approach is utilized to design the control scheme to overcome the issue of complexity
explosion associated with traditional backstepping. A fuzzy finite-time control scheme
has been derived for uncertain nonlinear systems using a finite-time control approach and
adaptive backstepping method. Under the derived finite-time control protocol, the result-
ing system is SGPFS and the tracking error is bounded within finite-time. Moreover, by
using the maximal norm of the weight vector estimation method, the communication load
was greatly decreased. Illustrative examples have been offered to validate the feasibility
of the derived control scheme. Future investigations include considering the fixed-time
tracking control for unmodeled dynamical systems under actuator saturation.
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