. mathematics

Article

Finite-Time Bounded Tracking Control for a Class of
Neutral Systems

Jiang Wu 1, Yujie Xu 23*, Hao Xie *

check for
updates

Citation: Wu, J.; Xu, Y.; Xie, H.; Zou,
Y. Finite-Time Bounded Tracking
Control for a Class of Neutral
Systems. Mathematics 2023, 11, 1199.
https://doi.org/10.3390/
math11051199

Academic Editors: Jan Awrejcewicz,
José A. Tenreiro Machado, José M.
Vega, Hari Mohan Srivastava,
Ying-Cheng Lai, Hamed Farokhi and

Roman Starosta

Received: 19 January 2023
Revised: 23 February 2023
Accepted: 23 February 2023
Published: 28 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Yao Zou 5

School of Mathematics and Physics, University of Science and Technology Beijing, No. 30 Xueyuan Road,
Haidian District, Beijing 100083, China

Institute of Fundamental and Interdisciplinary Sciences, Beijing Union University, No. 97 Beisihuan East
Road, Chaoyang District, Beijing 100101, China

Institute of Mathematics and Physics, Beijing Union University, No. 97 Beisihuan East Road, Chaoyang
District, Beijing 100101, China

School of Mathematics and Statistics, Chongqing Technology and Business University,

Chonggqing 400067, China

School of Automation and Electrical Engineering, University of Science and Technology Beijing, No. 30
Xueyuan Road, Haidian District, Beijing 100083, China

School of Intelligence Science and Technology, University of Science and Technology Beijing, No. 30 Xueyuan
Road, Haidian District, Beijing 100083, China

*  Correspondence: xuyujie@buu.edu.cn or bjxyjie@126.com

Abstract: In this paper, we investigate finite-time bounded (FTB) tracking control for a class of neutral
systems. Firstly, the dynamic equation of the tracking error signal is given based on the original
neutral system. Then, we combine it with the equations of the state vector to construct an error
system, where the reference signal and the disturbance signal are fused in a new vector. Next, about
the error system, we study the input-output finite-time stability problem of the closed-loop system
by utilizing the Lyapunov-Krasovskii functional. We also give a finite-time stability condition in the
form of linear matrix inequalities (LMIs). Furthermore, the delay-dependent and delay-independent
finite-time bounded tracking controllers are designed separately for the original system. Finally, a
realistic example is given to show the effectiveness of the controller design method in the paper.

Keywords: finite-time bounded tracking; linear matrix inequalities (LMIs); Lyapunov-Krasovskii
functional; neutral systems
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1. Introduction

As time tends to infinity, asymptotic stability can guarantee the asymptotic conver-
gence of tracking errors and state trajectories. So it has always been one of the focuses
in the control research [1,2]. However, in practice, it is often required that the stability is
reached in a desired time interval, not in infinite time. Thus, the research of finite-time
stability emerged as the actuality requires. As an important role in the study of the transient
behavior of control systems, finite-time stability can help to improve the control precision,
achieve better anti-interference and robustness over a time interval [3-5]. Therefore, finite-
time stability has drawn considerable attention, and many results have been developed
during the past decades [6-9].

Early in 1961, Dorato proposed the short-time stability in the stability analysis of
linear time-varying systems [10]. Finite-time stability (FTS) was firstly put forward by
Weiss and Infante during the research on the stability of nonlinear systems in 1967 [11].
Moulay et al. [12] inspired FTS by the theory of differential equations for systems with
input delay and state delay. Furthermore, they obtained the responding finite-time con-
trollers, respectively, for scalar linear systems and for the chain of integrators with input
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delay. Artstein’s model reduction was extended to nonlinear feedback for handling input
delays [12]. Some new methods and tools are used to analyze FTS. For example, the poly-
nomial Lyapunov functional approach and the sum-of-squares (SOS) theory were used
to investigate FTS of continuous-time polynomial fuzzy systems, and all the proposed
conditions are given in the form of SOS [13].

With the development of FTS, the finite-time control problem for various systems
has also been widely studied [4,14-18]. Fu and Xu proposed a terminal sliding mode
disturbance observer to estimate the augmented disturbance. Additionally, they came
up with an algorithm to guarantee fast convergence of the tracking error for a class of
MIMO nonlinear systems [19]. However, in [17,20], the authors regarded the output as
a component of states, which is not common in control systems. Finite-time bounded
(FTB) tracking, belonging to finite-time control, was valued in recent years [6,21-23]. It
was proposed on the basis of input-output FTS by Amato et al. [24]. FTB tracking is such
that, given a bound on the initial condition, the output does not exceed a certain threshold
during a specified time interval. Amato et al. extended input-output FIS to impulse
systems and linear time-varying systems, and they gave sufficient conditions to ensure
input-output FTS timewith different types of input [25-28].

However, there are few research results related to FIB tracking control for neutral-
type systems. On one hand, the achievements on FTB tracking control focus on ordinary
time-delay systems and fractional-order systems [21,23]. On the other hand, studies of
neutral systems concentrate on He control, guaranteed cost control and observer-based
control [29-33]. Additionally, although Ref. [34] studied FTB for a class of neutral systems,
it only synthesized an observer but not a tracking controller.

In the paper, we investigate FTB tracking control for a class of neutral systems with
disturbance. To figure out this problem, the input-output FTS of the error system is studied.
Using a Lyapunov—-Krasovskii functional, we obtain two FTS criteria and a FTB corollary
in terms of LMIs. On the basis of these FTS or FTB conclusions, we design a controller
based on time-delay state feedback for the error system. Thus, the delay-dependent and
-independent FIB tracking controllers for the original neutral system are given.

The paper is organized as follows. Section 2 is devoted to problem statements and
necessary descriptions of definitions, assumptions, and lemmas. The main results for
stability analysis and control design are shown in Section 3. In Section 4, we give a simula-
tion example to show that the designed controllers are effective. Finally, the conclusion is
obtained in Section 5.

2. Preliminaries

In the sequel, the following notations are used. R" denotes n-dimensional Euclidean
space. R"*™ is the set of all n x m real matrices. * refers to the symmetric part of a matrix
A. AT is the transpose matrix of A. P > 0 represents that P is a positive definite matrix. I
denotes an identity matrix with appropriate dimensions.

2.1. Problem Statements

Consider the following neutral system:

%(t) — Gx(t — 1) = Ax(t) + A1x(t — T) + Bu(t) + Ew(t),
y(t) = Cx(t),t >0, @
x(t) = ¢(t),t € [-7,0].

where x(t) € R”, u(t) € R", y(t) € RV and w(t) € RY are the state, the input, the out-
put, and the disturbance vector, respectively. T > 0 denotes the constant time delay,
which appears in both the state and the derivative terms of (1). A € R"*", A; € R"*",
Ce R\, G eR"™" B e R"™ and E € R"*1 are known matrices. The initial condition
¢(t) is a continuous vector-valued initial function of t € [—7,0]. Define the operator
Dx(t) = x(t) — Gx(t — ).
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Let y;4(t) € R? be the reference signal. Then the tracking error is defined as

e(t) = y(t) —ya(t). @

For Vt € [—1,0], we define y;(t) = 1(t), where 7(t) is a continuous vector-valued initial
function. Then the initial condition of tracking error is e(t) = Cp(t) — 5(t).

The purpose of this paper is to investigate the finite-time bounded tracking of sys-
tem (1). Finite-time bounded tracking means that the output y(t) is always in some
neighborhood of y;(t). It is the promotion of input-output finite-time stability, which is
described as follows.

Definition 1 ([24]). System (1) with u(t) = 0 is said to be input—output finite-time stable with

respect to (c1,c2,T,T), where the scalars cq > 0,¢c; > 0, T > 0, and T > 0, if under the zero
initial condition ¢(t) = 0,Vt € [—,0], system(1) satisfies

/OT wT (Hw(t)dt < 2 = yT (HTy(t) < 3,V € [0,T].

Based on Definition 1, the definition of finite-time bounded tracking is shown as fol-
lows.

Definition 2 ([23]). Given scalarsc;y > 0,ca > 0, T > 0, and the weight matrix I > 0, system (1)

is said to achieve the finite-time bounded tracking as for y;(t) with respect to (c1,¢3, T, T) , if under
the zero-initial condition

$p(t) =0,e(t) = Cp(t) —n(t) =0,Vt € [-1,0],

system (1) satisfies
T
/ ol (Nw(t)dt < & = el (Te(t) < &,V € [0, T.
0

2.2. Some Related Assumptions and Lemmas

To acquire the desired controller, the following assumptions and lemmas are employed
in the subsequent developments.

Assumption 1. [A;(G)| < 1(i =1,2,...,n), where A;(G) is the ith eigenvalue of matrix G.
Remark 1. When ||G|| < 1, the nominal system of system (1) is stable, i.e., system (1) with
u(t) = w(t) = 0 converges to zero. We also call the operator Dx(t) = x(t) — Gx(t — T) stable.
IfIA(G)| < 1(i =1,2,...,n), we can easily obtain that ||G|| < 1 because |A;(G)| < ||G]|. So
|Ai(G)| < 1 can ensure Dx(t) = x(t) — Gx(t — T) is stable [35,36].

Assumption 2. The reference signal y,(t) satisfies

T
| skt < &,
where c is a given positive constant.

Assumption 3. The disturbance w(t) satisfies
T
/ o (Hw(t)dt < d?,
0

where d is a given positive constant.
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Lemma 1 ([37]). Given constant symmetric matrices (1, Qp and Qz, where ()1 = QlT and
Oy = QF > 0, the matrix inequality

O+ 010105 <0

holds, if and only if

0 057 -0, Q7
|:Qg _Qz}<0,or[ Qs O <0.

Lemma 2 ([38]). For any scalar T > 0, a positive definite matrix M € R"*" and x(t) € R",
the following inequality holds:

_ [ xT(s)Mx(s)ds <

t—T

[ 2T(t) 2T (t—7) ][ _AQ/I _A]/{/I } { x(:(_t)l—) }

Sl

3. Main Results

In this section, we derive sufficient conditions on finite-time bounded tracking of
system (1). Firstly, an error system is constructed. Then, the finite-time stability criterion of
the error system is proposed.

3.1. Construction of an Error System

According to Equation (2), deriving e(t) — ae(t — T) yields
é(t) —aé(t — 1) = Cx(t) —aCx(t — 1) — yq(t) + aya(t — 1), 3)

where 7 is a constant, and |a| < 1.
Making the derivative on both sides of system (1), we can obtain

¥(t) — GE(t — 1) = Ax(t) + A1x(t — T) + Bu(t) + Ew(t). 4)
Denote X(t) = [ ;((?) } . By Equations (1), (3) and (4), it follows that
{ X(t)=GoX(t — 7) = AoX(t) + Ao X(t — ) + Bou(t) + Eow(t) — Galya(t) — aya(t — 7)],
e(t) = COX(t)/ (5)
X(t) = ¢o(t),t € [-7,0].

where

Based on the construction of Gy in system (5), the eigenvalues of Gy are respectively
the eigenvalues of G and a. For |a] < 1and |A;(G)| < 1(i=1,2,...,n) in Assumption 1, it
is easy to obtain that |A;(Go)| < 1(j = 1,2,...,1n + p). According to Remark 1, the operator
X(t) — GoX(t — T) is stable.
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va(t)
Letting W(t) = | y4(t —T) |, we can receive the error systems as follows:
w(t)
X(t) — GoX(t — 1) = AgX(t) + A X(t — T) + Boui(t) + GwW(t),
e(t) = CoX(t), (6)
X(t) = go(t),t € [~7,0],

where Gy = [ —G; aGy Ey ] . Obviously, system (6) has the same form as system (1),
and W(t) can be regarded as the disturbance. Furthermore, if the closed-loop of system (6)
realizes finite-time tracking control with respect to e(t), then the output vector y(t) can
track y,4(t) in finite time.

Remark 2. It can be found that W(t) in system (6) contains the derivatives of the disturbance
signal w(t) of system (1), instead of w(t). Since the input—output finite-time stability of system (6)
is the object of our discussion, we put constraints on y4(t) and w(t) in Assumptions 2 and 3, rather
than on y4(t) or w(t) as described in Definition 1.

3.2. Finite-Time Bounded Tracking Control of the Error System
Design the delay-dependent feedback controller for system (6) with the form of

u(t) = K X(t) + Ko X(t — 1),

where K; and Kj are the feedback gain matrices with appropriate dimensions. Then the
closed-loop of system (6) is

e(t) = CoX(t), )
X(t) = ¢o(t), t € [-7,0].

where AO = Ap + BoKj, AO] = Ap1 + BoKs.
For system (7), we have the following theorem.

{ X(t) — GoX(t — 1) = AgX(t) + Ay X(t — ) + GwW(t),

Theorem 1. Under Assumptions 2 and 3, for a given scalar v > 0, if there exist matrices
R>0,P >0(i =1,2,3,4) satisfying

Agpl + P1A0 — Py + P3 — %P4 P1A01 + %P4 PGy PGy TAEPAL

Alp+1p ~-1p 0 0 TALP
Gy P 0 —R 0 tGyP | <0 (8)
G Py 0 0 -P,  TG}Py
TP4A0 TP4A01 TP4 GW TP4 Go — TP4
Co'TCo < Py, ©)
%

= Gew(rD) o

then T (t)Te(t) < c3 (Vt € [0, T)) holds, i.e., system (7) is input—output finite time with respect
to (c1,¢2,T, T), where ¢ > 2c2 + d2.

Proof. For system (7), a Lyapunov—Krasovskii functional candidate is given by
V=Vi+WV+Vz3+V,, (11)

where
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Vi = XT(H)PX(¢), (12)

V= /t; X7 ()P X (s)ds, (13)

Vs = /t;ﬂ(t_e)XT(Q)PgX(Q)dG, (14)
Vy = L OT /;9 X7 (5)PyX (s)dsd6 (15)

with P; > 0 (i = 1,2,3,4). Equations (12)—(14) are the common forms of the Lyapynov—
Krasovskii functional for time-delay continuous systems, and Equation (15) is designed for
neutral systems. Taking the time derivatives of Equations (12)—(15), respectively, along the
trajectory of system (7) yields

Vi =XT()PX(t) + XT () PX (1)
=xT(t) [AOTP1 + ple} X(1) + XT(t = 1) AL P X (£) + W () GL Py X (f) (16)
+ XMt —1)GEPL X (1) + XY () Py A X(t — T) + XY () P.GwW(t) + X () PLGoX (t — T)

Vo = XT(H)PX(t) — XT(t — 1) P X(t — 7), 17)

V3 =1 ti V=S XT(9)Ps X (0)d6 + XT () PsX () — " XT (t — T)P3X (t — 1)
<7 ti "= XT (9) P X (0)d6 + XT (1) P3X(t), (18)
Let F(s) = XT(s)P4X(s), then
Vi= [0 [a E(s)dsd = [ (F(t) — F(t+6))d0
= TF(t) — [°_F(t+6)do

= TF(t) — [/ _F(1)dLl.

So
Vy = E(t) — (F(t) — F(t — 7)) = TE(t) — /tiTF(s)ds = TE(t) — /tiTXT(s)P4X(s)ds. (19)
X(t)
Denote ¢ = X](/i](_t)T)
X(t—1)

Based on Equations (16), (17) and (19), and inequality (18), we can obtain

v <xT(t) (Agp1 + PAg+ Pg)X(t) + XT (P A X (f — 7) + XT () PG W (t)

+ XY ()P GoX(t — T) + XT(t — T) AL, PX(t) + WT (1) Gy PL X (t) + X (t — T)GE P X (1)
XN PX(—1) 4 [ IXT(0)PsX (0)d6 20)

t—1

+7e'(t)[ Ao An Gw Go ]TP4[A0 An Gw GO]C(f)—/t X' (s)PyX(s)ds

t—1
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According to Lemma 2, we have

_/tiTXT(S)P4X(S)dS < i{ X?(ZG)T) ]T[ _p? —P??4 ] { X(}f(—t)f) ]

-P, P, 0 0O
1 P, —P, 0 0
0 0 00

Combining inequality (21) with inequality (20), we have

AT
0
. AT R . t _
V< g (mEt) + e (1) G(%l Py Ay Aot Gw Go J&(t) +7 t TEW 9 XT(0)PsX(0)d, (22)
W _
Go
where . . .
AP+ Pl Ag+Ps— 1P, PlAg +1P, PGy PiGo
0 * —ch 00 (23)
1 * * 0 0
* * * )
Next, we utilize inequalities (8), (9), (10) and (22) to study the FTS for system (7).
In view of —7P; < 0, according to Lemma 1, inequality (8) equals to
i,
Ag1p 4 -1 A A
Q-7 o (—tPy)" [ TPsAy TPiAp TPAGwTPsGy | <O, (24)
w4
G{ Py
where
AfPi+PAy— P +Ps— 1Py PlAy+iPy PIGw PGy
0 % -ip, 0 0
2= % % —-R 0
* * * —-P

Based on the expression of (21 in Equation (23), inequality (24) can be further trans-
formed into the following forms:

{ié —9P, 0 0 O
A I 0 0 0 0

O +7 G% Pl Ay An Gw Go |+ 0 o0 -Rr o|<© (25)
e 0 0 0 0

By inequalities (22) and (25), it follows that
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P, 0 0 0
y T 0 0 00 Y(t—s)ywT
0 0 0 0
t
=y XT(OPX() + WI(ORW(E) + [ e"5IXT(0)P;X(0)d0
t—1
= Vi + Vs + W (H)RW(t)
<4V +WT (HRW(), (26)

so we have
V(t) —yV(t) < WI(H)RW(t).

The following inequality is established:
exp(— )V (t) — yexp(—7t)V(t) < exp(—1t)WI(H)RW(¢).

Noticing that { (exp(—7t)V(t)) = exp(—7t)V(t) — yexp(—7t)V(t), we obtain

9 (exp(—1)V (1)) < exp(—)WT(HRW (1), @)

Based on the zero-initial condition in Definition 2, from inequality (27), it can be
obtained that

exp(—71) V(1) < [ exp(-15) WT(5)RI(s)ds.
Thus,
V() < explrt) [ exp(—79)WT (5)RW(s)ds
< exp(70)hman(R) [ W ()W (s)ds )
< exp(YT)Amax(R) | "W (s)W(s)ds.
Since e(t) = CoX(t), based on inequality (9), Equations (11) and (12), we obtain
el (HTe(t) = XT(H)CoTTCoX (t) < XT(H)P1X(t) < V(1). (29)

In combination with inequalities (28) and (29), it follows that

eT(H)Te(t) < exp(YT) Amax(R) /OT WT(H)W(t)dt. (30)
[ Ya(t) ]
In view of W(t) = | y4(t —T) |, we have
w(t)
T T Ya(t)
| wiewa = [Tl git-o ') ]] gat-7) |dt
: : a(t)

= [Mitwaars [ iEe oyt - e [T e 6y

Then substituting Equation (31) into Equation (30), according to inequality (10), Assump-
tions 2 and 3, we can obtain
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2
el (H)Te(t) < e Apax (R) (22 4 d?) < €T Ayax (R) e < e“’T%c% <.
evlc]
This proves Theorem 1. [

Furthermore, we give the feedback gain matrices K; and K5 in system (7).

Theorem 2. Under Assumptions 2 and 3, for a given scalar -y > 0, if there exist My, My, Z;(i =
1,2,3,4) with appropriate dimensions satisfying

O AnZi+BoMa+1Zy G GoZi  t(AgZi+BoMy)'

* —%24 0 0 T(A01Z1 + BQM2)T
* * -R 0 ey <0 (32)
* * * ) TZng
* * * * T(Z4 —274)
~Z1 iG] <0 (33)
* —r1! ’
2
€
= e"YTc% I, (34)

where ®; = (AgZy + BoMy)" + (AoZy + BoMy) — vZy + Zs — 174, ¢ > 262 + d%. Then
system (7) is input—output finite-time stable with respect to (c1,¢2,T,T), when Ky = Mlz_l,

Ky =Mzt
Proof. Multiplying A = diag(P; L Pt I P L P, 1) by the right and left on both sides of
inequality (8) yields
&y AP '+ 1iP7'PPt Gy GoP' TP AL
% —ip 'ppt 0 0 TP LAY
* < —R 0 e <0 (35)
* * * _P1_1P2P1_1 TPl_ng
* * —TPy !

where @) = P, TAl + AgP; ! — Pt + PP P — PP, P Y Substituting Ag = A +
BoK; and Ag; = Ag; + BoK; into inequality (35), we obtain

[on AOlpfl + B()szfl + %Pflpzlpfl Gw G()Pfl TPfl (A() + BoKl)T

* ~lpippt 0 0 TP (Apr + BoKa)"
* * —R 0 TGI;V <0 (36)
* * x  —Prlpp! PG
* * * * —TP4_1
where

_ T _ _ _ _ _ 1__ _
Py =(AoP; ' + BoKi Py 1) + (AgP !t + BoKy P Y) — yPt + PP P P Ip,py L.

Denote Z; = P;'', My = KyP ', My = K;P[ Y, Z, = P PP Y, Zy = Py 'PsP ! and
Zy =Py 1p,P;1, it can be obtained that inequality (36) equals to the following inequality:
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1 AnZi + BoMy + %24 Gw GoZp T(A()Zl + BoMl)T
% -1z, 0 0 T(ApZi+ByM;)"
* * —R 0 TGITV <0 (37)
* * * -7y TZ4 Gg
* * * * —Tle

where
1
@1 =(AgZ1 + BoM1)" + (AoZ1 + BoMy) — yZy + Z3 — ?24'

Obviously, inequality (37) is not an LMI because of the last matrix block —7P; 1. To solve
inequality (37) by LMI toolbox of MATLAB, we notice that

T
(m*l—zo m(m*P—zQ:£(4—2zy+zfaqu:m*1—ﬂﬁ+z4 (38)

Because the congruent transformation does not change the positive definiteness of the
matrix, the following inequality holds:

T
(Pt =21) (P =21) 20 (39)
From Equation (38) and inequality (39), we obtain P4*1 —27Z1+ 74 > 0,1e,
—P ' <7427
Therefore, if
®; AnZi+BoMa+ 17y Gw GoZy T(AoZi+ BoMy)!
* —%24 0 0 T(A()]Z] +B0M2)T
* * -R 0 TGl <0,
* * * —7Z> 74 GOT
* * * * T(Z4 — 27Z7)
then inequality (37) holds.
Based on inequality (9), we can derive
Z1Co'TCyZy — Z1 <0,
ie.,
~71 - 21C" (-T71)'CoZy <0 (40)

Then according to Lemma 1 and inequality (40), we can acquire
A
*

Consequently, if inequalities (32) to (34) hold, then inequalities (8) to (10) are satisfied,
i.e.,, Theorem 1 is true. This proves Theorem 2. [

Z1CoT

e(t)

Denote K| = [ K1, Kix } and K; = [ Kae Koy ] As X(t) = [ x(t)

} , it follows

that
i(t) = Kyee(t) + Kygx(t) + Kpee(t — T) + Koy % ( — 7). (41)

Integrating Equation (41) on interval [0, t], we have
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t—T

u(t) =Ky, /Ot e(6)do + Kyyx(t) — K14x(0) + Kpe / e(0)df + Kpyx(t — ) — Koxx(—1). (42)

-7

u(t) is the delay-dependent finite-time bounded tracking controller of system (1). If we
want to design a delay-independent controller, we can take K, = 0, namely, take M, = 0in
inequality (32). Thus, the following corollary is received.

Corollary 1. Under Assumptions 2 and 3, for a given scalar -y > 0, if there exist M, Z; (i =
1,2,3,4) satisfying

O AnZi+31Zy Gw GoZi tT(AgZy+BoM)'

* -1z, 0 0 tZT AL,
* * —R 0 TGE\, <0 (43)
* * * —7Zy TZ]Gg
* * * * T(Z4 —277)
~Z1 Z1CoT
{ A, ] <0, (44)
2
3

where ®; = (AgZy + BoM)" + (AgZy + BoM) — vZy + Z3 — 174, & > 262 + d2, then the
output of system (1) realizes the finite-time bounded tracking to the reference signal y,(t) under the
controller

u(t) = K, /Ote(G)d9+Kxx(t) — Kex(0), (46)
where [ Ko Ky | = MZfl.

4. Numerical Simulation

In this section, we conduct a realistic delay differential equation of neutral type (NDDE)
problem originated from [39] to validate the effectiveness of the results in Section 3.

Example. Figure 1a represents a small metal strip with two cells, and Figure 1b is the
partial element equivalent circuits (PEEC) model of the metal strip, which includes the
partial inductances Ly, and the partial coefficients of potential p;;. The state vector and the
input represent the partial inductance branch currents and the unknown nodal voltages,
respectively.

In the model, the coefficient matrices are

-7 1 2

A

&=13 -9 0 |,B=
1 2 -6

1 0 -3 0
& -05 —05 -1 |,E=005| 0 |,

-05 —-15 0 -1

-1 -5 2
C
G=+| 4 0 3|, 5=[110]
-2 4 1

and ¢(t) =0, forallt € [—7,0].
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[a—
[\
(3

Figure 1. (a) Metal strip with two L, cells and (b) PEEC model for the metal strip.

Choose the parametersI' = I, ¢c; =1, ¢ =2, T = 10 and v = 0.2. By using LMI
toolbox in MATLAB, we conclude that there exists a feasible solution of inequalities (32) to
(34) when the time-delay upper bound is 0.003. At this time, the feedback gain matrices are

Ki=[ Kie Kip ] =][633591 —0.6543 102.1523 60.3751 |,

Ky=[ Ky Ky ] =[ 03725 —04602 412559 70.8512 |.

Case 1. When
(t) = 0.2sint, t € [0,T],
Yalt) = 0,t € [—7,0],
and
w(t) = 0.15sin(2t),
we have )
[ i @aar < 0252
Jo
and

T
/ @7 (Dw(H)dt < 05% 42,
0

Thus, 2¢2 + d? < c%, and Theorem 2 is satisfied. If we take 1(t) = 0,Vt € [—7,0], then
e(t) =Cop(t) —n(t) =0,Vt € [-1,0], and

el (HTe(t) < ¢ (Yt € [-1,0])

holds. The output response is shown in Figure 2.
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0.2
0.15
0.1
g o005
5;’-0.05
0.1
-0.15
-02

Figure 2. Output response by controller (42).

Case 2. When taking

— —0.5,t € [0,T],
t) = 1+e T+e 2
vl =9\ 0f e r0]
and )
t) = ——0.
w(t) o 0.65,
one can obtain .
T (B)ga(t)dt < 02% 2

0
and

T def

w’ fHdt <01 = d2.
0

As a result, 2¢> + d?> < ¢4, and Theorem 2 holds. The output response is shown in
Figure 3.

— Yyt

-y
= = w()

Figure 3. Output response by controller (42).
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Figures 2 and 3 indicate that during time period [0, T], by the controller (42), the output
y(t) stays in the ¢, neighborhood of y,(t), i.e., the output of (1) achieves bounded time
tracking to the reference signal y,(t).

Case 3. For the disturbance signal and the reference signal in case 1, if we take
Equation (46) as the controller, another output response is obtained. The feedback gain
matrices are

Ki=[ K, Ky |=][477525 —36.6115 119.4409 107.9395 .

Putting the output responses in case 1 and the new one together, we can obtain Figure 4.

0.2

0.15

0.1

0.05

-0.05

-0.1

~0.15] — 0
—=== y(t) with time—delay term
y(t) without time-delay term

== w()

6 7 8 9 10

Figure 4. Output response by controller with and without time-delay term

Figure 4 shows that the tracking effect by using Equation (42) is better than Equation (46).
That means the time-delay feedback term is helpful in the tracking problem of neutral
systems.

5. Conclusions

In this work, we study FTB tracking control for a class of neutral systems. In order to
realize these objectives, we construct an error system for the original neutral systems. Thus,
FTB tracking of the original system is transferred to input—output FTS of the error system.
For the closed-loop system of error system, we employ the Lyapunov—Krasovskii functional,
which contains not only the time-delay term but also the exponential term. The sufficient
conditions for the stability of the system are obtained in terms of LMIs. We further derive
the finite-time bounded controllers that are delay dependent and delay independent.
For further research, the finite-time bounded control problem will be extended to more
types of control systems.
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