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Abstract: In this paper, we introduce two new generalized core inverses, namely, the (p, g, m)-core
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1. Introduction

Throughout this paper, R denotes a unital ring with involution, i.e., a ring with unity
1, and a mapping a — a* satisfying (a*)* = a, (ab)* = b*a* and (a + b)* = a* + b*, for all
a,b € R. Leta,x € R,if axa = a, xax = x, (ax)* = ax and (xa)* = xa, then x is called a
Moore—-Penrose inverse of a. If such an element x exists, then it is unique and denoted by a'.
The set of all Moore-Penrose invertible elements will be denoted by R*.

An element a € R is said to be Drazin invertible if there exists b € R such that ab = ba,
bab = b and a™ = a™*+1b for some integer m. The element b above is unique if it exists and
denoted by aP. The smallest positive integer m is called the Drazin index of a, denoted
by ind(a). The set of all Drazin invertible elements in R will denoted by R”. The DMP-
inverse for a complex matrix was introduced by Malik and Thome [1]. Let A € C"*" with
ind(A) = m, where C"*" denotes the set of all n x n matrices over the field of complex
numbers. A matrix X € C"*" is called a DMP-inverse of A if it satisfies XAX = X,
XA = APAand A"X = A™A*. Tt is unique (and denoted by A%*). Malik and Thome gave
several characterizations of the core inverse by using the decomposition of Hartwig and
Spindelbock [2].

The notion of the core-EP inverse for a complex matrix was introduced by Manjunatha
Prasad and Mohana [3]. A matrix X € C"*" is a core-EP inverse of A € C"*" if X is
an outer inverse of A satisfying R(X) = R(X*) = R(A™), where m is the index of A
and R(A) stands for the range (column space) of A € C"*". It is unique and denoted
by A®. The core-EP inverse for a complex matrix can be investigated by the Core-EP
decomposition of a complex matrix by Wang [4]. The notion of the core-EP inverse is
extended from the complex matrix to an element in a ring with involution. We will also use
the following notations: aR = {ax:x € R}, Ra = {xa:x € R},°a={x € R: xa =0} and
a° = {x € R:ax =0}. Leta € R withind(a) = k. An element b € R is called the core-EP
inverse of a if it is an outer inverse of a and b is a *-EP element satisfies bR = a*R.

The notion of the core inverse for a complex matrix was introduced by Baksalary and
Trenkler [5]. In [6], Raki¢ et al. generalized the core inverse of a complex matrix to the case
of an element in R. More precisely, let a, x € R, if axa = a, xR = aR and Rx = Ra*, then x
is called a core inverse of a. The core inverse can be investigated by three equations by Xu,
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Chen and Zhang [7]. If such an element x exists, then it is unique and denoted by a®. The
set of all core invertible elements in R will be denoted by R®.

In addition, 1,; and 0,, will denote the n x 1 column vectors all of whose components
are 1 and 0, respectively. The zero matrix of size m x n is denoted by 0,,x, (abbr. 0). If 8 is
a subspace of C", then Pg stands for the orthogonal projector onto the subspace 8. A matrix
A € C™" is unitary if AA* = I,,, where I, denotes the identity matrix of size n. Leta € R, a
is called idempotent if 2> = a. The symbol N denotes the set of all positive integers.

2. Preliminaries

A related decomposition of the matrix decomposition of Hartwig and Spindelbock [2]
was given in ([8], Theorem 2.1) by Benitez; in [9] a simpler proof of this decomposition can
be found. Let us start this section with the concept of principal angles.

Definition 1 ([10]). Let 81 and 8y be two nontrivial subspaces of C". We define the principal
angles 61, ..., 0, € [0, 1/2] between 8 and 8, by

cos 0; = 0;(Ps, Ps,),

fori=1,...,r, where r = min{dim 8;,dim 8,}. The real numbers o;(Ps, Ps,) > 0 are the
singular values of Ps, Ps,,.

The following theorem can be found in ([8], Theorem 2.1).

Theorem 1. Let A € C"*", v = rk(A), and let 61, ..., 8, be the principal angles between R(A)
and R(A*) belonging to |0, 7t /2]. Denote by x and y the multiplicities of the angles 0 and 71t/2 as
a canonical angle between R(A) and R(A*), respectively. There exists a unitary matrix U € C"*"

such that

MC MS 7, .,
A_u[ 0 o ]u, )

where M € C™" is nonsingular,

C = diag(0y,cosfy,...,cosb)p,1y),

5_ diag(1y,siny,...,sin0p) Opiy i (r4piy)
Ox pty Ox,nf(r+p+y)

and r = y + p + x. Furthermore, x and y 4+ n — r are the multiplicities of the singular values 1
and 0 in Py 4)Pr(a+), respectively. We call (1) as the CS decomposition of A.

In this decomposition, one has C? + SS* = I, and C* = C. This decomposition can
answer the question “how far is a matrix from being EP”. Moreover, it can be applied to
some partial matrix ordering, such as star ordering and sharp ordering.

3. (p,q,m)-Core Inverse

Let us start this section by introducing the notation of the (p, q, m)-core inverse.

Definition 2. Leta,p,q € Rand m € N. If pa = ap and pa is idempotent, then x € R is called a
(p, g, m)-core inverse of a, if it satisfies

x = pax and a"x = q. ()

®

It will be proved that if x exists, then it is unique and denoted by a,,, ,,,.
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Remark 1. Ifa € R is (p, g, m)-core invertible, then we have pa = ap and pa is idempotent.
Since this property of the (p,q, m)-core inverse is used many times in the sequel, thus we emphasize
it here.

Theorem 2. If equations in (2) have a solution, then it is unique.

Proof. Let x; and x; be two candidates (p,q, m)-core inverse of a, that is x; = paxy,
a™xy = g, xp = paxy and a”x; = q. Thus by pa = ap and pa is idempotent, we have

x1 = p"q = p"a"xy = paxy = xp.
O

In the following lemma, we will show that g = paq if a is (p, q, m)-core invertible.

Lemmal. Leta,p,q € Rand m,n € N. Ifais (p,q, m)-core invertible, then
1 gq= Pam+la?,q,m;
(2) q= pag;

() a"ay,,, =p""q, wherem > n.

Proof. (1) and (2). If a is (p,q,m)-core invertible, then we have a};, ,, = paaj;,,, and

pA.m
ama%m = g. Having in mind that ap = pa and the idempotency of pa, we obtain
q=a"ay,,, =a"(paay, ) = pa"lay, . 3)
ﬂ;?,q,m = paa?,q,m = pmam”;@?,g,m = pmq' 4
Thus, by (3) and (4), we have
g =pa"tlag, = pa"t(p"g) = p"la" g = pag. 5)
(3). If m > n, then a"ay, , = a"(paay), ) = a"p"a™ay, , = a"p™q = p""p'a"q =

p""pag = p™"q by the definition of the (p, g, m)-core inverse and (2). [
Theorem 3. If the solution of the equations in (2) exists, then the unique solution is x = p™q.

Proof. By Lemma 1, we have g = pag. Having in mind that ap = pa and the idempotency
of pa, we obtain

pax =pap™q = p"(paq) = p"q=x
a"x =a"p"q = pag = q.
O

Remark 2. Ifa € RP and a',a/ € RY, then the (p,q, m)-core inverse is the generalizations of

the (i, m)-core inverse and the (j, m)-core inverse [11], respectively. More precisely, we have the

following statements:

(1) Ifp = aP and g = a'(a')?, then the (p,q, m)-core inverse coincides with the (i, m)-core
inverse;

() Ifp =aP and q = a™(a)), then the (p,q, m)-core inverse coincides with the (j, m)-core
inverse.

By Remarks 3.5, 4.7 and 4.8 in [11], we have the (m,j)-core inverse for a complex
matrix, which extends the notions of the core inverse defined by Baksalary and Trenkler [5]
and the core-EP inverse defined by Manjunatha Prasad and Mohana [3], respectively. The
(m, k)-core inverse for a complex matrix, which extends the notions of the core inverse and
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the DMP-inverse defined by Malik and Thome [1], respectively. Therefore, we have the
following remark by Remark 2. We can use generalized inverses to study the system of
constrained matrix equations and Toeplitz matrix, etc. [12,13].

Remark 3. Ifa € RP and a/ € RY, then the (p, q, m)-core inverse is a generalization of the core

inverse, the DMP inverse and the core-EP inverse. More precisely, we have the following statements:

(1) Ifp=a*, m=1andq= aa', then the (p,q, m)-core inverse coincides with the core inverse;

() Ifp =aP, m = ind(a) and g = a™a*, then the (p,q, m)-core inverse coincides with the
DMP inverse;

(@) Ifp=aP, m=1,j=ind(a)and q = a/(a/)*, then the (p, q, m)-core inverse coincides with
the core-EP inverse.

Example 1. The (p,q, m)-core inverse is different from the group inverse and the Moore—Penrose
inverse. Let A = [ (l) ] € C?*2, Then A* = A by A% = A, but A is not Moore—Penrose
. . . 1 i 10 00 A . .

invertible by AA* = = . Note that if A is Moore—Penrose invertible,

00 i 0 0 0
then A = AATA = A(ATA)* = AA*(AT)* =0, but A # 0. In fact, AA* implies A is not
) . 1 2 1+3i 2+4+4i
R ® —
{1,4}-invertible. If we let p = a”, q = { 34 ], then ayy, ,, = { 0 0 ]

Theorem 4. Let a,p,q € Rand m € N. If pa = ap and pa is idempotent, then the following are
equivalent:

(1) ais (p,q,m)-core invertible with ay), ., = x;
(2) x=paxandq= pa™lx;
(3) x=pax,aq=a" xand q = paq.

Proof. (1) = (2) and (1) = (3) are trivial by Lemma 1 and the definition of the (p, g, m)-
core inverse.

(2) = (1). From a™x = a™(pax) = pa”™*'x = g we have that x is the (p, g, m)-core
inverse of a.

(3) = (2). Itis sufficient to prove g = pa™*!

x. We have g = pag = pa™*'x. O
Remark 4. Note that x = pax iff xR C paR iff °(pa) C °x. Moreover, g = paq iff R C paR
iff °(pa) C °q. Thus, we can obtain more conditions such that a is (p,q, m)-core invertible in
Theorem 4.

If p = a*, m = 1 and q = aa’, then the (p, g, m)-core inverse coincides with the core
inverse, thus we have the following corollary by Theorem 4.

Corollary 1. Let a € R witha € R* N RY. Then the following are equivalent:
(1) ais core invertible with a® = x;

(2) x = a*axand aa* = ax;

(3) x = a*ax and a’at = a’x.

Since the (p,q, m)-core inverse is a generalization of the core inverse, the core-EP
inverse, the DMP-inverse, (i, m)-core inverse and (j, )-core inverse, we can obtain some
analogous corollaries as Corollary 1.

Recall that for e = ¢? € R, we can represent any a € R as a matrix

_ { a1 412 ]
- 7
ax a2 ..,

where a11 = eae, a1y = ea(1—e), a1 = (1 —e)aecand apn = (1 —e)a(l —e).
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Now we present the result concerning the matrix form of (p, g, m)-core invertible
elementa € R.

Theorem 5. Let a,p,q € Rand m € N. Then a is (p,q, m)-core invertible if and only if there

exists e € R such that e = 2,

_[m 0] _[Pl 0} _{6]1 fiz}
a= , = and = ,
|: 0 az exe p 0 pz exe q 0 0 exe
where p1a; = ay1p1 = (p1a1)?, paaz = asps = 0, ay is (p1,q1, m)-core invertible and (p1, qo, m)-
core invertible. The (p, q, m)-core inverse of a is given by
® (ul)%,ql,m (ul)%,qz,m — qul quz
0 0 0 0 ’
exe exe

Proof. Suppose that a is (p, g, m)-core invertible and let e = pa. Then ¢? = (pa)? = pa =,
ea(1—e) =apa(l—pa) =0and (1 —e)ae = 0. Hence,

5
a= ,
0 az exe

where a; = pa? and a; = (1 — pa)a. Similarly, we obtain, for p; = p?a and p, = (1 — pa)p,

_[m 0 ]
=15

The equalities pa = ap and (pa)? = pa give p1a; = a;p1 = (p1a1)? and prar = arpy =
(1 —pa)ap(1l — pa) = 0. Set

a® :[xl xz} and :[ql 0]2} .
p,q,m x3 x4 exe q q3 q4 exe

a 0 .
From ay, ,, = paay, , = [ plo 1 0 } a0 m, We obtain x1 = p1arxy, X2 = p1a1x2
exe

and x3 = x4 = 0. Since g = pagq, then g3 = g4 = 0. Now, by

ai'xy  af'xy Come | @ o9
[ 0 0 T am == 19 o] -
exe exe

we conclude that a{'x; = g1 and a'x, = q». Hence, a; is (p1,q1, m)-core invertible and
(1,92, m)-core invertible with x; = (a1)5, o, » and x2 = (a1) 5} g -

Conversely, by the assumption pya; = ayp; = (p1a1)? and pras = asps = 0, we check
that pa = ap = (pa)?. Since ay is (p1,q1, m)-core invertible and (py, g2, m)-core invertible,
if we let
(al);@%,ql,m (al);@%,qz,m

0 0 ’

exe

we get x = pax and a™x = g. So, a is (p, g, m)-core invertible and x = a O

p.q.m:

Under some conditions, we obtain that the (p, q, m)-core inverse of a and the (p,r, m)-
core inverse of b commute.

Lemma 2. Let a,b,p,q,v € Rand m € N. If ais (p,q, m)-core invertible, b is (p,r, m)-core

invertible and qp™'r = rp™q (or equivalently qby, ., = ray ), then agy by, = by a5 .
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Proof. Because 4% pamlorm =

pgm = P"q and bprm = p"r by Theorem 3, we get a
prap™r = p"rp q_bprmpqm [

Now, we study when the product of one (p, g, m)-core invertible element and one
(p,r,m)-core invertible element is (p?, rq, m)-core invertible.

Theorem 6. Leta, b, p,q,v € Rand m € N such that a is (p,q, m)-core invertible, b is (p,r, m)-
core invertible, ab = ba and a™r = ra™. We have the following statements:

(1) If pap™r = p™rap (or equivalently pab?, , = b¥, ap), then ab is 2 rg,m)-core invert-
pap™ p"'rap q Y Pabyrm prmaP p-.rq

ible and (ab) = by mlpam
@) Ifgby,, = ra;@q s then ab is (p?,rq, m)-core invertible and (ab)p o = b3 g m =
®  p®
p.gmYp,r,m:

Proof. Since pa = ap and pb = bp are idempotents and ab = ba, notice that p?ab = abp?
and (p%ab)? = (pa)?(pb)> = p?ab. The assumptions ab = ba and a™r = ra™ imply
(ab)™ bprm pgm — am(bmbg),r,m)a?,q,m = (a™ r)a;?qm =r(a" a?q m) = 14.

(1). Since pap"r = p’"mp, ap = pa and bp = pb, we have p?abby, a5, =

pa(pbby, )agsm = (paby, ,)ap, pam = b?,m(paa??qm) = Uy mApgm- Therefore, ab is
(

2 —p®
p?,rq, m)-core invertible and (ab)® ram = b mpam

(2). From gp™r = rp™q we Can get that bp,m pam = pqmbp,mbyLemmaZ By

p abbprm P = Pa( p.rm pqm) (p‘mpqm)b;?,r,m = apqmb;rm = bprm pgmr W€ de-
duce that (ab)® Pram = by mgam = Apgmbprm O

In the case that ab = ba = 0, the sum of (p,q,m)-core invertible element a and
(p,r,m)-core invertible element b is (p, g + r, m)-core invertible.

Theorem 7. Leta,b,p,q,v € Rand m € N such that a is (p, q, m)-core invertible, b is (p, r,m)-

core invertible and ab = ba = 0. Then a + b is (p,q + r, m)-core invertible and (a + b)% =

p.q+r,m
+b?

Plﬂr p,rm:

Proof. First, observe that p(a +b) = (a+b)p and [p(a + b)]*> = p*(a® + b?) = pa+ pb =
p(a+b). Further,
by, = a"pbby, , = pa"bby,,, =0

and paby, ,, = p"(a"by), ,,) = 0. Analogously, b™a;, ,, = 0 = pbay, ,,. Thus,

p4qm:
p(a+b)( pqm+bprm) = (pa+pb)( pqurbprm) —pa”pqm+pbbprm = pqm+bprm
and

(“"_b)m( pqm+bprm) (61 +bm)( pqm+bprm):a pqm"'bmb?rm_q"'r

thatis, a + b is (p, g + 1, m)-core invertible and (@ +b) oy = A gm + bpprm O

. ® _ @ .
Lemma3. Leta,p,q € Rand m € Nand ais (p,q, m)-core invertible. Then aay, , ,, = a,, ,,a if
and only if p" g = p™qa.

Proof. By Lemma 1, we have q=paq. If aap gm = a%q mf, then p™qa = ap qma = ””;C;,q, =

ap™q = p"~'(pag) = p"~'q. For the opposite implication, we have aa§, ,, = ap"q =
app"~'q = app™qa = p"(paq)a = p"qa = ag, ,a. O

Proposition 1. Leta,p,q € Rand m € N. Ifa is (p,q, m)-core invertible, then

(1) Ifga™ =a™, then a% m 15 an inner inverse of a™ and q is idempotent;
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) Ifaq = qa (or equivalently a™ a3, . = a™as, ), then aay, ., = ay, .a;
3) If g is idempotent, then a®_  is an outer inverse of a™;
q p p.qm
@) Ifq=q" thena™ay,,, = (a"ag, )"
(5) Ifaq=qaandq=q*, thenay, ,a" = (ay, ,a")".
Proof. (1). Since ga™ = a" and g = a™aj;, ,,, we have that o™ = ga" = a™aj;, ,a" and
— ® — 4 ,® — 2
q=a"ay, =90 Ay, = q°

(2). It is easy to check that p"~1q = p™qa by ag = qa and q = paq. Thus, we have
aay, ., = ay,,aby Lemma 3.

(3). The condition g = ¢ gives Qg om0y m = Ay @ p"q = ay, ,paq = prg? =
p"g = a%@,q,m'

(4). By definition of the (p, q, m)-core inverse.

(5). It follows from (2) and (4). O

Applying Proposition 1, we obtain the next result.

Corollary 2. Let a,p,q € Rand m € N. If a is (p, q, m)-core invertible, then

(1) Ifqa™ = a™ and aq = qa, then a™ € R* and (a")* = a3, ,;
(2) Ifga™ =a", q=q* and aq = qa, then a™ € R*NRY and (a™)" = (a™)* = 4, ,, (that is,

. p.qm
a™ is EP).

4. (p,q,n)-Core Inverse

Definition 3. Let a,p,q € Rand n € N. We say that x € R is a (p,q, n)-core inverse of a, if
it satisfies

x =pa'x and a*x = q. (6)

It will be proved that if x exists, then it is unique and denoted by agjq,n.

Theorem 8. If equations in (6) have a solution, then it is unique and the unique solution is x = pq.

Proof. Let x satisfy (6). Then x = pa"q = pq". Observe that this implies the uniqueness of
the equations (6): the unique element in R satisfying (6) is pg. O

. : . © _ ® ©
If ais (p,q,n)-core invertible, then we have a;, ,, = pa"ay), , and a"ay), , = g and
_ hn,© __ 4n n,© _ 4N, 1,0
q =a ap,q,n =a (pa ap,q,?l) =a pa ap,q,n

Thus, we obtain
q=d"pa"ay,, = a"pa"pq = (a"p)*q.
By Theorem 8, we have g = a"x = a"pq; here, x is the (p, g, n)-core inverse of a (see
next Theorem 11).

Lemma 4. Let a,p,q € Rand n € N. If a is (p,q, n)-core invertible, then g = a" pa"a%’n =
(a"p)?q.

Remark 5. If a € RP and a',al € RY, then the (p,q,n)-core inverse is a generalization of

the (i, m)-core inverse and the (j, m)-core inverse [11]. More precisely, we have the following

statements:

(1) Ifp = (aP)"and q = a'(a’)?, then the (p,q, n)-core inverse coincides with the (i, m)-core
inverse;

() Ifp = (aP)"and q = a™(a/)T, then the (p,q, n)-core inverse coincides with the (j, m)-core
inverse.



Mathematics 2023, 11, 1822

8of 11

Theorem 9. Let a,p,q € Rand n € N. Then the following are equivalent:
(1) ais (p,q,n)-core invertible with ay . , = x;

(2) x=pa"xandq = a"pa"x;

(3) x=pa'x,a"pg=a"xandq= (a"p)?q.

Proof. (1) = (2) and (1) = (3) are trivial by Lemma 4 and the definition of the (p, g, n)-
core inverse.
(2) = (1). From g = a"pa™x = a"x we have that x is the (p, g, n)-core inverse of a.
(3) = (2). It is sufficient to prove g = a"pa"x. We have g = (a"p)?q = a"pa"pq =
a"pa’x. O

Under certain conditions, the product of a (p, g, n)-core invertible element and a
(r,s,n)-core invertible element is (pr, sq, n)-core invertible.

Theorem 10. Let a,b,p,q,1,s € Rand n € N such that a is (p, q, n)-core invertible, b is (r,s, n)-
core invertible, ab = ba, a"r = ra", a"s = sa" and prs = rsp. Then ab is (pr,sq,n)-core
invertible and (ab)%sqln = b??s/nar@,q/n.

Proof. Notice that

(ab)nbgs,na%q,n = an(bnbgs,n)a%\,q,n = (ans)a\;),q,n = S(ana;@,g,n) =59
and
Pr(ab)nbr@,s,na?,q,n = (Prs)q = (rS)(Pﬂl) = bgs,na;(?,q,n
imply ab is (pr, sq, n)-core invertible and (ab)y, o0 = b5 450 - O

We also study when the sum of a (p, g, n)-core invertible element and a (r, s, n)-core
invertible element is (p + 1, g + s, n)-core invertible.

Theorem 11. Let a,b,p,q,t,s € Rand n € N such that a is (p,q,n)-core invertible, b is
(r,s,n)-core invertible, ab = ba = 0, a"rs = 0 = b"pg and ps +rq = 0. Then a+ b is

©)
©

(p+r,q+s,n)-core invertible and (a + b)p+w+s,n = a?,q,n + b2

Proof. Let x be the (p, g, n)-core inverse of a and y be the (r, s, n)-core inverse of b, then
by Theorem 8, we have (p+r)(a+b)"(x+y) = (p+7r)(g+s) = pg+ps+rq+rs =
pg+rs=x+y. [

It is easy to check the following propositions by Definition 3 and Theorem 8.

Propos'ition 2. Le‘t a,p,q € Rand n € N such that a is (p, q, n)-core invertible. Then aa%q,n =
agq’na if and only if apq = pqa.

Proposition 3. Let a,p,q € Rand n € N such that a is (p, q, n)-core invertible. Then

(1) Ifga™ = a", then aS, ,, is an inner inverse of a” and q is idempotent;

pan
(2) Ifq=q* then g n®" A = T g
(3) Ifqg=gq*, thena"a?,, = (a"a?, ,)*;
=49 pan pan
4) Ifapq = pqaand q = q*, then ay, ,a" = (a5, ,a")".

5. How to Compute the (P, Q, m)-Core Inverse and (P, Q, n)-Core Inverse in C"*"
5.1. How to Compute the (p,q, m)-Core Inverse in C"*"

Let A,P,Q € C"" and m € N. We will assume in this subsection that A is (P, Q, m)-
core invertible.If A € C"™" is (P,Q,m)-core invertible, then we have PA = AP, PA
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is idempotent, X = PAX and A™X = Q. Assume that A has the form (1). If we let

P=U Py Py U*, where P; € C"™", then
Py Py
[ PMC PMS T, .
PA_U[PgMC P;;MS}U’ 7)
AP — u{ MCP, 8—MSP3 MCPZS—MSR; }u*. @

From (7) and (8) and PA = AP we obtain P3;MC = 0 and PsMS = 0. Then we
have P;MC? = 0 and P;MSS* = 0, thus PsMC? + P;MSS* = P3M(C? + SS*) = P;M by
C2+55* = I,. The nonsingularity of M implies that P; is zero matrix, which gives

_ PMC PMS |, .. P 0 MC MS |, .
pa—u PMC RSy B OTTME MSTy
2
Since PA is idempotent, AP = PA and (PA)? = U[ (PlAgC) P1MCOP1MS ]U*,
hence
P MC = MCP; = (P,MC)? (10)

By Lemma 1, we have Q = PAQ. If welet Q = U{ 81 82 } U*, then by (9) we have
3 Qa4

PAQ U[ PMC  PMS } { Q1 Q }U*

0 0 Q3 Qa an
. PIMCQq + PLMSQs PiMCQ, + PyMSQy %
=Uu 0 0 ur.
From Q = PAQ we have that Q3 and Q4 are zero matrices and
=P MC
Q1 =PMCQ, (12)
Q2 = PIMCQ>

By Theorem 3, we have A%,Q,m = P"(Q. Since P3 = 0, Q3 = 0 and Q4 = 0, thus we
P b Pk
0 Py 0o P
entries that we are not interested in are marked with . Therefore

® m P *
owm re-ul T 218§ 0

haveP:U{ ]U*andQ:U[ %1 %Z}U*,thuspm:U[ ]U*;the

0
PO, prQ (13)
_ 1 ¥1 1 <2 *
~u[ e e ]y
m m—1
By A™ = u{ (MOC) (MC)O Ms }U* and AmAIC’?,Q’m = Q, we have
mae oo (MC)™ (MC)"'MS P"Qy PI'Qy |,
A AP,Q,m - u_ 0 0 0 0 u
r mpm mpm
| 0 0
_ [ Ql QZ *
= U 0 0 }U .
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Thus

{Qerowvg )

Qo = (MC)"P"Q,
Therefore, by (10), (12), (15) and the definition of the (P, Q, m)-core inverse, we have

{ (MC)]@l,Ql,m = P{”Ql

(MC)I@;/],QZ,HI = leQZ

(16)

From (13) and (16) we have

o ] MOB 6w (MO 60w 1y
AP’Q,m_U[ FuQum Qe U,
5.2. How to Compute the (p,q, n)-Core Inverse in C"*"

Let A,P,Q € C"*" and n € N. We will assume in this subsection that A is (P, Q, n)-

core invertible. Here we suppose that AP = PA, thus we have P = u[ 181 iz } U*, where
4
Py € C™". Moreover, we have
P,MC = MCP, (17)
and )
n n—
PA" — U P(MC)" P (MC)"*MS U (18)
0 0
By Lemma 4, we have Q = (A"P)?Q. If we let Q = U{ 81 82 } u*, then by (18)
3 4
we have

won2m 1o PL(MC)" Pl(MC)”-lMSHQl Qz} .
(4 P)Q_U[ 0 0 Q3 Qu u

[ * * "

0 0

where we marked with % the entries that we are not interested in. Thus, from Q
(A"P)?Q we have Q3 and Q4 which are zero matrices. Therefore, we have A%,Q,n = PQ

Pp P || Q1 Q2| _ Q1 Q2
U[ 0 P } { 0 o0 w=u 0 0
have

} U*. It is not difficult to see that we

A@

MQC)¥ MC)¥
RW—UV ) (MC)

Py,Qun Py, Qo u*.
0 0 ]

6. Conclusions with Some Applications

Two new generalized core inverse are introduced, namely, the (p, g, m)-core inverse
and the (p, g, n)-core inverse. These inverses extend the inverses of the (i, m)-core inverse,
the (j,m)-core inverse, the core inverse, the core-EP inverse and the DMP-inverse. The
(p,q, m)-core inverse and the (p, q, n)-core inverse can used in some areas such as statistics
and matrix generalized inverses. There are a lot of research articles about matrix ordering
and element partial ordering; by using the reverse order of the (p, g, m)-core inverse and the
(p,q,n)-core inverse, one can get some suitable applications in statistics, electrical networks,
etc. We can obtain several partial ordering by using different generalized inverses, such
as the minus ordering by using the inner inverse, the sharp ordering by using the group
inverse and the core ordering by using the core inverse. The main results in this paper
as follows:
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If a is (p, g, m)-core invertible, then the (p, g, m)-core inverse of a is p™q. Leta, p,q € R
and m € N. Then a is (p,q, m)-core invertible if and only if there exists e € R such that

2
RS (N
a= , p= and q = ,
|: 0 az exe 0 pz exe 0 0 exe

e=e",
where pia; = ayp1 = (p1a1)?, paaa = axpy = 0, ap is (py1,q1, m)-core invertible and
(p1, 92, m)-core invertible. The (p, g, m)-core inverse of a is given by

a® _ (al)%m/"i (al);?@]/fh/m _ qul pilnqz
pam 0 0 0 0 '
exe exe

If A e C"™"is (P,Q, m)-core invertible, then we have PA = AP, PA is idempotent,
X =PAX, A"X = Qand

MC)® MC)®
A%,Q,m = U[ ( )(I;lrerm ( )(l)’l,szm }U*.
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