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Abstract: In this work, we study the nonlocality of star-shaped correlation tensors (SSCTs) based on
). Such a network consists of 1 +m +n1 + -+ - + 1y,
nodes and one center-node A that connects to m star-nodes B, B, ..., B" while each star-node B/ has

a general multi-star-network MSN(m, ny, ...,

nj+1 star-nodes A, C]1', Cé, ey, C{;f.. By introducing star-locality and star-nonlocality into the network,
some related properties are obtained. Based on the architecture of such a network, SSCTs including
star-shaped probability tensors (SSPTs) are proposed and two types of localities in SSCTs and SSPTs
are mathematically formulated, called D-star-locality and C-star-locality. By establishing a series of
characterizations, the equivalence of these two localities is verified. Some necessary conditions for a
star-shaped CT to be D-star-local are also obtained. It is proven that the set of all star-local SSCTs is a
compact and path-connected subset in the Hilbert space of tensors over the index set Ag and has least
two types of star-convex subsets. Lastly, a star-Bell inequality is proved to be valid for all star-local
SSCTs. Based on our inequality, two examples of star-nonlocal MSN (m, 11, ..., ny,) are presented.
Keywords: multi-star-network; star-shaped correlation tensor; star-locality; star-Bell inequality

MSC: 81P45; 81P40

1. Introduction

As promising platforms for quantum information processing, quantum networks
(ONs) [1] have recently attracted much interest [2-7]. It is important to understand the
quantum correlations that arise in a QN. Recent developments have shown that the topo-
logical structure of a QN leads to novel notions of nonlocality [8,9] and new concepts
of entanglement and separability [10-12]. These new concepts and definitions are differ-
ent from the traditional ones [13,14] and thus need to be analysed using new theoretical
tools, such as mutual information [10,11], fidelity with pure states [11,12], and covariance
matrices built from measurement probabilities [15,16].

According to Bell’s local causality assumption [17,18], the joint probability
P(0103...04|mymy ... my) of obtaining measurement outcomes 01,0y, ...,0, of systems
A1, Ay,..., Ay can be obtained in terms of a local hidden variable model (LHVM) with just
one “hidden variable", or “hidden state", A. Such a probability distribution is said to be Bell
local. Focusing on QNs, completely different approaches to multipartite nonlocality were
proposed [19-23]. That means that network nonlocalities are fundamentally different from
standard multipartite nonlocalities. Carvacho et al. [24] investigated a quantum network
consisting of three spatially separated nodes and experimentally witnessed quantum
correlations in the network. Due to the complex topological structure of a network, it is
possible to detect the quantum nonlocality in experiments by performing just one fixed
measurement [8,25-28].

Quantum coherence originated from the superposition principle originally pointed
out by Schrodinger [29] and is a fundamentally quantum property [30,31]. Quantum
nonlocality is a correlation property of subsystems of a multipartite system, exhibited by a
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set of local measurements. It is also a powerful tool for analyzing correlations in a quantum
network [32] and a direct link between the theory of multisubspace coherence [33] and the
approach to quantum networks with covariance matrices [15,16].

Patricia et al. [34] found some sufficient conditions for nonlocality in QNs and showed
that any network with shared pure entangled states is genuinelu multipartite nonlocal.
Supic et al. [35] proposed a concept of genuine network quantum nonlocality and proved
several examples of genuine network nonlocal correlations.

Recently, Tavakoli et al. [36] discussed the main concepts, methods, results, and future
challenges of network nonlocality with a list of open problems. More recently, Xiao et al. [37]
discussed two types of trilocality in probability tensors (PTs), P = [P(ayaza3)] and that
of correlation tensors (CTs) P = [P(aja2a3|x1x2x3)], based on the triangle network [8] and
described by continuous (integral) and discrete (sum) trilocal hidden variable models (C-
triLHVMs and D-triLHVMs).

Haddadi et al. [38] studied the thermal evolution of the entropic uncertainty bound in
the presence of quantum memory for an inhomogeneous, four-qubit, spin-star system and
proved that the entropic uncertainty bound can be controlled and suppressed by adjusting
the inhomogeneity parameter of the system. Related research on spin-star systems can be
found in [39,40] and the references therein. As a generalization of star-networks [22,23],
Yang et al. [41] considered the nonlocality of (2" — 1)-partite tree-tensor networks (referring
to Figure 1 for the case where n = 2) and derived the Bell-type inequalities.

A 6
Charlie 1 Charlie 4

Figure 1. The six-local tree-tensor networks consisting of seven parties and six independent sources
51,52,...,S5¢ characterized by hidden variables A1, Ay, ..., Ag, respectively [41].

Extending the scenario in [41], Yang et al. [42] discussed the nonlocality of a type of
multi-star-shaped QNs (Figure 2), called 3-layer m-star QNs (3-m-SQNWs), and established
related Bell-type inequalities.

Figure 2. A 3-layer m-star quantum network (3-m-SQNW) for m = 3 consisting of a node A, m
star-nodes B!, B2, ..., B™, and m? star-nodes C]1,C]2, e (j=12,...,m)[42].

In this work, we study the nonlocality of star-shaped CTs and star-shaped PTs based
on a more general multi-star network MSN (m, ny, ..., n,) depicted in Figure 3.
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Figure 3. The multi-star-network scenario, denoted by MSN(m, ny, ..., ny). Whenm =1,nmy =n—1,
it reduces to MSN(1,n — 1), which is just an n-local scenario [22,43]; when m = ny = 1, it becomes
MSN(1,1), reducing to the bi-local scenario [20,43].

Such a network consists of 1 + m + n; + - - - + n,;, nodes and one center-node A that
connects to m star-nodes B!, B2,...,B™ while each star-node B/ has nj+1 star-nodes
A,CLCh, ..., Crp.

In Section 2, we will introduce the star-locality and star-nonlocality of the multi-star-
network MSN(m, ny,...,n,) and give some related properties. In Section 3, we will first
introduce star-shaped CTs (SSCTs), including star-shaped PTs (SSPTs), and discuss two
types of localities of SSCTs and SSPTs, called D-star-locality and C-star-locality. Then,
we establish a series of characterizations of D-star-localities and C-star-localities, show
the equivalence of these two types of localities, and give some necessary conditions for
star-shaped CT to be D-star-local. At the end of this section, we will show that the set
cstarlocal (A ¢y of all star-local SSCTs over the index set Ag is a compact and path-connected
subset in the Hilbert space 7% (Ag) of all tensors over Ag and contains at least two types
of subsets that are star-convex. In Section 4, we shall establish an inequality that holds for
all star-local SSCTs, called a star-Bell inequality. Based on our inequality, two examples are
given. The first example is a star-nonlocal MSN (m, ny, ..., ny), in which the shared states
are all entangled pure states, and the second one gives a star-nonlocal MSN (m, ny, ..., 1ny)
in which the shared states are all entangled mixed states. In Section 5, we will give a
summary and conclusions.

2. Multi-Star-Network Scenario
2.1. Notations and Concepts

In what follows, we consider the multi-star-network scenario as depicted in Figure 3,
denoted by MSN (m, ny, ..., ny). The network involves 1 + m + Z}”:1 n; parties

AB,...,B",CL,....CL,...c¢,...,C"

nyse Nm

and m + }.{L; n; sources

1 1 1
s,...,smsk, sk L sm s

ny’ N’

which are characterized by hidden variables A/ € D; and y{c € Fi(k)(j € [m],k € [n]),
where [n] :={1,2,...,n}. ‘
Weusep, . € D(H,; ® M) to denote the states shared by A and B/ for all j € [m],
770 0

and p; . € D(H,; @ H ) to denote the states shared by B/ and C,]; for all j € [m] and
k~k k k
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k€ [nj]. Weget Ha = Ly Hyj, Hpi = HBé ® (®Z;1HBi)(j =1,2,...,m). Then we

define the system state as

m m
j=1 0 j=1 11 22 nj=nj
Consider the measurement assemblages

M(A) = {M(x) = {Mg\x}Z(/i) x=1.2...,m(4)},

N(B) = {Ni(y) = (N}, 13'E) L vj=12,...,mB)}, @
£(c)) = {Lfk(z],k) = Lfc;/klzj/k}cjfgl Lz = 1,2,...,m(C£)}

consisting of positive-operator-valued measures (POVMs), on systems A, B/ and cl , Te-
spectively, where j € [m] and k € [nj], consisting of positive operators satisfying the
normalization conditions:

o(c})

o(4) . "
2 Ma‘x IA’ 2 b ‘]/] B]’ 2 LC]'k‘ij = ICJ
a=1 ]‘,kzl ! !

k

Then, we can obtain a measurement assemblage (MA)
M= M(A)® (@N(Bf)) ® (@(ﬁ(c{) RLICH®...® ﬁ(c;;j))) 3)
j=1

of the quantum network with measurement operators

m
.f j j.2
Moy = M (® ) (®< .>) @
=

where x € [m(A)], yj € [m(B/)] and z, [m(C{()] denote the 1nputs of parties A, B/ and C]k
with the corresponding outputs a € [0(A)], b; € [0(B;)] and ck [0 (C]k)], respectively, and

y= (yl/yZ/- /ym) = {yj}]m:]/ b = (blleI’ ”/bm) = {b]};ﬂzli

z = (21,1/ .o /Zl,YLl/ZZ,l/ AR /ZZ,nzl e Zmds e /Zm,nm) = {Zj,k}]'e[m],ke[nj]/
c=(c11,- s Clny s €20+ C2ny s - s Colse e s Ciny) = {Cj,k}je[m],ke[nj]'

Clearly, the measurement operators M|y, are positive operators acting on the Hilbert
space

m m
Hwyus :=Ha ® (®7‘[Bj) & (®(/HC{ ®HC£ Q... ®7‘[Cj )),
j=1 =1 i

while the system state I' given by (1) is an operator acting on the Hilbert space

j=1 =1

m m
Hsns == (®(HA;' ®HB{))) © (®(HB{ OHG ®--- OHy ®HCL.))'
] ]

Generally, Hys # Hsps due to the non-commutativity of tensor product, and in that
case, the product Mp,|xy,I" does not work well. Therefore, we have to change the system
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state I to a state I acting on the space Hyjps in order to make the tensor product M| xyzf
reasonable. To do this, we define a swapping operation U : Hgys — Hmps by [¥) — U[¥F),
where

j=1

uly) = (®|¢Aj>) ® <®(I¢Bé>®|¢3fl->®--.® ¢B£,>)> ®
j=1

(®<I¢C4> ©...® Itpci)))

j=1
€ Hwmus

) = (é@w ® |¢Bé>))

=1

j=1

for all

€ Hgshs.

Then, we obtain a new state I' = UTU" acting the Hilbert space Hyys so that the operator
product M, xyzf" works well. Furthermore, it is easy to see that

tr [Mubc|xyzf] =tr [Mabdxyzr] ’ ®)

where ]\7Iabc‘ xyz = U+Mubc‘ xyzU, which is an operator acting on the Hilbert space Hgps for
every index (a,b, ¢, x,y, z). Thus, the joint probability distribution P(abc|xyz) of obtaining
a,b, c reads: N

P/lz/l (abe|xyz) = tr[Mabc\xyzr] = t]~ﬂ[]\/111bc|;»cyzr]- (6)

With these preparations, we can describe the locality and nonlocality of our quantum
network MSN(m, ny,...,ny) as follows.

Definition 1. A gquantum network MSN (m, ny,. .., ny,) with the state (1) is said to be star-local
for an MA M given by (3) if there exists a probability distribution (PD)

p(Apa, s pim) = ﬁp(w x ﬁﬁp(ﬂi), )

where {p;(AV)},j and {pjx( ]/t{()}y,- are respectively probability distributions (PDs) of M and y{(
such that forall a,b, ¢, x,y,z, it holids that

P}, (abc|xyz) = Y p(A p, .o im)Pa(alx, A)
AED,ui €Fy,....im €Fy
m ) m M .
< [ 1Psi(bjlyj, A, j) x P (cjklzip i), ®)
j=1 j=lk=1 *

where

A= (AL...,A™) €D, Wi = (V;""'V{q) € Fi(j € [m]) (local hidden variables(LHVs));

D =Dy x...x Dy, F;=F, x ... x F,(j € [m]) (finite sets of LHVs) ,
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{Pa(alx,A)}, {Py;(bily;, M, u;)} and {P(cjklzjks ‘ui)} are PDs of a,b; and c;, respectively.
k

Otherwise, MSN (m, ny, ..., ny,) is said to be star-nonlocal for M.
MSN(m,nq, ..., 1ny) is said to be star-local if it is star-local for any M, and it is said to be
star-nonlocal if it is not star-local, i.e., it is star-nonlocal for some M.

2.2. Properties
Similar to the reference [42], we can obtain the following results:
Proposition 1. If a network MSN (m, ny,...,ny,) with the state (1) is star-local for M given
by Equation (3), then the T as a state of system ABy - - - B,y Ci - - - C,lZl < C{"--- G is Bell-local
for M.
it ~ ] J ol B —
Proposition 2. The reduced states of I on subsystems A;By and B,.C; are T’ AB) = 0 4B} and

fBici- =0 respectively, for all j € [m] and k € [n;].

Proposition 3. If the network MSN (m,ny, ..., ny) with the state (1) is star-local, then the
bipartite states p; j and p , .; are Bell-local for all s € [m] and t € [nj]. Furthermore, the
t-t _ 770
m-partite reduced state (I') gig2 _gm is Bell-local.
Consequently, if one of bipartite states p BiC) and p A8 is Bell-nonlocal, then the net-

work MSN (m,ny,...,ny,) must be star-nonlocal. Especially, if one of the shared states
is a pure entangled state, then the network MSN(m,ny,...,ny,) is star-nonlocal. See
Examples 1 and 2 in Section 4.

Proposition 4. Every separable (i.e., all of the shared states are separable) MSN (m, ny, ..., 1y)
is star-local.

Proof. Since the shared states p , ,; and p,; ; are separable, they can be written as
770 k> k

d;
PA B] - Z P] A] |S/\/><S;\j|® |SX]-><SXJ
M=1
d]
= WE D E @ [E70(E ],
ER A ETATA
P‘k*

where p;(A/) and pj,k(y{() are PDs of A/ and y{(. Put
A= (AL A% A W= (‘11]1,;4]2,...,‘14{1].),
D =[d] % ... x [du], Fj =[] x ... x [d},](j € [m]),

then

m m
r = ®PA]BJ X Paic) ®PBJCJ ®. ®PB/ CJ )
j=1 i=1

~.

1j

pj(AM) x ]—[Hpj,k(#b
j

“1k=1

Il
[
::]§

A€D p€Fy,.. ]lmEPm ]:1
n:

m ]
(Il @ s snl) © | @@ ) (@ 1) ),

1 j=lk=1 "k Tk ko Tk

®-

]
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which induces the measurement state

n

m
r=urut= Y ) Hp] (M) )< TTTTpix(r xl"()t Wi, Hm),

AeD ]/lleFl, HmEPm] ]Zlk

Ny

Il
—_

where

U'(A gy, i) = (®|5;\f><5/m|) ® (@ (|Sl)(j><sl):j|®®|t;j><t;‘j|))
=1 ' k=1 "k Tk

=1

(o)

Thus, for any MA M given by (3), we compute that

Piy(abelxyz) = tr[(Mg@Npjy@L,)T]
m ) m .
= ) Y IIpi) <TTTTPik(kp)
AED p1€Fy,... . ymE€Fy j=1 j=1k=1

X tr[(Myx @ Ny y @Le )T (A 1, -+ )]

_ Y 1T < TTTTputd) * Patalx,2)

AED,u€F,.. ym€Fm j=1 j=1k=1
m ) m " j

X HPB]'(bjor N, uj) x ]_H_[l PC;;(C]k Zjke M) )
= j=Tk=

where

Palalx, ) = t[My s (é M|)

Py (bily;, M, pj) = [Ny, (157 (7] ®® ‘t

Pei (cjk

This shows that Equation (8) holds and then the network is star-local. The proof is com-
pleted. [

zj00) = L ) (87 D]

k

3. Star-Locality of Star-Shaped Cts

When a multi-star network given by Figure 3 for the case that m = 3 is measured by
parties
AB,...,B",C},...,C}

wro Clree e G
the conditional probabilities P(abc|xyz) of obtaining result (a,b, ¢) conditioned on the
measurement choice (x,y,z) form a correlation tensor (CT) [44] P = [P(abc|xyz)] over the

index set

m nj

as = [o(A)] x [ Tlo(BN] x T[T Tlo(Ch)]  [ma] ﬁl[mwfn <TTIIim(ch),  ao
1

j=1 j=1k=1 j=1k=1

which is a non-negative function defined on Ag satisfying the following completeness
condition:
Y P(abc|xyz) =1, Vx,y, z. (11)
ab,c
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We call such a P a star-shaped CT over Ag. Let CT%%(Ag) be the set of all star-shaped CTs
over Ag.

To discuss the algebraic and topological properties of the CT°(Ag), we have to
make it live in a Hilbert space. To accomplish this, we let 759" (Ag) be the set of all real
tensors P = [P(abc|xyz)] over Ag. Thatis, P € T5%®(Ag) if and only if it is a real-valued
function defined on Ag with the value P(abc|xyz) and a point (4, b, ¢, x,y, z) in Ag. Clearly,
T4 (Ag) becomes a finite-dimensional Hilbert space over R with respect to the following
operation and inner product:

sPy + tP; = [sP;(abc|xyz) + tP,(abc|xyz)],

(P1,P2) = ) Pi(abc|xyz)P,(abc|xyz).

ab,cxy,z

The norm induced by the inner product reads

IP[]:= 4/ (P, P) = { B (P(abCIxYZ))Z} :

ab,cxy,z

Especially, when m(A) = m(B/) = m(Ci) = 1for all k, j, we denote P = [P(abc|xyz)]
by P = [P(abc)] and call it a star-shaped probability tensor (PT) over

05 = [o(4)] % ml[owf)] <TIT

TITo(ch).
j =1lk=1

j=1k=

Let PT°%(()5) be the set of all star-shaped PTs over Qg and let 7597 () be the set of all
real tensors P = [P(abc)] over Q0g, which is a finite-dimensional Hilbert space over R with
respect to the following operation and inner product:

sPy + tPy = [sP;(abc) + tP>(abc)],

(P1,P;) = ) Pi(abc)Py(abc).

ab,c

The norm induced by the inner product reads

1P = \/(e,P) = { > <P<abc>>2} .

a,b,c

3.1. Concepts

Definition 2. A star-shaped CT P = [P(abc|xyz)] over Ag is said to be C-star-local if it admits
a “C-star-shaped LHVM":

m .
P(abelxyz) = [ PO ) Pa(alx, ) T T Py byl A, 1)
JDXFy X...XFy i=1
m " .
X PC’,; (ciklzj ks y?{) dy(A)d7 (1) - - - dTm (pm) (12)
i=1k=1

foralla,b,c,x,y,z, where
(i) (A, Qu) = (D X H]’.”Zl Fj, 0 x H}-":l i,y X H}”:l T]') is a product measure space with

A=A A € D,pj= (y]l,...,‘u{q],) € F(j € [m]) (LHVs);
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D=DiX...XDy, F= F{ X ... X F,];],(j € [m]) (spaces of LHVs) ;

m ] .
o= H(Tj,éj =[]9.(j € [m]) (product o-algebras) ;

j=1 k=1
m o

y=1Ir1v=11 Té (j € [m]) (product measures) ;
=1 k=1

(ii) All of the local hidden variables (LHVs) A1,..., A™, ],1]1',. . ]/t{q],(Vj € [m)]) are indepen-

dent, i.e.,
m nj

. m ] .
PNt omm) = TpiV) < TTT T pic(i2) (13)

=1 =Tk=1

—.

where pj(M) and pj,k(y;{) are density functions (DFs) of A; and y;(, respectively, i.e., they are
non-negative and satisfy

[ p ) =1, [ i) = 1
] k

(iii) Pa(alx, A), Py (bjly;, M, u;) and P (ciklzj ks ‘u;() are PDs of a, bj and c;, respectively,
k

and are measurable with respect to A, (AJ, pj) and y{(, respectively.

A star-shaped CT P = [P(abc|xyz)] over Ag is said to be C-star-nonlocal if it is not
C-star-local.

We use CTCstarlocal (A o) ang ¢ 7Cstarnonlocal (A o) o denote the sets of all C-star-local
CTs and all C-star-nonlocal CTs over Ag, respectively.

Specifically, when Dy, ..., Dy, P{, ., F,]1j (j € [m]) are finite sets with the counting
measures, a C-star-shaped-LHVM (12) becomes a “D-star-shaped-LHVM":

P(abc|xyz) = ) p(A, i1, -, m)Pa(alx, A)
AeD,u1€F,....im€Fm
m . m_ " .
< [T Pyi(bjly;, Aoup) < TTT 1T Pej (cilzjje 1), (14)
j=1 j=1k=1

where {P4(alx,A)}, {Pg;i (b;ly;, A, #)}, and {Pci(cj,k‘zj,k' ‘u;()} are PDs of 4,b; and c;, re-

spectively, and the joint PD p(A, i1, ..., 4m) is given by (13). In this case, we say that P
is D-star-local. 1f P has no D-star-shaped LHVMs of the form (14), then we say that it is
D-star-nonlocal.

We use C7Pstarlocal (A o) ang ¢D-starnonlocal (A o) to denote the sets of all D-star-local

CTs and all D-star-nonlocal CTs over Ag, respectively. Clearly,
CTD-star—local ( AS) c C7—C—star—local ( As ) )

Definition 3. A star-shaped PT P = [P(abc)] over Qg is said to be C-star-local if it admits a

"C-star-shaped LHVM”:

m

P(ab = / A ut, e i) Pal Py (b; A,
(abc) . meP< 1, i) Pa( ]]1 5 (01N, )
m 1
XHHPC ¢jlil) dy(A)dzi(p1) ... AT (pn) (15)

i=1k=1
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forall a,b, ¢, where p(A, 1, ..., Um) is a DF of the form (13). It is said to be C-star-nonlocal if it is
not C-star-local.

Definition 4. A star-shaped PT P = [P(abc)] over Qg is said to be D-star-local if it admits a
"D-star-shaped LHVM":

P(abc) = ) p(A, i1, -, m)Pa(alA)
)LED,]M €Fy,...tmE€Fm

m , m_ M
X [ [ Pgi (b1, )) XHH (cjk
j=1k=1

j=1

Vk (16)

forall a,b,c, where p(A, 1, ..., um) is a PD of the form (13). It is said to be D-star-nonlocal if it
is not D-star-local.

Definition 5. A star-shaped PT P = [P(abc)] over Qg is said to be star-local if it is either
C-star-local or D-star-local. It is said to be star-nonlocal if is neither C-star-local nor D-star-local.

We use PTEstarlocal ()¢ (resp,, PTP-starlocal () ) to denote the set of all C-star-local
(resp., D-star-local) star-shaped PTs over ()s.
Clearly,
PTD—star—local ( QS) C PTC-star-local (QS ) )

3.2. Characterizations

To show every C-star-local CT (especially every PT) is D-star-local, we need the
following lemma [37,43]. Recall that an m x n function matrix B(A) = [b;;(A)] on A is said
to be row-statistic (RS) if, for each A € A, b;;(A) > 0 for all , j and 2?21 bij(A) = 1.

Lemma 1. Let (A, Q) be a measurable space and let B(A) = [b;;(A)] be an m x n RS function
matrix whose entries b;; are (:-measurable on A. Then, B(A) can be written as:

n™"
Z 05 .()), VA € A, (17)
where a(k =1,2,...,n™) are all non-negative and Q-measurable functions on A with ZZL ap(A) =

1forall A € A, and {Ji}" | denotes the set of all maps from [m] into [n].

Put 4
N(A) — o(A)"A), N(BI) = o(B/)"(B), N(C]) = o(C])™(C)

and let {]Z} 4) be the set of all maps from [m(A)] into [0(A)], {K] } , ) the set of all

maps from [m(B/)] into [0(B/)], and let {L]k ; (7’1‘) be the set of all maps from [m(Ci)] into

oGP
Let P = [P(abc|xyz)] be a C-star-local CT over Ag. Then, it has a C-star-shaped
LHVM (12). Since function matrices

j,k/ I/l']]()]zj,krcj,k

M(A) := [Pa(alx, A)]xa MOV, 1) = [Py (bl A, )]y, M) = [P 7 (Cik

are RS for each parameters A, (A, u i) y{( and their entries are measurable with respect to
the related parameters, respectively, it follows from Lemma 1 that they have the following
decompositions:

N(A)

M) = Y a(ilA)[6, 1,0,

i=1
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N(B/)
/\] V] Z ,B] ]M V])[ b; K (y,)]r
S]' ]
. N(C '> .
M) = X e, e b
equivalently,
N(A)
Pa(alx,A) = Z a(i|)\)(5a/]i(x), (18)
i=1
‘ N(B)) .
Pyi(bily;, M, puj) = ) ﬁ](sj|/\/rﬂj)5bj,Kg_(yj)f (19)
Sjil ]
N(C ) k
lzquVMJ% Z:f] wWﬁckU ) (20)
tik=1

where a;(A), ,BJS] (M, uj) and ft]]f(y;() are PDs of 7, s; and tj;, respectively, and are measurable

with respect to A, (A, u j) and ;4;(, respectively. It follows from Equations (12) and (18)—(20)
that

m m j
P(abc|xyz) = Z 7e(i,8,t)0 J,(x Héb XHH(SC’ ]t (z10) (21)
18t jk j= j=1k= k
foralla,b,c, x,y,z, where s = (s1,82,...,5n) = {s]- ]*”:1,
t= (tlll t12/” -/t1n1/t21/t221' ~-/t2n2/'--/tml/th/'--/tmnm) = {tjk}je[m]/ke[nj]/
and
m . M
n(i,s, t) = AU, ..., a(i|A J(si|M, u;
(80 = g, POt a GO TTB s )
m " k
< TITT A% (tilp) dy(A)dz () - .. AT (i), (22)
j=1k=1

with p(A, 1, ..., um) given by (13). Clearly, p = [72(i, s, t)] is a C-star-local PT over

m

Fs = [N(A)] x [ NG < [

i=1 j=Tk=1

i

which generates P in terms of Equation (21).
Conversely, if (21) holds for some completely independent PD (13) and a C-star-local
PT p = [(i,s, t)] with a C-star-shaped LHVM (22), then (12) holds for P,, P;; and P
k

given by Equations (18)—(20). Thus, P is C-star-local.
This shows that (12) < (21) and leads to the following.

Theorem 1. A star-shaped CT P over Ag is C-star-local if and only if it has the following decompo-
sition:

P=Y n(i,s,t)Disy (23)

is,t
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P(abc|xyz) =

pr (b]|y], /\j, t]'l, -

1

where p = [7t(i,s, t)] is a C-star-local PT over T's given by (22) and D; s ¢ = [D; s +(abc|xyz)] is
given by

m n;

m ]
Dlst(abc|xyz = %a,]i(x) H% XHH‘SC

L .
j=1 j=lk= ik Jk)

As an application of Theorem 1, we obtain the following relationship between C-star-
local CTs and C-star-local PTs:

is,t

¢ Cstar- local {2 n(i,s,t)Digy: p = [(i,s,t)] € 'P’TC-Star—local(rs)} (24)

Again, we let P be a C-star-local CT over Ag. We aim to prove that P is D-star-local.
First, it has a C-star-shaped LHVM (12). Since

n

m m j
p(Apa, o) = [TpiN) < TTTT pis(n
j=1 j=lk=1
we obtain from (12) and (20) that
m .
L [ TIpV) x Patalx A)dr(a)
LReIN(Ch)IGelm) "I
m m "
<[ TPyl Vo) < TTTT e A o) dmam) . oG
Fixee X jq j=lik=1
m M
i . 2
" Hk 156/’”"“}’;(%) =
Put

Bialti) = [ A ()P () ATl (),

which are PDs of ¢, and satisfy

nj nio . .
k
[Tai(ti) = [ TTUE Gpia(a)) din),
k=1 Fi=1
and define

nj

/tjnj) = 7/ Py b|y],)t .”] X( P]k ))dT(P‘])
Hk 1 97k (Ex) k=1

if HZ; 7;x(tix) > 0;and

; 1
PBj(bj|y]',/\], ti, .oy tjnj) = @/
otherwise. Clearly, PBj(b]'|yj, M, tit, e, t]-n].) is a PD of b; for each (y]-, M, tit, oo, t]-n/.), and
when szzl q;x(tix) > 0, we have

nooo .
. . ,k .
TTajx(tin) x Pyi(bjlyj, A, tia, o b)) = /F Py (bjlyj, M, ) (Hft]jk (ﬂi)Pj,k(ﬂi))de(W)- (26)
=1 i =1
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Note that the right-hand side of above equation is less than equal to HZ]: 19;x(tjx) and
is equal to zero when HZ’: 19;x(tix) = 0. Thus, Equation (26) is valid in any case. Using
Equation (26) yields that

n;

i m )
TTajCti) < TTPei(bilyj Aty i)
=1 =1

::]3

-
Il
—

I
—

Il
=
. —

PB;(nyM Hj) % <Hft]k Pk uk)>de(ﬂf)

j

= / ﬁPB] b|y],)x Hj (ﬁl—][ ‘ p]k yk))drl(yl)...drm(ym).

Fox B =1 j=1k=1

Combining Equation (25) yields that

n:

P(abc|xyz) = ) ﬁl—][qj,k(t]k)

fka[N(C{%j)] (je[m),je[m]) =1 k=1

x/D]‘[p,-(Af) % T 1Py (0jlyj, M, b1, i) % Paalx, A)dy(2)
=1 j=1

m 1

<TTIT0, ,x. (27)

j=tiet et k)

Using Lemma 1 for the RS function matrix [Pg; (b;]y;, M, bt oo b ) with (y;tjg - - - tin,s b;)-
entry Pg; (b]- |y]-, M, ti, .-, t]-n].), we get that

i N*(B)) .
Py (Bjlyje Ao tins oo ting) = Z g, (M) §h L tjetin) (28)
rl=1 /
where | |
i i Jy... j
N*(B) = O(Bj)m(BJ)N(Cl) N(Cn]_),

gjr' ; (M) isaPD of / and is m?asurable With respect to A/, and {Ei it c[N+(pi)) denotes the set
of all maps from [m(B;)N(C}) - - - N(C,qu)] into [0(B;)]. Thus, we see from Equation (28) that

. m N*(B) .
[ 175 (b |y],/\,t]1,...,tjnj) = I1 2 g;f(/\])éb E Wistitreorting)
11 1T it in

= Y TIew xl‘[(st(j] ) (29)
= 1

N*(Bh) N*(B™) n;

m ]
P(abclxyz) = ) - ) Y TTITai(ti)
A=l L GeN(Ch)IGelm] jem]) ISR
m ) m. .
< [ T xTTg, (A1) x Pa(al, A)dr(A)
j=1 j=1

(30)
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Put ' L '
m) = [ pAg, (a)dm (A, Q)

j

then we obtain a PD h]-(rf) of 7 for every j. Define r = (r!,72,...,#™) and put

Patalr) = oy T < T4 x Patl a3

if H] 1 (rf) > 0; otherwise, define P4 (a|x,r) = i for all g, x, then P4 (a|x,r) isa PD of a
and

m

/ Hp] (A) ng/ (M) x Pa(alx, A)dy(A =] (1) x Py (a|x, 7). (32)
j=1
Thus, from Equations (30) and (32), we get that
m ) m "
P(abc|xyz) = Y [T < TTT1ajx(tix) x Palalx,r)
reRt €Ty,... tm €Ty j=1 j=1k=1
m M
% H b; K i Wikjtreting) % jllkzl 5Cj,ka{;l;(Zj,k), (33)

where t; = (1, .. .,tjn].), and

R=TTIN*(B)], T; = [N(CD)] x --- x [N(Ci)](j = 1,2,...,m).
j=1
Put ‘
(bl ] +) = ; .
Py (bl 1) = 51’1"1(2' jitteorting)” Pey (a2 ) =9 Cialt (210)’

which are of PDs of b; and ¢;, respectively. Then Equation (33) becomes

m m
P(abclxyz) = ) [T7() < TTTTajx(tix) % Paalx,r)
reRNET et €T ]:l ]:1 k=1
m ) m "
X HPBJ(b]h/j/ T],i’ >< HH P Zj ks ]k) (34)
j=1 i=1k=1

This shows that P is D-star-local.
From this discussion, we have the following conclusion.

Theorem 2. A star-shaped CT P over Ag is C-star-local if and only if it is D-star-local, that is,
CTC—star-local<AS) — CTD—stur—local(AS> = CTstar—local(AS)'

Due to this conclusion, we say that a star-shaped CT P over Ag is star-local if it is
C-star-local, equivalently, if it is D-star-local.

As a special case of m = ny = np = 2, Theorem 2 implies the following result, which
is an equivalent characterization of the six-locality discussed in [41].
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Corollary 1. The correlations P(a, by, by, c1, ¢, ¢3,C4|X, Y1, Y2, 21, 22,23, 24 ) discussed in [41] are
six-local if and only if the following decomposition is valid:

P(ﬂ, bl/ bZ/ C1,C2,C3, C4|xr Y1, Y2,721,22,23, 24)

Me€lmg] (V) k=1
X Py(c1]21,A3) P5(c2|22, Ag) Pe(c3|2z3, A5 ) Pr(calza, As),

6
= Y. T x Pr(alx, AA2) Pa(b1]y1, A AsAs) Ps(ba|ya, A2AsAe)
(35)

for all possible a,bq,by,c1,¢2,¢3,C4,X,Y1,Y2,21,22,23, 24, Where pi(Ag)’s are PDs of Ay, and
Py, Py, ..., Pyare PDs of a, by, by, c1, c2, €3, C4, Tespectively.

Theorem 3. A star-shaped CT P = [P(abc|xyz)] over Ag is star-local if and only if it is

“separable star-quantum”, i.e., it can be generated by an MA (3) together with some separable states

O aB] €D(H,y ® HB{)) and Pyic] € D(H% ® Hci)/ in such a way that

P(abc|xyz) = tr[(M,®Npjy®L )], Vx,a,y,b,2,¢, (36)

where the network state I is given by Equation (1).

Proof. To show the necessity, we let P = [P(abc|xyz)] be star-local. Then, it can be written

as (14), that is,

P(abelryz) = Y p(Agiees i) Palaln, )
AeD,yleFl,...,ymer
m ) m_
X TP (bl M) < TTTT Py (e
=1

j=1k=1

Zjk, M(), (37)

where {Py4(alx,A)},{Pg;(b;ly;, AV, pij)} and {Pci(cf'klzf'k’ u,)} are PDs of a,b; and c;y, re-

spectively, and
m n

pA oo pm) = [ [ i) < [T T pis (4 (38)

i=1 =1k

[

Il
—

in which pj()tf ) and p; ( ‘ui) are PDs of Aj and y;(, respectively. Choose Hilbert spaces

} i
Hy = Hy = clpi, Hy =W = CIR, vj k,

D .
where |S| denotes the cardinality of a finite set S; take their orthonormal bases {|s,;) }‘N ]:‘ 1

j
and {|t j>}|1;k| (Vj, k), respectively; and put
P =1
m nj
Ha= @t =0 (@, )
= 0 — Ok
]_1 k=1
Choose separable states
|D;] |EJ|

OB = Nzlp] Nsai) (sl @ [sp) (11, PB]CJ = Z Pjk P‘k |t J'|® |ty{(><ty£‘-
Vk*
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Then, we can obtain a network state
m m
= (@ | @ | ey @ g @ oy ) |-
= =

which induces the measurement state

~ m . m_
=% X Tl <TITTrmGs) xT A pa,, o im),
AeD i €Fy,... . um€Fy j=1 j=1k=1
where
(A )= (@ lsu) s o) e (e,
s W1  BWm) = S/U S)\/| X ® |S/U S)\/|®®| yk| ®®|
j=1 j=1 j=1k=1

To define an MA (3), we put

M, = Y Pa(alx,A) ®|S/\1><SM|/
j=1

AeD

, |
Nyt = L Po(lyje Vo p)lsyi) (sl (® IWW)'

ek, k=1

/le/k Z ]k|Z]k’#k |t >< ‘ui|
My GF]

It can be checked that
P(abc|xyz) = tr[(Ma\x®Nb\y®Lc\z)ﬁ

for all possible variables a, b, ¢, x, y, and z. This proves that P is separable star-quantum.

Conversely, we suppose that P can be written as the form of (36). Then, from the proof
of Proposition 4, we see that P has a D-star-shaped LHVM (9) and then is star-local. The
proof is completed. [J

Theorem 4. Let a star-shaped CT P = [P(abc|xyz)] over Ag be star-local. Then, for each
1< jo <mand (jo, ko) € [m] x [nj], the following conclusions are valid.

abjoCjo ko |XYjoZjo ko )1 of P on subsystem ABfOC{;(’) is

(a) The marginal PAB].OC,-O [ AB/OCJO( ioCo,

bilocal.
(b) The marginal PACQ) [P C]O( Cio ko 1XZjo ko )] of P on subsystem ACi% is product:
PACjO =P, ® PCjO , L.e.,
ko ko
PAC{;O (acjo,kg |XZ]0 ko) |X> ( ]0 ko |Z]0 ko) (39)
0

(c) The (ng + 1)-partite CT

PC{OMC{P Bio [[PC{OWCJVO. B0 (C]'o,l o 'Cjo,nobjo |Zjo,1 T 'Zjo,noyjo)]]
io

= [[PABJ‘OCQ’ (b 0Col " ]'o,no|y]'ozfor1 o 'Z]b/no)]]

is no-local.
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Proof. Since P is star-local, it has a D-star-shaped LHVM (14):

P(abc|xyz) = Z p(A, u1, ..., im)Pa(alx, A)
)\GD,]/ll EF],A..,]/lmGPm

m . m_ My .
[T Psi(0slyj A i) x TTTT P (ejklzinr 1) (40)
j=1 j=lk=1 "k
where
m ) m 1 .
PN, oim) = [T piV) X TTT T pic(m). (41)
j=1 j=1k=1

in which p;(V/) and P]‘,k(,u;() are PDs of A; and P‘;« respectively.
(a) Using (40) implies that

PAB/oc£0 (@bjiyCjo ko | XYy Zjo ky)

= ) P(abc|xyz)
bj.cj i (j#jok#ko)

= 2 2 P]o ()\JO)PJO,l(V]fJ) e Pjo,njo (‘u{%‘O)PA<a|xl A]O)
Mo oo
kg,

><PBJ'O (b]O |yj0’ AJO’ ]/l]1 Vn ) C]O ( jo,ko |Z]0,k0/ ]’lko)

= Ezp]o p]oko :uk )Pal(alx, AR) )Pgio (jo[Yjo, A 'Vk) C/O ]0k0|z]0k0'nuk0)

MOV]%
where ‘
Pa(alx, AP) =} pj(Aj)Pa(alx,A),
JE€F; (j#0)
Pyiy (Bjo 0jor A% i) = 15 TT iosiid) x P (b yjor MO, pwy - ).
10 (ktko) 1 (k#ko)

This shows that PABJ'OC{P is bilocal [43]
(b) Using Equation (42) implies that
PAC£0 (acjo,ko |xz]0 ko> = ZPABjO cio (ab 0Cjoko |xy]0 Jos k0>
0 Jo

= Z p]o p](),ko(]’l ) ( |x A ) IO( ]0,k0|Z]0,k0/Ptk0)
/\]0,;410

= Palalx)P_ ( iosko | Zioko ) s

implying Equation (39).
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¢) Using the definition of P i . and (14), we have
) cho...clo gio
1 ”]'0
PC{°~~~C{,°. Blo (Cjo,l "+ Ciomobjy |Zj0,1 o 'Z]'ornoy]'o)
jo

- PABJOC;;O (bfo Cjo, 1" Clong |]/j02j0,1 o 'Zjo,no)
0

= Y X Y.  Plabc|xyz)
@ bi(j#jo) cjx(k€lni]j#jo)
= X X piWOpoal) P, (i)
A 0,08
"o
X P _j (c;
P C]]{O( ]O,k

Zip ko M) % Poio (0 [jo, A, i =+ 4 )

for all possible ¢, 1, -, Cjonyr bjgs Zjo,1r - - - 1 Zjongs Yjo- This shows that the (19 + 1)-partite CP

P o o pj, 18 no-local [43]. The proof is completed. [
PGl Bo

For a star-shaped CT P over Ag, the conclusion (a) of Theorem 4 ensures that if there

exists an index (jo, ko) € [m] x [no] such that the marginal PABfOCﬁ(’) is not bilocal, and

conclusion (b) implies that if some of the marginal P Ach isnota product, then P must be
ki

star-nonlocal. Using conclusion (c) shows that when some marginal P is not

Jo i Jo nij
c10 Czo . 'C“% B/0
ng-local [43], P must be star-nonlocal.

3.3. Global Properties

As the end of this section, let us give some properties of the set C7510%l(A ). First,
since all elements of C7°%@ 1%l (A ) admit their D-star-shaped LHVMs (34) with the unified
form Y cr ey, tneT, Of summation, in which the index sets R, Ty, . . ., Ty, are independent
of P, the following conclusion can be checked easily.

Theorem 5. CT %! (Ag) is a compact subset of the Hilbert space T (Ag).

This conclusion ensures that the set 7t monlocal (A o) forms a relative open set in the
Hilbert space 7°%f(Ag). That means that any star-shaped CTs near a star-nonlocal CT are
all star-nonlocal.

Theorem 6. CT 1% (A ) is a path-connected set in the Hilbert space T (Ag).

Proof. Put

mo o\ ) !
I(abc|xyz) = {o(A)H(o(Bj) HO(C{()> } ,

i=1 k=1

then I := [I(abc|xyz)] is an element of CT°°@ (A¢) Tet P = [P(abc|xyz)] and Q =
[Q(abc|xyz)] be any two elements of CT 1% (Ag). Then, P and Q admit D-star-shaped-

LHVMs:
P(abc|xyz) = Z p(A, 41, ..., um)Palalx, A)
AeD,ui €Fy,...im €Fm
m ) m " .
X HPBf(bj|yj/ M, pj) x| Pc{ (cklzjr 14l
j=1 j=1k=1
where
n . m_ 1 )
p(A e ) =T [ pj(W) x pik(1), (42)
=1 i=1k=1
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in which p;(A/) and pj i ( ‘u;() are PDs of A; and y;(, respectively, and

Q(abclxyz) = ), q(1,81,-- -, &m)Qalalx, 1)

neD! 51eF,... mERy,

n;

m , m_ M
XHQBJ'(bjorW]er) XHHQ ]k|Z]k/(:k)
j=

i=1k=1

where 7 = (171,...,17m),§j = (§j,...§Lj),and

m

) m 7y )
q(1,81,--.Em) = [ Ta;(7") x [ TT T 9jx (&), (43)

=1 j=lk=1

in which q]-(17f ) and q]',k(d() are PDs of 1/ and é{;, respectively.
For every t € [0,1/2], set

Pi(alx,A) = (1 —2t)P4(alx, A) +2t0(1A),
P (byly;, M) = (1 — 26) Py (bilyj, V) + 2t (1 50 ),

' 1
Pt ( Ciklzj ks ) =(1 _Zt)Pci(Cj,k|Zj,krV;<) +2t (C])(] € [m], k € [nj]),
k
which are clearly PDs of 4, b;, and c; «, respectively. Put

P!(abclxyz) = ) p(A, p1, ..o um) P (alx, A)
/\ED,yleFl,...,ymer

1]

m ) m )
< TPy (bylyj, AV ) < TTTT PG Cejalzie 1),
j=1 j=Tk=1
then f(t) := [P!(abc|xyz)] is a star-local CT over Ag for all t € [0,1/2] with f(0) = P and
£(1/2) = 1. Obviously, the map t — f(t) from [0,1/2] into CT™%#1°<l(A¢) is continuous.
Similarly, for every t € [1/2,1], set

Qi (el ) = (2t = 1)Qalalx 1) +2(1 =) s,
Qly byl 1) = (24 = )Qu byl ) + 201 = 1) i € ),

QL (cjlzjp €1 = (2t = 1)Q (ejalzi &) +2(1 — )
k k O(Ck)

which are clearly PDs of a4, b/, and c;(, respectively. Put

Q'(abc|xyz) = ) QA p1 - i) Qg (alx, A)
A€D,u€F,...,im €Fy

n;

m X m ]
< [T Qi (bjlyj V) < TTTT Q (ciklzie 1h),
=1

j=Tk=1
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then ¢(t) := [Q'(abc|xyz)] is a star-local CT over Ag for all t € [1/2,1] with ¢(1/2) =1
and g(1) = Q. Obviously, the map t — g(t) from [1/2,1] into T2l (A¢) is continuous.
Thus, the function p : [0,1] — CT™210%4(Ag) defined by

f(t), tel0,1/2];
”“)‘{ o), te(1/21)

is continuous everywhere and then induces a path p in C7°%1°%@ (A ¢) with p(0) = P and
p(1) = Q. This shows that CT5?"1°%l (A ¢) is path-connected. The proof is completed. [

Next, we discuss the “quasi-convexity" of the set CT51°¢l (A ¢) by finding two classes
of subsets of CT™@1% (A¢) that are star-convex.
For any fixed 1 < u < mand 1 < v < ny, by taking a star-shaped CT E =

[E(abc|xyz)] such that the marginal E -~ g is completely product:
E g (00" |xy"25) = Ea(alx) x TTEgi(jly) < TT  Ey(ejulzin),
j#u (jok) #(u,0)

where

b" = {bj}jzu S = {cjx} 020y Y = Witiztu Zo = {2k} k)£ w0)

we define a star-shaped CT S, , = [Sy,0(abc|xyz)] by

Sup(abc|xyz) = E@ (abch|xy"zh) x o(CH) X o (57 (44)
Put

Tst:;li ;cl)cal( Ag) = {P € cstarlocal (7 g Pc/gﬁ _ Ec/gﬁ } (45)
which is just the set of all star-local CTs over Ag with a fixed marginal distribution E -+ &g

on the subsystem CZL,‘B” = ATl B IT(j ) (u0) Co- Clearly, (S”'U)C/I;\Bu = EC“B” and S;, €
CTstar-local Ac).
Ecrgn (As)
Using these notations, we obtain the following.
Theorem 7. The set CT 1@ (Ag) is star-convex with a sun Sy, i.e., for all t € [0,1], it holds
CyBH
that

(1= )80 + tCTF%9N (Ag) € CTFL%(Ag). (46)

C“B” C“B“
Proof. Lett € [0,1]and P € CTStar aclocal (A ) Then, P € CT3% 1ol (Ag) and PC“B” =Eqp

CHBH v
Since P has a D-star-shaped- LHVM
m m N
P(abc|xyz) = Z H xHHp]k
AED,uy€Fy,.. pm €Fm j=1 j=1k

n;

=1
m ) m 1

xPp(alx, A) [ | Pgi(bjlyj, A, ;) x HHPC ciklzj, k,#k)
j=1 j=1k=1
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we get that
P@\B“ (ab"ch|xy"zly) = Zb P(abc|xyz)
Cu,v,Ou
m ) .
= L [Tri) < TT  pik(s)
Al () #(u,0)) =1 (k) #(u,0)
x Pa(alx, A) [T Pgi(bilyj, M, )
jFu
x J1 PCi(ijk|ijk’ y{c)
(1K) #(1,0)
For every t € [0,1], put
pu(s) = (- pyo1, (Mo, 8)s Hogas -+ My )
and define
t w ooy Pup(pg)(1—t), s=0;
Falptys) = { Pt 2 2 @)
P (bulyu, A", pu(s)) = o =Y (48)
! v T PB“(buh/u/ /\ul ]’lu)/ s = ]-/
Pcu(cuolzuo, (Hy,8)) = o((ljg)' s=0 (49)
o ’ PCZL,‘ (Cu,v|Zu,vr V%ﬁ), s=1,
which are PDs of (p%,s), b, and ¢, », respectively. Put
m ) .
Q'(abclxyz) = ) ) [IriM) < TT  pix(m) * fio(ps,s)
s=0,1 AeD,u1€Fy,... ymEFy j=1 (k) #(u,v)
xPa(alx, A) [T Pyi(bjlyj, M, pj) x Ppu(bulyu, A", pu(s))

i#u

X H PCJ' (Cj,k|zj,k/ ,”;{) X Pcu (cuplzuo, (Hy,8)),
(i) #uo) *

then Q' = [Q (abc|xyz)] € CTSaroal (A),
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On the other hand, for all a, b, ¢, x, y, z, we compute that
t = i i t
Q' (abc|xyz) = ). [IriAM) < TT Pkl * fio(pz,0)
AED, 1 €F1 st € j=1 (k) #(u,0)
xPa(alx, A) [T Pgi(bjlyj, AV, ) % Ppu(bulyu, A", 1 (0))
j#u

X H P (]k|Z]k/Vk)XPC“(Cuv‘ZuU/(.”w 0))
(jk)# (u,0)

m . .
+ ) [T < TT  pixGu) < fio(ps, 1)
AED,u1 Ry, fim €Fy j=1 (j.k)#(u,0)
x Pa(alx, A) T'T Pgi(bjlyj, A, 1) P (bulyu, A", ju (1))
j#u
X H P (]k|Z]k/Vk) XPC“(Cuv‘ZuU/(.”w )
(k) #(u,0) %

Using Equations (47)—(49), we obtain that

Qabelryz) = (-1 ¥ TIp)x T pietd)

AL () # (u,0)) =1 (k) #(u,0)
1
xPa(alx, A) T Py (bjly;, M, ) o(B")
jFu
i 1
x 1 Polejxlzi ) x
R * o(C¥)

+t Y HP] (M) XHP]k#k

AED,yleFl ]/lmEFm ]

xPa(alx,A) HPBJ(bj|yj/ M) < 1T Pei (Cjxlzjx )
j=1 (jk)
= (1-1t)Sun(abe|xyz) + tP(abc|xyz).
This shows that

(1—1)Syo+tP = Q! e cTsR 0l (ALY vt e [0,1].

Cupe ClBH Cupw’ Cupe Cup
This shows that Q! € CTHaro%@l (A ). The proof is completed. [
clpu

Since (Sup) ==, = P~=, = E=, we have QtCMBu = (1—1)(Suo)ag +tPaz = E

Next, let us find another star-convex subset of C 7'Star‘local(A s).Fixed 1 < u < mand
taken a star-shaped CT F = [F(abc|xyz)] such that

Fiz(b"cly*z) := ) F(abc|xyz) = HFB] (bjly;) x H ]k|z]k

a,by

where b* = {b;}; 1, y" = {yj}+u, we define a star-shaped CT S, = [S,(abc|xyz)] by
1
Su(abc|xyz) = o(A) X F iz (b"cly"z) B” XH c]k|z]k (50)

Put
t _1 1 t —l() al . P — 5
C;Fa/;\uoca (AS)— {PEC; ar-loc (AS) /\4314 F@}/ ( )



Mathematics 2023, 11, 1625

23 of 33

which is just the set of all star-local CTs over Ag with fixed margmal distribution F ;7 o
the subsystem ABH = (ITj2u B/)C. Clearly, (Su) 30 = = [F 7 (b*c|y"z)] and then
Su € CTF (As).

With these notations, we have the following.

Theorem 8. The set CT%tj/;\jocal(As) is star-convex with a sun Sy, i.e., for all t € [0,1], it holds

that
(1= 6)Suo +ICTFEON(As) C CTFEC (As). (52)

Proof. LetP € CTStar l"Cal(Ag) Then, P € CT3 1A (A Q) and P 1=, 1 = Eig
D-star-shaped LHVM

- Since P has a

m m
P(abc|xyz) = ) H )< [TTTpix
AeD,ui€Fy,...im€Fy j=1 j=1k=1
m ) m " j
xPa(alx, A) [ TPgi(bjly;, A, pj) x HHPC k2 1)
j=1 j=1k=1
we get that
m m N
Pz (blcly’z) = ) H ) < [TTTpix(m) x
AED,u R, im€Fy j=1 j=1lk=1

j

. m .
x [ Pi(bjlyj, N, uj) x H PC (cjklzjr 1l -

For every t € [0,1], put

u w(A)(1—t), s=0;
g;()\ ,S) = { P Pn(/\u)t, z: 1,

A= (AL AZ AL (A% 5), AvHL, A,

1 -0
PI(LI|X,)L,): o(A)’ s=0;
P(alx,A), s=1,

1
Péu (bu|yu, ()\u,s), }’lll) = { O(Bn)’

s=0;
PB” (bu|yul )\u/ ]’lu)/ s = 1r

and define

n;

Q'(abc|xyz) = ) Y. [TriV) x g (A%,s Xﬁﬁp

s=0,1AeD,u1 €F, ..., )0y €Fm j#u j=1k=1
x Py (alx, A") x T Pyi(bjlyj, A, i) X Ppu(bulyu, (A", 5), pru)
it
m N
XHHPC ]k|Z]krﬂk)
j=1lk=1

Clearly, Q' := [Q(abc|xyz)] € CT3local(Ag).



Mathematics 2023, 11, 1625

24 of 33

On the other hand, for all a, b, ¢, x, y, z, we compute that

m n;

Qabclryz) = (1= Y [InW) <11 pute) ¢

AED,u1€Fy,.. ym€Fy j=1 j=1k=1

1 ; 1
X ——— X Pi(bilyi, M, u;) x
O(A) ]#Hu BJ( ]‘y] ]"]) O(B”)

X ]:([Pci (cilzjje 1)
1z

=
<

m

SO S § CCUR §0y CHT

AED,ui€Fy,... i €Fy j=1 j=1k

l
—_

n;

]
H PC C]kIZ] kr.uk>
k=1

:]s

m .
XPA(EZ|X,)\) X HPBj(bjo,/\],‘M] X
j=1
= (1-1t)S,(abc|xyz) + tP(abc|xyz).

-.
Il
MR

This shows that
(1-HS,+1tP= Qf e CTStar'local(As), vt € [0,1].

Clearly, Q%B\“ = F 5. Hence, (1 -1)S, +tP = Q' € CTStar'local(AS). The proof is com-
pleted. O

4. A Star-Bell Inequality

In this section, we derive an inequality (56) that holds for all star-local star-shaped
CTs, called a star-Bell inequality. Consider a star-shaped CT

= [P(abe|xyz)] = [P(a, b1+ - b, c[x,y1 - ym, 2)] (53)

with inputs x, yj, zjx € {0,1} and outcomes a,bj, c;x, € {0,1}, where j € [m], k € [n;]. Put
= Z}":l n;. For all ag, aj, z € {0, 1}, we deflne the following two quantities

Lnoay .o (P) = SN E Z (_1)”+2j bi+Yk ¢jk
2jk=0,1a,bj,c;x=0,1
XP(a,by - - - by, c|ag,a - - - am, z), (54)
Zjk
DY cs
]/30/51"-/5"1( = 2N Z (_1)ﬂ+Z, ]+E],k Cik
Zj k= =0,1 ab],c]k 0,1

XxP(a,by--by,c|Bo, 1 Bm 2). (55)

Theorem 9. If a star-shaped CT P given by Equation (53) is star-local, then

1 1
aga . (PN + [Jpopy...p, (PN <1, Vay, Bj € {0, 1}. (56)
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Proof. Since P is star-local, it has a D-star-shaped LHVM (14). Thus,
(=1)* L%+ EikCikP(a, by - - - by, c|ag, &1 - - - A, Z)
ub],c]k 0,1
= Y. (=) Rt Lk p(A pa, o pim)
a,b]', j,k=0r1 AeD,u1€Fy,...im €Fm
m_ )
x Py (alag, A) XHPB, (b; |zx],A Wi HHPC] z]-,k,y{c)
j= j=1k=1 *
= ) pAu1, - im) ), (=1)"Pa(alag, A)
AeD,y1€Fy,...umE€Fy a=0,1
XH Z ]PB](b |l¥],/\ 74])
j=1b;=0,1
m N
x H ]k|Z] kr .uk)
j=1k=1 C;k:01
m .
= PO - im) (Aag)a T T(Ba )iy
AED, 1 €Fy oo tim EFm j=1
m N
<1
j=lk=1 = Tk
where
(Ang)r = La—0,1(—1)"Pal(alag, A),
<B] >)\/y] Zb —01(— )]PBl(b |D‘]:)\ V])
<C]/’k>F‘k Cik= Ol( ) (]k|Z],krVk)
Hence,
1
garan (Pl < 5 X0 Y. p(A i1, pim)
zj =01 AeD,u€Fy,....im €Fy
j:l,A“m,k:Lm,n]-
m N
X | {Ang) AH )uy <[
i=1k=1
1
= o Z Z p(A, 11, - tm)
Zj,k:O/l )LED,],{lEF],...,]/lmEFm
j:l/...m,kzl/...,n]-
m j m M J
%I (Ang)a| % TT|(Bh) s | x TTTT|(CL
j=1 j=1k=1
Note that |(Ag)r] <1, |<B£‘j>)\f,yj‘ <1, we have
Lo ..oon (P)] < Y PA w1, i) (s pim), (57)
A€eD,u1€Fy,....im €Fm
where
m 1 1
fuom) =T1TT5 L (CLe), (58)
2 My
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Analogously, we can get

Z p()\rﬂl/'-wﬂm)g(]llw'-,,Hm),
AeD,y1€Fy,...umE€Fy

Top1...pm (P)] <

where
m 1 1 2 ]
8w, ) =T TIT|5 (=1)7(Cz)
j=1k=1|“ zj4=01 k
Since
m ) m "
p(Apa,opim) = T TpjM) < TTT T pju (),
= j=1k=1

(59)

(60)

where {p;(V)} A and {pj( y{() }yj are probability distributions, we have from Equation (57)
k

that
| Liguy..n (P)] < ) PN - i) f (B, - pim)
AeD,ui €Fy,....im€F
m m N
= )3 H M) < [TIT pix(n
AeD,ui €Fy,... uym€Fy j=1 j=1lk=1
lm_[ nj 1 J
X 5 "y
=1k=1 zz]k:01 e
m
= Y. I ZP] (V)
w€F,...ume m]:1
m_ M )
xT1 pik( i) Z (Céjﬁyf :
j=1k=1 ]k:0,1 k

Note that }_); pj()\j) =1forallj=1,2,...,m, we obtain that

1

m
|Iﬂtoﬂ(1...ﬂ(m (P) | S H

j=Tk=1

Zr’j,k(ﬂ;c) !

M

EHY

zjx=0,1 k

Similarly, using inequality (59) implies that

m 7
|],BO/31 Igm ‘ HIj[l Zp]k ‘uk

j=1k l

> L (-1l

/-,k:O,l

Using the following inequality [22] Lemma 1 :

1
(T k) ol 2 my L k
YoATTx ] <TI(xi+xi+...+x")n, Vxf >0,

k=1 \i=1 i=1
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we have

(1 agr.n P)D N + (poprpm PID T

2=

IA
=
s
7
==
i
Y
Y
™1
o
=
.

1
m j 1 , j "
+ anp]k(ﬂk) 2 (_1) ]k<czjk> j
j=1k=1 F’i
N
m 0 iv( |1 j 1 j
< H ij,k Vk) 5 <CZ]k>J + 5 Z (— )]k<c >P‘
j=1k=1 ]k ;=01 k 2jx=0,1 k
1
i N
m M (Co) i +(CD) (Ch) <C]>,
_ k Hk k Hk
= I 2Pk (g +
j=1k=1\ ,J 2 2
Hk
< 1.

This shows that inequality (56) is valid and completes the proof. O

The validity of the inequality (56) is a necessary condition for a star-shaped CT P to
be star-local. So, we call it a star-Bell inequality (SBI). Thus, a violation of SBI for some
parameters wg, a1, . .., &y and Bo, B1, . - ., Bm shows that P is star-nonlocal.

Let us return to the network situation. Let Ay, B]yj. and Cé}kk be {+1, —1}-valued
observables of H 4, Hyj, and H o Then, we have the following spectrum decompositions:

Ay = MO\x M1|x = Zu:(),l(_l)aMapci

j ] b; ]

By =Ny, - 1|y{< = Ly=01 (=1 TNy, (61)
]/ Jik ]r

C LO\Z;k l|Z k ZZ k= =01(= 1 "L iklzix

Put
_ ' _ j j ik, N — Jyis I
M(x) = (Moo Mo}, N () = {Ngy, Ny, D G21) = {Lmz kalz]k}

which are clearly POVMs of H 4, Hyj, and H _;, respectively. Then, we can get a measure-

a’
ment assemblage
m ) m 1
M= Mx)® | Q@N(y) | ® | @R LKz 1 x,Y5,zjk = 0,1 (62)
j= j=1k=1

of the quantum network with measurement operators

m .
i1 i2 jmj
= L’ L L.l
MabCIxyz Ma|x & <® bj |y ) (@i( C,',1|zj,1 & Cj,2|Zj,2 &® ® Cj,nj‘zj,n]-) ’
]:
where

aec {0,1},b = (bl,. . ,bm) S {O,l}m,C = {C]',k}ke[nj],je[m](cj,k = 0,1),
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X € {013,y = (1, ym) € (0,12 = {2 ke et (234 = 0, 1).
For all a; € {0,1}, it is computed that
| (PE\A) = o Z Z 1) LYk CikP(a, by - - - by, clag, a1 - - - am, Z)
Zjk a,bj,c;,
_ N Z Z 11+Zj bj+2j,k Cjk
]k a bj,C]

xtr[( alay @ (éNb |1x) ® (é " Lc]klzjk)> ]

m ) m N )
_ ZLN Z<Aa0 ® (@ B;j) ® (@@cﬁ;’;) > . (63)
Zjk =1 j=1k=1 -

r
Similarly, for all 8; € {0,1}, we have

—_

1 Lz e
]ﬁoﬁlnﬁm(Pg\/{) = 27\,2(—1)):1’“1* Z (_1)ﬂ+21b,+2],kc],k
Zik

a,bj,cix
xP(a,by - bm,c|Bo,B1- - Bm, 2Z)

_ 2%2(_ Z;szk<Aﬁ ® (éB] ) ® (é(ng)c;k)> . (64)

j=1 j=1k=1

r

This shows that the SBI (56) becomes

Tagarmn (PR ™ + Tpops g (PR <1, Va, B; € {0,1}. (65)

It is valid whenever the network with state I is star-local for the given MA M. Hence, to
explore the star-nonlocality of the MSN (m, ny, ..., ny,), it suffices to choose some specific
states distributed in the network and to choose specific measurements for each party such
that the corresponding SBI (56) is violated for some g, &1, ..., a,; and Bo, B1,. .., Bm-

Example 1. Let us consider the situation that the states distributed in the network are pure
entangled states. Denote

(66)

9) 51 = P2100) + PRI G € [m]),
[9) gy = a5'100) + 45 1) € [m) k € [my]),

the normalized pure states shared by A and B/ and by B/ and cl, respectively, with real and positive
coefficients pl, p} and g} ,q1 * with (P2 + (P)? = Land ()2 + (42 = 1. Thus,

1j

A= H2P17’2 < TIT1Ca %" >

j=1k=1

3

Then, we can get

'OA]'Bé = ‘lP>A]Bé<l/J|’ pB{;Ci = |¢>Bici<lp" (67)
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Consider the {+1,—1}-valued observables of H = (C2)®™, Hp = (C2)®+), and

2.
HC{{_C.

’ (68)

7
Zi’k = (cos 0k 0, sin Gf'k) -,

Xo = o™ Y) = (ffg(Hnj); ZI* = (cos ik, 0, sin yik)
Xl = (Tég)m,

where j € [m], k € [nj], & = (01, 02,03) is the vector composed of Pauli operators and ik, ik ¢
[— 71, 7t]. The spectral projections form an MA M given by (62) for the network.
Using Equations (67), (68) and (63) and taking aj = 0(j=0,1,...,m), we can get

1 m m " g
Ino.o(Ply) = N Y <X0® (@ Y(])) ® ( Zé,}bk
j=1k=1 F

z]v,k:O,l j:l
1 © = @(14n)) o ko ik
- L <0'1m® N R
= r

Z]',k=0,1

- ZLN Y < é(cﬁ@m) ® é®(01®cé;ﬁ) >
r

2jx=0,1 j=1 j=1k=1

“sc
e Ses ik ik ik jk
- ZWH(ZP1P2> XH 2(cos /" + cos 07) g\ g
j=1 j=Tk=1
A , ,
= ox [T T(cosy/* +cos o).

Ji.a(Ply) = 2 ﬁ<‘73®‘73>p } Im—[

‘T.
—
-
Il
MR

Putting

n= (171'1 ...,171'"1,...,17'”'1,...,17"1'""‘),9 = (91'1,...,91'”1,...,9'”’1,...,9"1'”’”)

implies that

f,0) = [Too.o(®R)IY + i (PRI
1 1
= iAlﬂ[ 3 (cos 7/ 4 cos 67F) ' + iﬁ 5 (sin /% — sin 6/F) '
-2y j=1k=1 ! 2N j=lk=1 !
1 1
-1 VA ﬁﬁ(cos 7k + cos 07F) ' 4—1 ﬁﬁ(sinnj'k — sin6/F) '
2 j=Tk=1 2|i=Tk=1
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Taking 0 = —1, i.e., /% = —yi* for all j, k yields that
1 1
m N m 1 N
flr,—n) = VA TTI]cos ko + I sin i
j=Tk=1 j=Tk=1
By taking y/* € [0, 7t/2] such that
AN
sin ik = ,cos ik = ———— (69)

for each j, k, we get that

|Ioo...o(P5\/1)\% + |]11...1(P§\/1)|% = f(n,—n) =1+ AR >1

since A > 0. This shows that SBI (65) is violated for (a;, ;) = (0,1)(j = 0,1,...,m) and then
the network with the shared states given by (66) is star-nonlocal.

The following example is about a situation in which the states distributed in the
network are Werner states with noise parameters v; and v{(.

Example 2. Let us consider the Werner states distributed in the network:

I i i1
0ap = Uil @I+ (L= 0)) g Py = AP @TI+ (1 - w7, (70)

where v; € (0,1],v}, € (0,1],j € [m),k € [n;] and |¢p*) = 25(100) +11)).

Consider the {+1, —1}-valued observables of H, = (C2)®™, Hy = (C2)®U+) gnd

,Hci =C2%

(71)

= gdm i ®(1+n; .k
X1 =03", Y{:Ul’)( ’), Z{ :%(0’1—0'3),

. . ik
{ Xo = o™, { Yl = o, { g = S50+ 03);
where j € [m], k € [nj] and 01,03 are Pauli operators. The spectral projections form an MA M
given by (62) for the network. Using Equation (70), Equation (71), and Equation (63) and taking
aj = 0(j =0,1,...,m), we compute that

1 m . m 1 K
loo..o(Py) = SN )y <X0 ® (@Y 2 (@K ZLy)
zjx=0,1 j=1 j=1k=1 P
1 Qm " ®(1+n]-) m ik
= ZW Z 0 ® (®Ul ) ® (® CZj,k)
zjx=0,1 j=1 j=1k=1 P
1 o m M "
= N ) < R en) | e | QR o) >
Z]"k:(),l j:l ]:1 k=1 T
1 m o
= wllesm, TM{ae T df
j=1 4iBp j=1k=1 2j;=0,1 o
PB{(C{C
|4
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n; 1
where V = H}n=1 v; H;-"zl I, ZJ;{.
Analogously, taking pj = 1(j = 0,1,...,m), we have 111 (PY ;) = \/% Hence,

2=

1 1
[Too..o(Ph) [N + 111 (P )|V = V2V

Thus, |IOOH_0(P§M)\% + |]11,”1(I’§Vl)|% > 1ifand only if V > ﬁ Therefore, when the coeffi-
cients of the shared state (70) satisfy the condition 1 > V > \/%, Equation (65) is violated, and
then the network MSN (m, ny, ..., ny) is star-nonlocal.

5. Summary and Conclusions

In this work, a more general multi-star-network MSN (m, ny, ..., ny) was introduced.
Such a network consists of 1 + m + ny + - - - 4+ n,;, nodes and one center-node A that
connects to m star-nodes B!, B2,...,B™ while each star-node B/ has nj+1 star-nodes
A, C{, CJZ, .. .,C{qj. Whenm = 1,n; = n — 1, it reduces to MSN(1,n — 1), which is just an
n-local scenario [22,43], and when m = n; = 1, it becomes MSN(1,1), reducing to the
bi-local scenario [20,43].

First, we have introduced the nonlocality of the star-locality and star-nonlocality of
such a network and deduced some related properties. Based on the architecture of such a
network, we have proposed the concepts of star-shaped correlation tensors (SSCTs) and star-
shaped probability tensors (SSPTs) and mathematically formulated two types of localities
of SSCTs and SSPTs, named “D-star-locality” and “C-star-locality”. By definition, an
SSCT/SSPT is said to be C-star-local (resp., D-star-local) if it admits an integral star-shaped
LHVM (resp., a finite-sum star-shaped LHVM). By establishing a series of characterizations,
we have proven the equivalence of these localities is verified and then called them “star-
locality". We have also found some necessary conditions for a star-shaped CT to be star-local.
For the global properties of star-local SSCTs, we have proved that the set of all star-local
SSCTs forms a path-connected compact set in the Hilbert space of tensors over the index set
Ag and has least two types of star-convex subsets. Lastly, we have established a star-Bell
inequality, which is proven to be valid for all star-local SSCTs. Based on this inequality, we
have given two examples of star-nonlocal multi-star-network MSN (m, ny, ..., ny,) with the
shared pure and mixed entangled states, respectively.
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