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1. Introduction

Dunkl operators were introduced by Dunkl [1,2]. These operators are first-order
differential-difference operators which generalize partial derivatives. Moreover, they
are commuting. Their most important property is invariant under reflections. Based
on Dunkl operators, people can construct Dunkl Laplace operators. The Dunkl Laplace
operator is the sum of a second-order differential operator, which is used to study models
of mechanics [3,4]. In fact, the study of the theory of Dunkl Laplacian operators is a very
difficult task. The main reason for this difficulty is that Dunkl Laplace is not invariant
under the whole orthogonal group. However, it is the intertwining operator that allows
interchange in the Dunkl derivatives with the usual partial derivatives. The property of
the operator allows us to establish the structure of the Lie algebra [5-8]. Based on the
Lie algebra structure, we study Dirichlet and Neumann boundary value problems via the
framework of Dunkl analysis in this paper.

The Dirichlet problem (see [9]) is a very important boundary value problem for
polyharmonic equations. The solutions of Dirichlet problem and its related problems
for polyharmonic equations are given via Green function. Furthermore, the solvability
conditions for these problems were also studied in past studies [10-13]. Neumann boundary
value problems, unlike Dirichlet problems, require more restrictions on the boundary
conditions and are more complicated [14]. The solutions of the Neumann problem for
polyharmonic equations are given via the well-known Almansi formula without invoking
the Green’s function [15]. It is the aim of the present paper to extend this idea to study
Dirichlet and Neumann boundary value problems related to Dunkl polyhamonic equations
in a different way.

In this paper, we begin with an introduction to Dunkl operators and Dunkl Laplace
operators. In the next section, we construct solutions for inhomogeneous Dunkl poly-
harmonic equations based on the solutions of Dunkl-Possion equation [16]. In Section 4,
we investigate Dirichlet problems for Dunkl biharmonic equations. Moreover, we study
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Dirichlet problems for Dunkl polyharmonic equations in Section 5. In Section 6, we consider
solutions of Neumann problem for a non-homogeneous Dunkl polyharmonic equation.

2. Preliminaries

The purpose of this section is to introduce Dunkl and Dunkl Laplace operators. For
these details, readers can refer to [1-3,5-8].

Let R™ be the Euclidean space. Let {ej, 3, - - - e } be the standard basis of R™. Let
Ro,m be the associated real Clifford algebra in which ¢;e; + ¢je; = —24; ;. In fact, §;; = 0, if
i # j; thus, §;; = 1,if i = j. The vector space Ry, is generated viaes = ey e;, - - - ¢;,, where
1<l <l--<Ilx<m e =1 Eacha € Ry, can be written as a = ) ase4, where

A

m
a4 € R.Letx = (x1,---,xy) € R™ Thus, we have x = }_ x;e;. Furthermore, it is easy to
i=1

obtain x2 = — x|,
For ¢ € R™\{0}, the reflection ¢ is defined through
oz(x) = x —2<x’ ¢) ¢, xeR™

| 2

Let R be a finite subset of R™. If oz(R) = R, the set N is called a root system. Let
R4+ be a hyperplane through the origin. Thus, we have = R U (—R). The subgroup
W C O(m,R), generated via the reflections { 0¢|& € R}, is called the finite reflection group.
If a function x : ¥ — C is invariant under the group W, the function « is called a

multiplicity function. Setting s := x(¢), for { € . We will denote vy = ) «z .
geR,
For ¢(x) € C!(R™), the Dunkl operators T; are given as

wherei =1,...,m.
The Dunkl Laplace operator Ay, is given as

)=V T2o(x) = Ac(x o [ (V&lx), &) glx) —glogx)
Apg( )—;ng( ) = Ag( )+2§GZR:+ g( ) ) )

where A is the Laplace operator and V is the gradient operator. For xz = 0, the Dunkl
Laplace operator Ay, is the Laplace operator. Let g(x) € C?(R™). If the function g(x)
satisfies Ay g(x) = 0, it is called a Dunkl harmonic function.

If we allow Ay, to act on x?, we have Ayx? = —Ay|x?| = —(4m + 2y) = —2u, where
Rey > 0, and y is considered as the Dunkl version of the dimension.

3. Solutions of Inhomogeneous Dunkl Polyharmonic Equations

Definition 1. Let () C R™. Let E be the Euler operator. Therefore, the generalized Euler operator
E, is given as
m
Ey=A+E :A+2x,-ax,.,
i=1
where A € R. It allows us to obtain the property: if the function g(x) satisfies Ayg(x) = 0, it can

be said that Eg(x) also satisfies Apg(x) = 0. Morever, we have EP;(x) = 1P;(x), where P;(x) is
a homogeneous Clifford-valued polynomial of degree .
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Lemma 1. [5]. The operators x?, Ay, E,, generate the lie algebra

E%xz — sz% = 2x2,E%Ah ~ Ay = 201,20y — Ayx? = 4E;.

Let " be a star domain. Let f(x) € C®(Q*) ® Ro,,. Therefore, we study a solution of
the Dunkl-Possion equation via Clifford analysis

Apg(x) = f(x). @

Theorem 1. [16]. Let f(x) € C®(Q*) ® Ry . A solution of Equation (1) can be found in the form

(_1)5x2(s+1)

1
. m/o (1—a)*a ™A f(ax)da. @)

I} agk:

g(x) =

s

We assume all infinite series in this paper converge absolutely and uniformly in the
unitball S = {x € R" : |x| < 1}.
In this section, we consider the inhomogeneous Dunkl polyharmonic equation

Ajg(x) = f(x) 3)

where f(x) € C*(S) ® Rom-
Using Theorem 1, we obtain the following result.

Theorem 2. Let f(x) € C*(S) ® Ro,y. Therefore,

x2k 00 (71)Sx25
80 = S = 1)132) 45k (s 4 k)lsl.

/(;1 (1- uc)“k*loc”“_lAif(ocx)da 4)

is a solution of the Equation (3).

Proof of Theorem 2. We prove via induction. For k =1,

00 (71)5x2(s+1)

g(x) = s;OALSH(S—i-l)!s!

1

/ (1—a)’aS71AS f(ax)da, (5)
JO
which is a solution of Equation (3) for k = 1. We suppose that formula (4) holds for k = p.
Therefore, for k = p 4+ 1, we will prove that this formula is also valid.

Let AZg(x) = u(x). Next, using (3), we have Ayu(x) = f(x). Through applying
Theorem 1, we have

co (_1)5x2(s+1) /1 s 4
= -~ 1— prs—lipg da. 6

In addition, using the inductive assumption, g(x) can be written as

x2p [eS) (_1)sx25 1 tp-1 _
— _ s H+s—1As
8(x) 27 —1(p— 1)!s§=0 (s 1 p)!S!/o (1—a) « Aju(ax)do. (7)

Using Aju(x) = Azfl f(x), from (7), we obtain the representation

2 1 — _
g(x) = W;U"L’%ﬂfo (1—a)’ Lt Lu(ax)da

2 (1) 1 ~1 1 ps—
+2”’1x(p71)!£1 453’7(5);;)!5![0 (1= )P A f (e de

®)
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Let us transform the first integral in relation (8) with the use of the representation (6):
4pp, f3 (=P a1ty (vcx)doc

2(s+1)
47’p‘ fo (1—a)P” Tt Z %fol (1- 5)55”“7%2]{(“!395)‘15‘1“

g B G 0 a0 gy e
= o & FE I (= ) e — ) @) ) )

Let aB = t. Therefore, through changing the integration order, we have

1 1 g
4;%]! o (1= a)P Lan=1y u(ax)da

® 1)5 x2(s+1) B
= 7 EOWIO Jo (=) Ta(e — 1) ST LAS f(tx) dtda

_ i (*1)5)(2(5-&-1) / phts—1ps f(tx)/ ( Dc)pill’é(ﬂc—ﬂsdtxdi’ )
4Pp! = 45+l (s 4+ 1)ls! )
Leta =t + (1 —t)pB. Therefore,

I a(1 - )P (- t)da
:Lu—m“%% P [t + (1 - 1)Bldp
— (1 _ t)P+stf01 ‘B)P 1,Bsd,B + ( )p+s+1f01 (1 . ﬁ)p_lﬁs+ldﬁ.

We note that

/01 (1- oc)kilocs_ldoc = W (10)

Therefore

G e iy e
—1)!s! s s I(p—1)! s
= Grgrt( —pf)p + e 1=t
1)!s!(1=1)P"° [ (s+1
(P )(SJES)') ((Ss—k;g(—i-l )+t)
(p=1)!s!(s+14pt) (1- t)p+s
(p+s+1)! :

Through substituting the value of the integral into (9), and through making the change
in variables t — &, we reduce relation (9) to the form

T (=1)°x26+D +s (p—1)ls!(s+1+
= vk ﬁfo a1 — ) S(p()pi#ﬁf(”)d“ (11)
1 & 2(s+1) 1 +ss!(s+1+pa
- 47320 E} 1)!s! fO pes )p ’ p( p+s+ﬁ Asf(“x)

Now, we consider Formula (8) and transform the second integral through replacing
p—p+1:

oo 1525 1 . _
£ bt (1) I ()

°° ( 1)5x2 (s+1)
Z 45+PH (s p+1)1( s+l)‘f0

&) TPal AL f(ax)da (12)

s Zs+1 + |
=¥ 2 mfo (1= @) Parst (ot ) A5 f(wx)da
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Through applying the sum of the resulting expressions in (11) and (12), we rewrite
formula (8) in the form

1)5 2(s+1)

00 I(s+1+
%sgomfo al (1~ )p+sMAsf(“x)

p(p+s+1)!

-1 Sx2 (s+1)

+4;p +1 B fo phs1(] — g)5tP (W)Azf(“)

1)5x2(+1) — s sl(s+14+pa !
%fo i1 - a) +p( P((P‘*‘S‘i'ﬁ)) + (PSJ£S+1 )Azf(“x)

(

e
ol 1) 25+1 _ +1

=pL Wfo rl( —"‘)Hsp(,(g:ﬁAif(“)d“

( 1)5 2(s+1) +S—1(1 )erSASf(p(x)

:7?§‘Tmﬁaﬁ@%
which implies formula (4) holds for k = p + 1. The proof is complete. I

Corollary 1. Let Pj(x) be as stated in Definition 1. Therefore, the solution to the equation
AKg(x) = Py(x) can be represented in the form

2k (5] ( 1)Sx25AZP1(x)

= 1
80 = seg NS (st h)st(+p—s)(I+ptk—1) 13)

where { } is the integer part of 1 5

Proof of Corollary 1. Using Definition 1, we obtain A’,;Pl (ax) = txl’ZkAﬁPl (x). Therefore,
(4) can be transformed into

[é] s 25

Zk

8(¥) = 7= k1) 5 Z Tk s)—i-k)'s‘
[

fo (1- a)s+k_1oc”+s’1AZP, (ax)da

l]
_ x2k 2] (—1)°x 2SAGPI NS +k-1 l+y 2s+s5—1
- 2k71(k—1)!s¥O 45tk (k) 1s! fO (1—a) da.

Using formula (10), we have

2k

7 __1\5+25 AS _
$) = 5 ; AP (0T (s + KT+ 5 —5)

45tk (s +k)!SIT (I + p + k)

Using I'(s) = (s — 1)!, we find that

) XA P(x)T(I+ p =)

8 = 5 1(k—1vs§J 4s+k (s +k)sIT(I+ pu + k)

It follows that

x2k [%] -1 SxZSAsP x
g(x): — — Z — ( ) — h l( ) — ,
R T(k— 1) = (s +R)si(I+p—s)- (I +utk—1)

S

which completes the proof. [

Lemma 2. [16]. Let f(x) be as stated in Theorem 1. If Re u > 0, we can state that

M5 f ()] = by (x) + 4k 2By (). (14)
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Corollary 2. Let Pj(x) be as stated in Definition 1. Thus, the function

o(x) = x?120p) (x) i (=1)%(2i — 25 +2,2), (2] + 2p + 2i — 25,2),
MT(k—1)15 " skt ksl +pu+2i+k—1)1

is a solution of the equation Af g(x) = x%Py(x). Fors =0, (c,d)y=1.Fors =1,2,---,(c,d), =
clc+d)---(c+sd—d).

Proof of Corollary 2. Let f(x) = x%P;(x). We calculate this solution using Formula (4)
to obtain

2k 00 (71)Sx25

1 .
8(x) = 2"*12€k - 1)!520 L5k (s 1 k)!s!/o (1= a) el [(“X)lel(“x)} dat

Let us derive an expression for A}, [xZiPl (x)]. Using Lemma 2, we have
A [xZiPl(x)] — 4ix® (14 p+i—1)P(x).

Therefore, for 2s < 2i, we have

A5 [x*Py(x)] ,
=2i(20 —2) - (20 =25 +2) (2L + 2§ +2i —2) - - (2 + 2 + 2i — 25)x* " Py(x)
= (20 — 25 +2, 2),(2] +2p + 2i — 25,2) x* =2 Py(x).

Thus, as P;(ax) = «/Pj(x), we have

o (1= ) Tants—1ps [(ax)mPl(zxx)} du
= fo — zx)”k Larts=102i=25(24 2 — 25, 2) (21 4 2i 4 2 — 25,2) X%~ 2 Py (ax)da
= x272P(x)(20 — 25 +2, 2),(20 + 2 +2i —25,2), [ (1 — ) K Lart2itl=s-1gy

(

. . +k—1)!(p+2i+1—s—1)!
= x?725Py(x) (21 — 25 +2, 2) (2] + 2 + 2i — 25,2) = (y+)2(i;frk+lzfl)sl =

Thus, g(x) is transformed into

i

8(x) = gty X, s o (1= 0" w1 [ () By (o) e

_ P i ( 1)5 25 321-25(244-2 25, 2) (21421 —25+2p1,2).
2 T(k-1)1 5, 45K (s+k)Is! (u+2i+k-+1—1)!

2242 p (1) i (—1)°(2i—25+2, 2), (21+2p+2i—25,2),

2k-1(k-1)! & 45tk (s4k)s! (p+2i+k+1-1)! )

Thus, we complete the proof. [

4. Dirichlet Boundary Value Problems for Dunkl Biharmonic Equations
4.1. Homogeneous Dirichlet Problems for Inhomogeneous Dunkl Biharmonic Equations

In this section, we study the homogeneous Dirichlet problem for the inhomogeneous
Dunkl biharmonic equation in S: find a function u(x), such that

{ Aju(x) = f(x),

15
ulys =0, § an 15)

0,

with a polynomial function f(x). Here, n is the unit outward normal to the vector.
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Lemma 3. [16]. Let f;(x) be a homogeneous Clifford-valued polynomial of degree I. Thus,
fi(x) = Ry(x) + x*Rp_a(x) + - + xRy (x),
where R;_»;(x), we find homogeneous Dunkl harmonic polynomials and

(21 — 4i +2p — 2) (—1)°xZAT £ (x)

R;_5i(x) = . (16)
1-2i(%) (2,2); EO (2,2),(21 —4i — 25+ 24 — 2,2), 11,
where (c,d), is as stated in Corollary 2.
Theorem 3. Let f(x) be as stated in Problem (15). Thus, the function
2H1NE & 1) 1 a?\E
g(x) < 2 ) /0 k;] k+ 2k ( 1 ) Ay f(ax)a! ™ da (17)

is a solution of Problem (15).

Proof of Theorem 3. Step 1: Firstly, we study the homogeneous Dirichlet problem to find a
function for the Dunkl biharmonic equation satisfying

Aju(x) = xRy (%),
=0, & =0 (18)
Uulas =0, Gy 0
Using Corollary 1, we have
X2HAR) 9(x)
(20 +4) (20 +2) (2] — 2i + 2 + 2) (21 — 2i + 2p)
as a solution to the equation Aiu(x) = x%R;_»;(x), while we also have
[x2f+4 F (D41 + (=D + 2)x2] Ry (x)
. (19)

ui(x) = (20 +4)(2i +2) (2] — 2i +2u +2)(2] — 2i +2p)

as a solution of the Dirichlet problem (18).

Note that R;_,;(x) are the homogenous Dunkl harmonic polynomials and x* = — |x|2.
It is easy to check if Formula (19) is correct. We expand the polynomial f;(x) with the use
of the Almansi Formula (19) into terms of the form x*R;_;(x),

fi(x) = Ry(x) + °Ry_o(x) + - - + x¥Ry_pi(x), 1 = 2i > 0.

Let us apply Formula (13) to both sides. Thus, using Lemma 3, the solution of the
equation A?u(x) = x*'R;_5;(x) has the form

X2HARpi(x) Xl; (—1)°(2i —2s+2, 2) (21 4+ 2u — 2i — 25,2),
2

= 452(s+2)s!(p+1+1)! ’

where the homogeneous polynomials R; _,;(x) have the form

(20— di+2u—2) & (—1)"xA5 fi(x)

(2,2); EO (2,2),(2] —4i — 25+ 21 —2,2)

Rj_i(x) = :
s+i+1
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Considering the Dirichlet problem (17), we have the solution

[x2F4 4 (i+1) — (i +2)x%] Rj_gi(x) Zl; (—1)°(2i — 25 + 2, 2),(2] 4 2p — 2i — 25,2),
2 = 45F2(s+ 2)s!(p+ 1+ 1)! ’

Secondly, we consider the following homogeneous boundary value problem for the
inhomogeneous polyharmonic equation in S:

Apu(x) = fi(x),
u\as =0, gﬁ’as =0,

where f;(x) is a Clifford-valued polynomial of degree I, and 7 is the unit outward normal
to the unit sphere 0s.
Using Formula (19), we have

=
—~~
=
N
Il
Il Do~
=) i
=
—~
=
N

NI~

e~

(1) (141) +(=1) (142) 22| Ry ()
(2i+4) (2i+2) (21 —2i+2p+2) (21 -2+ 2p)

i=0
Lo e a2 (D)D) 42 Ry i)
- Eo (22); (=242, 2);; | =y (2i4)(2i42) (2T -2i+2+2) (A —20+2)
2 CV i)
50 22, (=242, 2);
+[%] (D' D)+H-D (+2)22] (1)1 p—ai-2)22at £ (x)
= 2is 2 5 PRI 22

Let i + j = k. Therefore, the last equality becomes

Y (—1) (i+1)x* A fi (%)
P 4’+2(i+2)!(l+y7i)---(l+y+l)
© AL (=) (I4+p—2k+2i—1) [ (k—i+1) (x¥ —x2+2) | (21 + p—4i—2)
+Z 4’<+2 ZZO (I+p—2k+2i—D)1(I+p—2k+i—1)-- (I+p—k+i+1)
g A F(x kiz (= 1) x2 i1+ —2k+2i—3) (14 —k+i+1)
- 4k+2 = 01'(k i+2) (I+p—2k+i—2)-(I+pu—k+i+1)
+>: A f, x)kiz( 1) 22 (k—i+1) (I+p—2k+2i—1) (I+p—2k+i—2)
4k+2 il (k—i+2)/(I+pu—2k+i—2) - (I+pu—k+i+1)

- & (k+1)Akf(x) (=) k(k—1)-- (k—i+1)x%
= («? +1) go 4k+z(kh+lz)1 EO NI+ p—2k+1)—(I+p—k+i+1)"

Applying Formula (10), we have

! — 1 ! k+1 I4p+i—2k—1
(l+#—2k+i)"'(l+}4—k+i+l)_(k+1)!/0 (1-a)" da.

Thus,

1 k1 I+ p—2k—1 k(k—=1)-(k—i+1)aix?
fO <1 ) " Z iN(I+pu—2k+i)---(I+pu— k+z+1)d

k
fO k+1 (1 ax ) aler Zkfldtx.
Therefore, we have

(x) <x2+1>2/1 © (1+a2) (1 -t
ux) =
! 2 Jo & 4k r2)k!

AF fr(ax)ada.
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Thirdly, we consider the boundary value problem (15).
Since u(x) is an arbitrary polynomial, let u(x) = Y u;(x). and let u;(x) denote the
1

polynomial solution of Dirichlet problem (15). Thus,

(x? +1 (1+ ax?) 1—ch)kJrl Ak 1
=) u(x) = / Ap f(ax)at " da.
; Z 4k k+2)'k' h

We complete the proof. [

4.2. Inhomogeneous Dirichlet Problems for Homogeneous Dunkl Biharmonic Equations

In this section, we investigate the inhomogeneous Dirichlet problem for the homoge-
neous Dunkl biharmonic equation to find a function u(x), such that

A2 =0,
{ = (20)

ulys = fi(x), 5 =0

with a Clifford-valued polynomial right-hand side fi(x) for m > 2. Here, n is the unit
outward normal to the unit sphere 9S.

Theorem 4. If u(x) € C2(S) ® Ry, it is true that

u(x) = fi(x) + H5Efi(x)
+(x2f+1)2f01 k"z_": (1;if(2+(;)'k0:) Ak (Ef1 _ ﬁAhfl) (wx) e da.
is a solution of Problem (20).
Proof of Theorem 4. With the help of Formula (17), we will find the function

_ (@)’ e 1+ aed) -0t
s =5 /Ok—o 4K (k 1 2)1k!

AFF2 £ (ax)ah o

as the solution to the following problem

{A%g(x) = A%fl(x), xeqQ,

3 (21)
8las =0, % 3s =0.

Let the Dunkl harmonic polynomial /(x) satisfies the condition h(x)|;g = Ef1(x)|5s-

Therefore, the function u(x) = f1(x) + #h(x) — g(x). We can check if that the
function satisfies the equation A?u(x) = AZf;(x) — AZg(x) = 0. Through applying the
properties of the operator E, we have u|;s = f1(x) and

—E <f1(x) 41 J;xzh(x))

The polynomial /1(x) is written as

2 00 ax? koo
h(x) = Ef1(x) — xT—;—l/Ol I;) (1 +4kx(k)+(;)!k! AZ+2f1(0¢x)a#—ldu¢.

ou

on |5

= (Efi(x) — h(x))|y5 = 0.

aS

a)kJrl
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Thus, the solution u(x) is written as

wm fm+“#w<>

00

k
1+ax (1—a) _ _
fO 4k+1 12+1)'k' AI;[+1 (Efl - zlk_:ﬁ;Ahfl) (‘Xx)ay 1d“'

O

4.3. Inhomogeneous Dirichlet Problems for Homogeneous Dunkl Biharmonic Equations

In this section, we consider the inhomogeneous Dirichlet problem for the homoge-
neous Dunkl biharmonic equation to find a function u(x), such that

Bju(x) =0 22
{w%a% = fa(x), 22

with a right-hand side Clifford-valued polynomial f,(x) for m > 2. Here, n is the unit
outward normal to the unit sphere 9S.

Theorem 5. If u(x) € C?(S) ® Ro,n, it is also true that

l [e9)

u(x) = #fz(x) _ (ngl)zfo ;Eo wAkﬂf (wx)ada

4R+ (k1) k!

is a solution to Problem (22).

Proof of Theorem 5. Supposing that g(x) satisfies the condition g(x)|;5 = f2(x)|5g- Let
u(x) = #g(x). Thus, the function u(x) satisfies u(x)|55 = 0, and

_ Fuly, — (g(x)E(xz; 1) N x2;_ 1Eg(x)>

The function g(x) can be written as

ou(x)
on

= fa(%)l5s-

2S

ds

g(x) =

x +1/ (14 ax?) (1—oc)kJrl

k+1 -1
4k( k+2)lk| &, fo(ax)a™ da

Therefore, we have

u(x) = 22 f(x)

241 2 ® (14 1 B
& 2 ) fol kgo ( 4kif(,2+(1)‘kbf) Aka (wx)at .

0

4.4. Inhomogeneous Dirichlet Problems for Inhomogeneous Dunkl Biharmonic Equations

In this section, we study another mathematical problem. Assuming that f(x), f1(x),
and f,(x) are Clifford-valued polynomial functions, we find a function u(x), such that

{ Apu(x) = f(x),

ulas = f1(x), |, = fal). (23)
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Theorem 6. If u(x) € C?(S) ® Ry, it is also true that
x2
u(x) = fi(x) + B [A ) - Ekf2(x)]
) © (14 2 1— +1
2 ) B S [ — )+ 4~ 437)] )
is a solution of Dirichlet problem (23).

Proof of Theorem 6. Problem (23) is a combination of three problems: Equations (15), (20),
and (22). Applying Theorems 3, 4, and 5, we find the result. [

5. Dirichlet Boundary Value Problems for Dunkl Polyharmonic Equations
5.1. Homogeneous Dirichlet Problems for Inhomogeneous Dunkl Polyharmonic Equations

In this section, we consider the homogeneous Dirichlet problem in the unit ball. We
aim to find a function u(x), such that

arr

pu(x) = f(x),
{”|as 0 a’ =0 i=1 k1, (24)

with a right-hand side Clifford-valued polynomial f(x) for m > 2.
Next, we give the important property of the Euler operator E as follows.

Lemma 4. [12]. Let QO C R™. Then

a0’

where the factorial power operator EXl = E(E —1)--- (E —k+1).

Theorem 7. The solution of Dirichlet problem (24) can be written as

1 1 1— s+k—1 y+571
60 = 35 e H/ e 25(—i—2k)'?(25) Wf (ax)de, o (29)

where s < {deg@}.

Proof of Theorem 7. Using Theorem 2, we obtain the solution to the equation Aﬁu(x) =
f(x). Let f;(x) be a homogeneous polynomial of degree I. Using Lemmas 2 and 3, we have
the solution of the equation A¥u(x) = fi(x), given as

! .
_ % XHf ()
L (21 2,2), 2 —2i + 21, 2);

Step 1: we consider the following homogeneous boundary value problem for inhomo-
geneous polyharmonic equations in the unitball S = {x € R : |x| < 1}

Afu(x) = X% fi_pi(x),
Ulys =

0 (A ]a =0, i=1-- k—1. (26)

7 ont
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The solution of the homogeneous Dirichlet problem (26) is given as

B (x2 +1) fi_pi(x) L4 k)(itk—1) - (i—j+1) j
ui(x) = Gix 2,2),(21 —12i2+ 21, 2) 5 G+ ("2 + 1) ‘

Step 2: we consider the following homogeneous boundary value problem for inhomo-
geneous polyharmonic equations in the unitball S = {x € R™ : |x| < 1}

ju(x) = filx),
{”|as 27

0 al :0, i=1,---,k—1.

7 ont

The solution of the homogeneous Dirichlet problem (27) is given as

5]

» ﬂ (2 +1)"fiai(x) Stk (i—j+) (x2+1)j
i (2 12,2, -2 + 25, 2), & (G+5)! ‘

i=0 1:0
Let (¢), =c(c+1)---(c+s—1). Thus, we obtain

" .
(5] Al (x i x%

_ 1 Ck 1 E .

ul(x (x ) 2 i+k— 141+k l 4 k l —2i +] ,u)i+k

Applying the properties of the Euler gamma and beta functions, we have

1 - 1 ! i+k—1 _1-2ij—p—1
T—2i+]— Wy (z'+k—1)!/o (=0 da.

Thus, we have

L/ k1120 15 2 Lt i+j-1 2\ 12ieu—1

17/ (1—a) P AaCE N ng]da:?'/ (1—a) ] (1_'_0(3()“,1,”7 m

'Jo . 1
j=0

Therefore, we have

x o _a s+k—1
i (x) = +1 "/ Z 1+25—|—)2§<1)!!(25))!! if (@)l

where the sum over s is finite, and the upper summation index is {é} .

Step 3: we consider the problem (24). We note that the function f(x) can be written as
f(x) =X fi(x). Therefore, the solution to problem (24) is given as u(x) = Y u;(x), where
l 1

u;(x) is a solution of Dirichlet problem (27). It follows from Theorem 3 that

Nug!

k s S—k— s
x*+1 1% (14ax?)’ (1—a)Hlgnts—1 s
u(x) = ((Zk 2))" 0 _0( ()25+2k)!!(25)!! Ah;fl(“x)d“

1+rxx ) (1704)5%710&“*'5_1

+1 1
- & (ZT20)0(2s)N A f (ax)da

= 20— 2n 0

HP’J8
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5.2. Inhomogeneous Dirichlet Problems for Homogeneous Dunkl Polyharmonic Equations

In this section, we consider the inhomogeneous Dirichlet problems for the homoge-
neous Dunkl polyharmonic equation in S.

Afu(x) =0,

{Mas :fO(X), g:’fras:fi(x), l:l,k_l/ (28)

where 7 is the outward normal to 95, and f;(x) are Clifford-valued polynomials.

Theorem 8. The solution of Dirichlet problem (28) is given as

k-1 1 j
u(x)zlzo(xz—i-l) l, 0( )E(E_Z(l—l))fl(x)
= ] =
k=i X +1 o -HXXZ 1—a s+k—i—1 ah-1 B
i 2 "f § Zs)+2((k A i ax)da

Proof of Theorem 8. Using Lemma 4, we can check out this result directly. []

5.3. Inhomogeneous Dirichlet Problem for a Inhomogeneous Dunkl Polyharmonic Equation

In this section, we construct a solution to the inhomogeneous Dirichlet problem for
the inhomogeneous Dunkl polyharmonic equation in S. That is, finding a function u(x)
satisfying
{ Aju(x) = f (x)/
ulas = fo(x), W\ = filx) i=1, k=1,

where 1 is the outward normal to 9S, and f(x), fj(x) are Clifford-valued polynomial
boundary data.

(29)

Theorem 9. If u(x) € C*(S) ® Ry, then the function

u(x) =X (x2+1)i 211‘ Il i ]lr

£ LI (B2~ D)AW

»:0 )
K (x? °° 1+ax ) (1—a)¥Th=i=Tgp—1
s+k—1 ¢
k HfO P (2s+2(k—1))1(2s)!! Ah fl(zxx)da
k s k-1
x +1 °° 1+zxx2) (1—a)*Han=1
2(2k-2) "fO =0 (2542k)11(2s)! Ahf(DUC)dDC

is a solution of Problem (29).

Proof of Theorem 9. This result follows directly from Theorems 7 and 8. [

6. Neumann Problem for a Nonhomogeneous Dunkl Polyharmonic Equation

Consider the Neumann problem for a non-homogeneous Dunkl polyharmonic equa-

tionin S :
{ A’flu(x) = Q(x),

—ﬁ() s€0S,i=1,---k (30)

anl

where 7 is the outward normal to 95, and Q(x), fi(x) are Clifford-valued polynomial
boundary data.
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Theorem 10. A solution to the Neumann problem (30) can be written as
1
u(x) = / g(tx)t'at,
0
where Re p > 0 and g(x) the solution to the Dirichlet problem
aAj’;lg(x) = (Ex+2k)Q(x), x €S, 1)
Slos = fi(s), 25| = ifi(s) + firr(s) s €S, i=2, k-1,

Proof of Theorem 10. Using Lemma 1, we have

AFEuu(x) = ASVE, Apu(x) + 2AKu(x)
= A} 7Eufu(x) + 48fu(x) = - = (Eulf + 2k u(x).

If we apply E, + 2k to both sides of the equation Afu(x) = Q(x), then
(Ey +2k) Aku(x) = AKE,u(x) = (Eu +2k) Q(x).
which implies that g(x) = E,u(x) satisfies the equation Akg(x) = (E, +2k) Q(x).
Fori =1,
u
on

Using Lemma 4, we have

= Eyu(x)|ys = g(x)[ps = f1(s).

ds

olu

o = Eulag = (E=1)- - (E=i+ 1) flys = fils), i=2,- k.

ds

Noting that
(E-1)---(E-i+1)=E(E-1)---(E-i+2)—(i—1)(E-1)---(E—i+42).

Therefore -
i
—(i—-1) o u

i—1
ds on'’ Js

aig

8 = fi(s), i=2,k

It follows that the function g(x) satisfies the boundary condition of problem (31)

aig

il = ifi(s) + fiz1(s), s €0S,i=2,---k—1.

ds

Supposing that
1
u(x) :/ g(tx)t"Ldt.
0

Therefore

g(x) = [y &gty ~1dt = [ [uth—1g(tx) + # " Eg(tx) ]t
= fol Eug(tx) t'=1dt = Eyu(x).

Since g(x) is a solution of the Dirichlet problem, it follows that u(x) is a solution of
the Neumann problem (30). [
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