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Abstract: The study of position control for variable stiffness actuators is important for improving
their energy efficiency and robustness. In this paper, for the previously proposed nonlinear variable
stiffness actuator, firstly, a dynamic model of the variable stiffness actuator system is established
based on a two-inertia-system theory. Secondly, the effects of friction and gravity factors on the
dynamic performance of the system are analyzed. The results of the study show that friction and
gravity have obvious effects on the dynamic characteristics of the system in the constant stiffness
state, and that these effects are more complex and obvious in the variable stiffness state, which
proves the reasonableness and necessity of considering friction and gravity in the dynamics modeling
process. Then, in order to improve the dynamic performance of the system and make its positioning
performance meet the requirements, the control strategy of the variable stiffness actuator system is
studied. The results show that the sliding mode control strategy based on nonlinear disturbance
observer and dynamics model is a good solution to the effect of friction and gravity on the system,
and can make its position-tracking performance meet the requirements. Finally, the correctness and
effectiveness of the control strategy are verified experimentally.

Keywords: variable stiffness actuator; two-inertia-system; dynamic performance; friction; gravity;
position control

MSC: 93-11

1. Introduction

Highly-sophisticated mobile measurement robots, legged mobile robots, and exoskeleton-
assisted robots seek precise and efficient motion and high levels of safety during human-
robot interactions. The application of variable stiffness actuators not only improves safety
and flexibility, but also contributes to the energy efficiency of the robotic system, and makes
the robotic system more robust to disturbances and un-modeled dynamics [1–3]. However,
this still cannot avoid nonlinear problems caused by the backlash, hysteresis, deadband and
stiffness adjustment, all of which can reduce the control accuracy or even lead to oscillation
or instability of the system [4]. Therefore, in order to solve these problems, it is necessary
to conduct an in-depth study of the dynamic performance and position control of variable
stiffness actuators.

For variable stiffness actuators, the introduction of the stiffness motor system can
reduce the control bandwidth of the position motor system. In addition, the friction and
rotational inertia of the stiffness motor system can also produce noise disturbance to the
position motor system, so it is a complex nonlinear coupling disturbance [5]. Although there
are many control strategies for nonlinear systems, proportion integration differentiation
(PID) control and its derived control strategies are still used in a large number of studies due
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to their relative simplicity; for example: The RVSA designed by Xu et al. [6], the AMASC
designed by Hurst et al. [7], the variable stiffness actuator designed by Yang et al. [8],
the VSA and VSA-II designed by Tonietti and Schiavi et al. [9,10], the NSA designed by
Hu et al. [11], and the variable stiffness actuator designed by Liu et al. [12] all used a general
proportion differentiation (PD) control strategy for position tracking control of position
motor systems and stiffness motor systems. Jafari et al. used PD and additional differential
control strategies for AwAS-I and AwAS-II to suppress the linkage side oscillations caused
by the coupling disturbance in low stiffness states [13,14]. Zhai et al. designed an active
control strategy based on a fuzzy PID algorithm in order to dynamically adjust the stiffness
and damping of the system [15]. Sun et al. used feedforward and feedback PD control
strategies to control the position motor system and the stiffness motor system in the
prototype validation of both SVSA-I and SVSA-II [16,17].

Although the PID control studied above has a certain suppression effect on the cou-
pling disturbance, the effectiveness of the PID controller is severely reduced when the
stiffness of the actuator changes. Therefore, the PID control is mainly used in the initial
scheme of the variable stiffness actuator, and the researchers can propose new control
strategies for the designed variable stiffness actuator in subsequent studies. Jimenez-
Fabian et al. used gradient descent optimal control for real-time control of the stiffness and
position control of the MACCEPA to achieve a balance between accurate position tracking
and minimum energy consumption [18]. Palli et al. linearized the nonlinear coupling
disturbance of the variable stiffness actuator to achieve full-state feedback control [19].
Sardellitti et al. designed a gain scheduling controller based on linear quadratic regulator
for AwAS to solve the problems of optimal control, feedback linearization and other control
gain fixation [20]. Liu et al. designed a cascaded gain scheduling controller based on linear
quadratic Gaussian analysis for the mechanical-rotary variable impedance actuator [21].
Such model-based control requires high modeling accuracy and precise parameter identifi-
cation, while the disturbance observer can reduce the dependence of control on modeling
accuracy [22]. On the other hand, most of the control strategies based on disturbance
observation techniques are concentrated on series elastic actuators with constant stiffness,
and relatively little research has been performed upon variable stiffness actuators [23–27].
In addition, due to the presence of the variable stiffness mechanism, the stiffness motor
system and the position motor system are bound to have couplings of different degrees,
especially when the stiffness is small. In these cases, the disturbances of the system are
mainly caused by uncertainties such as friction, backlash, hysteresis loops, and dead zones,
and its nonlinearity is more serious and difficult to model and analyze [28,29]. These factors
can affect the position tracking performance of the position motor system and reduce the
robustness of the system, while the position control accuracy of the output axis of the
variable stiffness actuator affects the overall quality of the completed task.

For the dynamic modeling of the variable stiffness actuator, most of the studies focus
on the load side, and the motor is considered to be used only to apply force or displacement
to the system, so the compliance of the connection between the motor and the load is
neglected. However, for variable stiffness actuators, the stiffness of the actuator is changed
by changing the displacement deformation of the elastic element; therefore, the compliance
of the connection between the motor and the load and the inertia characteristics of the
motor should not be ignored. In addition, there are many studies for two-inertia-systems,
but they mainly consider the compliance of the connection between the actuator and the
external load, which is also due to the fact that they mainly use common actuators [30–34].
Therefore, in this paper, the two-inertia-system theory is introduced into the study of the
variable stiffness actuator to improve the accuracy of the dynamic modeling and the control
accuracy of the variable stiffness actuator.

Therefore, in this paper, for a previously designed variable stiffness actuator [8,35],
firstly, a two-inertia-system dynamic model of the variable stiffness actuator is developed;
secondly, the effects of friction and gravity on the dynamic performance of the system are
analyzed by the established two-inertia-system model, and then the control strategy of
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the variable stiffness actuator system is studied to improve the dynamic performance of
the system and to make its position tracking performance meet the requirements of use.
Finally, the effectiveness and correctness of the control strategy are verified by experiment.

The rest of the paper is organized as follows. In Section 2, based on the two-inertia-
system theory, a two-inertia-system dynamics model of the variable stiffness actuator
considering friction and gravity is developed; In Section 3, the effects of friction and
gravity on the dynamic performance of the variable stiffness actuator system are analyzed;
In Section 4, the control strategy of the variable stiffness actuator system is studied; In
Section 5, the conclusion is stated.

2. Two-Inertia-System Dynamics Model of a Variable Stiffness Actuator

A previously designed leg prototype containing the variable stiffness actuator is shown
in Figure 1. The two-inertia-system dynamics model of the designed variable stiffness
actuator can also be seen in Figure 1, which consists of a position motor system and a
stiffness motor system in parallel. The position motor and the stiffness motor are connected
with the spindle through the drive shaft system and the coupling, which have certain
torsional stiffness and damping by themselves. Therefore, when the dynamic model is
established, the two-inertia-system theory is used for modeling, and the viscous friction,
uncertain external input and other disturbances of the two drive chains should also be
considered in the modeling.
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Figure 1. The schematic diagram of the two-inertia-system dynamics model of the variable stiffness 
actuator. 
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Figure 1. The schematic diagram of the two-inertia-system dynamics model of the variable stiff-
ness actuator.

J, J1, Jpm and Jsm are rotational inertias of the lower leg, ball screw, position motor sys-
tem, and stiffness motor system, respectively; C, C1, Cpm and Csm are damping coefficients
of the lower leg, ball screw, position motor and stiffness motor, respectively; θ, θ1, θpm and
θsm are rotation angles of the lower leg, ball screw, position motor, and stiffness motor,
respectively; Tpm and Tsm are input torques of the position motor and the stiffness motor,
respectively; Ka and Ka1 are torsional stiffness of the drive system of the position motor
system and the stiffness motor system, respectively; Ca and Ca1 are damping coefficients of
the drive system of the position motor system and the stiffness motor system, respectively;
Ta and Ta1 are input torques of the lower leg and the ball screw, respectively; Td and Tr are
total disturbances of the position motor system and the stiffness motor system, respectively;
K is the stiffness of the variable stiffness actuator, as shown in Equation (2).

According to Figure 1 and the Lagrange formula [36,37], the dynamics model of the
system is shown in Equation (1).
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J
..
θ + C

.
θ + mgL1 sin θ + Td + Tvs = Ta

Jpm
..
θpm + Cpm

.
θpm + Ta = Tpm

Jsm
..
θm + Csm

.
θm + Ta1 = Tsm

J1
..
θ1 + C1

.
θ1 + Tr = Ta1

Ta = Ka(θpm − θ) + Ca(
.
θpm −

.
θ)

Ta1 = Ka1(θsm − θ1) + Ca1(
.
θsm −

.
θ1)

Tvs =
∫ θ

0 Kdθ

(1)

where Tvs is the elastic torque due to the variable stiffness system; m is the mass of the
lower leg; L1 is the distance between the center of mass of the lower leg and the axis; and g
is the acceleration of gravity.

K =


12EI

l3 (e− rte
r ) hθ

θ2
0

(0 ≤ θ < π/2)
12EI

l3 (e− rte
r ) h(θ0−θ)

θ2
0

(π/2 ≤ θ ≤ π)
(2)

where E is the Young’s modulus of the cantilever beam; I is the inertia moment of the
cantilever beam, which can be obtained from the geometric parameters of the cantilever
beam, e is the eccentric distance of the eccentric cam; rt is the radius of the roller; r is the
distance between the center of the roller and the axle center of the eccentric cam; h is the
maximum travel distance of the push rod; and θ0 is the rotation angles of the eccentric cam
at the maximum extending stroke.

As for the total disturbance Td of the system, it consists of two main parts: one is the
disturbance moment Tdd outside the variable stiffness actuator and the other is the friction
moment Tf1 inside the system, which can be described by the LuGre friction model [38] as
shown in Equation (3). Tf1 = δ0z11 + δ1

.
z11 + δ2

.
θ

.
z11 =

.
θ − δ0

∣∣∣ .
θ
∣∣∣z11/((Tc1 + (Ts1 − Tc1)e−(

.
θ/

.
θs)

2

))
(3)

where δ0 is the friction stiffness coefficient of the system; δ1 is the friction damping coef-
ficient of the system; δ2 is the viscous friction coefficient of the system; z11 is the internal
friction state of the system; Tc1 is the Coulomb friction moment of the system; Ts1 is the
static friction moment of the system; and

.
θs is the Stribeck velocity of the system.

3. Dynamic Performance Analysis of a Variable Stiffness Actuator System

The dynamic performance of the variable stiffness actuator system and the effect of
friction and gravity on its dynamic performance can be derived by analyzing Equation (1)
with the 4th order Runge-Kutta algorithm; in the analysis process, a fixed step is chosen
as 10−6. During the analysis, in order to analyze the effects of friction and gravity on the
dynamic performance of the variable stiffness actuator system, the dynamic performance of
the system was studied at two states: constant stiffness and variable stiffness, respectively.
In addition, the input torque of the position motor Tpm = 25sin(2πt) Nm is chosen and
the specific simulation parameters of the variable stiffness actuator system are shown in
Table 1.

3.1. The Effect of Friction on the Dynamic Performance of the Variable Stiffness Actuator System at
Constant Stiffness Condition

Assuming that the stiffness of the variable stiffness actuator remains constant at
100 Nm/rad during the motion, the effect of friction on the dynamic performance of the
variable stiffness actuator system in this state is analyzed, and the results are shown in
Figure 2.
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Table 1. Specific simulation parameters of the variable stiffness actuator system.

Parameter Value

Rotational inertia of the position motor Jpm (kg·m2) 5.2736 × 10−5

Damping of the position motor Cpm 4.5 × 10−2

Torsional stiffness of the transmission system Ka (Nm·rad−1) 1.3752 × 104

Damping of the transmission system Ca 0.3
Mass of the lower leg m (kg) 0.2212

Frictional stiffness coefficient δ0 2600
Frictional damping coefficient δ1 0.6

Viscous friction coefficient δ2 0.0176
Stribeck velocity

.
θs (rad/s) 0.001

Static friction torque Ts1 (Nm) 0.34
Coulomb friction torque Tc1 (Nm) 0.28

Mathematics 2023, 11, x FOR PEER REVIEW 5 of 19 
 

 

Damping of the position motor Cpm 4.5 × 10−2 
Torsional stiffness of the transmission system Ka (Nm·rad−1) 1.3752 × 104 

Damping of the transmission system Ca 0.3 
Mass of the lower leg m (kg) 0.2212 

Frictional stiffness coefficient δ0 2600 
Frictional damping coefficient δ1 0.6 

Viscous friction coefficient δ2 0.0176 
Stribeck velocity θs  (rad/s) 0.001 

Static friction torque Ts1 (Nm) 0.34 
Coulomb friction torque Tc1 (Nm) 0.28 

3.1. The Effect of Friction on the Dynamic Performance of the Variable Stiffness Actuator System 
at Constant Stiffness Condition 

Assuming that the stiffness of the variable stiffness actuator remains constant at 100 
Nm/rad during the motion, the effect of friction on the dynamic performance of the vari-
able stiffness actuator system in this state is analyzed, and the results are shown in Figure 
2. 

0 0.5 1 1.5 2 2.5 3 3.5 4
-0.4

-0.2

0

0.2

0.4

0.6
With friction θ
With friction θpm 

Without friction θ
Without friction θpm 

A

Time t/s

Ro
ta

tio
n 

an
gl

e 
/ra

d

2.2 2.22 2.24 2.26 2.28 2.3 2.32
0.386

0.388

0.39

0.392

0.394

0.396

Time t/s

Ro
ta

tio
n 

an
gl

e 
/ra

d

A

 
(a) 

0 0.5 1 1.5 2 2.5 3 3.5 4
-3

-2

-1

0

1

2

3

4

5
Without frictionWith friction

Time t/s

Ro
ta

tio
na

l a
ng

ul
ar

 v
el

oc
ity

 /r
ad
•s

-
1

A

θ θ

2.24 2.25 2.26 2.27 2.28 2.29 2.3
-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Time t/s

Ro
ta

tio
na

l a
ng

ul
ar

 v
el

oc
ity

 /r
ad
•s

-
1

A

 
(b) 

Figure 2. Effect of friction on the dynamic performance of the variable stiffness actuator system at 
constant stiffness: (a) rotation angle and (b) rotational angular velocity.  

As can be seen in Figure 2, after considering friction, firstly, the amplitude of both 
the rotation angle θpm of the position motor and the rotation angle θ of the load are re-
duced, and the time to reach the maximum value is delayed, which is caused by the fric-
tion’s consuming part of the energy of the position motor system. Secondly, after consid-
ering the friction, there is a period of stability at the maximum value of θpm and θ, which 
is due to the friction that causes a certain hysteresis when the position motor or the load 
changes the direction of motion, this is more evident in the rotational angular velocity in 

Figure 2. Effect of friction on the dynamic performance of the variable stiffness actuator system at
constant stiffness: (a) rotation angle and (b) rotational angular velocity.

As can be seen in Figure 2, after considering friction, firstly, the amplitude of both the
rotation angle θpm of the position motor and the rotation angle θ of the load are reduced,
and the time to reach the maximum value is delayed, which is caused by the friction’s
consuming part of the energy of the position motor system. Secondly, after considering the
friction, there is a period of stability at the maximum value of θpm and θ, which is due to
the friction that causes a certain hysteresis when the position motor or the load changes
the direction of motion, this is more evident in the rotational angular velocity in Figure 2b
(the rotational angular velocity of the load first fluctuates for a short time around 0, and
then continues to move according to the established pattern). Then, it can also be seen from
Figure 2a that the rotation angle θpm of the position motor and the rotation angle θ of the
load show a certain difference regardless of whether the friction is considered or not, which
can be explained by considering the flexibility of the coupling and the transmission system;



Mathematics 2023, 11, 1166 6 of 19

this also proves that it is necessary to model the dynamics of the position motor system
using the double inertia theory, otherwise the analysis can cause certain errors in practical
application. In addition, it can be seen from Figure 2b that when friction is considered, the
rotational angular velocity of the load appears to crawl, which greatly reduces the dynamic
performance of the system.

3.2. The Effect of Gravity on Dynamic Performance of Variable Stiffness Actuator System at
Constant Stiffness Condition

Assuming that the stiffness of the variable stiffness actuator remains constant at
100 Nm/rad during the motion, the effect of gravity on the dynamic performance of the
variable stiffness actuator system in this state is analyzed, and the results are shown in
Figure 3.
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As can be seen in Figure 3, firstly, both the rotation angle θpm of the position motor 
and the rotation angle θ of the load at the same torque are reduced after considering grav-
ity, because a part of the torque provided by the position motor is offset by the gravity of 
the load, and therefore the torque provided to the load and the position motor is reduced. 
Secondly, when gravity is not considered, the rotational angular velocity of the load is 
greater than the rotational angular velocity with gravity for the same reason. In addition, 
it can be seen from Figure 3a,b that the hysteresis due to friction is reduced by gravity. 
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As can be seen in Figure 3, firstly, both the rotation angle θpm of the position motor
and the rotation angle θ of the load at the same torque are reduced after considering gravity,
because a part of the torque provided by the position motor is offset by the gravity of the
load, and therefore the torque provided to the load and the position motor is reduced.
Secondly, when gravity is not considered, the rotational angular velocity of the load is
greater than the rotational angular velocity with gravity for the same reason. In addition, it
can be seen from Figure 3a,b that the hysteresis due to friction is reduced by gravity.

3.3. The Effect of Friction on Dynamic Performance of Variable Stiffness Actuator System at
Variable Stiffness Condition

Assuming that the stiffness of the variable stiffness actuator has been changing with
the law of 50 × sin(2πt) + 100 Nm/rad during the motion, the effect of friction on the
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dynamic performance of the variable stiffness actuator system in this state is analyzed, and
the specific results are shown in Figure 4.
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As can be seen in Figure 4, compared with Figure 2a, since the stiffness of the first 
half-period of each period at a variable stiffness condition is larger than the stiffness at 
constant stiffness condition, both the rotation angle θpm of the position motor and the ro-
tation angle θ of the load in the variable stiffness condition are much smaller; while the 
stiffness of the second half-period in the variable stiffness condition is smaller than the 
stiffness at constant stiffness condition. Therefore, both the rotation angle θpm of the posi-
tion motor and the rotation angle θ of the load at variable stiffness condition are much 
larger. Then, comparing the enlarged figure A of Figures 4a and 2a, it can be seen that the 
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duced hysteresis phenomenon more obvious, which can also be seen from the comparison 
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As can be seen in Figure 4, compared with Figure 2a, since the stiffness of the first half-
period of each period at a variable stiffness condition is larger than the stiffness at constant
stiffness condition, both the rotation angle θpm of the position motor and the rotation angle
θ of the load in the variable stiffness condition are much smaller; while the stiffness of
the second half-period in the variable stiffness condition is smaller than the stiffness at
constant stiffness condition. Therefore, both the rotation angle θpm of the position motor
and the rotation angle θ of the load at variable stiffness condition are much larger. Then,
comparing the enlarged figure A of Figures 4a and 2a, it can be seen that the effect of friction
on the rotation angle amplitude decreases, but it makes the friction-induced hysteresis
phenomenon more obvious, which can also be seen from the comparison of the rotational
angle velocity in the enlarged figure A of Figures 4b and 2b. When the stiffness at the
variable stiffness condition is smaller than the stiffness at the constant stiffness condition,
the effect of friction on the rotation angle can increase, while the hysteresis caused by
friction can be reduced, because the greater the stiffness of the system, the more stable the
system is, and the smaller is the amplitude of the fluctuation of its rotation angle, and the
energy consumed by the friction can thereby be reduced. Finally, it can also be seen from
Figure 4b that when the stiffness rises, the fluctuation of the rotational angular velocity of
the load is much smaller, because the position motor system is more and more stable when
the stiffness rises, while the stability of the system starts to decrease when the stiffness
starts to decrease.
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3.4. The Effect of Gravity on the Dynamic Performance of the Variable Stiffness Actuator System at
Variable Stiffness Condition

Assuming that the stiffness of the variable stiffness actuator has been changing with
the law of 50 × sin(2πt) + 100 Nm/rad during the motion, the effect of gravity on the
dynamic performance of the variable stiffness actuator system in this state is analyzed, and
the specific results are shown in Figure 5.
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As can be seen in Figure 5, firstly, since the stiffness of the first half-period of each
period at variable stiffness condition is larger than the stiffness at the constant stiffness
condition, it can still be seen that both the rotation angle θpm of the position motor and the
rotation angle θ of the load are much smaller than in Figure 3a. Since the stiffness of the
second half-period is smaller at variable stiffness condition than the stiffness at constant
stiffness condition, both the rotation angle θpm of the position motor and the rotation angle
θ of the load are much larger than Figure 3a. Then, comparing the enlarged figure A of
Figure 5a with the enlarged figure A of Figure 3a, it can be seen that the effect of gravity
on the position motor system is reduced at the high stiffness point of the variable stiffness
condition. In addition, it can be seen from Figure 5b that the hysteresis effect of friction on
the position motor system becomes more pronounced when gravity is not considered.

The above four subsections show that friction and gravity have obvious effects on the
dynamic performance of the variable stiffness actuator system at both the constant and
variable stiffness conditions, and these effects are more complex and obvious in the variable
stiffness state, which proves the reasonableness and necessity of considering friction and
gravity in the dynamics modeling process, which lays the foundation for the subsequent
research on the accurate control of the variable stiffness actuator.
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4. Position Control Strategy for Variable Stiffness Actuator System

From the study in Section 3, it can be seen that the dynamic performance of the variable
stiffness actuator system deteriorates when the effects of friction and gravity on the variable
stiffness actuator are considered, which is incompatible with the high safety levels required
during human-robot interactions. Therefore, this section investigates the control strategy of
the variable stiffness actuator system based on the dynamic model, so that the load (lower
leg) can have accurate motion capability and minimize or even eliminate the influence of
friction and gravity on the variable stiffness actuator.

4.1. The Exponentially Convergent Nonlinear Disturbance Observer Based on Linear
Matrix Inequality

From Section 2, the total disturbance Td of the variable stiffness actuator system
mainly consists of two parts, one is the disturbance moment Tdd outside the system and
the other is the friction moment Tf1 inside the system; the presence of the disturbance Td
can seriously degrade the position tracking performance of the variable stiffness actuator
system. Therefore, it is necessary to estimate the nonlinear coupling of the variable stiffness
actuator system and compensate for it to make the system more stable.

Referring to the two-inertia-system model of the variable stiffness actuator system in
Figure 1 and the dynamic model of the system in Equation (1), the dynamics equation of
the load side of the system can be written as shown in Equation (4).

J
..
θ+ C

.
θ+ G2 + Tvs = Ta − Td (4)

Many disturbance observers have been proposed based on the assumption that acceler-
ation measurements of the controlled target are available [39]. Such disturbance observers
are required to perform acceleration measurements, but many robotic systems do not have
accurate acceleration sensors. Unless robust differentiation techniques are used, differ-
entiation of the velocity signal corrupted by noise is not a suitable choice for deriving
acceleration signals [40].

For a common disturbance observer, the form is generally as shown in Equation (5).{ .
T̂d = −L1T̂d + L1(Ta − J

..
θ− C

.
θ−G2 − Tvs)

∆Td = Td − T̂d
(5)

Here, a parameter z1 is introduced and is specified as shown in Equation (6).

z1 = T̂d + p1 (6)

where p1 can be determined from the corrected observer gain matrix L1 as shown in
Equation (7).

.
p1 = L1J

..
θ (7)

Derive Equation (6) and substitute Equations (4), (5), and (7) into it, as shown in
Equation (8).

.
z1 = −L1T̂d + L1(Ta − C

.
θ−G2 − Tvs) (8)

Since the item J
..
θ is eliminated, the improved disturbance observer does not need to

measure the acceleration, and its form is shown in Equation (9).
.
z1 = −L1T̂d + L1(Ta − C

.
θ−G2 − Tvs)

T̂d = z1 − p1
.
p1 = L1J

..
θ

(9)

While, referring to the literature [41], the modified observer gain matrix L1 is pre-
scribed as shown in Equation (10).
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L1 = X−1J−1 (10)

where X is an invertible constant matrix. Note that the chosen inertia matrix J is generally
a symmetric and positive definite value, so the inertia matrix J is invertible.

According to Equations (7) and (10), Equation (11) can be obtained.

p1 = X−1
.
θ (11)

The invertible constant matrix X in Equations (10) and (11) can be found by linear
matrix inequality. Furthermore, since the differential of the general disturbance Td is not
known as a priori knowledge, it is assumed that the disturbance Td changes slowly, relative
to the dynamic properties of the observer, i.e., take

.
Td = 0.

Next, the robustness of exponentially convergent nonlinear disturbance observer
based on linear matrix inequality is analyzed. First, the Lyapunov function is designed, as
shown in Equation (12).

VL1 = ∆Td
TXTJX∆Td (12)

Since J is both symmetric and positive definite, and the constant matrix X is invertible,
the matrix XTJX is also positive definite. Therefore, the scalar function VL1 is also positive
definite and radially unbounded. When

.
Td = 0, the time derivative of VL1 is taken, and the

result is shown in Equation (13).

.
VL1 = ∆

.
Td

TXTJX∆Td + ∆Td
TXT .

JX∆Td + ∆Td
TXTJX∆

.
Td (13)

While according to Equation (9), it is known that:

∆
.
Td =

.
Td −

.
T̂d =

.
Td −

.
z1 +

.
p =

.
Td − L1∆Td (14)

Since
.
Td = 0, the observation error equation can be obtained as shown in Equation (15).

∆
.
Td + L1∆Td = 0 (15)

So, {
∆

.
Td = −L1∆Td = −X−1J−1∆Td

∆
.
Td

T = −(X−1J−1∆Td)
T
= −∆Td

T(J−1)
T
(X−1)

T (16)

Substituting Equation (16) into Equation (13) yields the result as in Equation (17).

.
VL1 = ∆

.
Td

TXTJX∆Td + ∆Td
TXT

.
JX∆Td + ∆Td

TXTJX∆
.
Td

= −∆Td
T(X−XT

.
JX + XT)∆Td

(17)

Here, assume that there exists a positive definite symmetric matrix Ω, which can be
conditioned as shown in Equation (18).

X−XT .
JX + XT ≥ Ω (18)

Therefore, the combined Equations (17) and (18) can be rewritten as Equation (19).

.
VL1 ≤ −∆Td

TΩ∆Td (19)

The analysis of Equation (19) shows that all ∆Td are negative definite, and therefore,
this interference observer is showing exponential convergence and the convergence accu-
racy is dependent on the matrix Ω. The larger the value of Ω, the faster its convergence
and the higher the accuracy.



Mathematics 2023, 11, 1166 11 of 19

4.2. Nonlinear Sliding Mode Control Strategy Based on Dynamics Model and
Disturbance Observer

Assuming that the ideal rotation angle of the load is θd, the tracking error of the
variable stiffness actuator system is shown in Equation (20).

e1 = θ− θd (20)

The sliding mode function of the variable stiffness actuator system s1 is shown in
Equation (21).

s1 =
.
e1 + kp1e1 (21)

In addition, defining the filtering error of the variable stiffness actuator system e2 is
shown in Equation (22).

.
e2 =

.
θd − kp1e1 (22)

where kp1 is the gain matrix of the control strategy.
After the disturbance Td is observed using the disturbance observer of Equation (9),

the disturbance is compensated for in the sliding mode control, which can effectively reduce
the switching gain and thus the buffeting vibration.

Derivation of Equation (21) with respect to time and substituting Equation (4) into it
yields Equation (23).

.
s1 =

..
e1 + kp1

.
e1 =

..
θ−

..
θd + kp1

.
e1

= J−1(Ta − Td − C
.
θ−G2 − Tvs)−

..
θd + kp1

.
e1

(23)

After adopting the interference observer Equation (9), the controller of the position
motor system is designed as shown in Equation (24) with reference to Equation (23).

Ta = J
..
e2 + C

.
e2 + G2 + T̂d + Tvs − kp2s1 − η1sgns1 (24)

Multiplying both sides of the equal sign of Equation (23) by the inertia matrix J at the
same time and substituting Equation (24) into it, Equation (25) can be obtained.

J
.
s1 = Ta − C

.
θ−G2 − Td − Tvs − J(

..
θd − kp1

.
e1)

= C(
.
e2 −

.
θ)−∆Td − kp2s1 − η1sgns1

(25)

Next, the robustness of the overall control system is analyzed, and since the inertia
matrix J is a positive definite matrix, the Lyapunov function of the closed-loop system is
designed as shown in Equation (26).

VL = 0.5s1
TJs1 + VL1 (26)

After deriving Equation (26) and substituting Equation (25) into it, we can obtain
Equation (27).

.
VL = 0.5s1

T
.
Js1 + s1

TJ
.
s1 +

.
VL1

= −s1
Tkp2s1 − η1‖s1‖ − s1

T∆Td +
.

VL1
≤ −s1

Tkp2s1 − η1‖s1‖ −∆Td
TΩ∆Td

(27)

It can be seen from Equation (26), when
.

VL ≡ 0, ‖s1‖ ≡ 0, ∆Td = 0. Therefore,
according to LaShalle’s invariance theory, this closed-loop system is asymptotically stable,
and as time t tends to infinity, ‖s1‖ tends to 0 and ∆Td tends to 0. The convergence rate of
the system depends on the magnitudes of η1, kp2 and Ω.

Subsequently, by substituting Equation (24) into Equation (1), the virtual control
quantity θpmv of the rotation angle of the position motor on the motor side of the variable
stiffness actuator system can be obtained as shown in Equation (28).

Ta = Ka(θpmv − θ) + Ca(
.
θpmv −

.
θ) (28)
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Combining Equations (1), (9), (24) and (28), we can obtain the control quantity of the
position motor of the variable stiffness actuator, as shown in Equation (29).

Tpm = J
..
e2 + C

.
e2 + G2 + T̂d + Tvs − kp2s1 − η1sgns1 + Jpmθpmv + Cpm

.
θpmv (29)

In summary, the proposed sliding mode control strategy based on a nonlinear dis-
turbance observer and associated dynamics model consists of two main components:
feedforward control on the motor side and sliding mode control on the load side are mainly
used to ensure the stability of the closed-loop system, while the exponentially convergent
nonlinear disturbance observer based on linear matrix inequality is mainly used to observe
the system’s disturbance and introduce compensation in the control to achieve complete
control of the system disturbance. The details are shown in Figure 6.
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4.3. Position Tracking Performance Analysis of the Control Strategy

In order to verify the effectiveness of the sliding mode control strategy based on
the nonlinear disturbance observer and dynamics model (LMIDOB+SMC), the variable
stiffness actuator system is numerically simulated and compared with the position tracking
performance analysis of the nonlinear sliding mode control strategy based on the dynamics
model (SMC). In the analytic process, since the rotational inertia J of the default load is
a constant value, and according to ‖

.
J‖ has an upper bound ξ, then ξ = 0.5 can be taken;

take Ω = 0.1, and then according to Equation (10), it can be solved for 0.0506 ≤ X ≤ 3.9494,
so take X= 3.9. The initial state of the controlled object then is: initial rotation angle
of the load θ0 = 0, and initial rotational angular velocity θ0 = 0. In addition, the gain
parameters kp1 = 1500, kp2 = 50, and η1 = 0.1 are taken, while the desired output of the load
is θd = 11π/90sin(2πt-π/2) + 11π/90 rad.

First, the position tracking performance of the sliding mode control strategy based on
the nonlinear disturbance observer and dynamics model at constant stiffness (100 Nm/rad)
is investigated, and the specific results are shown in Figure 7.

As can be seen in Figure 7, compared with the nonlinear sliding mode control strategy
based on the dynamics model, the sliding mode control strategy based on the nonlinear
disturbance observer and the dynamics model not only substantially improves the buffeting
vibration of the position motor system, but also reduces the rotation angle error e1 of the
load. Because the disturbance observer compensates well for the disturbance torque of the
position motor system, this can also be seen in Figure 8. In addition, it is also seen from
Figure 8 that, although the disturbance observer has eliminated the buffeting vibration of
the position motor system as much as possible, when the position motor system is in the
start-up phase, the torque composition of the system is complicated, and the disturbance
observer cannot identify and compensate it quickly enough, so there is still a short period
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of buffeting vibration in the start-up phase, but it can shortly be eliminated. However, in
general, the sliding mode control strategy based on the nonlinear disturbance observer and
the dynamics model improves the buffeting vibration phenomenon of the position motor
system at a constant stiffness condition, which is beneficial to the improvement of the static
index of the system and the reduction of the mechanical wear and energy consumption of
the system.
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Figure 8. Output torque of position motor at a constant stiffness condition. 
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Figure 7. Position tracking performance of control strategy at constant stiffness condition. 

As can be seen in Figure 7, compared with the nonlinear sliding mode control strat-
egy based on the dynamics model, the sliding mode control strategy based on the nonlin-
ear disturbance observer and the dynamics model not only substantially improves the 
buffeting vibration of the position motor system, but also reduces the rotation angle error 
e1 of the load. Because the disturbance observer compensates well for the disturbance 
torque of the position motor system, this can also be seen in Figure 8. In addition, it is also 
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vibration of the position motor system as much as possible, when the position motor sys-
tem is in the start-up phase, the torque composition of the system is complicated, and the 
disturbance observer cannot identify and compensate it quickly enough, so there is still a 
short period of buffeting vibration in the start-up phase, but it can shortly be eliminated. 
However, in general, the sliding mode control strategy based on the nonlinear disturbance 
observer and the dynamics model improves the buffeting vibration phenomenon of the 
position motor system at a constant stiffness condition, which is beneficial to the improve-
ment of the static index of the system and the reduction of the mechanical wear and energy 
consumption of the system. 
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Figure 8. Output torque of position motor at a constant stiffness condition. 
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Subsequently, the position tracking performance of the sliding mode control strategy
based on the nonlinear disturbance observer and dynamics model at the variable stiffness
(K = 50 × sin(πt) + 100 Nm/rad) condition is investigated, and the specific results are
shown in Figure 9.
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Figure 10. Output torque of position motor at the variable stiffness condition. 
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From Figure 9, it can be seen that, firstly, the rotation angle error e1 at high stiffness is
larger than that at low stiffness, as shown in Figure 9; secondly, combined with Figure 10, it
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can be seen that the buffeting vibration is not well-suppressed by the disturbance observer
in the start-up phase because the torque composition of the system can be complicated,
and at the rest of the time period, the buffeting vibration of the position motor system is
indeed well suppressed, which also proves the effectiveness of the sliding mode control
strategy based on the nonlinear disturbance observer and the dynamics model. In addition,
comparing Figures 8 and 10, it can be seen that the buffeting vibration is different around
1 s, 2 s, and 3 s, at the variable stiffness condition compared with the constant stiffness
condition, which proves that the nonlinear sliding mode control strategy based on the
dynamics model not only causes buffeting vibration in the variable stiffness actuator, but
also does not cope well with the time-varying parameters in the system, while the sliding
mode control strategy based on the nonlinear disturbance observer and the dynamics
model can cope well with the effect of the stiffness change on the system, i.e., the control
strategy can equate the difference between the actual object and the nominal model caused
by the change of the model parameters to the control input when the stiffness of the variable
stiffness actuator changes, and the equivalent compensation is introduced in the control to
achieve complete control of the disturbance.
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Figure 10. Output torque of position motor at the variable stiffness condition. 
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Finally, the response time, stationary error and overshooting of the two control strate-
gies under step response at different operating conditions are compared, and the results
are shown in Table 2.

Table 2. Performance comparison of two control strategies under step response.

Operating Condition Parameter LMIDOB+SMC SMC

Constant stiffness condition
Response time (s) 0.00415 0.00415

Stationary error (%) 0.06 0.07
Overshooting (%) 1.55 1.6

Variable stiffness condition
Response time (s) 0.00415 0.00415

Stationary error (%) 0.065 0.08
Overshooting (%) 1.55 1.6

As can be seen from Table 2, the stationary error, response time and the overshooting
of the sliding mode control strategy based on nonlinear disturbance observer and the
dynamics model are smaller compared with the nonlinear sliding mode control strategy
based on the dynamics model at both constant and variable stiffness conditions, which suf-
ficiently establishes the advantage of the sliding mode control strategy based on nonlinear
disturbance observer and the dynamics model.

4.4. Experimental Verification

To verify the correctness and accuracy of the sliding mode control strategy based on
the nonlinear disturbance observer and the dynamics model, experiments were conducted
with a variable stiffness actuator system controlled by this control strategy, as shown in
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Figure 11. As can be seen in Figure 11, the experimental bench mainly consisted of a
position motor system with variable stiffness actuator, an encoder (to measure the rotation
angle of the load), and a controller (to collect the position information and torque value
from the motor encoder and control the motor rotation through a control strategy).
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Figure 11. Experimental platform for variable stiffness actuator.

The control strategy verification experiment of the variable stiffness actuator system is
conducted by inputting the desired angle of rotation of the load as θd = 11π/90sin(πt-π/2)
+ 11π/90 rad to the controller. In addition, in the experiment, the change of the rotation
angle of the load also causes the change of the stiffness of the variable stiffness actuator,
therefore, this experiment belongs with the experiment conducted at the variable stiffness
condition, and the stiffness change law can be derived according to Equation (2). The
specific experimental results are shown in Figure 12.
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From Figure 12, it can be seen that, firstly, the theoretical curve of the rotation angle
error of the load is consistent with the trend of the experimental curve, and the rotation
angle error of the load is always less than 5%, which proves the validity of the experimental
method and of the experimental platform, as well as the correctness of the established
model. The fluctuation of the experimental measurement error is much larger than the
theoretical error, because in the actual experiment, there are machining errors, assembly
errors, and the noise of the sensor, all of which affect the actual rotation angle of the
load, so the fluctuation of the experimental measurement error is much larger than the
theoretical error.
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5. Conclusions

In this paper, a dynamic model of the variable stiffness actuator system considering
friction and gravity is established based on the two-inertia-system theory, and the dynamic
performance of the system is studied based on the established dynamic model. Then,
the control strategy of the variable stiffness actuator system is studied, which hopes to
eliminate or reduce the influence of friction and gravity on the system, so that the position
adjustment of the load (rotation of the lower leg) can be quicker and more stable, and the
correctness and effectiveness of this control strategy are then verified through experiments.
The following conclusions are obtained.

(1) Friction has a great influence on the dynamic performance of the high-precision
variable stiffness actuator system at both the constant and variable stiffness conditions, so
the influence of friction on the system should be eliminated as much as possible. At the
constant stiffness condition, friction consumes part of the energy of the variable-stiffness
actuator system, so the amplitude of the rotation angle θpm of the position motor and
the rotation angle θ of the load are reduced, the time to reach the maximum value of the
rotation angle is lagged, and the rotational angular velocity of the load appears to crawl;
at the variable stiffness condition, as the stiffness of the actuator increases, the system
becomes more stable, but the hysteresis caused by friction becomes more pronounced.

(2) Gravity has a great influence on the dynamic performance of the high-precision
variable stiffness actuator system at both the fixed and variable stiffness conditions, so the
influence of gravity on the system should be eliminated as much as possible. Whether at
the constant stiffness condition or the variable stiffness condition, the rotation angle under
the same torque is reduced after considering gravity, because part of the torque provided
by the position motor is offset by the gravity of the load. In addition to the above, the
hysteresis due to friction is reduced by gravity.

(3) The sliding mode control strategy based on a nonlinear disturbance observer and
dynamics model can eliminate the adverse effects of gravity and friction on the variable
stiffness actuator system, so that its load can achieve the desired output more accurately,
and the nonlinear disturbance observer suppress the buffeting vibration of the variable
stiffness actuator system; the correctness and effectiveness of this control strategy are
verified through experiments.
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Nomenclature

J Rotational inertias of the lower leg
J1 Rotational inertias of the ball screw
Jpm Rotational inertias of the position motor system
Jsm Rotational inertias of the stiffness motor system
C Damping coefficients of the lower leg
C1 Damping coefficients of the ball screw
Cpm Damping coefficients of the position motor
Csm Damping coefficients of the stiffness motor
θ Rotation angles of the lower leg
θ1 Rotation angles of the ball screw
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θpm Rotation angles of the position motor
θsm Rotation angles of the stiffness motor
Tpm Input torques of the position motor
Tsm Input torques of the stiffness motor
Ka Torsional stiffness of the drive system of the position motor system
Ka1 Torsional stiffness of the drive system of the stiffness motor system
Ca Damping coefficients of the drive system of the position motor system
Ca1 Damping coefficients of the drive system of the stiffness motor system
Ta Input torques of the lower leg
Ta1 Input torques of the ball screw
Td Total disturbances of the position motor system
Tr Total disturbances of the stiffness motor system
K Stiffness of the variable stiffness actuator
Tvs Elastic torque due to the variable stiffness system
m Mass of the lower leg
L1 Distance between the center of mass of the lower leg and the axis
g Acceleration of gravity
E Young’s modulus of the cantilever beam
I Inertia moment of the cantilever beam
e Eccentric distance of the eccentric cam
rt Radius of the roller
r Distance between the center of the roller and the axle center of the eccentric cam
h Maximum travel distance of the push rod
θ0 Rotation angles of the eccentric cam at the maximum extending stroke
δ0 Friction stiffness coefficient of the system
δ1 Friction damping coefficient of the system
δ2 Viscous friction coefficient of the system
z11 Internal friction state of the system
Tc1 Coulomb friction moment of the system
Ts1 Static friction moment of the system
.
θs Stribeck velocity of the system
e1 Tracking error of the variable stiffness actuator system
e2 Filtering error of the variable stiffness actuator system
s1 Sliding mode function of the variable stiffness actuator system
kp1 Gain matrix of the control strategy
kp2 Gain matrix of the control strategy
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