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1. Introduction

Bakhtin [1] defined b-metric space, and Czerwik [2] established the fixed point results
using the Banach contraction principle (see, for instance, [3-5] and references therein).
Abdou et al. [6] illustrated a new concept of locally a-ip-contractive mapping, generalized
a-1- rational contraction and established fixed point theorems for such mappings in the
context of extended b-metric spaces. Gholidahneh et al. [7] demonstrated the concept
of modular p-metric space and established some fixed point results for a-v-Meir—Keeler
contractions in this space. Furthermore, they established a relationship between the fuzzy
concept of Meir-Keeler and extended p-metrics with modular p-metrics and obtained fixed
point results in triangular p-metric spaces with fuzzy concepts.

In 2014, Ma et al. [8] proved some fixed point theorems for self-maps with contractive
or expansive conditions on C*-algebra-valued metric spaces. Chandok et al. [9] presented
the concept of C*-algebra-valued partial metric space (C*-AVPMS) and some fixed point
results on such spaces using C-class functions in 2019. Mlaiki et al. [10] expanded the
class of C*-AV,MS (C*-algebra-valued b-metric space) and C*-AVPMS by introducing
C*-AVP,MS (C*-algebra-valued partial b-metric space) and used it to prove fixed point
results in 2021.

In this paper, we prove fixed point theorems for generalized contraction in C*-
AVP,MS.

This paper consists of five sections, wherein Section 1 begins with an introduction. In
Section 2 we first recall some definitions, lemma and theorem related to C*-AV P,MS and
discuss their related properties. In Section 3 we prove fixed point results as well as giving
an example to support our main result. In Section 4 we apply our main result to examine
the existence and uniqueness of a solution for the system of the Fredholm integral equation,
and in the last section we present our conclusions.
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2. Preliminaries

This section covers the basic definitions and properties of C*-algebras [11,12] with
the following important consequences Suppose that B is a unital algebra with unit J. An
involution on B is a conjugate-linear map ¢ — & on B such that ** = dand (d0)* =
0*9*V 9,0 € B. The pair (B, x) is known as a x-algebra . A Banach x-algebra is a x-algebra
B together with a complete sub-multiplicative norm such that ||¢*|| = ||¢|| forall ¢ € B. A
C*-algebra is a Banach x-algebra with the property that ||¢*¢|| = ||8/|? for all ¢ € B. In this
paper, we prove some fixed point theorems on C*-algebra-valued partial b-metric spaces
by using generalized contraction.

Throughout this paper, we denote a C*-algebra with unit 3 by B. Set By = {0 € B :
0 = ¢*}. Consider a positive element ¢ € B, i.e,, ¢ > 0 if ¢ € By and ¢(0) C [0, c0), where
(o) is the spectrum of 9. We define a partial ordering on By, as follows: ¢ < §iff § — ¢ = 6.

Now, we denote the set {0 € B: 0 = 6} and |o| = (Q*Q)% by B.

Lemma 1 ([11,13]). Let B be a unital C*-algebra with a unit J.

1.  Foreacho € By, wehave o <7 <= |o|| < 1.

2. Ifo € By with||9| < 3, then 3 — ® is invertible and ||8(3 — 8) 7| < 1.

3. Assume that 0,0 € Bwith®,0 >~ 0 and %o = 09, then 8¢ = 0.

4. DefineB = {0 € B: %0 =09, Vo € B}. Let 9 € B'. Ifo,c € Bwitho > ¢ > 60, and
J—-9¢€ IB%IJr is an invertible operator, then

3-0)"lo>(T-0) e
Ma et al. [14] presented in the sequel definition:

Definition 1. Let U # @ and ¢ € B such that £ = 3. A mapping ® : U x U — B satisfies the
following condition:
1. 0=®(0¢) forall®(o,) =60 < 0=2¢;
2. ®(¢,6) = ®( 0)
3. ®(e8) = [P(e6) + (8] Ve & cel.

Then ® is called a C*-algebra-valued b-metric space (C*-AV,M) on U and (U,B, @) is a
C*-AV,MS.

Now, we remember that the definition of C*-AVP,MS introduced by Mlaiki et al. [10].

Definition 2. Let U be a non-void set and ¢ € B such that £ > J. A function ® : U x U — B
satisfies the following property:

L 0=2®(g¢) Ve eUand®(o0) =P8 =P(0d)ife=¢
2. ®(e0) 2P0 0)
3. &) =®(G0);
4. P(0,6) 2 U(P(e,6) +P(c,8)) —P(5,6), Ve iceU.
Then @ is said to be a C*-AVPyM on U and (U, B, @) is said to be a C*-AV P, MS.

Definition 3. Let (U,B,®) be a C*-AVP,MS. A sequence {04} in (U,B,®) is said to be
convergent (with respect to B) to a point ¢ € U ife > 0, for each « € N satisfying ||®(0q,0) —
P(0,0)|| < € forall q > .

Definition 4. Let (U,B, ®) bea C*-AVP,MS. A sequence {04} in (U, B, @) is said to be Cauchy
(with respect to B) if lijn ®(0q, 0p) exists and it is finite.
q (e9)
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Definition 5. Let (U, B, ®) bea C*-AV P,MS. A triplet (U, B, ®) is said to be complete C*-AV P,MS
if every Cauchy sequence is convergent to ¢ in O such that

lim ®(og, —hm(I) ,0) =®(0,0).
ol (04,0p) (0q,0) (0,0)

Theorem 1 ([10]). Let (G, B, ®) be a complete C*-AVP,MS and A: G — Uisa C,-contraction.
Then A has a unique fixed point ¢ € U such that ®(o,0) = Op.

Inspired by Theorem 1, we prove fixed point theorems for generalized contractions in
C*-AV P,MS with an application.

3. Main Results
Now, we prove fixed point theorems for generalized contractions in C*-AV P, MS.

Theorem 2. Let (U,B, @) be a complete C*-AVP,MS. Suppose the mapping A : U — U
satisfying the condition:

(Ag AG) < 7(P(AQ ) +P(AG,0)), VoG,
where y € B and ||| < 1. Then A a unique fixed point ¢ € U such that (g, 0) = 6.

Proof. If we assume v = 6, then A maps U into a single point. Thus, without loss of
generality, we assume that oy # 6. Notice that for v € IBS/JF, Y(P(Ao, &) + P(AG,0)) > 0
Choose gy € U and set 0411 = Agg = A% 0p, ¢ =1,2,...., and ®(01,00) = 0. Then

D(0q+1,0q) = P(Agq, A0q-1)

Y(®(Agq, 04-1) + P(Agq-1,04))

V(P (Agq, Aog—2) + P(Agg-1,A04-1))
V(P (A0q, Agq-1) + P(Agq-1,A0q-2))
—7P(A0g-1,A0¢-1) + 7P(A0g-1,A0¢-1)
v
0

PN

A

(P(Agq, Aog-1)) + 7E(P(Agq-1,A04-2))
£(P(0g+1,0q)) + 1 P(0q,09-1))-

By Lemma 1,
(3= 70)®(0q+1,0q) < 1P(Qq,Qq-1)-

Since ¢,y € IB%:r with ||[7¢|| < § and ¢ = 3, we have J — y¢ < J — 7y and furthermore
(G-t te ]B%/+ with ||(J — 7£)"19¢|| < 1 by Lemma 1. Therefore,

q’(QquQq) =(0- ’YE)AW(D(Qq/qul) = Xq)(ququl)/

where x = (3 — y£) "1l
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Forany B > land ¢ > 1, we have

=[P (0p 10/ 0p10-1) + Pepro-1,08)] — P(p1o-1,0p10-1)

2 ALD(0p+0/Qp+o-1) + {D(0pto-1,0p)

< AD(0p 10/ 0pro-1) T C[P(Qp1o1,0p10-2) + P(Qpro—2,0p)]
—(D(0p10-2,0p+o-2)

q)(QﬁJrlT/ Qﬁ)

= AD(0p 10/ 0p10-1) + EZCD(Qﬁ—HT—l/ 0p+o—2) + fzd’(@ﬁw-zr 0p)
=2 UD(0p 10 0p10-1) + P P(0p 101, 0pro—2) + -
+ 07 D(0p 42, 0p41) + L7 D041, 0p)

= L)PT g+ COPTT 20+ C ()P 0+
+ 7 0Py + 77 (x) Py

=Y O 0 + 71 (x)Po

a=1

-1 p
2

oc—1 1 ) 1 )
:Zlvéx TSR 4 0T x|
a=1

c—1
=< llvol 3 MxlPHo=* 113 + 117 ix 1Pl voll 3
a=1
< lvollllel il P*?
=l = llx

—0 (B— ).

3+ 101 HIx Pl vol 17

This implies that {04} is a Cauchy sequence in B. By the completeness of (U, B, @),
we can find ¢ € U satisfying limg . 0q = 0 and

lim ®(oq,0p) = hm n P(0q,0q) = hm n P(0q,0) = P(0,0) = 0.

q,p—0
So,
®(To, 0) X L[P(Ag, Agq) + DP(Agg, 0)] — P(Agq, 0q)
= L[@(Ag, Agq) + P(Agq, 0)]
= L[y (P(Ag,0q) + P(Agq,0)) + P(0g+1,0)]
= AUyl(P(Ag, 0q) + P(Ag, 0)) + £rP(0g+1,0) + LD (0q 11, 0)-

This is equivalent to

(3 — 29)®(Ag, 0) < Py ®(0,0q) + (L + £)P(0g+1, 0).
Thus,
[@(Ag, 0)|| < 1(3 = ) L2y |||@(0, 09) || + 11(3 = £27) L (by + O) || ®(0g+1, 0)

=0 (q— ).

Therefore, Ao = 0.
Now if ¢(# 0) is another fixed point of A, then

6 = @(e,¢) = (Ae, AQ)
= 7(P(Ag,¢) +P(AZ,0))
=7(®(e,¢) +@(Z 0))-
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That is,
D(0,8) = (I—7) 'y P(Ag AZ).
Since ||y (T —7) 7 <1,
0 < [[®(e,5)] = l|P(Ag, Al
<@ =720, 9l
<N@=v) I
< ||@(0, &)l
This means that
D(0¢)=0 <= o¢=¢
O

Theorem 3. Let (U,B, D) be a complete C*-AVP,MS. Suppose the mapping A : U — U
satisfying the following condition:

D(Ag AG) X 7(®(Ag @) +P(AG,G)), Yo i€,
where y € B', and ||y < 1. Then A has a unique fixed point in U.

Proof. We assume that v # 6, without loss of generality. Notice that for ¢ € ]B%/_H
Y(®(Ag, 0) + P(AE,E)) > 6. Choose gy € U and set 0411 = Aoqg = AT gp,q = 1,2,....
and (01, 00) = 0. Then

q’(QquQq) = q’(AQq/Aqul)
= 7(P(A0q, 0q) + P(A0g-1,04-1))
= 7(®(0q+1,0q) + P(0q,04-1))-

Thus,

P(0q+1,0q) = (3= 7) 'r®(eq, 04-1) = xP (04, 04-1),

where xy = (J— 7).

Forany B > 1and o > 1, we have
D(0p10,0p) = L[ P(0p10/0p10-1) + P(Qpro-1,08)] — P(0p+o-1,0p10-1)

= ADP(0p10,0pto—1) +LP(0p10-1,0p)
= AD(0p 10/ 0p10-1) + a [@(0p10-1,0p+0-2) + P(0p10—2,0p)]
—LD(0p 402/ 0p+0-2)

= LD(0p 10, 0ptro—1) + EZCD(QﬁthTfl/ 0pro—2) + fz@(@ﬁﬂpz/ p)

= 4®(0p 40, 0pto-1) + gzq)(Q,BJro’fll Qpro—2) -+

+ 07 D (g0, 0p11) + 07 1P (0p11,0p)
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< L0)PT g + ()P 20 + B (x)PTT 3 + ..
+ 07 0Py 4+ 77 (x) Py

o—1
=Nl X xlPHo= el + 1l Hlx N Pllvoll 3
a=1

~ lvollllel ]I P+
= el =il

—0 (B— ).

I+ NP lvoll3

This implies {04} is a Cauchy sequence in B. By the completeness of (U, B, ®), we can
find ¢ € U satisfying limgq . 0q = ¢ and

lim ®(0q,0p) = lim ®(¢q,0q) = lim ®(q,0) = P(0,0) = 0.

q,p—o0

So,

[P (Ao, Agq) + P(Agq, 0)]
[7(P(Ag, 0) + P(Agq, 0q) + P(Agq, 0)]
Y(®(Ag, 0) + D(Agq, 0q)) + (D(Agq, 0).

This is equivalent to
D(Ag,0) X (3= Ly) Uy ®(Agq, Aq-1) + (T = L)~ UP(Agq, Q).
Thus,

12(A0 Q)| < 11(3 — €9) " ey [P (Agq, @)l + [1(T — €7) " e| @ (Agg, 0) |
=0 (q— ).

It follows that Ag = ¢. Hence, ¢ is a fixed point of A. Let {(7# o) be a other fixed point
of A, then

0 = @(¢,¢) = P(Ag, AZ) =X 7(®(Ag, @) + P(AL,0)) = 6.
Hence,0 =¢. O
Example 1. Let U = [0,1] and B = M;(C) and a mapping ® : U x U — B is defined by

[ le—¢P? 0 max{g, {}? 0
=" 7 wo—gp } + { 0 Wmax{e,&}* |’

where W > 0 is a constant. For any B € B, we denote its norm as, ||B|| = maxj<i<a{|ai|}. Then,
(U, B, ®) is a complete C*-AV P,MS. Define a mapping A : 5 — U by A(o) = 3 forall ¢ € U.
Observe that

D(Ag, AG) = 1(P(Ag 0) +P(AL,E)), Vo, €D,

which satisfies
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and ||y|| = @ = % < %. Therefore, all the postulates of Theorem 3 are fulfilled and A has the

unique fixed point ¢ = 0.
Example 2. Let B = R? and U = [0,00). Let < be the partial order on B given by
(a1,b1) < (a2, bp) © a1 < apand by < by
with the norm ||(ay, b1)|| = max{|a1|, |b1|}. Define
®,:UxU0— B,
is defined by
@y (0,¢) = ((¢—¢)%,0) + (max{e,},0). (1)

Then (U, B, @) is a complete C*-AVP,MS. Define a mapping A : U — U by A(o) =
1 —27¢forall 9 € O. Observe that

®(Ag, AQ) = v(®(Ag,0) + @(AL,G)), Vo, €D,

which satisfies v = (%,0) and ||7|| < %. Therefore, all the postulates of Theorem 3 are fulfilled and
A has the unique fixed point ¢ = 0.

4. Application

We consider the Fredholm integral equation:
o) = [ Q&M o(m)dn+6(£), L1 € B, @)

where B is a measurable, Q : Bx BxR — Rand ¢ € L®(B). Let U = L®(B), W = L2(B)
and £(W) = B. Define a mapping p : U x U — B by

p(6,w) = Tis—rf2 + 3,

forall 6,w,J € U with ||A|| = w < 1, where 7, : W — WV is the multiplicative operator,
defined by

() = b - .

Theorem 4. Forall 9,{ € U, suppose that
1. Jx:Bx B — Rbea continuous function and v € (0,1) such that

|Q(£,1,0(h)) — Q(£,1,E(p))| < wlx(£R)|(] /B Q£ 1, 0(h))dh + 6(£) — &(h)]
¥ /B Q(£, 1, E(h))dh + 5(£) — o(A)] + T — 10~ 17)

forall £,h € B;
2. supgp [glr(£n)|dh < 1.

Then the integral Equation (2) has a unique solution in U.

Proof. Define A: U — U by

Ao(£) = /B Q(£,1, 0(1))dh + 6(£), V£ 1 € B.
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Set A = 1J. Then A € B. For any » € W, we have

[ @(Ag, AD)|| = ||Sl|1|p () Ag—A243%0 *)
x||=1

= sup [ (|Ao— AZ|? +3)x(£)%(£)d£E

[IsI=178
< owp [, EEOE Q(ﬁ,h,c<h>>|]2dh|z<£>2d£
+ sup /B /B dh| 3¢(£)[Pd£T
< s [ [ wIxEmI [ 0t e+ o(e) ~ (o)

2
+I/BQ(E,h,g(h))thré(ﬁ)—Q(h)\+3—m*13)dh I2(£) PAE+ 3

2
< w? sup [ IK(£,h)dh] z(£)[PdE(] | Ao — &% + | |AZ — ol[%)
||z||=17B /B

<wsup | |x(£7)|dh sup (£)PaL(]|Ag = EI[% + 1A — ol|2)

|z

teB /B l|z||=1/B

< w[[[Ag = §l[% +11Ag — of|Z)]
= [[A[l[l[@(Ag, ) + [[®(AG, 0)]1]-

Hence all the hypotheses of Theorem 2 are fulfilled, and thus Equation (2) has a unique
solution. [J

5. Conclusions

In this paper, we presented fixed point theorems for generalized contractions on
C*-AVP,MS. The examples and applications on C*-AV P, MS are presented to strengthen
our main results. Samreen et al. [15] proved fixed point theorems on extended b-metric
spaces. It is an interesting open problem to prove fixed theorems on C*-algebra-valued
extended partial b-metric spaces. Arabnia Firozjah et al. [16] proved fixed point results on
cone b-metric spaces over Banach algebras. Furthermore, it is an interesting open problem
to prove fixed theorems on C*-algebra-valued cone b-metric spaces.
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