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Abstract: For multi-axle distributed drive (MADD) vehicles, the complexity of the longitudinal
dynamics control system increases with the number of driven wheels, which presents a huge chal-
lenge to control the multi-motor drive vehicle with more than four wheels. To reduce the control
system complexity, this paper proposes a coordinated slip control algorithm using the hierarchi-
cal linear quadratic regulator (HLQR) scheme for a 12 × 12 MADD vehicle. The 12-wheel driving
system is decoupled based on the wheel load and simplified to a double local subsystem. First,
the 12 × 12 MADD vehicle dynamics model is established. Then, the optimal slip ratio is obtained
on the basis of the road friction coefficient estimation through a fuzzy control algorithm when the
wheel slips. Afterwards, the wheel slip ratio is controlled based on the HLQR program for anti-slip
regulation. Furthermore, the driving torque control allocation based on quadratic programming (QR)
is coordinated with the anti-slip control. Simulink results show that the proposed coordinated slip
control based on HLQR can improve slip control accuracy by more than 30% and greatly reduce the
calculation load. The torque control allocation is also limited by the slip control results to ensure
wheel dynamic stability and smoothly satisfy the driver’s demand.

Keywords: distributed drive; multi-axle vehicle; slip ratio control; hierarchical linear quadratic
regulator; torque distribution

MSC: 90C20

1. Introduction

With the booming development of modern highways, large special vehicles as well
as heavy vehicles have become the main means of transportation for large equipment
or a large amount of materials. Multi-axle drive patterns with more than two axles can
significantly increase the load capacity of the vehicle, which is an important trend in the
development of heavy vehicles [1]. Furthermore, hybrid electric vehicles (HEVs) and
electric vehicles (EVs) are regarded as one approach to solving the problems of the global
environment and energy, which also facilitate the realization of autonomous driving [2–4].
In addition, the electric motor driving system can generate torque faster and more accurately
than the international combustion engine (ICE). In particular, distributed-drive EVs can
control the wheel braking/driving torque independently, which is greatly beneficial for
vehicle longitudinal and lateral dynamics control [5–7]. In particular, the distributed drive
system is suitable for commercial multi-axle driven vehicles, where the problems of the

Mathematics 2023, 11, 1964. https://doi.org/10.3390/math11081964 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math11081964
https://doi.org/10.3390/math11081964
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-1292-8773
https://doi.org/10.3390/math11081964
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11081964?type=check_update&version=1


Mathematics 2023, 11, 1964 2 of 18

layout and the increased unspring mass are not as obvious as in passenger cars [8–10].
Therefore, multi-axle distributed drive (MADD) vehicles have been the focus of researchers.
Previous studies have indicated the performance improvement of MADD vehicles in
traction, steering response, and yaw stability [11,12].

Anti-skid control is essential for vehicle longitudinal dynamics control to improve
vehicle stability [13–15]. For MADD vehicles, the driving torque can be flexibly distributed
among the wheels. In summary, there are two layers of control in longitudinal dynam-
ics: (1) the upper-level controller focuses on the control allocation between the wheel
torques; and (2) the lower-level controller regulates the torque driven on the wheel based
on the slip ratio control. In the control allocation of MADD vehicles, multi-objective opti-
mization methods are usually used to satisfy the vehicle control requirements in several
aspects [16,17]. The control objectives generally include the minimum following error of
the total desired torque, the additional yaw moment, and the minimum consumption of
road friction conditions. Other factors related to electric motor failure, such as the limit
of the torque output and the energy consumption, can also be integrated into the control
objective [18]. Quadratic programming (QP) is widely employed for the formulation of
multi-objective optimization problems [19,20]. After solving the above problem, the desired
torque for each wheel is obtained for the lower driving torque control layer.

In the layer of driving torque control for each wheel, slip-based control is common.
Slip ratio is an important variable to control the tire force by regulating the wheel driving
torque [21,22]. Various control methods have been applied for slip control, such as the pro-
portional integral derivative (PID) method, the sliding mode control (SMC) algorithm, and
the model predictive control (MPC) scheme [23,24]. If the slip ratio is too large, the driving
torque should be regulated to reduce wheel spinning. In this condition, the wheel slip ratio
with the maximum driving force is usually set as the reference slip ratio [25,26]. However,
anti-slip control and torque distribution control are usually realized independently. If the
wheel is determined to be a slipping wheel, the driving torque is reduced directly in the low
layer of the torque control. Actually, the state of the wheel slipping should be considered in
the torque control allocation. For instance, the driving torque can be transferred to other
wheels if one of the wheels reaches a large slip ratio.

In previous studies, slip ratio control was generally conducted individually for each
wheel, where the single-input and single-output (SISO) methods, such as PID and SMC,
were usually used [5,16]. These methods control the slip ratio of each wheel, which
is treated as a local subsystem of the vehicle. This way, every local subsystem can be
stabilized. However, it cannot ensure the global stability of the vehicle. As a result,
the multi-input and multi-output (MIMO) control methods, such as the linear quadratic
regulator (LQR) method, should be designed to stabilize the overall system. However, the
dimensions of the control system will be larger when there are more driven wheels. As
there are physical interactions among the wheels because of the mechanical connections
between the wheels and the vehicle body, the MADD vehicle should be treated as a
multiagent dynamical system [27]. For the multiagent system, the hierarchical linear
quadratic regulator (HLQR) is an alternative proposed solution for optimal control of the
complex dynamical system [28]. It aims to simplify the control model through the control of
the representative local subsystem according to the internal connections. In reference [29],
the HLQR is applied for slip control of a four-wheel independently driven vehicle, where
the parameters and the movement of each wheel are assumed to be almost the same.

However, for MADD vehicles with more than four wheels, the vehicle length and
distances between axles increase, which will increase the difference in parameters and
rotation states between wheels. Thus, the multiagent system cannot be simplified to several
same local subsystems. Multi-wheels must be classified and decoupled according to their
physical characteristics. Furthermore, there are more control variables, and the coupling
of wheels will be more complex for MADD vehicles, which makes it difficult to construct
the HLQR system. Nevertheless, this is where HLQR can leverage its strengths. If HLQR
is successfully implemented, the complexity of the control system will be significantly
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reduced. Therefore, the construction and application of the HLQR system for MADD
vehicles with more than four wheels must be further explored.

As the previous research about HLQR for four-wheel in-wheel-motor vehicles is not
suitable for MADD vehicles with more than two axles. This research gives a solution
for simplifying the longitudinal dynamics control for a 12 × 12 MADD vehicle based on
HLQR. As the wheel rotation speed and slip ratio are affected by the wheel load, the wheel
load is one of the most important physical characteristics of each wheel. Even though the
instantaneous dynamic wheel load changes with the load transformation as the vehicle
drives, it is related to the static wheel load, which depends on the distance between axles.
Thus, this paper decouples the 12 wheels based on the wheel static load and divides the
12 × 12 driving system into two local subsystems. Subsequently, this paper shows that
HLQR is realized by a hierarchical control framework. The lower level for each subsystem
tracks the reference slip ratio with the maximum driving coefficient when the wheel slips.
The upper level obtains the driving torque for all wheels according to the interconnection
between the two subsystems. In this way, the calculation of the slip control system for
12 wheels can be considerably simplified. In addition, the driving torque control allocation
based on the QP algorithm makes wheel slipping a constraint, where the state of wheel
slipping can be fed back to the upper layer for torque distribution. This facilitates the
collaboration of slip ratio control and torque distribution.

In summary, the main contributions of this paper are as follows:

(1) The HLQR method is expanded to a 12 × 12 MADD vehicle, where the 12-wheel
driving system is decoupled according to the static wheel load and simplified to a
double local subsystem. The front four wheels with a small vertical load are simplified
to a local system, and the rear eight wheels with a large vertical load are simplified
to another local system. The complexity of the longitudinal dynamics system for
12 wheels is reduced significantly;

(2) The coordination of anti-slip control and torque distribution is proposed. By adopting
the wheel-slipping state as a constraint, the torque distribution can be regulated based
on the feedback.

The following sections of this paper are described: in Section 2, the longitudinal
dynamics control framework and vehicle dynamics modeling for MADD vehicles are
introduced. Then, in Section 3, the HLQR method is utilized for the anti-slip control of
wheels. In Section 4, the torque distribution control of the vehicle is coordinated with the
slip control based on the QP algorithm. In Section 5, some cases are simulated to verify the
proposed algorithm. Section 6 demonstrates the discussions.

2. Control Framework and MADD Vehicle Model
2.1. Framework of Coordinated Slip Control

The framework of the coordinated slip control is presented in Figure 1. There are two
control layers: the slip control based on HLQR and the coordinated control of anti-slip and
torque distribution. First, slip control based on HLQR is conducted to ensure the stability of
each wheel. If the wheel is recognized to be slipping, the slip ratio that the extreme driving
coefficient reaches is set to the optimal slip ratio. According to the HLQR control scheme,
the control system with 12 wheels is divided into a dual local subsystem. In this way,
the anti-slip control problem of 12 wheels is simplified and solved to follow the optimal
slip ratio. Then, to distribute the torque among the 12 wheels, the coordinated control of
anti-slipping and torque allocation is assigned. When anti-skid control is involved, the
torque of the slipping wheel is constrained by the slip control. The torque of the other
wheels can be redistributed to ensure the overall drive’s performance and stability.
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Figure 1. The coordinated slip control framework of the MADD vehicle.

2.2. Modeling of the MADD Vehicle

This paper focuses on a 12 × 12 HEV, which consists of an auxiliary power unit (APU)
and 12-wheel-side electric motors in the driving system. The APU generates electric power
from a diesel engine. The wheels are driven independently by the 12 electric motors. As
the aim of this paper is vehicle dynamics control in the longitudinal direction, the power
system is ignored, and only the dynamics model of the MADD vehicle is established. For
coordinated slip control, the MADD vehicle dynamics model in the longitudinal, lateral,
and yaw directions is developed as shown in Figure 2.
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The specific model of the 12 × 12 MADD vehicle in the longitudinal direction, lateral
direction, and yaw direction are presented as (1):

m(
.
u − rv) =

12
∑

i=1
Fxi − FR

m(
.
v + ru) =

12
∑

i=1
Fyi

Iz
.
r = (L1 + L2)(Fy1 + Fy2) + L2(Fy3 + Fy4)− L3(Fy5 + Fy6)

−(L3 + L4)(Fy7 + Fy8)− (L3 + L4 + L5)(Fy9 + Fy10)

−(L3 + L4 + L5 + L6)(Fy11 + Fy12) +
B
2

12
∑

i=2
Fxi − B

2

11
∑

j=1
Fxj

(1)

where m is the vehicle mass; u is the vehicle speed in longitudinal direction; v is the vehicle
lateral velocity; r is the yaw rate; Fxi and Fyi are the longitudinal and lateral forces of
wheel i under the vehicle coordinate system; FR is the driving resistance consisting of
rolling resistance, acceleration resistance, and slope resistance; and L1,L4,L5 and L6 are
the distances between one axle and the next axle, as shown in Figure 2. L2 and L3 are the
distances from the 2nd and 3rd axles to the center of mass, respectively, and IZ is the vehicle
yaw rotational inertia. B is the wheel base.

The rotational motion of the wheel can be modeled by the following equation:

Iw
dωi
dt

= Tiig − Tbi − Tf i − Fxwi · rw (2)

where Iw is the wheel rotational inertia, ωi is the rotation speed of wheel i, Ti is the drive
torque on wheel i, ig is the gear ratio, Tbi is the wheel braking torque, Fzwi is the wheel
vertical load, Tf i is the rolling resistance, Fxwi is the wheel driving force under the wheel
coordinate system, and rw is the tire radius.

The Dugoff tire model is adapted to calculate the tire force in longitudinal direction Fxwi
and the tire force in lateral direction Fywi. This model can be applied for the condition with
combined slipping in the longitudinal direction and lateral direction [30]. The presentation
of the tire forces is given in (3):

Fxwi = Cx · Sxi
1+Sxi

f (λ)
Fywi = Cy · tan α

1+Sxi
f (λ)

f (λ) =
{

λ(2 − λ) λ ≤ 1
1 λ > 1

λ = µFzwi(1+Sxi)

2
√
(CxSxi)

2+(Cy tan α)2

(3)

where Cx and Cy are the longitudinal and lateral stiffness of the tire, Sxi is the longitudinal
slip/rotation ratio, and α is the side slip angle of the tire. λ is the parameters to judge
whether the current working state of the tire is in the linear zone, and µ is the peak adhesion
coefficient of the road surface.

The calculation of the tire slip ratio can be conducted using the following equation:

Sxi =
ωirwi − uwi

max(ωirwi, uwi)
(4)

where uwi is the wheel moving speed, which can be approximated as the vehicle speed [31].

3. Slip Control Based on HLQR

For anti-slipping control, the optimal output torque of every single wheel is calculated
to track the optimal slip ratio. On the basis of the HLQR scheme, the time-varying inter-
connection system with 12 wheels is reconstructed into dual local subsystems, which can
simplify the calculation of the control algorithm.
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3.1. Calculation of the Optimal Slip Ratio

For antiskid control, the optimal slip ratio is generally defined as the slip ratio that
can reach the maximum driving force coefficient, which is related to the road adhesion
coefficient. In this paper, the optimal slip ratio is determined by a fuzzy control algorithm
based on road identification. For the MADD vehicle researched in this paper, Figure 3
shows the relationship between the driving coefficient and the wheel slip ratio on the
road surface with an adhesion coefficient of 1.0. The extreme driving coefficient is at its
maximum at the optimal slip ratio.
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The relationship between the driving coefficient µ and the wheel slip ratio Sxi of the
wheel i shown in Figure 3 can be written as the following equation [32]:

µ(Sxi) = C1(1 − e−c2Sxi )− C3Sxi

Sxiopt =
1

C2
ln C1C2

C3

µmax = C1 − C3
C2
(1 + ln C1C2

C3
)

(5)

where C1, C2 C3 are the constant parameters of the road surface, Sxiopt is the optimal slip
ratio of wheel i on the present road surface, and µmax is the adhesion coefficient. The
parameters of different road surfaces are referred to in the literature [32].

The fuzzy method is adopted to identify the present road surface and obtain the
optimal slip ratio. The inputs of the fuzzy control method are the current slip ratio, wheel
driving force, and wheel vertical load. In this way, the road can be identified, and the
corresponding optimal slip ratio can be obtained.

3.2. Modeling of MADD Driving System

For the linear quadratic regulator (LQR) problem, it is necessary to build the wheel
dynamics model with the slip ratio as a state variable. For driving conditions, the derivative
of the slip ratio (6) can be obtained based on (4):

.
Sxi = − 1

rw
·

.
uωi − u

.
ωi

ωi
2 (6)

According to (1), (2), (4) and (7) can be derived as follows:
12
∑

i=1
Iwi

.
ωi =

12
∑

i=1
Ti −

12
∑

i=1
Tf i − rw ·

12
∑

i=1
Fxi

.
u = 1

mrw
(

12
∑

i=1
Ti −

12
∑

i=1
Tf i −

12
∑

i=1
Iwi

.
ωi − rw · FR)

u = (1 − Sxi)ωirw

(7)
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Assuming that the rolling resistance can be ignored, the dynamics model of the wheel
slip ratio can be solved by substituting (7) into (6):

.
Sxi = − rw

Iwiωi
Fxwi −

1
mωirw

12

∑
i=1

Fxwi −
.

ωi
ωi

Sxi +
1

Iwiωi
Ti (8)

By defining
.
ei = Sxi − Sxiopt, xi = [Fxwi, Sxi, ei]

T and ui = Ti, the state equation of each
wheel can be expressed as follows:

.
xi = A1ixi +

12

∑
i=1

A2ixi + B1iui + B2iSxiopt (9)

where

A1i =

 − 1
Tni

Cxi
Tni

0

− rw
Iwiωi

−
.

ωi
ωi

0
0 1 0

 (10)

A2i =

 0 0 0
− 1

mωirw
0 0

0 0 0

 (11)

where B1i =
[
0 1

Iwiωi
0
]T

,B2i =
[
0 0 −1

]T and Tni is the inertia time constant of the
tire force.

Based on (9), the whole driving system with 12 wheels can be expressed in (12):

.
X = AX + BU + Dt (12)

where X = [x1, x2, . . . , x12]
T , U = [u1, u2, · · · , u12]

T , A = I12 ⊗ A1i + Γ12A2i and
B = I12 ⊗ B1i.

Where I12 is the identity matrix with 12 rows and 12 columns, and Γ12 is the matrix
with full 1 for 12 rows and 12 columns. As B2i and Sxiopt are constant on the same road
surface, Dt = I12 ⊗ B2i · Sxiopt can be seen as the external interference term.

3.3. Design of the HLQR Control System

The multiple wheels have essentially the same dynamics and interact with each other,
which can be described as a multibody interconnected system. Based on the HLQR control
scheme for this type of system, the whole control system includes the upper layer and
the lower layer, as shown in Figure 4. In the lower layer, the local feedback gains Kl
can be obtained based on the solution of the Riccati equation for the local homogeneous
system. For the upper layer, the upper feedback gain Kg is solved by considering the
interconnection of multiple local systems. The control outputs of both layers are added up
to calculate the control input of the whole system U(t).

For the system with 12 wheels, the optimal feedback gain of the whole control system
can be calculated as follows:

K = I12 ⊗ Kl + Γ12 ⊗ Kg (13)

where Kl is the feedback gains of the local homogeneous system, Kg is the overall feedback
gain, and ⊗ is the Kronecker product.

The feedback gains Kl and Kg can both be solved according to the LQR theory, as
shown in (14): {

Kl = R−1
l BT

1iPl
Kg = R−1

g BT
1iPl

(14)
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where Pl is the Riccati equation solution of the local subsystems, Rl is the weight matrix of
the control input of the local subsystem, and Rg is the weight matrix of the global control
input considering the interconnection between subsystems.
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The Riccati equation solution Pl of the local subsystems can be obtained by the follow-
ing equation:

.
Pl = −PlA1i − AT

1i
Pl + PlB1iR−1

l BT
1 Pl − Ql (15)

where Ql is the weight matrix of the state variable of the local subsystem.
For the 12 × 12 MADD vehicle researched in this paper, the vertical load on the front

four wheels is considerably greater than that on the eight rear wheels. In addition, the
longitudinal stiffness of the front four wheels is also substantially higher than that of the
rear eight wheels. Therefore, the working conditions of the wheels on the front two axles
are different from those of the wheels on the rear four axles at the same time. As a result,
the whole system with 12 wheels can be divided into two local subsystems. The first one is
represented by the left wheel of the 1st axle, and the second one is represented by the left
wheel of the 3rd axle.

The whole feedback gain can be described as follows:

K =

[
I4×4 ⊗ Kl1 04×8

08×4 I8×8 ⊗ Kl5

]
+
[
Γ12×4 ⊗ Kg1 Γ12×8 ⊗ Kg5

]
(16)

where Kl1 = R−1
l1 BT

11Pl1, Kg1 = R−1
g1 BT

11Pl1, Kl5 = R−1
l5 BT

15Pl5, Kg5 = R−1
g5 BT

15Pl5, Pl1 and
Pl5 are calculated by the solution of the Riccati equation.

It can be seen that B11, B15 are both matrix with 3 × 1 dimensions, the Hamiltonian
matrix is a 6 × 6 matrix. However, the matrix A in the whole system model has dimensions
of 36 × 36. As a result, with the HLQR control, the calculation load of the slip control is
reduced immensely.

For each local subsystem, a standard quadratic objective function is constructed in a
control step Ts =

[
t0 t f

]
as follows:

J =
1
2

XT
tf

SXtf +
∫ t f

t0

(
1
2

XTQX +
1
2

UTRU)dt (17)

where S, Q, R are the weight matrices, U = −KX.
Specifically, the HLQR problem can be solved by the following steps, as shown in

Algorithm 1.
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Algorithm 1: HLQR Algorithm

Initialization: Configure weight matrix Ql1,Ql5,Rl1,Rl5,Rg1,Rg5 and Initialize Sl1,Sl5;

Calculation: Calculate the state transition matrix A11,A15 and control matrix B11,B15 of two local
subsystems;

Analytical solution: Constructing Hamiltonian matrices of two local subsystems, t = t0,

t f − t0 = Ts = 0.01 s, obtain the Riccati equation analytical solution

Pl1, Pl5 respectively;

Control output: Find the global optimal feedback gain K and the optimal control input U;

Repeat: S(k + 1) = P(t f , k − 1) = P(t0, k − 1);

Return: A,B.

4. Torque Control Allocation Based on QP

Through slip control in Section 3, the driving force of each wheel is regulated to
prevent large wheels from slipping. According to the characteristics of MADD vehicles, the
driving torque needs to be further distributed among individual wheels according to the
slip control of every single wheel. In this paper, the QP algorithm is adopted for torque
control allocation, where the wheel slip control results are taken as a constraint.

4.1. Cost Function of Torque Control Allocation Problem

The cost function includes three items are as follows:

f(x) = λ2f1 + σ2f2 + κ2f3 (18)

where x = [x_1, x_2, . . . , x_12]
T = [Fx1, Fx2, . . . , Fx12]

T , f1, f2, and f3 are the three objective
items and λ,σ,κ are the weight factor of the three objective items.

Every cost function term can be formulated as a QP problem. The first term of the
objective function is the tracking error of the demand driving force and the additional
yaw moment:

λ2f1 =
1
2

xTH11x + cT
11x +

1
2

xTH12x + cT
12x (19)

where H11 = 2λ2W2
Fx
· Γ12,c11 = −2λ2W2

Fx
Fx_need · ΓT

12, Mz_need is the desired additional yaw
moment arising from the differential driving control, h12_part =

[
1 −1 . . . 1 −1

]
1×12,

h12 =
[
h12_part −h12_part · · · h12_part −h12_part

]T
12×12,H12 = 2λ2( B

2 WMZ )
2 · h12,

c12 = −2λ2W2
Mz

B
2 Mz_need · hT

12_part, B is the wheelbase, WFx,WMZ are the weight factors
about the tracking error of the Fx_need and the Mz_need, respectively.

The second item of the objective function aims to ensure the utilization of the road
adhesion condition. By minimizing the adhesion utilization coefficient, the drag force
between the tire and the road can be guaranteed, which is beneficial for preventing wheel
slipping. The second item of the objective function can be expressed as follows:

σ2f2 =
1
2

xTH2x + cT
2 x (20)

where H2 = 2σ2W2
µ, c2 = 012×1, Wµ = diag( 1

Fz1
, 1

Fz2
, . . . , 1

Fz12
).

The third term of the function is according to torque redistribution when the failure of
certain electric motors occurs. Additionally, it can be transformed into the quadratic form
as shown in (21):

κ2f3 =
1
2

xTH3x + cT
3 x (21)
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where H3 = 2σ2W2
e, c3 = 012×1,We = diag( 1

e1Fx1max
, 1

e2Fx2max
, . . . , 1

e12Fx12max
),ei is the failure

factor of each drive motor, and Fximax is the drive force that can be exerted at the maximum
torque of each drive motor.

4.2. Constraints for Coordinated Control with HLQR

To indicate the wheel slipping state, a flag Fsti is set to represent the triggering of the
anti-slip control. The flag is updated using the following equation:{

Fsti = 1 Sxi > Sthr

Fsti = 0 Sxi < Sthr,
.
Fx_need < 0 and Fx_need < Fxi_ctrl

(22)

where Sthr is the threshold of the slip ratio and Fxi_ctrl is the wheel longitudinal force at the
moment when the anti-skid control starts.

According to (20), Fsti = 1 when the slip ratio Sxi is larger than the threshold value Sthr.
This means that the anti-slip control in Section 3 is activated. To avoid frequent activation
of the anti-slipping control, the flag Fsti is changed to zero only if three conditions are
satisfied: (1) Sxi is smaller than the threshold value Sthr; (2) the longitudinal demand force
Fx_need is decreasing (

.
Fx_need < 0); and (3) the longitudinal demand force is smaller than the

wheel longitudinal force at the moment when the anti-skid system is triggered by Fx_need
(Fx_need < Fxi_ctrl).

When the driving wheel slips greatly, the HLQR algorithm is activated to control
the slip ratio at the optimal value on the current road surface. When the slip flag Fsti is
determined to be 1, the equality constraint is activated as follows:

x_i = x_i_hlqr i f Fsti = 1 (23)

where x_i_hlqr is the wheel driving force controlled by the HLQR algorithm.
Combining the constraints about the maximum driving force, the failure state of

the electric motor, and the change rate limit of the driving force, the constraints can be
summarized by Equation (24):

s.t


x_i_last + ∆xminTs ≤ x_i ≤ x_i_last + ∆xmaxTs
x_i = x_i_hlqr Fsti = 1
x_i_hlqr = eiTmax(ω) x_i_hlqr > eiTmax(ω)
x_i_hlqr = −eiTmax(ω) x_i_hlqr < −eiTmax(ω)

(24)

where ∆xmax and ∆xmin are the maximum and minimum value of the driving force
change rate, respectively, and Tmax is the maximum wheel driving torque on the current
wheel speed.

For all 12 wheels, the constraints can be expressed as follows:

s.t

{
aT

eqx − beq = 0
aT

ineqx − bineq ≥ 0 (25)

where

aeq =

Fst1 · · · 0
...

. . .
...

0 · · · Fst12

 (26)

where beq =
[
Fxhlqr1 · · · Fxhlqr12

]T , aineq =
[
diag(12, 12) −diag(12, 12)

]T
24×12,

bineq2 = [x_1_last + ∆xminTs · · · x_12_last + ∆xminTs−x_1_last − ∆xmaxTs · · · −x_12_last − ∆xmaxTs]T1x24,

bineq1 =
[
−e1Tmax(ω1) · · · −e12Tmax(ω12)−e1Tmax(ω1) · · · −e12Tmax(ω12)

]T
1×24, x_i_last is the wheel

driving force of the last step, ei is failure factor, where ei = 0 indicates the drive motor of the i th
wheel fails completely, ei = 1 indicates the drive motor of the i th wheel is normal, and 0 ≤ ei ≤ 1
indicates the drive motor of the i th wheel can only output a part of the required torque.
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If the anti-slip control is not activated, e.g., Fsti = 0, the equality constraint is activated. Otherwise,
the equality constraint in (25) remains empty, which means that the constraint does not work.
After the formulation of the QP problem, an effective algorithm is adopted to solve the control
allocation problem.

5. Simulation Results
To verify the effectiveness of the proposed control algorithm, MATLAB/Simulink combined

with the TruckSim 2019.0 software is applied as the simulation platform. The 12 × 12 MADD vehicle
model is established in TruckSim as the model of the research object. The proposed coordinated
slip control algorithm runs on MATLAB/Simulink. The necessary information about the wheel and
vehicle state is supplied by the vehicle model in TruckSim. The required torque of each driving motor
is output by the control system in MATLAB/Simulink and sent to the vehicle model in TruckSim.
Several important parameters of the vehicle model are summarized in Table 1.

Table 1. Parameters of the 12 × 12 MADD vehicle model.

Parameters Value

Vehicle mass(no load) (kg) 6310
Number of driving wheel (–) 12

Rated torque of each wheel (Nm) 1100
Effective rolling radius (mm) 550
Height of mass center (mm) 1407

Distance between axles (L1–L6) (mm) 2600, 2500, 2300, 1800, 1800, 2400

5.1. Simulation for Changed Road Surface Coefficient
The vehicle running condition on the changed road surface is set as follows: firstly, the vehicle is

accelerated to 30 km/h and kept running on the road with the adhesion coefficient µmax= 1.17. From
20 s, the speed begins to increase to 100 km/h and is maintained for a period of time. Simultaneously,
the road adhesion coefficient changes to µmax= 0.2. For comparison, three slip control algorithms:
the PID control method, SMC (the control gain is set as 141) and the proposed HLQR method are
simulated and analyzed. For all of the three slip control methods, the torque distribution algorithm is
the same QP method as described in Section 4.

The vehicle speed controlled by the three slip control methods is demonstrated in Figure 5.
It can be seen that the speed controlled by all three methods can reach the reference value within
20 s. After 20 s, the HLQR and SMC methods can control the vehicle speed with a smaller error
than the PID method. During 20–30 s, the HLQR method can reach the fastest response for vehicle
speed tracking.
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Figure 5. Vehicle speed on the changed road surface controlled by PID/SMC and HLQR.
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The total driving torque is given in Figure 6a. The driving torque of the representative wheels
controlled by the three slip control methods is demonstrated in Figure 6b–d. Because of the same
road surface for the left and right wheels of one axle, there is no difference between the results of
the two wheels. Therefore, the torque of three wheels: the left wheel of axle 1(1L), axle 3(3L), and
axle 6(6L), are selected for analysis. It can be seen that the wheel torque distribution is conducted
according to the cost functions to satisfy the total driving torque demand within 20 s. During this
period, the anti-skid control is not active. The results of the PID control method, the SMC method,
and the HLQR method are exactly the same because they use the same torque control allocation
method. After 20 s, the road is changed to the low-adhesion surface. Especially, the vehicle needs
to accelerate to 100 km/h as soon as possible during 20–30 s, which causes the large driving torque
demand as shown in Figure 6a. As a result, the wheels on axle 3 and axle 6 slip, and the wheel
torque is controlled by three different slip control algorithms. Then the vehicle accelerates close to
100 km/h, the driving torque requirement decreases, and the anti-slip control exits. Although the
anti-slip control is not active before 20 s and after 30 s, the target vehicle speed and the tracking error
are different. As a result, the demand for the total driving torque and the wheel torque is different
after 30 s from that before 20 s.
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Figure 6. On the changed road surface: (a) total driving torque; torque of left wheel for the 1st, 3rd,
and 6th axles; (b) controlled by PID; (c) controlled by SMC; (d) controlled by HLQR.

The wheel slip ratio controlled by the PID, SMC, and HLQR algorithms is shown in Figures 7–9,
respectively. In each figure, the slip ratios of wheels 1 L, 3 L, and 6 L are presented. The results
indicate that the vehicle accelerates and drives from the high adhesion road to the low adhesion road
in 20 s. Then, the slip ratios of the 3rd axle and 6th axle increase sharply. Anti-skid control is activated
based on the optimal slip ratio calculation. Then, the torque distribution results are constrained by the
slip control results. However, it should be noted that the actual moment when each anti-skid control
method is triggered and turned off is not exactly the same. This is because the difference between
the actual vehicle speed and the total driving torque demand requires different control algorithm, as
shown in Figures 5 and 6a. As presented in Figures 7a, 8a and 9a, there is no slip on the wheels of
the 1st axle. As the optimal slip ratio on the maximum driving coefficient is not calculated when the
anti-slip control is not active, the reference slip ratio of wheel 1 L is maintained at the default value of
0.17, which is the optimal slip ratio on the high adhesion coefficient road. As the anti-slip control is
not active, the slip ratio of 1L does not need to be controlled to the reference value.
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Figure 7. Slip ratio controlled by the PID method on the changed road surface: (a) left wheel of the
1st axle (1L); (b) left wheel of the 3rd axle (3L); (c) left wheel of the 6th axle (6L).
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Figure 8. Slip ratio controlled by the SMC method on the changed road surface: (a) left wheel of the
1st axle (1L); (b) left wheel of the 3rd axle (3L); (c) left wheel of the 6th axle (6L).
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Figure 9. Slip ratio controlled by the HLQR method on the changed road surface: (a) left wheel of the
1st axle (1L); (b) left wheel of the 3rd axle (3L); (c) left wheel of the 6th axle (6L).

Figures 7b, 8b and 9b show the slip ratio of the left wheel for axle 3. As the anti-skid control of
these wheels is active, the reference slip ratio is changed to 0.07, which is the optimal slip ratio on the
low adhesion coefficient road. The wheel slip ratio is controlled to track the reference value by the
PID, SMC, and HLQR algorithms. Due to the sudden change in road surface and large acceleration
demand, all three control algorithms control the slip ratio with overshoot. This will cause the wheel
to continue slipping before returning to stability. However, the overshoot and tracking error obtained
by HLQR are smaller than those controlled by the other two methods. HLQR can track the reference
slip ratio in 0.6 s, which is acceptable for vehicle dynamics safety. The root mean square (RMS) error
of the slip ratio controlled by PID is 0.1751, SMC is 0.1502, which is decreased to 0.0675 by the HLQR
control. Compared with PID and SMC control methods, HLQR can improve the accuracy of slip ratio
control by 61.4% and 55.1%.

Figures 7c, 8c and 9c show the slip ratio of the left wheel for axle 6. Similarly, the wheel slips on
the low-adhesion road, and the reference slip ratio changes to 0.07. The slipping of the 6th axle can
be inhibited by the PID method. However, the slip rate is still large, and the stability of the wheels
is poor. The SMC method can limit slip ratio, but the tracking error is larger and the response time
is longer than that controlled by HLQR. The slip ratio is well controlled by the HLQR algorithm,
and the wheel keeps stable. Similar to the wheel of 3L, the overshoot and tracking error obtained by
HLQR are smaller than those controlled by the other two methods. The root mean square (RMS) error
of the slip ratio controlled by PID is 0.4451 and the SMC is 0.1372, which is decreased to 0.0872 by the
HLQR control. Compared with PID and SMC control methods, HLQR can improve the accuracy of
slip ratio control by 80.4% and 36.4%.

From the above slip control results, the following conclusion could be drawn: the torque
control allocation can be combined with the anti-slip control. If the anti-slip control is triggered, the
torque distribution results are limited by the slip control results to ensure wheel dynamics stability.
Compared with the PID slip control method and SMC, the HLQR can increase the accuracy of the
slip ratio control.
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5.2. Simulation on Split Road Surface with the Electric Motor Failure
To further verify the proposed control algorithm, a split road case with an electric motor failure

is configured for simulation. As in Section 5.1, the vehicle is accelerated to 30 km/h and kept running
on the road with an adhesion coefficient µmax= 1.17. From 20 s, the speed began to increase to
100 km/h and was maintained for a period of time. Simultaneously, the road adhesion coefficient
changes to split road (µmax= 1.17 on the left side and µmax= 0.2 on the right side). When the vehicle
is working on the split road, the left motor of the 1st axle fails with a failure factor e1= 0.5 at 21 s.
Then, at 23 s, the left motors of the 5th axle and 6th axle fail with a factor of e10 = e12 = 0.2.

Similarly, the vehicle speed controlled by the three slip control algorithms is demonstrated in
Figure 10. The target speed and the vehicle control performance are essentially the same as the results
in Section 5.1.
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Figure 10. Vehicle speed on the split road surface controlled by PID/SMC and HLQR.

The torque of the left wheel for axle 1 (1 L), axle 3 (3 L), and axle 6 (6 L) is shown in Figure 11.
From 21 s, the torque of the 1L starts to decrease because of electric motor failure. From 23 s, the
torque of the 6L starts to decrease too. To satisfy the overall desired driving force, the torque of the
3rd axle increases to compensate for the decreased torque output of failed electric motors. In spite of
the failure of some driving motors, the speed can reach the target speed, as shown in Figure 10. As
the target speed is the presentation of the driver’s demand, it is indicated that the proposed control
allocation method can satisfy the drivers’ demand.

Under this working condition, the right wheel enters the low-adhesion road and may slip.
The left motor partially fails, but the wheel does not slip because of the high adhesion coefficient.
Therefore, take the sliding wheel and the right wheel of axle 3 (3R) as examples to explain the
effectiveness of algorithms. The slip ratios of 3R controlled by PID, SMC, and HLQR are presented
in Figure 12. It can be seen that the wheel on the right side of the 3rd axle is well controlled and
approaches the reference value by the HLQR algorithm with a smaller deviation. The RMS of the slip
ratio controlled by the PID is 0.1634; that controlled by the SMC is 0.1156; and that controlled by the
HLQR is 0.0983. Compared with PID and SMC control methods, HLQR can improve the accuracy of
slip ratio control by 39.8% and 14.9%, respectively.

The slip ratio results of Sections 5.1 and 5.2 are summarized in Table 2. Compared with the PID
and SMC slip control methods, the HLQR can increase the control accuracy of the slip ratio under
various driving conditions. Through HLQR control, the RMS slip ratio can be decreased by more
than 30%.
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Figure 11. On the split road surface: (a) total driving torque; torque of left wheel for the 1st, 3rd; and
6th axles; (b) controlled by PID; (c) controlled by SMC; (d) controlled by HLQR.
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Figure 12. Slip ratio of the right wheel of the 3rd axle (3R) on the split road surface controlled by the
(a) PID method, (b) SMC, and (c) HLQR.
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Table 2. Comparison of the slip ratio RMS controlled by PID, SMC, and HLQR.

Algorithm 3L Changed Road 6L Changed Road 3R Split Road

PID 0.1751 0.4451 0.1634
SMC 0.1502 0.1372 0.1156

HLQR 0.0675 0.0872 0.0983
∆RMSHLQR−PID(%) 61.4 80.4 39.8
∆RMSHLQR−SMC(%) 55.1 36.4 14.9

From the control results for the electric motor failure condition, it can be concluded that the
torque control allocation can be regulated to satisfy the driver’s demand. Combined with slip control,
the torque of wheels with a small slip ratio can be increased to compensate for the lost torque of the
failed wheels. The torque distribution results are always limited by the slip control results to ensure
wheel dynamic stability.

6. Discussion
This paper discusses designing a comprehensive scheme of longitudinal dynamics control for a

12 × 12 MADD vehicle based on the coordinated control of anti-slipping control and torque control
allocation. Extensive simulations of different driving conditions are conducted. The results indicate
that the proposed coordinated slip control based on HLQR is practical and efficacious and improves
slip control accuracy compared with the PID and SMC methods. In addition, combined with slip
control, torque control allocation can be adapted to cases of motor failure and wheel slipping. Limited
by the slip control results to ensure wheel dynamic stability, the driving force can be distributed to
satisfy the driver’s demand as expected.

This paper expands the HLQR algorithm to multi-axle vehicles and simplifies the complexity
of the vehicle longitudinal dynamics control system, which is an important contribution to the
development of multi-axle vehicles. However, the local subsystems are decoupled only according
to the wheel load in this paper. In future works, the impact of the road friction coefficient and road
unevenness for each wheel can be further considered in the HLQR scheme. Furthermore, more tests
on the real-time test bench and real MADD vehicle will be applied to verify the performance of the
HLQR algorithm.
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