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Abstract: A Wearable Robotic Knee (WRK) is a mobile device designed to assist disabled individuals
in moving freely in undefined environments without external support. An advanced controller is
required to track the output trajectory of a WRK device in order to resolve uncertainties that are
caused by modeling errors and external disturbances. During the performance of a task, disturbances
are caused by changes in the external load and dynamic work conditions, such as by holding
weights while performing the task. The aim of this study is to address these issues and enhance the
performance of the output trajectory tracking goal using an adaptive robust controller based on the
Radial Basis Function (RBF) Neural Network (NN) system and Hamilton–Jacobi Inequality (HJI)
approach. WRK dynamics are established using the Lagrange approach at the outset of the analysis.
Afterwards, the L2 gain technique is applied to enhance the control motion solutions and provide
the main features of the designed WRK control systems. To prove the stability of the controlled
system, the HJI approach is investigated next using optimization techniques. The synthesized RBF
NN algorithm supports the easy implementation of the adaptive controller, as well as ensuring the
stability of the WRK system. An analysis of the numerical simulation results is performed in order to
demonstrate the robustness and effectiveness of the proposed tracking control algorithm. The results
showed the ability of the suggested controller of this study to find a solution to uncertainties.

Keywords: wearable robotic knee; tracking controller; radial basis function neural network; L2 gain;
Hamilton–Jacobi Inequality; robust control; adaptive control

MSC: 93A30; 93C40; 93C95; 93D05; 93D09

1. Introduction

After middle-age, the possibility of knee weakness might increase as a result of
knee fragility or weak muscles [1]. For this reason, devices that assist people in walking
are essential to reduce the pressure on the knee. People with physical disabilities can
significantly enhance their quality of life with assistive technologies such as knee prostheses.
To make these technologies more effective, however, main scientific research requirements
must be met. This study is motivated by the need to establish and validate an advanced
controller for simulation-assisted prosthesis design, which covers typical assumptions
about the appropriate form and functionality of knee disabilities. In more specific terms,
this can be divided into two specific goals: (i) Design a control strategy that analyzes real
knee dynamics and behavior and then translates the outcomes into an appropriate real

Mathematics 2023, 11, 1351. https://doi.org/10.3390/math11061351 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math11061351
https://doi.org/10.3390/math11061351
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-1816-3767
https://orcid.org/0000-0002-1007-3073
https://orcid.org/0000-0001-9967-0829
https://orcid.org/0000-0003-0528-5183
https://doi.org/10.3390/math11061351
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11061351?type=check_update&version=1


Mathematics 2023, 11, 1351 2 of 32

prosthesis. It is imperative that the control system be stable, flexible, and safe. (ii) Develop
a set of analytical and smart tools that will enable the enhancement of design techniques by
incorporating realistic testing constraints as a basis for validating simulated trends. Various
control simulation scenarios based on a Lagrangian dynamics model will be investigated
in this work to validate the overall design process. The scope of the present study is
restricted to creating the framework necessary to enable this significant design process—
fundamentally, the pipeline from theory to experimentation. The Wearable Robotic Knee
(WRK) is an assist system that relieves the knee by offering support in performing various
types of movements [2]. Generally, WRK interacts with the motion of the elderly or injured
person during activity by actuated orthosis [3]. In [4], a WRK was designed using elastic
actuators via a special technique that includes kinematic analysis, topology options, and
optimization of structure. The developed WRK demonstrated low inertia on the person
wearing the device, back-drive, and the ability to overcome the issues of misalignments.
In [5], a WRK exoskeleton with variable stiffness actuators [6,7] was designed for lower
limbs. Its structure was flexible, and it was equipped with six joints with variable stiffness
actuators. By virtue of its structure, it showed the ability of assisting persons in walking by
applying a simple torque. In [8], a functional and general gait assist robot was designed
that could carry weight using a suggested mechanical design. The structure was dependent
on the model of the human knee and the analysis of body movement. The designed gait-
assisting robot could be worn without any restrictions on persons. Furthermore, it could
achieve various movements for different human leg length and body weight. In [9], a
prototype of a wearable robot was designed to assist people in walking by applying eight
electric motors and inertial measurement unit sensors. A special controller was designed
for this prototype to control the mechanical structure of the WRK. The designed prototype
showed its ability to carry and move the person who wore it while keeping human body
balance. In [10], the path planning of WRK was simplified by applying a Probabilistic Fam
technique. This technique provides safe motion via an active knee orthosis. In [11], a WRK
device was integrated within electromyogram sensors to assist the muscle of the person’s
knee. The human knee extension and flexion movements were controlled by manipulating
the electromyogram sensor signals corresponding to rectus femoris and biceps femoris.
The developed prototype showed functionality in practical application. A clinical control
technique for an exoskeleton WRK is presented in [2]. The presented method applied the
action of the human joint synergistically, using a gait help stick, to predict and supply
the required assistance for injured limbs. The result of injured persons’ walking with the
proposed control technique achieves the aims that they can walk with the developed system.
In [12], one of the major benefits of the proposed method is that it does not cancel the
non-linear properties of the process, but compensates for these features by dampening them
instead. The designed controller achieves the system’s optimal performance in terms of
robustness, rapidity and steady-state accuracy. However, a nonlinear observer reconstructs
the unmeasurable signals to ensure that the process output trajectory closely follows the
desired path. In the work of Belkhier et al. [13], the authors propose a passivity-based
controller, designed to cope with nonlinear systems exhibiting ODEs with a high degree of
coupling and a wide range of modelling uncertainties.

This study contributes to the development of an adaptive robust stable tracking
controller using the Radial Basis Function (RBF) Neural Network (NN) and Hamilton–
Jacobi Inequality (HJI) method. The following steps are implemented:

1. By considering model errors and external disturbances, the Lagrange theory is used
to derive the dynamics equations of the WRK system.

2. A control input is developed for the WRK system from feedback action, which de-
termines the difference between the current knee angle value and the required angle
value.

3. The HJI-based L2 gain technique is established to prove the stability of the WRK’s
control system and to enable control motion solutions.
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4. By using RBF NN, the control strategy is designed to overcome problems associated
with random variations and uncertain operating conditions.

In Table 1, we provide the standard nomenclature used throughout this study in order
to introduce the various symbols that appear in the equations presented.

Table 1. Standard nomenclature.

Notation

T Height of the person

mbody Weight of the person

KWRK Kinetic energy of the WRK system

Kthigh Kinetic energy of the thigh

Kcal f Kinetic energy of the calf

PWRK Potential energy of the WRK system

Pthigh Potential energy of the thigh

Pcal f Potential energy of the calf

lthigh Length of the thigh

lcal f Length of the calf

xthigh Position of the center of thigh in x-axis

ythigh Position of the center of thigh in y-axis

vthigh Velocity of the thigh

xcal f Position of the center of calf in x-axis

ycal f Position of the center of calf in y-axis

vcal f Velocity of the calf

θhip Angle of the hip

θknee Angle of the knee

τWRK,1 Input torque at hip joint

τWRK,2 Input torque at knee joint

mthigh Mass of the thigh

m1 Mass of WRK device upper arm

Ithight Moment of inertia of thigh

I1 Moment of inertia of WRK device upper arm

mcal f Mass of the calf

m2 Mass of WRK device lower arm

Ical f Moment of inertia of calf

I2 Moment of inertia of WRK device lower arm

MWRK Matrix of WRK system inertia

CWRK Matrix of Coriolis centrifugal forces

GWRK Matrix of gravity

εWRK Model errors

DWRK External disturbances

δWRK Uncertainties

ui/p Control input
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Table 1. Cont.

Notation

ci Inputs of RBF NN vector

dj Gaussian function

dT
WRK Gaussian function vector

wWRK,hj RBF NN weight matrix
.

ŴWRK Derivative of the estimated RBF NN weight matrix

EWRK Error vector

Q Function of positive value

E Input energy

β, γ, ε, i Constant of positive value

The rest of the paper is organized as follows: In Section 2, the related works and
contributions of this study are presented. In Section 3, dynamics equations of the WRK
system are derived. In Section 4, the design of the tracking error controller is outlined. In
Section 5, the HJI-based L2 gain technique is introduced. In Section 6, the RBF NN–based
Adaptive Robust Controller is detailed. In Section 7, the simulation study and results are
presented and discussed. The conclusions of this study and future work suggestions are
included in Section 8.

2. Related Works

Developing a suitable tracking controller for a WRK is important to ensure the opera-
tion of the designed device in an independent and intelligent manner. This section presents
the existing research on WRK control motion planning design. In [14], a WRK is designed
using actuator-type elastomeric muscles and a body of soft fabric material. The knee
movements are improved by the produced prototype. The process of producing this WRK
was simple by virtue of the selected components. Moreover, producing the platform of the
WRK from soft fabric material gives the prototype the essential property of light weight,
making it a device that can be worn with ease. In [15], a control technique is proposed for
an exoskeletal WRK in order to help with a specific motion, taking in consideration the
weight and balance of the person. By equipping pressure sensors on the shoes of the person
wear exoskeletal WRK, the center of the downward walking pressure by the person can
be measured. Next, a suggested control algorithm is developed to provide balance. The
required torque for improving the gait is supplied by actuators of the elastic type, which
are installed at the wearer’s hip and knee joints. In [16], a new WRK motion planning tech-
nique is introduced for helping humans to walk. The presented algorithm is based on the
principles of the dynamic mechanism of a specifically developed lower limb wearable robot.
The process of helping humans to walk is developed via applying a learning algorithm into
the mechanism of the robot. Obtaining the path of the knee joint requires the value of the
ankle joint. The uncertainties in joints are treated by a reinforcement learning algorithm.
In [17], virtual force is used to obtain a technique for path control planning for both the hip
joint and knee joint. The designed technique addresses the issue of uncertainty. In [18], an
on-line learning algorithm is presented for a lower limb wearable robot to assist in walking.
The objective of the suggested technique is to minimize the effort of the person who wears
the exoskeleton robot and the consumed energy of the actuator. The results showed the
functionality of the introduced on-line learning algorithm in reducing the effort of the
person during walking and the consumed power by actuator. In [19], a control algorithm of
the human–robot cooperation type is introduced to aid the wearer of the wearable robot in
locomotion during stair climbing. The trajectory is divided into two control patterns. The
first one is called the human control space, where the person does not need help from the
wearable device. The second one is the robot control space, where the person needs help
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from the wearable device. These two control spaces are managed through a new function.
This new function constrains the motion of the person to achieve the required trajectory. An
adaptive controller is designed to guarantee the smooth transmission between the human
and robot motions. The main features of the controller algorithms of the mentioned works
are listed in Table 2.

Table 2. Main motion control features of the related work.
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Park Y.-L. et al. (2014) [14] No Yes No No Yes No Yes Yes No

Eong M. et al. (2020) [15] Yes Yes No No No No No Yes No

Yuan Y. et al. (2020) [16] Yes No No No Yes Yes Yes No No

Bian Y. et al. (2021) [17] Yes No No Yes No Yes Yes Yes No

Kagawa T. et al. (2017) [18] Yes No Yes No No Yes Yes Yes Yes

Li Z. et al. (2020) [19] Yes No No No No Yes Yes Yes Yes

Current work Yes Yes Yes Yes Yes Yes Yes Yes Yes

In view of the literature review, in this paper we primarily address issues related
to modeling uncertainties, robustness, and random external disturbances by satisfying
the above criteria. Furthermore, since the WRK is a human medical prosthesis, it should
be expected that operating conditions and model parameters will vary widely. Thus,
maintaining WRK stability is a key performance factor. Equally significant, the controller
running time must be reduced to allow online tuning and real-time update of the control
input. As a means of overcoming the above-mentioned problems, this paper examines
the combination of three conventional and advanced artificial intelligence techniques: the
Hamilton–Jacobi Inequality method, the gain technique, and the Radial Basis Function
Neural Network system. Generally, a WRK device is a nonlinear system of high uncertainty.
The path planning of a WRK system should take in consideration path accuracy, consumed
energy, and smooth functionality. Moreover, it is essential to consider the issues of external
disturbances, modeling errors, unknown human weight, and other uncertainties. The other
most important working condition that needs to be considered is changing of the control
inputs during operation. For example, the person who wears the WRK may hold weight
during movement or may feel tired and exert lower torque by the knee. All of these issues
are treated in this recent research via the design an adaptive robust learned controller
that aims to achieve the following contributions: (1) enhancing the control of the WRK
system, (2) achieving better accuracy of knee joint trajectory tracking, (3) manipulating
nonlinearities in WRK dynamics, (4) treating external disturbances, (5) achieving path
tracking that does not depend on the weight of the user, and (6) most importantly, ensuring
the designed controller can learn during operation to adapt to changing conditions.
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3. Dynamics Analysis

The exoskeleton WRK is a mechatronics device that integrates a person with a machine
to form a human–machine approach. The WRK model within the human body is depicted
in Figure 1. The thigh and calf are rotated by hip angle θhip and knee angle θknee, respectively.
The WRK orthosis actuators are link-1 and link-2, fixed at the wearer’s knee, thigh, and calf.
Note that link-1 is fixed to thigh and knee, and link-2 is fixed to calf and knee. Consider
the height of the person is T, then, the lengths of the thigh and calf, WRK link-1, and WRK
link-2 are obtained from Equations (1)–(4), respectively [20]:

lthigh = 0.245T (1)

lcal f = 0.246T (2)

l1 = 0.12T (3)

l2 = 0.12T (4)
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The mass of the thigh and calf of a female and a male is calculated from total weight
of the body mbody [21] as follows.

For a female:
mthigh = 0.118mbody (5)

mcal f = 0.0535mbody (6)

For a male:
mthigh = 0.105mbody (7)

mcal f = 0.0475mbody (8)

It is assumed that each part, including the thigh, the calf, the WRK link-1, and the
WRK link-2, can be considered as a thin rod that rotates around an axis at its end. Hence,
the moment of inertia of a part of mass Mpart and length Lpart is calculated according to
Equation (9):

Ipart =
1
3

MpartL2
part (9)

where part refers to the thigh, calf, WRK link-1, or WRK link-2.



Mathematics 2023, 11, 1351 7 of 32

The WRK controller design is based on the dynamics of the WRK manipulator. There
are various techniques that can be implemented to obtain the dynamics of manipulators [22].
In this study, the Lagrange approach is applied to obtain WRK equations of motion; the
Lagrangian formula is as follows:

LWRK = KWRK − PWRK (10)

where KWRK and PWRK denote the kinetic and potential energy, respectively. Human thigh
and calf length are denoted as lthigh and lcal f , respectively. The position of center of thigh is
obtained analytically from Figure 1b, as below:

xthigh = 0.5lthighsin θhip (11)

ythigh = 0.5lthighcos θhip (12)

According to Equations (11) and (12), the velocity is obtained as:

.
xthigh = 0.5lthighcos θhip

.
θhip (13)

.
ythigh = −0.5lthighsin θhip

.
θhip (14)

v2
thigh =

.
x2

thigh +
.
y2

thigh = 0.25l2
thigh

.
θ

2
hip (15)

In the same way, the position of center of calf is obtained as:

xcal f = lthighsin θhip − 0.5lcal f sin
(

θknee − θhip

)
(16)

ycal f = lthighcos θhip + 0.5lcal f cos
(

θknee − θhip

)
(17)

The velocity of calf is obtained from Equations (16) and (17) as:

.
xcal f =

[
lthighcos θhip + 0.5lcal f cos

(
θknee − θhip

)] .
θhip − 0.5lcal f cos

(
θknee − θhip

) .
θ

knee
(18)

.
ycal f =

[
−lthighsin θhip + 0.5lcal f sin

(
θknee − θhip

)] .
θhip − 0.5lcal f sin

(
θknee − θhip

) .
θknee (19)

v2
cal f =

.
x2

cal f +
.
y2

cal f

v2
cal f = l2

thigh

.
θ

2
hip + 0.25l2

cal f

( .
θhip −

.
θknee

)2
+ lthighlcal f

.
θhip

( .
θhip −

.
θknee

)
cos θknee (20)

The WRK system is represented by the following Lagrangian equation:

τWRK,i =
d
dt

(
∂LWRK

∂
.
θi

)
− ∂LWRK

∂θi
, i = hip, knee (21)

The input torque τWRK,hip and τWRK,knee represent the hip joint torque and knee joint
torque, respectively. The total kinetic energy is:

KWRK = Kthigh + KCal f

KWRK = 1
2

(
mthigh + m1

)
v2

thigh +
1
2

(
Ithigh + I1

) .
θ

2
hip +

1
2

(
mcal f + m2

)
v2

cal f

+ 1
2

(
Ical f + I2

) .
θ

2
knee

(22)

where m1, m2, Ithigh, I1, Ical f , and I2 are the mass of WRK upper arm, mass of WRK lower
arm, moment of inertia of thigh, moment of inertia of WRK upper arm, moment of inertia of
calf, and moment of inertia of WRK lower arm, respectively. Assuming the center of mass
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of the thigh and calf are at the geometrical center of the thigh and calf, then the potential
energy is obtained as:

PWRK = Pthigh + PCal f

PWRK = −0.5
(

mthigh + m1

)
glthighcos θhip −

(
mcal f + m2

)
glthighcos θhip

−0.5
(

mcal f + m2

)
glcal f cos

(
θhip − θknee

) (23)

After substituting the values of vthigh
2 and vcal f

2 from Equations (15) and (20), respec-
tively, into Equation (22), then Equations (22) and (23) are inserted into Equation (10) to
obtain the Lagrangian formula LWRK, shown in Equation (24):

LWRK = 0.125
(

mthigh + m1

)
l2
thigh

.
θ

2
hip + 0.5

(
Ithigh + I1

) .
θ

2
hip

+0.5
(

Ical f + I2

) .
θ

2
knee + 0.5

(
mcal f + m2

)
l2
thigh

.
θ

2
hip

+0.125
(

mcal f + m2

)
l2
cal f

( .
θhip −

.
θknee

)2

+0.5
(

mcal f + m2

)
lthighlcal f

.
θhip

( .
θhip −

.
θknee

)
cos θknee

+0.5
(

mthigh + m1

)
glthighcos θhip

+
(

mcal f + m2

)
glthighcos θhip

+0.5
(

mcal f + m2

)
glcal f cos

(
θhip − θknee

)
(24)

Considering Equation (21), the torque at hip and knee are obtained according to
Equations (25) and (26), respectively:

τWRK,hip =

[(
mthigh + m1

)( lthigh
2

)2
+
(

mcal f + m2

)
l2

thigh +
(

mcal f + m2

)( lcal f
2

)2

+
(

mcal f + m2

)
lthighlcal f cos θknee +

(
Ical f + I2

)] ..
θhip

−
[(

mcal f + m2

)( lcal f
2

)2

+0.5
(

mcal f + m2

)
lthighlcal f cos θknee

] ..
θknee

−
(

mcal f + m2

)
lthighlcal f sin θknee

.
θhip

.
θknee

+0.5
(

mcal f + m2

)
lthighlcal f sin θknee

.
θ

2
knee

+
[(

mthigh + m1

)
g

lthigh
2 +

(
mcal f + m2

)
glthigh

]
sin θhip

+
(

mcal f + m2

) lcal f
2 sin

(
θhip − θknee

)

(25)

τWRK,knee = −
[(

mcal f + m2

)( lcal f
2

)2
+ 0.5

(
mcal f + m2

)
lthighlcal f cos θknee

]
..
θhip

+

[(
Ical f + I2

)
+
(

mcal f + m2

)( lcal f
2

)2
]

..
θknee

+0.5
(

mcal f + m2

)
lthighlcal f sin θknee

.
θ

2
hip

−
(

mcal f + m2

)
g

lcal f
2 sin

(
θhip − θknee

)
(26)

By rearranging the resulting above two equations into matrix forms, the WRK dynam-
ics Equation (27) is obtained, as below:[

τWRK,hipτWRK,knee

]T
= MWRK

(
θhip, θknee

)[ ..
θhip

..
θknee

]T
+

CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)[ .
θhip

.
θknee

]T
+ GWRK

(
θhip, θknee

) (27)
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where MWRK

(
θhip, θknee

)
, CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
, and GWRK

(
θhip, θknee

)
are the ma-

trix of WRK system inertia, Coriolis centrifugal forces, and gravity, which are obtained as
follows:

MWRK

(
θhip, θknee

)
=

[
MWRK,11 MWRK,12
MWRK,21 MWRK,22

]
where



MWRK,11 =
(

Ithigh + I1

)
+
(

mthigh + m1

)(
lthigh

2

)2
+
(

mcal f + m2

)
l2
thigh +

(
mcal f + m2

)(
lcal f

2

)2
+
(

mcal f + m2

)
lthighlcal f cos θknee

MWRK,12 =
(

mcal f + m2

)(
lcal f

2

)2
+ 0.5

(
mcal f + m2

)
lthighlcal f cos θknee

MWRK,21 =
(

mcal f + m2

)(
lcal f

2

)2
+
(

mcal f + m2

)
lthighlcal f cos θknee

MWRK,22 =
(

Ical f + I2

)
+
(

mcal f + m2

)(
lcal f

2

)2

CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
=

[
CWRK,11 CWRK,12
CWRK,21 CWRK,22

]
where 

CWRK,11 = −
(

mcal f + m2

)
lthighlcal f sin θknee

.
θknee

CWRK,12 = 0.5
(

mcal f + m2

)
lthighlcal f sin θknee

.
θknee

CWRK,21 = 0.5
(

mcal f + m2

)
lthighlcal f sin θknee

.
θhip

CWRK,22 = 0

and

GWRK

(
θhip, θknee

)
=

[
GWRK,1
GWRK,2

]
where GWRK,1 =

[(
mthigh + m1

)
g

lthigh
2 +

(
mcal f + m2

)
glthigh

]
sin θhip +

(
mcal f + m2

) lcal f
2 sin

(
θhip − θknee

)
GWRK,2 = −

(
mcal f + m2

)
g

lcal f
2 sin

(
θhip − θknee

)
The dynamics equation of motion, Equation (27), of WRK system with uncertainties

δWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
can be written as:

[
τWRK,hipτWRK,knee

]T

= MWRK

(
θhip, θknee

)[ ..
θhip

..
θknee

]T

+CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)[ .
θhip

.
θknee

]T

+GWRK

(
θhip, θknee

)
+ δWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
(28)

In term of model errors εWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
and external disturbances DWRK,

the uncertainty value is obtained as: δWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
= DWRK +

εWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
.

4. Tracking Error

In this section, the control input and the trajectory of a hip and knee joint are presented
to address the tracking error of the WRK system. The control input is based on the difference
between the current and the desired value, of the hip and knee joints, in the feedback section.
When there are no uncertainties and no errors in the initial values of states, the laws of
control will move the WRK system on a desired path in the feedforward control scheme.
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The unknown weight of the person is included in the outer disturbances, while all the
uncertainties are involved in the error of the dynamics model. The uncertainties, including
model errors and disturbance errors, are applied to train the RBF NN. This will be necessary
to continue the WRK device on the required track, i.e., to achieve robustness. On the other
hand, hip and knee reference trajectories for a healthy person are derived to simulate the
values of hip and knee joints during the gait cycle.

4.1. Control Input

The control input ui/p affecting the WRK is developed from feedback action that is
applied to provide the difference between the current value of the hip angle θhip and knee
angle θknee and the required value of hip angle θhip,r and knee angle θknee,r, respectively.

Hence, the error vector of tracking will be EWRK =
[
θhip − θhip,r θknee − θknee,r

]T . On the
other hand, the feedforward control design is applied to the WRK system. The laws of
control will move the WRK system on a desired path when there are no uncertainties and
no errors in the initial values of states. Consequently, Equation (29) is used to determine
the feedforward control loop:[

τWRK,hipτWRK,knee

]T

= ui/p + MWRK

(
θhip, θknee

)[ ..
θhip,r

..
θknee,r

]T

+CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)[ .
θhip,r

.
θknee,r

]T

+GWRK

(
θhip, θknee

)
(29)

By considering the uncertainties, the WRK robust closed loop system is obtained by
inserting Equation (29) in the WRK dynamics Equation (28), as below:

ui/p = MWRK

(
θhip, θknee

) ..
EWRK + CWRK

(
θhip, θknee,

.
θhip,

.
θknee

) .
EWRK

+δWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

) (30)

The unknown weight of the person is included in the outer disturbances DWRK,
while all the uncertainties involving the error of the dynamics model are represented as
εWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
. In the model-based control system, the tracking error of the

WRK device moves toward a linear trajectory when the model errors and disturbances
errors are close to zero. Thus, a lack of congruence between the tracking error of the WRK
control-based model and the actual WRK device causes unacceptable control. This issue
will result in the inability to support appropriate actuator torque by the WRK device to
reach the required trajectory. Thus, the WRK system will be unrobust. To solve this issue,
the uncertainties, including model errors and disturbance errors, are applied to train the
RBF NN. This will be necessary for the WRK device to continue on the required track, i.e.,
to achieve robustness. The applied RBF NN structure includes the following:

(1) Inputs of vector c =
[
c1 c2 . . . cn

]T where n is the number of inputs of the RBF
NN.

(2) For neural net j in the hidden layer, the Gaussian function value is obtained as:

dj =
1[

1 + e−c2
j
] , j = 1, 2, . . . , k

where k is the number of neurons in the hidden layer, which is supposed to be equal
to the number of the inputs of the RBF NN.
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(3) Output, as calculated from the following equation:

εWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
=

k

∑
j=1

wWRK,hjdj, h = 1, 2, . . . , m (31)

where m and wWRK,hj denote the number of outputs and the RBF NN weight, respec-
tively. Hence,

δWRK

(
θhip, θknee,

.
θhip,r,

.
θknee,r

)
=

k

∑
j=1

wWRK,hjdj + DWRK (32)

Inserting Equation (32) into (30) yields

ui/p = MWRK

(
θhip, θknee

) ..
EWRK + CWRK

(
θhip, θknee,

.
θhip,

.
θknee

) .
EWRK

+
k
∑

j=1
wWRK,hjdj + DWRK

(33)

The training algorithm for RBF NN weight wWRK,hj dominates the associated com-
putation for the suggested technique. In what follows, an examination of the adaptive
computational complexity involved is provided [23]. Suppose that the input data x(t) and
output data y(t) of the WRK system are sampled in the following interval {t = 1, · · · , N},
where N denotes the number of samples. To evaluate how the RBF NN performs, a metric
known as the normalized prediction error (NPEWRK) is implemented, which is defined as

NPEWRK =

√√√√√√√√
N
∑

t=1
(y̌(t)− y(t))2

N
∑

t=1
y2(t)

× 100% (34)

where y̌(t) represents the calculated values of the WRK output system.

4.2. Hip and Knee Joint Trajectory

The categorization of walking features allows us to separate a movement cycle into a
stance period and a swing period. As shown in Figure 2, the percentage of gait cycle can
be separated into 60% and 40% for the stance period and swing period, respectively. The
leg, considering the right leg in this analysis, normally moves according to the following
stages: heel strike, foot flat, midstance, heel off, toe off, midswing, heel strike [24]. During
typical walking on level ground, a person’s knee bends at an approximate extension angle
of 2◦ to 15◦ during the standing phase and bends at an approximately extension angle of
2◦ to 60◦ during the swing phase. To be considered healthy, a hip joint must be able to
bend and extend across an approximate angle of −15◦ to 22◦. For a gait cycle, hip and knee
reference swing trajectories are fitted for typical walking on level ground, as presented in
Equations (35) and (36) and detailed in [25]:

θhip =
6

∑
j=1

f1jsin
(

f2jωt + f3j
)

(35)

θknee =
6

∑
j=1

g1jsin
(

g2jωt + g3j
)

(36)

where

ω denotes the frequency of motion;
f1j denotes the amplitude of sin

(
f2jωt + f3j

)
component of θhip;
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g1j denotes the amplitude of sin
(

g2jωt + g3j
)

component of θknee;
f2j and g2j denote the harmonic numbers for θhip and θknee, respectively;
f3j and g3j denote the phase shift for θhip and θknee, respectively.
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Figure 2. Hip and knee joints in a complete gait cycle of walking, with the right leg moving in the
following stages: 1—heel strike, 2—foot flat, 3—midstance, 4—heel off, 5—toe off, 6—midswing,
7—heel strike.

The sum of sines model in the curve fitting toolbox of MATLAB is implemented to fit
the periodic functions in Equations (35) and (36) to obtain the fitting parameters presented
in Table 3.

Table 3. Fitting parameters of hip and knee reference trajectories.

j f1j f2j f3j g1j g2j g3j

1 9.17 23.9 0.6 2.8 0.5 −2.3

2 9.5 14.2 0.04 12.5 1.5 2.5

3 23.5 37.1 3.7 5.18 2.4 1.2

4 10.4 3.6 9.8 19.4 −6.7 −0.36

5 −13.07 3.12 5.4 24.8 0.2 −2.36

6 1.8 1.9 19.1 27.3 −6.4 −0.36

5. Separation System and L2 Gain

This study is only a first step towards developing a comprehensive theory of nonlinear-
state feedback H∞ control; and important issue is the more complex dynamics measurement
feedback problem, particularly involving disturbances that corrupt the process states’
variables measurements. In fact, the assumption that only affected measurements are
available for feedback was an essential part of the main purpose behind linear H∞ analysis
design (see, e.g., [26,27] and the references cited therein). As a matter of terminology,
the H∞ norm is defined as a norm for transfer matrices and therefore cannot be directly
generalized to nonlinear systems. The H∞ norm, however, is nothing more than the L2
induced norm converted into the time domain. The application of L2 gain in the adaptive
robust dynamics RBF NN is developed in this section in order to facilitate the control
motion solutions and provide the feature of intelligent WRK control techniques. In the
control algorithm, the characteristics of separation and style L2 gain for the WRK system



Mathematics 2023, 11, 1351 13 of 32

are crucial due to the status of relations between the input and output. The separation of
system is implemented to establish the WRK dynamic system, as follows:

.
x = fWRK(x) + vWRK(x)DWRKy = qWRK(x) (37)

where fWRK is a smooth function; y represents the output of the WRK system implemented
to monitor the error; vWRK(x) is an n×m matrix, where n represents the number of local
coordinates, x = (x1, . . . , xn) of the smooth function fWRK, and m is the number of distur-
bances DWRK = (d1, . . . , dm); qWRK(x) is the output that results from DWRK corresponding
to initial states [28,29]. However, the WRK system will be dissipative in the case that all of
its accumulated energy will be consumed during operation to the moment of reaching the
equilibrium position. Consequently, we obtained:

Q(x(tn))−Q(x(t0)) ≤
tn∫

t0

E(DWRK, y(t))dt (38)

where Q is a function that should have a value greater than or equal to zero, and
E(dWRK, y(t)) denotes the input energy. On the other hand, the dynamic WRK system is
stable when:

‖y(t)‖L2
≤ β‖DWRK(t)‖L2

(39)

where L2 gain is less than or equal to β and β ≥ 0. The inequality of Equation (38) is solved
next based on the optimization technique to establish that function Q(x) has a minimum
value, as follows:

∂Q
∂x

(
fWRK(x) + vWRK(x)DWRK) ≤ 0.5

(
β2‖DWRK‖2 − ‖y‖2

)
(40)

The achievement of this equation is the solution of Q as greater than or equal to zero
for all disturbances DWRK and y(t) = qWRK(x). The WRK system L2 gain is developed by
the following equation to determine the robustness of the WRK system against disturbance:

IWRK =
sup

DWRK 6= 0
‖y‖L2

‖DWRK‖L2

(41)

The operation of the WRK device is more robust against disturbance for a lower IWRK
value. When the inequality presented in Equation (40) is fulfilled, the following inequality
is obtained as: .

V ≤ 0.5
(

β2‖DWRK‖2 − ‖y‖2
)

(42)

where IWRK ≤ β. The inequality mentioned in Equation (42) will be used in the next section
to find the solution of WRK motion for the adaptive RBF NN.

6. RBF NN–Based Adaptive Robust Controller

RBF NNs are reported to be efficient in designing control techniques for complex
uncertain nonlinear systems in a significant number of theoretical studies and practical
applications [30,31]. Although there have been notable achievements in the field of NN,
due to their capabilities in analyzing nonlinear system dynamics, the current research on
adaptive RBF NN controllers remains primarily focused on investigating fundamental
approaches. Assuming that discontinuous RBF NN functions are defined properly, it is
possible to simulate models with nonlinear dynamics. Thus, adaptive RBF NNs are most
effective in practical applications where system dynamics are inherently nonlinear, vary
significantly, and are not fully analyzed (see, e.g., Ref. [32] and the references cited therein).
In this section, a robust design technique is discussed for stable adaptive-control WRK
systems using RBF NN approximation-based methods.
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Adaptive robust controllers involve a tracking error control algorithm that can be ap-
plied to enhance the performance of manipulators in trajectory planning [33–35]. First, the
control input ui/p in Equation (29) is used to compensate the WRK system in Equation (28).
Then, the closed loop of the WRK system is developed as explained in Equation (33). By
assuming the external disturbances DWRK and presenting a new signal SWRK, the index
signal of Equation (41) can be rewritten as follows:

IWRK =
Sup
‖DWRK‖6=0‖SWRK‖2/‖DWRK‖2 (43)

The aim of the RBF NN-based robust controller is to obtain control signal ui/p and

RBF NN learning
.

WWRK, where IWRK < ε. The variable ε represents a predefined level. As
explained in Section 2, the proposed WRK model is derived using the Lagrange approach.
Hence, the obtained WRK dynamics model shown in Equation (27) generally contains the
acceleration that is essential to be measured for the design of the WRK controller. However,
measuring the acceleration signal is not an easy process due to its noise. In turn, assuming
ε > 0, the following two variables are defined to avoid using the acceleration signal:

z1 = EWRK

z2 =
.
EWRK + εEWRK

Hence, Equation (33) is rewritten as

.
z1 = z2 − εz1 (44)

MWRK

(
θhip, θknee

) .
z2 = MWRK

(
θhip, θknee

)
ε

.
EWRK

+CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
εEWRK

−CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
z2 − DWRK

−
k
∑

j=1
wWRK,hjdj + ui/p

(45)

To track the position and speed of the WRK system, an adaptive law is designed based
on RBF NN, as follows: .

ŴWRK = −γz2dT
WRK (46)

where the constant γ > 0. On the other hand,
.

ŴWRK and dT
WRK denote the derivative of

estimated weight and Gaussian function vector of RBF NN, respectively.

wWRK =


wWRK,11 wWRK,12 . . . wWRK,1k
wWRK,21 wWRK,22 . . . wWRK,2k

...
...

...
...

wWRK,n1 wWRK,n2 . . . wWRK,nk

, dT
WRK =

[
d1 d2 . . . dk

]

The control law is now designed with feedback based on Equations (44) and (45), as
below:

u i
p

= −MWRK

(
θhip, θknee

)
ε

.
EWRK

−CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
εEWRK − 1

2i2 z2

+ŴWRKdWRK − 1
2 z2,

(47)

where the index signal of Equation (43) is such that IWRK < i. System stability can be
described by two major concepts: system stability, which indicates its trajectories depend
on initial conditions at a nearby equilibrium point, or asymptotical stability. A system’s
asymptotic stability refers to its ability to achieve equilibrium under relatively minor
variations for a reasonable period of time. Robustly asymptotically stable systems may still
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be stable despite being subjected to random disturbances and modeling uncertainties [36].
Considering the WRK closed system, the stability is ensured by introducing the following
Lyapunov function:

LWRK =
1
2

zT
2 MWRK

(
θhip, θknee

)
z2 +

1
2γ

( ∼
W

T

WRK
∼
WWRK

)
(48)

∼
WWRK = ŴWRK −WWRK

Now, considering Equations (44), (45) and (47) and assuming the WRK dynamics of
Equation (27), we obtain:

.
LWRK = zT

2 MWRK

(
θhip, θknee

) .
z2 +

1
2 zT

2

.
MWRK

(
θhip, θknee

) .
z2

+ 1
γ tr

 .
∼
W

T

WRK
∼
WWRK

 (49)

Inserting MWRK

(
θhip, θknee

) .
z2 from Equation (45) into above equation yields:

.
LWRK = zT

2

[
MWRK

(
θhip, θknee

)
ε

.
EWRK

+CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
εEWRK

−CWRK

(
θhip, θknee,

.
θhip,

.
θknee

)
z2 − DWRK

−
k
∑

j=1
wWRK,hjdj + ui/p

]
+ 1

2 zT
2

.
MWRK

(
θhip, θknee

) .
z2

+ 1
γ

 .
∼
W

T

WRK
∼
WWRK


.
LWRK = −zT

2 DWRK − 1
2i2 zT

2 z2 + zT
2

∼
WWRKdT

WRK −
1
2 zT

2 z2

+ 1
γ tr

 .
∼
W

T

WRK
∼
WWRK

 (50)

Considering the external disturbance DWRK, assume:

HWRK =
.
LWRK −

1
2
i2‖DWRK‖2 +

1
2
‖SWRK‖2 (51)

Inserting Equation (44) into above equation gives

HWRK = −zT
2 DWRK − 1

2i2 zT
2 z2 − 1

2i
2‖DWRK‖2

+zT
2

∼
WWRKdT

WRK

+ 1
γ tr

 .
∼
W

T

WRK
∼
WWRK

− 1
2 zT

2 z2

+ 1
2‖SWRK‖2

(52)

The components of Equation (52) are considered as follows:

1. The first three components involve the following:

− zT
2 DWRK −

1
2i2 zT

2 z2 −
1
2
i2‖DWRK‖2 = −1

2

∥∥∥∥ 1
iz2 +iDWRK

∥∥∥∥2
≤ 0
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2. Regarding the second two components, since zT
2

∼
WWRKdT

WRK = tr
( ∼

WWRKdT
WRKzT

2

)
and using the adaptive law, i.e.,

.
ŴWRK = −γz2dT

WRK”, introduced in Equation (46),
we obtain

tr
( ∼

WWRKdT
WRKzT

2

)
= − 1

γ
tr

 .
∼
W

T

WRK
∼
WWRK


Hence,

zT
2

∼
WWRKdT

WRK +
1
γ

tr

 .
∼
W

T

WRK
∼
WWRK

 = 0

3. For the last two components, considering the approximation error as the disturbance

DWRK and defining SWRK = z2 =
.
EWRK + εEWRK, we obtain:

− 1
2

zT
2 z2 +

1
2
‖z2‖2 = 0

Hence, HWRK ≤ 0. According to Equation (45), we obtain:

.
LWRK ≤

1
2
i2‖DWRK‖2 − 1

2
‖SWRK‖2 (53)

Equation (53) represents the derived HJI in Equation (42). Consequently, based on
Section 5, it can be concluded that the system is stable for IWRK < i. This finalizes the
proof of the following theorem:

Theorem 1. Considering the implemented nonlinear system of a wearable robotic knee, as defined in
Equation (37), and the Hamiltonian–Jacobi Inequality. which is defined in (42), the RBF NN–based
adaptive control law given by (47) ensures the asymptotic convergence to 0 for the trajectory tracking
error if, and only if:

IWRK < i

where i is a positive constant number. The designed control algorithm of this system is depicted in
Figure 3.
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7. Numerical Simulation Validation

The designed control algorithm of this study is tested in this section on the tracking
motion of a WRK system by simulation experiments. Five tests were performed as part
of the numerical simulation analysis for validating the controller developed for this study.
Test 1 was designed as a means of assessing the overall performance of the controller
without taking into account the weight and the height of the user. Tests 2 and 3 were
conducted using real users’ [19,20] (one male and one female) data in order to evaluate
the performance of the designed controller in terms of position and speed tracking errors.
Tests 4 and 5 evaluated the torques at each joint of the hip and knee using data from two
real human users [19,20] (one male and one female), allowing the torque applied to the
calf and thigh to be measured in a realistic context. All tests, except Test 1, used authentic
human parameters to test the controller during realistic human walking, based on the hip
and knee joint trajectories derived from Section 4.2 and reference [24]. Four additional
tests were implemented based on different combinations of human characteristics (such
as male, female, height, weight) as presented in Table 4, widening the potential user base
for the device. Table 4 contains the parameters for the simulation experiments of the
four persons. The parameters of person 1, person 2, person 3, and person 4 are used in
Test 2, Test 3, Test 4, and Test 5, respectively. In this table, the tests are considered for four
persons of four different heights T and weights mbody. The length of thigh, calf, WRK link-1,
and WRK link-2 are obtained according to Equations (1)–(4), respectively. The weights of
the thigh and calf are calculated as a percentage of total weight of the body according to
Equations (5)–(8). The inertia of the thigh, calf, WRK link-1, and WRK link-2 are calculated
referring to Equation (9). The weights of each of the WRK link are selected as 0.25 kg. The
main features of the simulation study methodology are presented in Figure 4.

Table 4. Parameters of the simulation tests.

Person # Test # Thigh Calf WRK Link-1 WRK Link-2

Person 1
Gender: female
Hight = 170 cm
Weight = 74 kg

Test 2

lthigh = 41.65 cm lcal f = 41.82 cm l1 = 20.4 cm l2 = 20.4 cm

mthigh = 8.732 kg mcal f = 3.959 kg m1 = 0.25 kg m2 = 0.25 kg

Ithigh = 0.505 kgm2 Ical f = 0.23 kgm2 I1 = 0.00346 kgm2 I2 = 0.003468 kgm2

Person 2
Gender: Male

Hight = 180 cm
Weight = 88 kg

Test 3

lthigh = 44.1 cm lcal f = 44.28 cm l1 = 21.6 cm l2 = 21.6 cm

mthigh = 9.24 kg mcal f = 4.18 kg m1 = 0.25 kg m2 = 0.25 kg

Ithigh = 0.599 kgm2 Ical f = 0.273 kgm2 I1 = 0.00388 kgm2 I2 = 0.00388 kgm2

Person 3
Gender: female
Hight = 185 cm
Weight = 80 kg

Test 4

lthigh = 45.325 cm lcal f = 45.51 cm l1 = 22.2 cm l2 = 22.2 cm

mthigh = 9.44 kg mcal f = 4.28 kg m1 = 0.25 kg m2 = 0.25 kg

Ithigh = 0.6372 kgm2 Ical f = 0.295 kgm2 I1 = 0.0041 kgm2 I2 = 0.0041 kgm2

Person 4
Gender: Male

Hight = 175 cm
Weight = 72 kg

Test 5

lthigh = 42.875 cm lcal f = 43.05 cm l1 = 21 cm l2 = 21 cm

mthigh = 7.56 kg mcal f = 3.42 kg m1 = 0.25 kg m2 = 0.25 kg

Ithigh = 0.4632 kgm2 Ical f = 0.211 kgm2 I1 = 0.0036 kgm2 I2 = 0.0036 kgm2
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7.1. Simulation Results

The computing simulation analysis is conducted using MATLAB programming soft-
ware on a computer characterized by the following configurations: (i) Windows 10 Enter-
prise for 64 bits; (ii) 16 Gigabytes of RAM; and (iii) Intel(R) Core(TM) i7-4790T CPU @ 2.70
GHz. The uncertainty due to model errors is considered as:

εWRK =

 0.7sgn
( .

θhip,r −
.
θhip

)
+ 0.7sgn

( .
θhip,r −

.
θhip

)
exp
(
−
∣∣∣ .
θhip,r −

.
θhip

∣∣∣)
0.6sgn

( .
θknee,r −

.
θknee

)
+ 0.3sgn

( .
θknee,r −

.
θknee

)
exp
(
−
∣∣∣ .
θknee,r −

.
θknee

∣∣∣)
N.m (54)

The second part of the uncertainty due to external disturbances is assumed as

DWRK =

[
7random()
6random()

]
+ Dweight (55)

Dweight =

 8sgn
( .

θhip,r −
.
θhip

)
exp
(
−
∣∣∣ .
θhip,r −

.
θhip

∣∣∣)
7sgn

( .
θknee,r −

.
θknee

)
exp
(
−
∣∣∣ .
θknee,r −

.
θknee

∣∣∣)


where Dweight represents the disturbances due to the extra weight that the person may
hold during walking, and “random()” represents a random number between 0 and 1. The
disturbances that are represented by Equation (55) are selected to be changed in a random
way to simulate the unknown external disturbances. Hence, for each test, the disturbance
signal is not the same. In addition, the exponential function is included in the disturbance
signal of Equation (55) to simulate the nonlinearity. The sign of the difference between
the current and the required value of tracking are taken into consideration in the “sgn”
function. The number of inputs, hidden layers, and outputs of the NN are set as 4, 7, and 1,
respectively. By applying the adaptive control law of Equation (46) and the feedback control
law in Equations (29) and (47) for all the five tests, the tracking controller is designed with
the following constant values: γ = 1000, ε = 15, i = 0.06.

In the first test, the parameters of the WRK system are set as m1 = 0.25 kg, m2 = 0.25 kg,
I1 = 0.012 kgm2, I2 = 0.012 kgm2. The free load test is conducted under the assumption
that WRK has not been worn by any individual (i.e., mthigh = mcalf = 0). The initial states

are θhip = 0.2 rad, θknee = 0.2 rad,
.
θhip = 0 rad/s, and

.
θknee = 0 rad/s. It is assumed that

the length of the WRK-thigh-link and the WRK-calf-link will be 25 cm so as to be suitable
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for adults, who usually have thigh and calf lengths that exceed 35 cm [20,37]. The ideal
trajectory of the hip and knee joint is assumed as a sinusoid function of θhip,r = sin 4πt
and θknee,r = sin 4πt, respectively. The tracking errors results are shown in Figures 5 and 6.
As can been seen from these figures, there are no steady errors, since the actual trajectory
matches the desired trajectory.
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As seen in Figure 7, the ideal trajectory for each hip joint (θhip,r) and knee joint (θknee,r)
during a swing period simulates a realistic human path during walking (Tests 2 and 3).
Specifically, such a trajectory is based on the hip and knee joint trajectories derived from
Section 4.2 and reference [24]. As explained in Equations (35) and (36), this is normal
movement for a normal individual. The initial states here are assumed to be θhip = −0.158

degree, θknee = −23.6degree,
.
θhip = 0 rad/s, and

.
θknee = 0 rad/s.
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Figure 7. Swing angle of hip and knee joints.

Considering the trajectories of hip and knee joints of Figure 7 and the parameters of the
simulation tests of Table 4 corresponding to person 1 female and person 2 male, the required
positions of the end of thigh and calf are calculated according to Equations (1) and (2),
respectively, as depicted in Figure 8. The end of the thigh and calf is located at knee and
ankle joint, respectively. These positions, as specified in Figure 8, will be implemented in the
simulation of Test 2 and Test 3 as the required position of the controller of person 1 female
and person 2 male, respectively.
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Figure 8. Position of the end of the thigh and calf of person 1 female and person 2 male.

The number of inputs, hidden layers, and outputs of the NN, γ, ε, and i, are set as the
values of the first test. Again, by applying the adaptive control law of Equation (46) and
the feedback control law in Equations (29) and (47), the tracking error results for person 1
female and person 2 male are shown in Figures 9–12.
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Based on the results shown in Figures 9–12, the controller was able to track the desired
position and speed of the thigh and calf. There was, however, a small delay between the
actual position and the required position in position tracking. It was expected that this
would occur since the delay was been taken into account in the current study; it will be
examined in a future study. As a result of the calf link, the controller was able to track the
required speed with acceptable results. The tracking speed of the thigh link was slightly
inaccurate due to the fact that in this study we exclusively focused on the robustness and
adaptiveness of the system to random external disturbances, as shown by Equations (54)
and (55). Hence the controller responded with the same plot when the experiment was
repeated, which was predictable.

The fourth and fifth tests were implemented to depict the control input torque on
thigh and calf. The parameters of person 3 and person 4 presented in Table 4 were used in
Test 4 and Test 5, respectively. Considering the values of hip and knee joints of Figure 7 and
the parameters of person 3 and person 4, the required position of the end of thigh and calf
were calculated according to Equations (1) and (2), respectively, as depicted in Figure 13.
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The tracking error results for person 3 in Test 4 are shown in Figures 14 and 15, while
the torque of the thigh and calf are shown in Figure 16. Regarding person 4, the tracking
error results from Test 5 are shown in Figures 17 and 18, while the torque of the thigh and
calf are shown in Figure 19.
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Furthermore, as previously discussed, the controller’s adaptivity and robustness to a
combination of user parameters in Tests 4 and 5 resulted in the same performance as in
Tests 2 and 3. It was observed that there is a delay in response when tracking the positions
of calf and thigh links (Figures 14 and 17), as well as errors in terms in tracking thigh link
speed (Figures 15 and 18) as a result of these tests. As shown in Figures 16 and 19, the thigh
and calf input torques for persons 3 and 4, respectively, are depicted.

7.2. Discussion

The numerical simulation analysis, regarding Test 1, obtained from Figure 5 confirms
that the designed control technique of this study is able to track a defined position of
both WRK links (thigh and calf) with zero steady-state error in the free load test. On the
other hand, in Figure 6, the speeds of the WRK links (thigh and calf) are tracked with zero
steady-state error. In both the position and velocity tracking, the robustness is adaptively
achieved by the proposed controller against model errors and external disturbances.

According to the findings shown in Figures 9–12, the controller was able to success-
fully monitor the appropriate position and speed of the calf and the thigh. When it came
to position monitoring, however, there was a small delay between the real location and
the position. It is reasonable to anticipate that this takes place, given that the delay was
not taken into account. As a consequence of the calf link, the controller was in a posi-
tion to track the necessary speed with satisfactory outcomes. The thigh link’s tracking
speed had a error term due to the fact that in this study we exclusively focused on the
robustness and adaptiveness of the system to random external disturbances, as shown
by Equations (54) and (55). Upon retesting, the controller consistently provided the same
performance results. The adaptability and robustness of the controller to different user pa-
rameter combinations in Tests 4 and 5 resulted in the same performance as in tests 2 and 3.
As a consequence of these tests, it has been noticed that there is a delay in response when
tracking the positions of calf and thigh links (Figures 14 and 17), as well as errors in tracking
thigh link speed (Figures 15 and 18). Additionally, it has been observed that there is a
delay in response when tracking the angle of rotation of the thigh link (Figures 14 and 17).
The controller designed in this paper achieves asymptotic tracking even in the presence
of unstructured disturbances. It should however be noted that high control gains may
lead to inappropriate responses, including inadmissible overshooting. Thus, in order to
limit such high controller gains, an adaptive controller is included that reduces tracking
error and overshoots. The input torques for the thighs and calves of persons 3 and 4 are
represented in Figures 16 and 19, respectively. The hard motional dynamics constraints
considered in the output trajectories show that the stability of the controlled closed loop
system was achieved and the dynamical behavior is quite satisfactory. The RBF NN proved
its efficiency in compensating for all model uncertainties and random external disturbances.
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The remaining three tests confirm the ability to apply the designed controller to users with
different physical parameters (height, weight and gender). The proposed controller was
designed for both males and females with different user parameters (thigh length and
mass, calf length and mass) that differ slightly according to biological features, as described
in [20,21]. Thus, the controller was adaptive to the potential physical parameters of users
and robust to external unstructured disturbances.

8. Conclusions

In this study, a motion controller was developed and investigated for a WRK system
to obtain an appropriate output trajectory tracking performance. The designed controller
showed its ability to perform without errors against model uncertainties and external
disturbances. The designed control algorithm includes the adaptive law, a RBF NN com-
pensator, and a robust feedback part. The adaptive law is applied to supply the feedback
controller with the estimation of RBF NN weights by updating the weights of the RBF NN
compensator. The robust feedback controller tracks the desired trajectory in the presence
of uncertainties. All the uncertainties are considered in the WRK dynamics using the
Lagrange approach. The L2 gain technique facilitates the control motion solutions and
provides the feature of intelligent WRK control. The stability is proved by applying an
HJI approach based on the optimization technique and Lyapunov stability theory. The pre-
sented robust RBF NN algorithm ensures the ability to implement the adaptive controller
easily as well as the stability of the WRK system. The results demonstrate that the designed
WRK controller can be successfully implemented when the parameter values are modified
to accommodate the potential user of the device. As a future work, it is recommended to
apply the obtained control of this study practically to a real WRK device. A deep learning
approach is recommended as a way to enhance the performance of RBF NNs. Furthermore,
the implementation of advanced meta-heuristic optimization techniques is a promising
future area of study.
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