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Abstract: In this paper, we carry out a study developed on 13,677 images from 15 patients affected
by moderate/severe atheromatous disease of the abdominal aortic tract. A procedure to extract the
pervious lumen of the aorta artery from basal CT images is exploited and tested on a large scale. In
particular, the above method takes advantage of the reconstruction and enhancing properties of the
sampling Kantorovich algorithm which allows the information content of images to be increased.
The processed image is compared, slice by slice, by superposition, with the corresponding contrast
medium reference image. Numerical indices of errors were computed and analyzed in order to test
the validity of the proposed method. The results achieved confirm, both from the numerical and
clinical point of view, the good performance and accuracy of the proposed method, opening the
possibility to perform an assisted diagnosis avoiding the injection of the contrast medium.

Keywords: sampling Kantorovich operators; approximation results; digital image processing; simi-
larity indices; computed tomography; abdominal aortic aneurysm
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1. Introduction

The aim of this work is to carry out a large-scale study on patients affected by aneurys-
mal pathologies, in order to test, numerically and clinically, an assisted diagnosis procedure
that allows the identification and extraction of the patent lumen of the vessel from basal
CT images.

The aneurysm is one of the main pathologies affecting blood vessels [1]. It is defined
as a dilation of the artery whose diameter exceeds at least 50% that of the same vessel in
normal conditions. Our study is focused on the aorta artery that is the main and largest
artery of the human body, originating from the top of the left ventricle and extending
down to the abdomen, where it splits into two smaller arteries (the common iliac arteries).
Aneurysms are mainly distinguished into thoracic aortic aneurysms (AATs), involving the
aorta in the chest, and abdominal aortic aneurysms (AAAs), which involve the aorta in the
abdomen areas and which are the ones analyzed in the present study (Figure 1).

One of the main causes of aneurysmatic dilation is the weakness of the arterial walls.
In the worst cases, this dilation can cause the rupture of the vessel, leading to frequently
fatal bleeding. For the diagnosis of aneurysmal pathologies, computed tomography (CT) is
considered the gold standard procedure. Since blood often does not flow through the entire
aneurysmatic area but on a more restricted part, due to the formation of a thrombosed
zone within the vessel lumen, for the doctor’s diagnosis it is important not only to identify
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the diameter of the aneurysmal area but also the patency of the aortic vessel, i.e., the area
where the blood actually flows. Moreover, the arteries, vessels and blood having a low level
of radiopacity which makes them not visible to the naked eye on a CT exam, the insertion
of the contrast medium is necessary, in order to identify the vascular district of interest.

Figure 1. Anatomy of the aorta.

The above diagnosis is done through the so called CT angiography which is a diagnostic
procedure used to emphasize blood vessels, with particular interest in the arteries and
veins. However, the main inconvenience is connected with the contrast medium, whose
injection has to be avoided for patients with severe kidney diseases or important allergic
problems, due to the presence of iodine (a nephrotoxic substance) [2].

On the basis of a first preliminary analysis ([3]), the main objective of this paper is to
describe an original study carried out on 13677 images from 15 patients which foresees,
starting from basal CT image sequences, the extraction of the patent lumen of the vessel
with suitable digital image processing (DIP) algorithms, see, e.g., Refs. [4,5].

At first, slices that are outside the aneurysmal tract are excluded, then a square region
of interest (ROI) including the aorta is selected and binary masks are created to define the
circular region representing the aorta. The basal ROIs and those with the contrast medium
(in the arterial phase), together with the respective masks, are processed by an algorithm
implemented in PHP language in a portal, namely ImageLab, located at the Department of
Mathematics and Computer Science of the University of Perugia. The algorithm developed
in the portal foresees the application of the sampling Kantorovich (SK) algorithm for
processing the basal ROI, on which is then applied a wavelet filter in order to extract
the so called “residual component” of the image [6,7]. Then, the extraction of the patent
lumen of the vessel by means of an adaptive thresholding is preceded by the application of
normalization and equalization algorithms.

In this work, the entire procedure has been applied to the cases under examination
and has been tested through a series of error indexes, also implemented in the portal, see,
e.g., Refs. [3,8–12]. The present study is also accompanied by a clinical evaluation, showing
a good agreement between the numerical results and the patient reports examined.

A crucial role in the whole procedure is played by the SK algorithm, i.e., the imple-
mentation of the family of sampling Kantorovich operators [13,14], described in Section 2,
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which is revealed to be a suitable mathematical tool for the reconstruction and enhancement
of images, as it acts both as a low-pass filter and as a rescaling algorithm, increasing the in-
formation content of images. For these operators were provided both approximation results
in the space of continuous and uniformly continuous functions, as well as in the setting
of Lp−spaces and, more generally, in the setting of Orlicz spaces (see, e.g., Refs. [13–18]).
Moreover, we remark that the performance of the SK algorithm in image rescaling, in terms
of PSNR and CPU time, in comparison with some interpolation and quasi-interpolation
methods, has been evaluated in [19]. Thanks to this implementation, several satisfac-
tory results have been obtained, both in the biomedical and engineering fields (see, e.g.,
Refs. [20,21]).

The images involved in this study have been obtained thanks to the development
of the CARE project: “A regional information system for Heart Failure and Vascular
Disorder”, carried out, on the part of vascular disorder, through a collaboration between
the Department of Mathematics and Computer Science, the Division of Diagnostic Imaging
of the Department of Medicine and Surgery of the University of Perugia and the Perugia
Hospital. It should be noted that the Bioethics University Committee of the University of
Perugia has granted the use of the images under study for research purposes.

The paper is organized as follows: in Section 2 we describe the theory of sampling
Kantorovich operators and the main approximation results which lead to the development
of the SK algorithm. The latter, which plays a crucial role in the extraction of the patent
lumen of the vessel of the aorta artery, is described in Section 3, together with some
DIP algorithms, useful for the segmentation procedure, and the definition of the error
indices. The Care portal, a platform recently created for the development of the CARE
Project with the scope of making a connection between doctors and mathematicians (the
latter later called ”operators”), is analyzed in Section 4. In Sections 5 and 6, we provide
the experimental data and show the numerical results of the present large scale analysis.
Finally, in Section 7 we discuss the above results, making some final remarks.

2. Approximation by Means of Sampling Kantorovich Operators

In order to apply the SK algorithm, we need to recall some preliminary notions which
are useful for the mathematical definition of the family of sampling Kantorovich opera-
tors. Let tk = (tk1 , . . . , tkn) ∈ Rn, where each (tki

)ki∈Z, i = 1, . . . , n is a strictly monotone
increasing sequence of real numbers with δ, ∆ such that δ ≤ tk+1 − tk ≤ ∆. We denote
it by Πn := (tk)k∈Zn . We say that a function χ : Rn → R is a kernel if it possesses the
following properties:

(χ1) χ ∈ L1(Rn) and it is bounded in a neighborhood of the origin of Rn;
(χ2) ∑

k∈Zn
χ(u− tk) = 1, for every u ∈ Rn;

(χ3) for some β > 0, the discrete absolute moment of order β of χ is finite, i.e.,

mβ,Πn(χ) = sup
u∈Rn

∑
k∈Zn

∣∣χ(u− tk)
∣∣‖u− tk‖

β
2 < +∞,

where ‖ · ‖2 is the Euclidean norm.

There are many examples of kernels satisfying the above assumptions, see, e.g.,
Refs. [22,23].

Let

Rw
k :=

[
tk1

w
,

tk1+1

w

]
×
[

tk2

w
,

tk2+1

w

]
× · · · ×

[
tkn

w
,

tkn+1

w

]
(w > 0),

and Ak := ∆k1 · ∆k2 · . . . · ∆kn .
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We define the multidimensional version of the sampling Kantorovich operators intro-
duced in [14] as

(Kχ
w f )(x) = ∑

k∈Zn
χ(wx− tk)

[
wn

Ak

∫
Rw

k

f (u)du

]
(x ∈ Rn), (1)

where f : Rn → R is a locally integrable function such that the above series is convergent
for each x ∈ Rn.

The one-dimensional version of these operators has been introduced in [13] in order
to extend the generalized sampling operators ([24,25]) to the general setting of Orlicz
spaces [17,18].

The following approximation results represent the basis of the application of the
mathematical model of the sampling Kantorovich operators to digital images. Indeed,
the implementation of the following results allows an effective reconstruction and improve-
ment of the images we dealt with in this study and constitutes one of the fundamental
steps of the entire procedure used for the extraction of the patent lumen of the aortic vessel.

Namely, we have the following:

Theorem 1 ([14]). Let f : Rn → R be a continuous and bounded function. Then, for every
x ∈ Rn,

lim
w→+∞

(Kχ
w f )(x) = f (x).

In particular, if f is uniformly continuous and bounded, then

lim
w→+∞

‖Kχ
w f − f ‖∞ = 0,

where ‖ · ‖∞ denotes the usual uniform norm.

Here follows the Lp−convergence result for Kχ
w f ([14]) which allows not necessarily

continuous signal/images to be reconstructed.

Theorem 2. For every f ∈ Lp(Rn), 1 ≤ p < +∞, the following estimate holds

‖Kχ
w f ‖p ≤ δ−n/p(m0,Πn(χ))(p−1)/p‖χ‖1/p

1 ‖ f ‖p,

and
lim

w→+∞
‖Kχ

w f − f ‖p = 0,

where ‖ · ‖p denotes the usual Lp−norm.

Note that in case tk = k for every k ∈ Z, we have δ = 1 and the above inequality
becomes

‖Kχ
w f ‖p ≤ (m0,Πn(χ))(p−1)/p‖χ‖1/p

1 ‖ f ‖p.

For other results concerning the sampling Kantorovich operators see [15,16,26].
Now, we provide a list of some classes of kernels which satisfy the assumptions (χ1)−

(χ3) and that can be used in order to implement the family (1) of sampling Kantorovich
operators (see [3]). For the sake of completeness, we report in Figure 2 the pseudo-code of
the SK algorithm.

For instance, we could consider the one-dimensional central B-spline of order r (see,
e.g., Refs. [13,23]):

Mr(x) :=
1

(r− 1)!

r

∑
i=0

(−1)r
(

r
i

)( r
2
+ x− i

)r−1

+
,
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where the function (x)+ = max{x, 0} denotes the positive part of x ∈ R.
Its multidimensional version can be defined as the following tensor product,

Mn
r (x) :=

n

∏
i=1

Mr(xi), x = (x1, . . . , xn) ∈ Rn.

Figure 2. Pseudo-code of the SK algorithm.

Another useful class of kernels, which has been chosen for the segmentation process
of the pervious zone of the aorta artery (see Section 3), is given by the so called Jackson-type
kernels:

Jn
k (x) :=

n

∏
i=1

Jk(xi), x ∈ Rn, (2)

where the one-dimensional Jackson-type kernels are defined by:

Jk(x) = cksinc2k
( x

2kπα

)
,

with x ∈ R, k ∈ N, α ≥ 1, and where ck is a non-zero normalization coefficient given by

ck :=
[∫

R
sinc2k

( u
2kπα

)
du
]−1

.

Finally, there are also examples of kernels which are not of the product type. An exam-
ple of such a kernel can be given by the Bochner–Riesz kernel which is of radial type and is
defined by:

bα(x) := 2αΓ(α + 1)‖x‖−(n/2+α)
2 B(n/2+α)(‖x‖2),

for x ∈ Rn, where α > n+1
2 , Bλ is the Bessel function of order λ and Γ is the Euler function

(see [22,23]).
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Now, in order to apply the bi-dimensional sampling Kantorovich operators to image
reconstruction, it is necessary to recall that a bi-dimensional grayscale image is a matrix A
which can be modeled as:

I(x, y) :=
m

∑
i=1

m

∑
j=1

aij · 1ij(x, y) (x, y) ∈ R2,

where I is a step function, I ∈ Lp(R2), 1 ≤ p < +∞, with compact support and

1ij(x, y) :=

{
1, (x, y) ∈ (i− 1, i]× (j− 1, j],
0, otherwise,

are the characteristics functions of the sets (i− 1, i]× (j− 1, j], i, j = 1, 2, . . . , m. The function
I is associated with each pixel (i, j), its corresponding gray level aij. Therefore the family
of bi-dimensional sampling Kantorovich operators can then be applied to the function
I, by choosing a suitable kernel function χ, e.g., among the ones above mentioned. We
note that this allows a given image I to be reconstructed with any fixed w (sampling rate).
Obviously, increasing w results in a better reconstruction of the original image. Moreover,
the implementation of the SK operators acts also as a rescaling algorithm, so allowing the
possibility of enhancing the original image, which is revealed to be very useful for the
applications [3,19–21,27].

3. SK and Segmentation Algorithms

In Figure 3, we can see the comparison between a basal CT image (i.e., without contrast
medium) and a CT image with contrast medium (in the arterial phase) depicting an AAA.
The difference is evident: the image on the left gives us an idea only of the size of the
dilation, while the image on the right shows how much the vessel is occluded.

Figure 3. On the left, basal CT image in the presence of an AAA. In the red square (the so called
region of interest, ROI) is depicted the aorta artery. On the right, CT image with contrast medium,
corresponding to the same CT section shown on the left.

In order to solve the problem, we have applied a series of algorithms to the basal im-
ages for the automatic segmentation of the lumen of the vessels, thus avoiding the injection
of the contrast medium, which is required by the gold standard diagnostic procedure for
detecting the aneurysms of the aorta artery. This procedure has been applied on images of
size 512× 512, with slice thickness equal to 1 mm. The parameters of the windowing of the
basal sequence (W = 750 and L = 200) have been chosen in such a way that the structure
of the aorta was identified. On the other hand, those of the windowing of the contrast
medium sequence (W = 250 and L = 75) have been chosen in such a way that the contrast
agent appeared at full scale with respect to the rest of the image (i.e., completely white).
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With the purpose of establishing a direct interaction between the CT exams coming
from the hospital and the subsequent processing, a platform, which takes the name of Care
portal (see Section 4), has been developed. The doctor uploads two packages containing, re-
spectively, the sequence of basal images and the sequence of images with contrast medium,
which can be then downloaded and processed. First of all, CT images (both without and
with contrast medium) have been converted from DICOM standard to 8 bit and saved in
.png format. All sections between the initial and the final part of the aneurysm have been
selected and superposed through a registering operation, whenever required. This tech-
nique consists of overlapping pairs of images to match as closely as possible, because the
identified sections could present some displacements due to the different acquisition times
between basal and contrast medium images. Then, these sections have been cropped
obtaining images of the square areas, ROI, with dimensions larger than 32× 32 pixels and
smaller than 100× 100 pixels, depending on the patients under examination. Furthermore,
finally, in order to apply the segmentation algorithm, binary masks (i.e., consisting only
of black and white pixels) have been generated to detect the vessel. The SK algorithm is
applied to the ROI without contrast medium by using the bi-dimensional Jackson type
kernel (2) with k = 12 and the scaling factor R = 2 (Figure 2 of Section 2). The ROI selection
is performed, along the axial plane, in such a way that the entire CT scan of the portion
where the aorta shows the atheroma is contained in the square boundaries of the selection.
The SK algorithm is applied for its double function [19]:

• It acts as a rescaling algorithm, interpolating the basal image to have a higher informa-
tion content;

• It acts as a low pass filter, denoising the image.

As we can see in the following histograms (Figure 4), the original ROI used as input
image is improved by the reconstruction of the SK operator in terms of increasing the
information content and the smoothing effect due to its behavior as a low pass filter,
attenuating peaks and ripples in the histogram.

Figure 4. On the left, the histogram of the original ROI; on the right, the histogram of the ROI
processed by the SK algorithm. The red circle highlights the increasing of the information content, in
terms of number of pixels.

The ROI reconstructed by the SK algorithm is processed by a filter based on the
wavelet decomposition [6,7]. The algorithm splits the different components of the image
into five levels, each one with its own frequencial content, from which we then extract the
so called “residual image”, which contains only the low frequency components of the ROI.
In order to remove the possible effects of spurious structures, such as plaques of calcium
or measurement artifacts, a suitable mask image is used. After that, normalization and
equalization procedures are applied to highlight the estimated pervious area in the lumen
of the artery. A suitable thresholding procedure is then applied and the image processed by
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the algorithm is compared, by registration, to the corresponding contrast medium reference
image, providing a series of errors (similarity indices) in order to evaluate the accuracy of
the proposed method (see [3]). Among these, we recall the ones that are more meaningful
for the numerical analysis of the present study, such as the Dice Coincidence Index (DCI) ,
the Jaccard/Tanimoto Index (TI) , the misclassification error Em and the bias term Bpn. In the
following we denote by CM the ROI of the reference image (i.e., with contrast medium) and
by CSK the ROI processed by the SK algorithm and by the subsequent procedures, which
lead to the extraction of the patent lumen. The Dice Coincidence Index ([8]) measures the
similarity between two binary sets of points and it is defined as:

DCI :=
2 · #(CSK ∧ CMb)

#CSK + #CMb
;

where #CSK denotes the number of white pixels in CSK, #CMb is the number of white
pixels in CMb (i.e., the binary image obtained from CM, applying a suitable threshold)
and #(CSK ∧ CMb) is the number of white pixels in both the previous images, denoted by
∧ the logic AND symbol. The Tanimoto Index (TI) [9], measuring the ratio between the
correctly classified pixels and the total number of pixels in the reference and extracted area,
is defined as:

TI :=
#(CSK ∧ CMb)

#CSK + #CMb − #(CSK ∧ CMb)
;

The misclassification error indicates the number of misclassified pixels between the
extracted zone and the reference set:

Em :=
#m

#CSK + #CMb − #(CSK ∧ CMb)
;

where #m is the total number of pixels wrongly classified as pervious and wrongly classified
as occluded, while the other symbols have the same meaning described above. Thus, Em
is a representation of the pixels that should be part of the pervious zone and that are
considered out of it (they are called fn, i.e., false negative), and the ones that should be
placed outside the pervious zone and that are wrongly considered inside of it (they are
called fp, i.e., false positive). We remark that Em is a conservative measurement of the error,
when compared with the visual clinical diagnosis (Figure 5).

Figure 5. On the left, the reference image; on the right, the image extracted by the algorithm. For the
above slice Em = 0.352.

To evaluate whether the segmentation tends to over- or underestimate the pervious
zone, the bias term ([12]) is used:

Bpn :=
# fp − # fn

#tp
,

where # fp and # fn are the numbers of false positives and false negatives, respectively,
as explained in the definition of Em; similarly, tp is the set of true positives. There will be
an overestimation of the pervious lumen when Bpn > 0 and an underestimation when
Bpn < 0.
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The procedure previously described, together with the error indices, has been automa-
tized and implemented in the PHP language within a web portal, namely ImageLab, which
requires as input the basal ROI and the one with constrast medium, together with their
respective masks, as it is shown in Figure 6.

At the end of the process, the platform returns the results for each single image (slice),
as shown in Figure 7. The zone marked by green indicates the area identified by the
algorithm which is classified as correct, through comparison with the image with contrast
medium. On the other hand, the red zone indicates the area wrongly identified by the
algorithm and hence classified as incorrect. Furthermore, finally, the white zone indicates
the area highlighted by the contrast medium but which the algorithm was unable to identify.

Figure 6. Interface of the web portal ImageLab.

Figure 7. Results of the entire procedure.

4. Care Portal

In this section, we briefly describe the Care portal, which allows the interaction be-
tween doctors and operators and the work environment, where the images of the patients
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considered in this study are loaded and processed. This is done precisely to make it clear
how this study can practically be useful for an assisted diagnosis of the pathologies exam-
ined. The Care portal allows the exams of the patients to be managed before and after the
application of the SK algorithm and the whole procedure described above. It allows any
user to register, as doctor or operator user (Figure 8).

Figure 8. The homepage of the Care portal.

The mutual interaction between doctor and operator begins when the doctor uploads
the sequences of images with and without contrast medium, specifying, for each patient,
the gender and tax ID code, which will then be anonymized. Once the data packages have
been processed by the operator, they are sent back to the doctor user, who can edit some
patient data, such as the weight, the height, the age, the smoking habits, and comments
about the clinical report (1, in Figure 9) and can access the processed data, in order to
check and evaluate the quality of the reconstructions (2, in Figure 9) in terms of a clinical
diagnostic point of view. The relative interface is shown in Figure 10, where the doctor
can rate (e.g., in terms of stars) the images displayed in each row. The errors, described in
Section 3, are also shown summarizing the quantitative numerical results.

Figure 9. Interface of the doctor user for editing the patient data (1) and accessing the processed
data (2).
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Figure 10. Doctor user interface for the results evaluations.

5. Experimental Data

Patients were recruited after signing informed consent and met the following require-
ments:

• Patient with moderate/severe atheromatous disease of the abdominal aortic tract;
• Absence of severe renal pathologies, which would have prevented the use of the

contrast medium during the examination.

The study was performed on a large scale, considering 13,677 CT images (total number)
from 15 patients. We remark that, for this study, the number of patients is not as important
as the number of images to be processed.

After enrollment, patients underwent a CT exam with the injection of contrast medium,
the gold standard procedure for the diagnosis of vascular disease. The doctors then
uploaded to the Care portal the images, with and without contrast medium, resulting from
the CT exam.

In this regard, it should be noted that the images have been totally anonymized during
their insertion on the portal, rather than preserving the original file DICOM (.dcm).

After downloading the images, the operator users proceeded to process them, applying
the previously described algorithms, entering the results again on the portal, with the
purpose of making them available for clinical evaluation by doctors. In addition to the
clinical evaluation, based on a system that provides a rating from a minimum of 1 to
a maximum of 5, the doctors edited some patient data, such as the weight, age, height,
if smoker or not, and the medical evaluation (report) of the examination, as shown in
Figure 11.

We specify that the slices which do not include the aneurysmal area have been ex-
cluded, together with those ones that present some artifacts that would not have been
useful from a clinical point of view and would have otherwise affected the outcome of
the algorithm.

The process related to the procedure and phases of the processing of the CT sequences
is illustrated in Figure 12 and is organized as follows:

1. The medical user uploads the data packages with and without contrast medium to
the Care portal, entering the patient’s anonymous tax ID code, their gender and the
date of the exam.

2. The operator user downloads the data packages entered by the doctor user and selects
only the images that represent the aneurysmal area. These images are pre-processed:
selection of the ROI through cropping and creation of binary masks that indicate to
the algorithm which area to consider.

3. The processing of the sequences is carried out through the mathematical algorithms
developed for the segmentation of the patent lumen of the aortic vessel without
the use of the contrast agent, which have been implemented and automated in the
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platform ImageLab. At the end of the process, the platform returns the results for
each single image (slice), as in Figure 7 of Section 3.

4. The operator user uploads the results of the processing to the Care portal in a zip
folder containing the processed images, the images with contrast medium, those
without contrast medium and the excel file with the errors related to each processed
slice.

5. The medical user downloads the processed data package and evaluates each slice
with a score from 1 to 5, and can then edit the patient record, entering other data, such
as age, height, weight, if smoker, in addition to medical evaluation of the examination.

Figure 11. Interface for editing patient data by the medical user.

Figure 12. Entire procedure and phases of the processing of the CT sequences.

6. Numerical Results

In this section, we analyze the numerical results of the present study. Each of the
15 exams considered required a large amount of data, since the CT images ranged from a
minimum of 230 up to a maximum of 721 images, both for basal sequences (NO CM) and
for those with contrast medium (CM).
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The patients who were the subject of this trial, as can be seen from Figure 13, were
both male and female, aged between 65 and 83 years and characterized by a history
of systemic arterial hypertension, diabetes, hypercholesterolemia, chronic obstructive
pulmonary disease, chronic ischemic coronary artery disease, aortic valve heart disease,
transient ischemic attack or bronchial asthma. It should be pointed out that the male sex is
more subject to the pathology studied and this explains the numerical difference between
the two sexes in the cases taken into consideration. These are the only clinical data needed,
as most of the fundamental data for the study is represented by the images to be processed.

As an example, in Figure 14, there are the results of the processing of one of the
15 patients. On the left there is the basal image after the cropping process; only the aortic
vessel needed to be highlighted, from which the patent lumen is to be extracted. At the
center, instead, we have the reconstruction of the vessel using the SK and subsequent
segmentation algorithms. Finally, on the right there are the related images with contrast
medium, as reference. As can be seen, visually the algorithm is able to extract the patent
area, with a fairly good degree of accuracy compared with the reference image. This is
also confirmed by the trend of the error rates. In particular, the Dice Index (DCI), which
measures the white pixels correctly classified by the algorithm, is on average greater
than 0.82 (rounded), which indicates that the reference image (with the contrast agent)
and the image extracted by the algorithm have a match greater than the 82%. A similar
positive trend can be found for the Tanimoto Index (TI), which measures the ratio between
correctly classified pixels and the total number of white pixels present both in the image
extracted by the algorithm and in the reference one. The misclassification error (Em), which
gives us a measure of misclassified pixels (occluded ones classified as pervious and vice
versa), despite having been implemented in such a way that it conservatively estimates
the lack of similarity between the two images, is on average no higher than 0.3 (rounded)
and represents the complementary of TI. Finally, the bias index (Bpn) mainly settles on
negative values (average lower than −0.04), indicating that the algorithm tends to slightly
underestimate the patency area, a characteristic that turns out to be positive from a clinical
point of view, as it offers a more pessimistic assessment of the aneurysmal area.

Figure 13. Data of the patients undergoing the study.

A similar positive trend can be seen from the averages made for the other patients,
as visible in Table 1. For completeness, we report in Table 2 the average of the four
fundamental indices made on all the images of all the patients subjected to the study.
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Figure 14. Results of the entire sequence of one of the 15 patients processed. On the left, the basal CT
images of the vessel (NO CM), on the right, the CT images of the vessel with the contrast medium
(CM), in the center, the reconstructions with the extraction of the patent lumen (i.e., the processed
image, CSK). Next to each slice, we report some of the most significant errors (Dice Coincidence
Index, Tanimoto Index, misclassification error and bias index).
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Table 1. Average of the error indices on the slices of each of the 15 patients analyzed.

ID STUDY DCI TI Em Bpn

91 0.751 0.604 0.396 −0.429

92 0.817 0.693 0.307 −0.056

93 0.761 0.615 0.385 −0.571

94 0.801 0.67 0.330 −0.472

95 0.803 0.674 0.326 −0.180

96 0.765 0.620 0.380 −0.419

97 0.818 0.694 0.306 −0.256

98 0.819 0.695 0.305 −0.046

99 0.747 0.597 0.403 −0.517

100 0.787 0.651 0.349 −0.404

101 0.759 0.612 0.388 −0.517

102 0.743 0.593 0.407 −0.640

103 0.781 0.642 0.358 −0.428

104 0.736 0.583 0.417 −0.462

105 0.740 0.588 0.412 −0.703

Table 2. Average of the error indices on the slices of all the CT exams of the patients taking part in
the study.

DCI TI Em Bpn

MEAN 0.781 0.644 0.356 −0.376

From the reported data it emerges that for all patients the DCI is never lower than
0.74 (rounded) and the TI always remains between 0.6 and 0.7 (rounded). Inverse tendency
to TI is seen for the Em index, while the Bpn is always negative. In particular, ID 105 has an
average Bpn of −0.7, probably due to the presence of severe aortic atheromatous disease,
as evidenced by the localized and consistent calcium plaques that can be seen in the basal
images (Figure 15). Indeed, in this case, the algorithm tends to underestimate the pervious
area because, by isolating the calcium plaques, it identifies a circular area delimited by
them (Figure 16).

Furthermore, it must be considered that the case under examination is particularly
interesting, since the lumen of the aortic vessel is completely patent, as visible from the CT
images with contrast medium (Figure 17), and, this being an unusual case, it is important
for testing the mathematical algorithm.

During the study, it was noted that the algorithm correctly processes the images
representing vessels with floating thrombi, allowing the extraction of the patent part
(Figure 18).

Finally, concerning the clinical evaluation, we point out that it has been carried out by
the doctor comparing the basal images, which do not reveal meaningful information on
the patency of the aortic vessel, with those processed by the algorithm. Indeed, the results
were very satisfactory, as in most cases the evaluation on the single slice was 5/5 points,
as shown by the averages on the sequences of each patient in Figure 19.
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Figure 15. Basal image sequence for patient ID 105.

Figure 16. Case of underestimation of the extraction procedure.

Figure 17. Sequence of images with contrast medium relating to patient ID 105.

Figure 18. Case of floating thrombus that does not affect the functioning of the algorithm, which
manages to extract the patent part.
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Figure 19. Average of the clinical evaluations (e.g., in terms of stars) on the slices of the CT sequence
of each patient.

7. Conclusions

The reconstruction properties of sampling Kantorovich operators were revealed to
be very useful for digital image processing and enhancement. Their contribution to the
study of vascular pathologies has provided new opportunities in the medical field. Indeed,
the segmentation procedure made up by specific DIP algorithms, applied to images pro-
cessed by the SK algorithm, allows the pervious lumen of the aortic vessel to be extracted
from basal CT images.

From a medical point of view, the possibility of avoiding the use of the contrast
medium represents a significant improvement in vascular diagnoses. Indeed, this proposed
method overcomes the inability of doctors to detect a vascular disease by using basal CT
images, since CT images with contrast medium still represent the gold standard procedure
to diagnose an AAA.

The initial step of the proposed method, i.e., the application of the SK algorithm, turns
out to be essential for the aim of this study. Indeed, the implementation of the SK algorithm,
together with the other DIP techniques, allows a more accurate separation to be obtained
between the pervious lumen of the aorta artery and the vessel itself, with respect to the one
obtained from the original not reconstructed image [3].

After the ROI selection, the whole procedure is not operator-dependent, since it is
automatized both in extraction and in the calculation of errors. Furthermore, the proposed
method manages to exclude calcium plaques from the basal image, which remain instead
visible on the contrast medium image, which would prevent the separation of the pervious
part. As we have highlighted, the procedure is also effective in the presence of floating
thrombi, which in no way affect the extraction of the patent area. Moreover, despite the
algorithm slightly underestimate the patent lumen, the clinical analysis of the doctor user
has shown that this can be translated into an advantage from a diagnostic point of view,
because in fact there is a more conservative estimation (underestimation) of the aneurysmal
area. However, what has been observed above could also pave the way for an improvement
in the numerical indices of the algorithm, even if, from the point of view of the extraction
of the vessel’s patent lumen, useful for clinical diagnosis, it would have no effect.

In conclusion, the application of the entire procedure (based both on the implemen-
tation of the results on SK operators and on DIP algorithms) to the significant number
of CT images considered, constitutes a validation of the algorithm, leading both to good
numerical (through error indexes) and diagnostic (according to the evaluations made by
the doctors involved in the study) results.
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The present study therefore paves the way for an assisted diagnosis of aneurysmal
vascular pathologies without the use of contrast medium.
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