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Abstract: In this paper, we introduce the new notion of contravariant (« — ) Meir-Keeler contractive
mappings by defining a-orbital admissible mappings and covariant Meir—Keeler contraction in
bipolar metric spaces. We prove fixed point theorems for these contractions and also provide some
corollaries of main results. An example is also be given in support of our main result. In the end, we
also solve an integral equation using our result.

Keywords: fixed point; (« — ¢) Meir-Keeler contractive mappings; covariant and contravariant
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1. Introduction

Fixed point theory is the major branch of non-linear analysis. It has number of appli-
cations in other branch of sciences, economics, etc. In 1922, Banach [1] gave a contraction
principle to obtain a fixed point theorem in complete metric space. Some other researchers
tried to generalize the concept of metric space; see [2-4]. Due to the various applications of
the Banach contraction principle, the contraction mapping theorem has been generalized
by many researchers in the setting of various topological spaces using different contrac-
tive conditions; see [5-14]. In 2012, Samet et al. [15] introduced the new contraction by
defining the a#-admissible mappings and established fixed point results thereon. In 2013,
Kumam et al. [16] extended and generalized the a-admissible mapping of [15], introduced
(« — ¢) Meir-Keeler contractive mappings and proved some fixed point theorems in com-
plete metric space. In 2014, Popescu [17] introduced a-orbital admissible mapping to get
fixed point theorems.

Recently, in 2016, Mutlu et al. [18] introduced the new type of metric space called
bipolar metric space. Since then, researchers have established several fixed point theorems
using various contractive conditions in the setting of bipolar metric spaces; see [19-24].

Inspired by this, in the present work, we introduce (« — 1) Meir-Keeler contractive
mappings and establish fixed point theorems in the setting of bipolar metric spaces. The rest
of the paper is organized as follows. In Section 2, we review some preliminary definitions
and monographs that are required for our main result. In Section 3, we present our main
results and establish a fixed point result using (« — ¢) Meir-Keeler contractive mappings
in the setting of bipolar metric space. We supplement the derived results with suitable
non-trivial examples. In Section 4, we apply the derived fixed point result to find an
analytical solution to the integral equation. Finally, we conclude the paper with some open
problems for future work.
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2. Preliminaries

To prove our main results, we need some basic definitions from the literature as fol-
lows:

Definition 1 ([18]). Let X and Y be two non-empty sets and d : X x Y — [0, 00) be a map
satisfying the following conditions:
1. d(x,y) =0ifand onlyif x =y forall (x,y) € X X Y;
2. d(xy)=d(y,x)forallx,y € XNY;
3. d(X1,]/2) < d(X1,y1) +d(x2,y1) +d(x2,y2);

forall x1,xp € Xandyy,y2 € Y.

Then, d is called bipolar metric and (X, Y, d) is called bipolar metric space.

If XNY = ¢, then the space is called disjoint; otherwise, it is called joint. The set X is called
the left pole and the set Y is called the right pole of (X,Y,d). The elements of X, Y and X NY are
called left, right and central elements, respectively.

Definition 2 ([18]). Let (X,Y,d) be a bipolar metric space. Then, any sequence {x,} C X is
called a left sequence and is said to be convergent to the right element; for example, y if d(x,,y) — 0
as n — oo. Similarly, a right sequence {y,} C Y is said to be convergent to a left element; for
example, x if d(x,y,) — 0as n — oo.

Definition 3 ([18]). Let (X,Y,d) be a bipolar metric space.

1. Asequence {x,,y,} on X x Y is called a bisequence on (X,Y,d).

2. If both the sequences {x,} and {y,} converge, then the bisequence {xy, Yy} is said to be
convergent. If both sequences {x, } and {y, } converge to the same point u € X NY, then the
bisequence {xy, yn } is called biconvergent.

3. Abisequence {xn,yn} on (X,Y,d) is said to be a Cauchy bisequence if for each € > 0 there
exists a positive integer N € N such that d(x,, ym) < € forall n,m > N.

4. A bipolar metric space is said to be complete if every Cauchy bisequence is convergent in
this space.

Definition 4 ([18]). Let (X1,Y1,d1) and (Xa,Y>,ds) be two bipolar metric spaces and T : X1 U

Y7 — Xo UY) be a function:

1. IfTXy C Xoand TYy C Yy, then T is called covariant mapping and is denoted by T :
(X1, Y1,d1) = (Xp, Yo, da).

2. IfTXy C Yoand TY; C Xy, then T is called contravariant mapping and is denoted by
T: (Xl, Yl/dl) = (Xz, Y2, dz)

Definition 5 ([18]). Let (X1, Y1,dq1) and (Xa, Y2, dy) be two bipolar metric spaces.

1. AmapT: (X1, Y1,d1) = (X2, Ya,dy) is called left continuous at a point xo € X if for every
€ > 0 there exists a 6 > 0 such that dy(Txg, Ty) < € whenever d1(xg,y) < J.

2. AmapT: (Xq1,Y1,d1) = (Xp, Yo, dy) is called right continuous at a point yo € Y if for
every € > 0 there exists a § > 0 such that do(Tx, Tyg) < € whenever dy(x,yy) < 6.

3. AmapT: (Xq,Y1,d1) = (Xo,Ya,dp) is called continuous if it is left continuous at each
xo € X and right continuous at each yg € Y.

4. AmapT: (X1, Y1,d1) = (X, Yo, dy) is called continuous if and only if it is continuous as a
covariant map T : (Xq,Y1,d1) = (X2, Yo, dp)

Definition 6 ([20]). Let T : (X,Y) = (X,Y)and a« : X x Y — [0,00). Then, T is called
a-admissible if
a(x,y) > 1implies «(Tx, Ty) > 1, 1)

forall (x,y) € X X Y.
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Definition 7 ([20]). Let T : (X,Y) = (X,Y)and a : X XY — [0,00). Then, T is called
a-admissible if
a(x,y) > 1implies «(Ty, Tx) > 1, )

forall (x,y) € X X Y.

Definition 8 ([15]). Let ¥ be the family of functions ¢ : [0,00) — [0, c0) satisfying the follow-
ing conditions:

1. 1 is non-decreasing.

2. LIS " < ooforall t > 0, where " is the n'™ iterate of .

These functions are known as (c)-comparison functions. It can be easily verified that
P(t) < tforany t > 0.

3. Results

Here, we introduce (« — 1) Meir-Keeler contractions and a-orbital admissible map-
pings and prove fixed point theorems for these contractions in bipolar metric spaces.

Definition 9. Let T : (X,Y) 2 (X,Y)and « : X XY — R. Then, T is called an x-orbital
admissible mapping if

a(x, Tx) > 1= a(T?x, Tx) > 1, 3
and
a(Ty,y) > 1= a(Ty, T?y) > 1, @

Forall (x,y) € X X Y.

Definition 10. Let (X, Y, d) be a bipolar metric space and p € ¥. Suppose T : (X,Y) = (X, Y)
is an contravariant mapping and if for every € > O there exists § > 0 such that

e <y(d(xy)) <e+d=alx,Tx)a(Ty,y)p(d(Ty, Tx)) < e, ()

forall (x,y) e X xYanda: X xY = R.
Then, T is said to be contravariant (« — ) Meir—Keeler contractive mapping.

Remark 1. From (5), we get a(x, Tx)a(Ty,y)p(d(Ty, Tx)) < ¢(d(x,y)), when x # y.
Ifx =y then a(x, Tx)a(Ty, y)(d(Ty, Tx)) < (d(x,y)).

Now, we present our first theorem.

Theorem 1. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) = (X,Y)
is a contravariant (« — ) Meir—Keeler contractive mapping. If the following conditions hold,

1. T is a-orbital admissible,
2. Thereexists xg € X such that a(xg, Txg) > 1,
3. T is continuous,

then T has a fixed point.

Proof. Let xp € X such that a(xg, Txp) > 1. Construct the sequences {x,} and {y,} by
taking y, = Tx, and x,,41 = Ty, for all n € N. Clearly, {x,, v, } is a bisequence.
Since T is a-admissible, we obtain

a(xo,y0) = wa(xg, Txp) >1= zx(szO, Txp) = a(x1,y0) > 1,
a(xi,y0) = a(Tyo,y0) 2 1= a(Tyo, T?yo) = a(x1, 1) 2 1,
a(x,y1) = a(x,Txq) > 1= a(T2x1, Tx1) = a(xp,y1) > 1,
a(xp,y1) = w(Tyr,y1) = a(Tys, T?y1) = a(x2,92) > 1.
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By continuing this process, we get
a(xp,yn) > 1and a(x,41,yn) > 1 for alln € N. (6)
Using Remark 1 and (6), we get

Y(d(xn,yn)) = PA(Tyn—1,Txn)) < a(xn, yYn)a(Xn, Yu—1)P(d(Tyn—1, Txn)),
= a(xn, Txn)a(Tyn—1,Yn—1)P(d(Tyn—1, Txn)),
< P(d(xn,Yn-1))- 7)

Using again Remark 1 and (6), we get

A1) = P(ATY, T20)) < 800, v)8 (i1, ),
= a(xn, Txn)a(d(Tyn, yn))P(d(Xn, yn)),
< P(d(xn,yn))- ®)

From (7) and (8), using mathematical induction, we have

l,b(d(xnryn)) < 1P(d(xn71,yn71))vn eN )
and
$(d(xnr1,yn)) < Pd(xXn,yn-1))Vn € N. (10)

From (9) and (10), it is clear that {(d(xy, yx))} and {¢(d(x,41,yx))} are monotoni-
cally decreasing sequences of positive reals and hence convergent. Let {¢(d(xn,yx))} — s1
and {¢(d(xy+1,¥n))} — sy asn — oo, where sq,s5 > 0.

Now, we prove that s; = 0and s, = 0.

Firstly, suppose if possible that s; > 0.

Clearly, ¢(d(xn,yn)) > s1 > 0foralln € N.

Let € = s;1. Then, by hypothesis, there exist § > 0 and 1y € N such that

e < P(d(xng, Yny)) < e€+0. (11)
From (5), we have

¢<d(xno+1lyno+1)> < a(xi’loJrl/yno+1)a(xn0+llyno)lp(d(xn0+1/yn0+l>)r
= lx(xno+l/ Txn0+1)lx(Ty7’l0/ ]/no)lp(d(T]/nO/ Txn0+l)) <€e=3sy,
a contradiction.
So, S1 — 0.
Similarly, one can prove easily that s, = 0.

Hence, ¥(d(xn,y)) — 0and ¢(d(x,11,yx)) — 0as n — co. By using the definition
of continuity of ¢ at t = 0, we can say that

d(xn, yn) — 0 and d(x,41,Yyn) — 0 as n — oo. (12)

For a given € > 0, by the hypothesis, there exists § > 0 such that (5) holds. Without
loss of generality, let us assume that § < e.
Since P(d(xn, yn)) — 0 and P(d(x,41,yn)) — 0, there exist N1, Np € N such that

P(d(xp—1,Yn-1)) < gfor all n > Ny, (13)

P(d(xn,yn-1)) < g forall n > Nj. (14)
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Now, we shall prove that

P(d(Xpt1,yn)) <€ (15)
and
Y(d(xn,ype1)) <€, for allm > N. (16)

where N = max{Ny, N> }.

Firstly, using mathematical induction, we prove (15), that is ¢(d(x;,4,¥»)) < €. From
(14), clearly the inequality holds for [ = 1.

Suppose that the result is true for some | = k, that is

P(d(xpsk,Yn)) <€, for alln > N. (17)

Now, by using the definition of bipolar metric space, (13), (14) and (17), we get

$(d(XnskYn) +d(xXn, Yn) +d(Xn,Yn-1))

Y(d( ik yn)) + 9(d(xn yn)) + (d(xn Yn1))
)

26
Z 42 == . 1
3+3+€ 3+e<e+(5 (18)

If (d(xy1k, Yn_1)) > €, then by (5), we have

Y(d(Xpgk Yn-1))

INIA

A\

YA (pgkr,yn)) < aCn, Yn) & (k1 Ynk) (A (X kg1, Yn)),
= a(xn, Txn)a(TY ks Y k)W (A(TY 1k, Txi)),
< €.

Hence, (15) holds.
If (d(xp1k,Yn—1)) < €, then by Remark 1, we have

Pk yn)) < a(on, Yn) (k1 Ynrk) P (A (X kg1, Yn)),
= &(xn, Txn) (T iks Yrs k)W (A(TY ks X)),
< P(d(xn, Ynyx)) <€

So, (15) holds for I = k + 1.
Hence,
d(xn,ym) < € for alln > m > N. (19)

Again, using mathematical induction, we prove (16).
Using the definition of bipolar metric space, (13) and (14), we get

Y(d(xn, yn) +d(Xnt1,Yn) +d(Xng1, Ynt1))

P(d(xn 11, Yni1)) + (X1, yn)) + (0, yn))
L)
3

$(d(xn Yni1))

INIA

IN

+§+§:5<€.

So, (16) holds for [ = 1.
Now, let us suppose that the result is true for some I = k, that is,

Y(d(xn,Ypix)) <€ for alln > N. (20)

Now, by using the definition of bipolar metric space, (13), (14) and (20), we get

$(d(xp—1,Yn-1) +d(xn, Yn-1) +d(Xn, Ynik)),

Y(dCen—1,Yn—1) +$(d0en Yn1) + (d(xn, Ynix))

6 6 26
§+§+€—§+€<€+5. (21)

¢(d(xn—1fyn+k))

IN A

N
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If Y(d(xy—1,Yn1k)) > €, then by (5), we have

P, Ynsks1)) < (gt Ynk) & (X1, Y )P (A (X, Yigks1) ),
= a(xy ik, T ) (Tyn, Y )W(d(Txy ik, Tyn)),
< €.

Hence, (16) holds.
If (d(xy—1,Yn+k)) < €, then by Remark 1, we have

WA, Ynskr1)) < @(gr Yk @ (X1, Y )P (A (X, Yigks1)),
= Xk T k)& (Tyn, Y )P (A(TX ik, Yn)),
< P(d(xpixyn)) <€

So, (16) holds for I = k + 1.
Hence,
d(xn,ym) < € for allm >n > N. (22)

From (19) and (22), we can say that {x,, y, } is a Cauchy bisequence. Since (X, Y, d) is
a complete bipolar metric space, then {x,, y, } biconverges. That is, there exists u € X NY
such that {x,} — wand {y,} — wasn — oo. As T is a continuous map, one has

(xn) — u implies that y, = Tx, — Tu.

Combining y, = Tx, — Tu with (y,) = u, weget Tu = u. [

In the next theorem, we omit continuity and give a new condition to get the fixed point.

Theorem 2. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) = (X,Y)
is a contravariant (« — ) Meir—Keeler contractive mapping. If the following conditions hold,

1. T is a-orbital admissible,

2. Thereexists xg € X such that a(xg, Txg) > 1,

3. If{xn,yn} is a bisequence such that «(x,,yn) > 1forallnand y, — u € XNYasn — oo,
then a(Tu,u) > 1,

then T has a fixed point.

Proof. From the proof of Theorem 1, we conclude that {x,,y,} is a Cauchy bisequence.
Since (X,Y,d) is a complete bipolar metric space, then {x,, y,} is biconvergent. Hence,
there exist u € X NY such that x, — u, y, — u.

From condition (3), we get a(Tu,u) > 1.

By applying the definition of bipolar metric space, i, Remark 1, (6) and the above
inequality, we get

p(d(Tu,u)) $(d(Tu, Txn) + d(Tyn, Txtn) + d(Tyn, u)),

$(d(Tu, Txn)) + P(d(Tyn, Txn)) + $(d(Tyn, u)),

(xn, Yn)o(Tu, u)p(d(Tu, Txy)),

(xn, Txn)a( Ty, yn)P(d(Tyn, Txn)),

(xXn, Txn)a(Tyn, yn )Y (d(Tyn, Txn)) + (d(Tyn, u)),
)

p(d(xn,u)) +p(d(xn,yn)) +(d(,yn))-

Letting n — oo in the above inequality and using (22), we get

=

IN + + INIAN A
8 =

Pd(Tuu) < 0.

That is, d(Tu, u) = 0.
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(d(xn, Yn))

IN

Hence, Tu = u. O

Now, we introduce generalized (« — ) Meir-Keeler contractive mappings and prove
fixed point theorem for these mappings.

Definition 11. Let (X, Y, d) be a bipolar metric space and ¢ € ¥. Suppose T : (X,Y) = (X, Y)
be an contravariant mapping and that for every € > 0 there exists 5 > 0 such that

e <P(M(x,y)) <e+6=a(x,Tx)a(Ty,y)p(d(Ty, Tx)) <€, (23)

where M(x,y) = max{d(x,y),d(x, Tx),d(Ty,y), w};for all (x,y) € X x Y.
Then, T is said to be a generalized contravariant (« — ) Meir—Keeler contractive mapping.

Remark 2. From (23), we get a(x, Tx)a(Ty,y)p(d(Ty, Tx)) < p(M(x,y)), when x # y.
If x = y then a(x,y)$(d(Ty, Tx)) < p(M(x,y)).

Theorem 3. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) = (X,Y)
is a generalized contravariant (« — ) Meir—Keeler contractive mapping. If the following condi-
tions hold,

1. T is a-orbital admissible,
2. Thereexists xy € X such that a(xg, Txg) > 1,
3. T is orbital continuous,

then T has a fixed point.

Proof. Let xg € X such that a(xg, Txg) > 1. Construct sequences {x, } and {y,} by taking
yn = Tx, and x,, 41 = Ty, for all n € N. Clearly {x,, y, } is a bisequence.
Since T is a-orbital admissible, from Theorem 1, we get

a(xXp, yn) > 1and a(x,41,yn) > 1 for alln € N. (24)

Using Remark 2 and (24), we get

Y(d(Tyn—1, Txn)) < (xn, Txn)a(Tyn—1,Yn—1)P(d(Tyn—1, Txn)),
IIJ(M(xn/ ]/n—l))/
ma (o, ), o, T) (T 1, 1), 2O T2 2TtV

d(xn,yn) +d(xnryn7 )
Henyr)y),

P (max{d(xn,Yn-1),d(Xn,Yn), d(Xn, Yn-1),
lp(max{d(xﬂr ]/Vl)/ d(xnr ]/n71>})~

Now, since ¢ is a non-decreasing function, one has d(x,,yn)
< max{d(xn, Yn), d(xn, Yn-1)}-
If possible, suppose that d(x,,y,) > d(xu,yn—1), then d(xy,yn) < d(Xn,yn),
a contradiction.
Hence,
d(xn,yn) < d(xn,Yn-1), for alln € N. (25)

Similarly, by using Remark 2 and (24), one can easily obtain
d(xp41,Yn) < d(xn,yn), for alln € N. (26)

From (25) and (26), it is clear that {d(x,, y»)} and {d(x,11,yx)} are monotonically
decreasing sequences of positive reals and hence convergent. Let {d(x,, y»)} — s1 and
{d(xy4+1,yn)} — sp as n — co, where s1,s, > 0. This implies that

Um{psid(xy, yn)} = im{P(M(xy,yn))} = P(s1) as n — . (27)
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and

Hm{p(d(xn 41, yn)) } = Um{p(M(xn11,yn))} = $(s2) as n — co. (28)

Now, we prove that s; = 0and s, = 0.

Firstly, suppose that s > 0.

Clearly, d(x,,yn) > s1 > 0foralln € N.

Let € = s1. Then, by hypothesis, there exists 6 > 0 and ny € N such that

l/)(e) S gb(M(an,ynO)) < #’(G) +5‘ (29)
From (23), we have

lp(d(xﬂoJrl'y?’loJrl)) < ‘X(xﬂoJrl’yﬂoJrl)lx(xﬂoJrl'y”o)lp(d(xﬂoJrl'yﬂoJrl))'
& (Tng, Yng ) (Xng+1, Txng+1)P(d(Tyng, Txng+1)) < (€).

Using non-decreasing nature of ¢, we get

d(Xpg41,Yng+1) < € = 1. (30)

a contradiction. So, s; = 0.
Similarly, one can prove easily that s, = 0.
Now, we prove that {x,, v, } is a Cauchy bisequence; that is, limy, i —sco d(Xp, Y ) = 0
Indeed, if we suppose that {x;,y, } is not a Cauchy bisequence, then there exists € > 0
and subsequences {n(i)} and {n(i + 1)} of natural numbers such that

A(Xy(i), Yn(iv1)) > 26, (31)

forall i € N. For this € > 0 there exists § > 0 such thate < (M(x,y)) < € + J implies that
a(x, Tx)a(Ty,y)w(d(Ty, Tx)) < €.

Set r = min{e,6}. Since d(xp, yn) and d(x,,11,yn) — 0 as n — oo, there exists ny,n, €
N such that

d(xXn, yn) < %for all n > nq, and (32)

d(xp41,¥n) < gfor all n > no. (33)

Choose N = max{ny, ny}. Then, the above inequalities still hold for all n > N.
Letn(i) > N. We get n(i) < n(i+1) — 1. Ifd(x,(j), Yn(i+1)—1) < €+ 5; then, using the
definition of bipolar metric space, (32) and (33), we have

Ay Ynivn) < AXniy Yn(ivr)—1) T A Xn(i41) Yn(is1)—1) T A Xn(is1) Yn(iv1))
r r r
< €+ 5 + g + g,

3
= e+1r<26,

a contradiction. So, there exists k such that n(i) < k < n(i+ 1) and d(x,,;), yx) > € +
Now if d(x,(j)41,Yn(i)) = €+ 3, then by (35), d(x,(i)+1,¥ni) = €+5 > 1+5 >
a contradiction.

So, there exist values of k such that n(i) < k < n(i + 1) such that d(x,;), yx) <
€ + 5. Choose the smallest integer k with k > n(i) such that d(x,;),yx) > €+ 5.Thus,
A(Xy (i), Yk-1) < €+ 5.

Using the definition of bipolar metric space and (33), we get

QI NI~

7

A6y, y6) < A0y, Yk-1) +d (kY1) +d(xx, yx)

< €+1+1+r—e+§r
= 2 8 8 4"
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Now, we can choose a natural number k satisfying n(i) < < n(i+ 1) such that

€+ % < d(xn(i),yk) <€+ Zr. (34)
Therefore,
d(xpiy ) < €+ Zr <€e+r, (35)
A(X(i) Yn(i)) < g <€+, (36)
d(xpi1,ye) < g <e+r. (37)

Now, (35)—(37) imply that € < M(x,;),y) < €+r < €+ and so ()
< PM(x33), yx)) < Ple+71) < Ple+6) < p(e) + ¢ (9).

Since T is a generalized (« — ¢) Meir—Keeler contractive mapping,

P(A(Xks 1, Yn(iy)) < (X, Ty a(Tyr, i) W (d(Tyr, Txp(iy)) < ¢(€).
This implies that
d(Xki1, Yn(i)) <€ (38)
Using the definition of bipolar metric space, we get
d(xp(iy, Yk) < d(Xp(iyr Yn(iy)) + A1, Yngy) + (11, Y0),

which implies that

A (i) ) — A(Xn(iy Yn(iy) — Akr1,v6) < d(Xey1, Yngiy)
€et5- 5378 < d(Xk 11, Yn(i))-
This shows that
€ < d(Xk+1, Yn(i))- (39)
This contradicts (38).
So, {xn, yn} is a Cauchy bisequence. Since (X, Y, d) is a complete bipolar metric space,

then {x,, y, } biconverges. That s, there exists u € XNY such that {x,} — wand {y,} — u
as n — co. As T is an orbital continuous map,

{xn} — uimplies that y, = Tx, — Tu.
Combining y, = Tx, — Tu withy, — u, wehave Tu = u. O

In the next theorem, we add a condition to get a unique fixed point.

Theorem 4. If in Theorems 1-3 we add the following hypothesis (H), then we get the unique fixed
point.
(H) If Tx = x then a(x, Tx) > 1.

Proof. If possible, let us suppose that T has two distinct fixed points u and v. Then, from
the hypothesis (H),
a(u, Tu),a(v, To) > 1.

Now, by Remark 1,

d(u,v) =d(Tu, Tv) < a(u, Tu)a(v, Tv)d(Tu, Tv) < d(u,v)

which is a contradiction and so # = v. In a similar way, one can prove Theorems 2 and 3. O
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Definition 12. Let (X,Y,d) be a bipolar metric space. Suppose T : (X,Y) = (X,Y) be a
covariant mapping and for every € > 0 there exists 6 > 0 such that

e<d(xy)<e+6=d(Tx, Ty) <e, (40)

forall (x,y) € X x Y.
Then, T is said to be a covariant Meir—Keeler contractive mapping.

Remark 3. From (40), we get d(Tx, Ty) < d(x,y), whenever x # y. If x = y then d(Tx, Ty) <
d(x,y).

Theorem 5. Let (X,Y,d) be a complete bipolar metric space. Suppose that T : (X,Y) = (X,Y)
is a covariant Meir-Keeler contractive mapping. Then, T has a unique fixed point.

Proof. Using Remark 3 and (40), we get

d(xn,yn) = d(Txy—1, Typ—1) < d(Xy—1,Yn-1) (41)

Again, using Remark 3 and (40), we get

d(xn/]/n) = d(Txnflr T]/nfl) < d(xnflrynfl) (42)

From (41) and (42), it is clear that {d(x,, y»)} and {d(x4,y,+1)} are monotonically
decreasing sequences of positive reals and hence convergent. Let {d(xy, y»)} — s1 and
{d(xn,Yyn+1)} — sp asn — co, where s1,5, > 0.

Now, we prove thats; = 0and s, = 0.

Firstly, suppose, if possible that s; > 0.

Clearly, d(x,,yn) > s1 > 0foralln € N.

Let € = s1. Then, by hypothesis, there exists § > 0 and ¢ € N such that

€ < d(xuy,Yny) <€+0. (43)

From (40), we have

d(xn0+1/ ]/n0+1) S d(xno+1l yn0+1)l
A(Txpny, Tyn,) < € = s1.

a contradiction. So s; = 0.
Similarly, one can prove easily that s, = 0.
Hence,
d(xn, yn) — 0 and d(xy, yy11) — 0as n — oo. (44)

For given € > 0, by the hypothesis, there exists § > 0 such that (40) holds. Without
loss of generality, let us assume that § < e.
Since d(xy,yn) — 0 and d(x,, y,4+1) — 0, then there exists N1, N, € N such that

A 1,001) < 3 for alln= N, )
)
d(xXp-1,Yn) < 3 forall n > Nj. (46)
Now, we shall prove that
d(xnrynH) <e€ (47)
and

d(xy11,yn) <€, for alln > N. (48)
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where N = max{Nj, N, }.
Firstly, using mathematical induction, we prove (47), that is d(x,, y,1;) < €.
From (44), the inequality clearly holds for / = 1.
Suppose that it is true for some | = k, that is

d(xXn, Ypix) <€, for alln > N. (49)

Now, by using the definition of bipolar metric space, (45), (46) and (49), we get

A% 1, Ynrk) < A1, Yn) +d(Xnyn) +d (X, Yusk)
< d(xn,l,yn) + d(xn,yn) + d(xnryn+k)
5 6 26
< 3tzte=Tte<ets (50)

If d(xy—1,Yn1k) > €, then by (40), we have

d(Xn, Yniks1) < €.

Hence, (47) holds.
If d(x, 4k Yn—1) < €, then by Remark 3, we have

A(xXp k1, Yn) < A(Xpik Yn-1) <€

So, Equation (47) holds for | = k+1.
Hence,
d(xn, ym) < € for alln > m > N. (51)

Similarly, one can prove Equation (48), from which we conclude that
d(xn,ym) < € for all m >n > N. (52)

From (51) and (52), we can say that {x,, y, } is a Cauchy bisequence. Since (X, Y, d) is
a complete bipolar metric space, then {x,, y, } biconverges. That is, there exists u € X NY
such that {x,} — wand {y,} — u asn — oc. Since,T is continuous,

{xn} — uimplies that x,1 = Tx, — Tu,

We get Tu = u.
Uniqueness: If possible, suppose that u and v are two different fixed points of T. Then,
by Remark 3,
d(u,v) = d(Tu, Tv) < d(u,v),

which holds only whenu =v. [

Example 1. Let X = (—00,0], Y = [0,00) and d : (—o0,0] x [0,00) — [0,00) as d(x,y) =
|x —y|. Then, (X,Y,d) is a complete bipolar metric space. Define T : (—co,0] U [0,00) &=
(—00,0] U [0,00) by Tx = 5~, for all x € (—00,0] U [0,00), and (t) = §, a(x,y) = 1 for all
(x,y) € XX Y. T((—00,0]) C [0,00) and T([0,00)) C (—o0,0]. It is clear that T is a continuous
contravariant mapping.

As x € (—00,0], there exists a € [0,00) such that x = —a. Now,

p(y)) =¢lx—yD) =y —a—yl) =pla+y) = —=

YTy, ) = (L, 5 = v + (G = L.

Clearly, by taking 6 = 2e, (5) is satisfied. So, all the conditions of Theorem 1 hold and T has a
fixed point. Clearly, 0 is the fixed point of T.
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4. Consequences

The following are the consequences of our main results.

Corollary 1. Let (X,Y,d) be a bipolar metric space and € Y. Suppose T : (X,Y) = (X, Y) be
a contravariant mapping and if for every € > 0 there exists § > 0 such that

e<ydxy)) <e+d= 9Ty Tx)) < —. (53)

o

where p € Y and L > 1. Then, T has a fixed point.
Proof. Taking a(x,y) = /L in Theorem 1, one can obtain the proof. [

Corollary 2. Let (X,Y,d) be a bipolar metric space and € ¥. Suppose T : (X,Y) = (X,Y) be
a contravariant mapping and if for every € > 0 there exists § > 0 such that

e < M(d(x,y)) < e+06 = p(d(Ty, Tx)) < % (54)
where p € Y and L > 1. Then, T has a fixed point.
Proof. Taking a(x,y) = /L in Theorem 3, one can obtain the proof. [J
5. Application
Theorem 6. Let us consider the following integral equation
w(B) = m(B)+ A1 [ F1(B&w(E)dE+ Az [ FalB,E,w(E))de (55)

B € FL UK, Fi UFE, is a Lebesgue measurable set with finite measure and A1, Ay are constants.
Suppose that 1 : F2 U F2 x [0,00) — [0,00) and B, : F2 U F3 x [0,00) — [0, c0).
There is a continuous function { : F? UF; — [0,00) and k € (0,1) such that for all
(B,¢) € FfUF; and m(B) € L*(F) UL®(E)

AR, 6, (€)) — AR, & ()] < 28,0 Iwl@) — (@)

foralli=1,2and || [ (B, $)d|| < 1that is supger p, [ [C(B,$)dE] < 1.
Then, (55) has a unique solution in L*(Fy) U L®(F,).

Proof. Let X = L®(F;) and Y = L*(F,) be two normed linear spaces, where F; and F, are
two Lebesgue measurable sets with m(F; U F,) < oo.

Consider d : X x Y — [0,00) as d(x,y) = ||x — ¥||eo- (X,Y,d) is a complete bipolar
metric space. Define a covariant mapping as T(w(B)) = m(B) + A1 [ B1(B, &, w(E))dE +
Az f §BZ (ﬁ/ g/ m(é))dg
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Now, for any € > 0, there exists > 0 such thate < d(w(&),n(¢)) < e+4.

A(Tw(@), To(@)) = [|Tw(&) — To(2)]
= [[m(@)+ A1 [ Fu(B,Ew()de + Az [ Pa(B g w0(2)de

— (@) =M [ P1(B.&n(E)dE — Az [ Pa(B & m(E))de]

< SEBOINE) ()
< Sdm(@)(E)

< %(e—l—&)

< €.

Hence, all the conditions of Theorem 5 are satisfied. So, T has a unique fixed point,
and (55) has a unique solution. [

Example 2. Consider the following integral equation:

w(B) = 0.018 + 0.2 /Oﬁ (i - 0.2[5)m([3) dZ + sin(0.1) (/Oﬂ (—ﬁ + g + 1>m(,8) dg).

It can be verified that the solution of the above integral equation is given by

B 0.018
w(B) = 5098257 — 0.09988 + 1

This solution is depicted in Figure 1.

0.020

0.015!
2 0.010/
£

0.005;

0.000! ‘ ‘ ‘ ‘ 1
0 2 4 6 8 10

Figure 1. Solution of the integral equation in the example of Section 5.

6. Conclusions

In this paper, we have introduced a new notion of a-orbital admissible mappings, and
using this we have defined (« — ) Meir-Keeler Contractive mappings and established fixed
point results. Our results have generalized some proven results in the past. The derived
results have been supported with non-trivial examples. The results have been applied to
find analytical solutions of integral equation. It is an open problem to extend /generalize
our results in the setting of other topological spaces such as bipolar controlled metric space,
neutrosophic metric spaces, etc.
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