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Abstract: Monkeypox (mpox) is a zoonotic viral disease that has caused recurring outbreaks in West
Africa. The current global mpox virus (mpoxv) epidemic in endemic and non-endemic areas has
seriously threatened public health. In this study, we design an SEIR-based deterministic model that
considers prodromal stage, differential infectivity, and hospitalisation to investigate the transmission
behaviour of mpoxv, which could help enhance control interventions. The model is theoretically
analyzed by computing essential epidemiological quantities/dynamics, such as the basic reproduction
number, which estimates the number of secondary infections caused by a typical primary case in an
entirely susceptible community. Stability of the model’s equilibrium states is examined to evaluate the
transmission potential of the mpoxv. Furthermore, partial rank correlation coefficient was adopted
for sensitivity analysis to determine the top-rank model’s parameters for controlling the spread of
mpoxv. Moreover, numerical simulations and model predictions are performed and are used to
evaluate the influence of some crucial model parameters that help in strengthening the prevention
and control of mpoxv infection.

Keywords: monkeypox virus; epidemic; infectious diseases; mathematical modelling; stability analysis
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1. Introduction

Public health and the economy continue to face a serious worldwide threat from
emerging diseases [1]. A contagious disease known as monkeypox (mpox) is caused by
the monkeypox virus (mpoxv) [2]. It is a viral infection that can spread from animals
to humans (also known as viral zoonosis) [2]. Other zoonotic diseases causing serious
concerns to public health include Lassa fever [3] and query fever [4]. In 1970, the first
human cases were found in the Democratic Republic of the Congo, Liberia, and Sierra
Leone [2]. The unexpected large outbreaks of mpoxv in both endemic and non-endemic
nations, as well as the prevalence of sexual transmission routes, have recently raised severe
concerns globally [2,5,6].

Even though mpox is a zoonotic viral infection found primarily in the tropical rain-
forests of Central and West Africa, it is occasionally exported to non-endemic areas. Contact
with an infected individual, animal, or material can transmit mpoxv to humans [2]. In Nige-
ria, the primary mpoxv transmission routes are zoonotic and human-to-human. Potential
symptoms comprise swollen lymph nodes, fever, lymphadenopathy, headache, and a rash
that develops blisters and then encrusts the entire body [2]. The incubation period lasts
5 to 21 days, and 9.8 (95% CI: 5.9–21.4) days is the estimated mean serial interval (i.e.,
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the interval between an infected person’s symptoms and those of a subsequently infected
person) [2,7–9].

Over 83,000 people were affected by the virus between 10 May and 29 December
2022 in 110 locations with >98% of those locations with no previous infection [10,11].
Additionally, a significant proportion has been linked to males, especially those who
identify as gay or bisexual [2,6,12]. There is no evidence that the virus might spread via
sexual contact. However, transmission via close contact, particularly sexual contact, has
been reported [13,14].

Smallpox vaccines are also effective against mpoxv infection [2]. However, the vac-
cine’s inadequacy is a serious problem and might make the situation more contagious.
Thus, it is essential to put greater effort into non-pharmaceutical intervention control strate-
gies for prompt mpoxv control. On 21 July 2022, the World Health Organization (WHO)
declared the virus a Public Health Emergency of International Concern (PHEIC) due to the
recent rise in mpoxv in non-endemic countries linked to an epidemic in the United King-
dom [2,15]. The basic reproduction number (R0, or the typical number of secondary mpoxv
cases produced by a single case throughout the infectious period in a community without
immunity or any intervention) of the mpoxv was predicted by early models to be >1 in
populations of men who have sex with men (MSM) and ≤1 in other settings [2,7,16,17].
As a result, investigating the effectiveness of non-pharmaceutical intervention options to
aid in transmission halt is critical.

To comprehend mpoxv transmission, considerable epidemiological models have been
developed and employed, for instance, [5,12,18–22] and the references therein. In order to
study the mpoxv transmission patterns and control strategy, Yuan et al. [5] developed a
model taking into account the zoonotic transmission route. They discovered that effectively
quarantining contacts with mpoxv in high-risk populations by post-exposure vaccination
greatly slows the transmission. Additionally, in their similar research, Yuan et al. [18]
proposed a new model to scrutinise the efficiency of vaccination and other control means at
large gatherings. Their research demonstrates that, in the absence of public health manage-
ment measures, the risk of a mpoxv outbreak persists at high levels during mass gathering
occasions. They recommended that stringent contact tracing, testing, case identification,
and isolation, as well as awareness campaigns, are crucial tactics to stop the spread of
the mpoxv outbreaks. Endo et al. [12] developed a transmission model and applied it
to empirical sexual partnership data to show that the heavy-tailed sexual partnership
distribution could explain the ongoing spread of mpoxv among MSM population. They
estimated R0 to be >1 in the MSM context, complicating outbreak containment. They
proposed that enlightenment programs could facilitate the prevention and early detection
of mpoxv among MSM communities.

Although clinically less severe than smallpox, the symptoms of the viral zoonosis
mpox are comparable to those experienced by individuals with smallpox in the past. Mpox
has taken over as the most significant orthopoxvirus for public health since smallpox was
eradicated in 1980 and smallpox vaccinations were subsequently discontinued. Primarily
affecting Central and West Africa, the virus has been spreading into cities and is frequently
seen close to tropical rainforests. Numerous rodent species and non-human primates serve
as hosts for animals. As a result, it is critical to investigate more information and validate
facts about the so-called ailment mpox, which has inspired us to conduct this study, thereby
establishing more facts about the ailment.

This study’s objective is to develop a novel dynamic model to simulate the spread of
mpoxv as an emerging zoonosis. The model incorporates human-to-human and animal-
to-human transmission to evaluate the impact of high- and low-risk populations, various
infection stages, and isolation on overall transmission. The model is utilised to determine
the most effective tactics for containing the mpoxv outbreak in Nigeria. The results would
help with a more thorough investigation of the mechanisms of disease transmission within
and between the animal reservoir and humans, which would help calculate the risk of
outbreaks via various transmission pathways.
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Our model distinguishes different phases of the infection, including asymptomatically
infected (prodromal) and symptomatically infected (mild and severe) stages [2,11,23]. The
mild stage is characterised by common signs and symptoms that can be treated if caught
early, including fever, exhaustion, body pains, and very light rashes in some areas of the
body. The severity of the infection, however, is dependent on the infected individual’s
health and the method of exposure, with complex symptoms including extensive rashes
that affect all parts of the body, including the face, mouth, eyes, soles of the feet, throat,
and genital and anal areas.

This paper is summarised as follows. Following this introductory Section 1, the mpoxv
model is formulated and theoretically analyzed in Sections 2 and 3, respectively. Numerical
simulations and sensitivity analysis are conducted in Section 4. We end the paper with
concluding remarks in Section 5.

2. Methods
2.1. Mpox Outbreak Data

More often, we retrieved the epidemiological cases data for the mpoxv infection on
a weekly basis for Nigeria issued by the Nigeria Center for Disease Control (NCDC) for
the situation from January 1 through August 27 of 2022 [23] after laboratory confirmation
and case characterisation of mpoxv from the NCDC. From the data, we derived the weekly
cumulative incidence and examined the Nigerian mpoxv cases scenarios.

2.2. Mpoxv Model Description

The model developed in this study will describe epidemiologically the dynamics
of mpoxv transmission by examining the mpoxv outbreak’s propagation patterns and
prevention measures using a traditional SEIR-typed model. The proposed model accounts
for high- and low-risk susceptible populations to investigate the transmission behaviour of
the mpoxv. We specifically distinguished between the various infectious stages to evaluate
the overall dynamics of mpoxv epidemic propagation. Hospitalisation is also taken into
account by the model as an intervention strategy, which is vital for the prevention and
management of mpoxv. Isolation is usually enforced to help curtail widespread disease
outbreaks, where infected people are admitted to hospitals or isolation facilities [5,24,25].
The parameter ρ designates the fraction of newly recruited people moving to a high-
risk susceptible population, Sh, while 1− ρ represents the fraction of people moving to
a low-risk susceptible population, Sl . The parameters πh and πr represent recruitment
rates for humans and rodents, respectively. All other parameters are epidemiologically
explained in Table 1. We separated the total population of humans at time t, denoted
by Nh(t), into high-risk susceptible, Sh(t); low-risk susceptible, Sl(t); exposed, Eh(t);
prodromal (asymptomatically infected), P(t); mild infectious, I1(t); severe infectious, I2(t);
hospitalisation, H(t); and recovered, Rh(t). Hence,

Nh(t) = Sh + Sl + Eh + P + I1 + I2 + H + Rh.

Similarly, we separated the overall population of rodents at time t, indicated by Nr(t),
into Sr(t), Er(t), Ir(t), and Rr(t), hence

Nr(t) = Sr + Er + Ir + Rr.

In light of the aforementioned details, we illustrated the mpoxv model in Figure 1.
The following systems of non-linear ordinary differential equations are satisfied by the
state variables and model parameters listed in Table 1:
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dSl
dt

= πh(1− ρ)− vλhSl − µhSl ,

dSh
dt

= πhρ− λhSh − µhSh,

dEh
dt

= (vSl + Sh)λh − (σh + µh)Eh,

dP
dt

= σhEh − (ω + µh)P,

dI1

dt
= ωP− (θ + k1 + τ1 + µh)I1,

dI2

dt
= θ I1 − (k2 + δi + τ2 + µh)I2,

dH
dt

= k1 I1 + k2 I2 − (δh + τ3 + µh)H,

dRh
dt

= τ1 I1 + τ2 I2 + τ3H − µhRh,

dSr

dt
= πr − λrSr − µrSr,

dEr

dt
= λrSr − (σr + µr)Er,

dIr

dt
= σrEr − (δr + τr + µr)Ir,

dRr

dt
= τr Ir − µrRr,

(1)

Table 1. Enunciation of variables and parameters of governing system (1).

Variable Description

Nh Overall human population
Sh Population of susceptible humans at high-risk
Sl Population of susceptible humans at low-risk
Eh Exposed humans
P Populations of infectious humans in the prodromal stage
I1 Symptomatically mild infectious humans
I2 Symptomatically severe infectious humans
H Hospitalised humans

Rh Recovered humans
Nr Total rodent population
Sr Susceptible rodents
Er Exposed rodents
Ir Infectious rodents

Rr Recovered rodents

Parameter
βi(i = hh, rh, rr) Transmission rates/transmission probabilities

α, η Modification parameters
πh(πr) Human recruitment rate (rodents)

ρ Fraction of newly recruited humans moving to Sh
v Rate of reduction in infectiousness from Sl

σh(σr) Progression rates
ω Rate at which mpoxv progress from P to I1
θ Progression rate from mild to severe disease

k1, k2 Hospitalisation rates
δm(m = i, h, r) mpoxv-induced death rates

τj(j = 1, 2, 3, r) Recovery rates
µh(µr) Human (rodents) natural death rate
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Figure 1. Model (1) representation in a diagram. Transitions are indicated by solid arrows, and per
capita flow rate between compartments is indicated by expressions adjacent to the arrows. Blue
compartments represent the human population, and the orange compartments represent the ro-
dent population.

The forces of infection for humans and rats are provided here by the model (1) vari-
ables, respectively.

λh =
βhh(αP + η I1 + I2)

Nh
+ βrh

Ir

Nr
and λr =

βrr Ir

Nr
. (2)

where, βhh(αP+η I1+I2)
Nh

, βrh
Ir
Nr

, and βrr Ir
Nr

indicate human-to-human, rodent-to-human, and
rodent-to-rodent transmission routes, respectively.

2.3. Fundamental Properties of the Mpoxv Model

As model (1) scrutinises the transmission of mpoxv in humans and rodents, all the
parameters and variables of the model are taken to be strictly positive. To explore the fun-
damental qualitative properties of model (1), the rate of change of the overall populations
of humans N′h(t) and rodents N′r(t) are firstly determined. Hence

dNh
dt

= πh − µhNh − δi I2 − δh H 6 πh − µhNh, (3)

and
dNr

dt
= πr − µr Nr − δi Ir 6 πr − µr Nr. (4)

2.3.1. Positivity of Model Solutions.

To be epidemiologically significant, the mpoxv model (1) must show that all of the
state variables are non-negative for all time t > 0. Alternatively, solutions of model system
(1) with positive initial data will remain positive for all times t > 0.
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Lemma 1. Let the initial data Θ(0) ≥ 0, where Θ(t) = (Sl , Sh, Eh, P, I1, I2, H, Rh, Sr, Er, Ir, Rr).
Then the solutions Φ(t) of model (1) are positive for all t > 0.

Proof. Let t1 = sup{t > 0 : Θ(t) > 0 ∈ [0, t]}. Thus, t1 > 0. Since, πh > 0, it follows from
the first equation of (1) that

dSl
dt
≥ −(λh(t) + µh)Sl . (5)

Applying comparison theorem in conjunction with separation of variables method,
we have

Sl(t1) ≥ Sl(0)exp
[
−
(∫ t1

0
λh(u)du + µht1

)]
> 0. (6)

Hence, Sl(t) > 0. Similarly, it can be shown that the remaining components of Θ(t),
i.e., Sh, Eh, P, I1, I2, H, Rh, Sr, Er, Ir, Rr are all non-negative for all t > 0. Hence, Θ(t) > 0 for
all t > 0.

2.3.2. Invariant Region

The following biological feasible region is considered,

Ω =

{
(Sl , Sh, Eh, P, I1, I2, H, Rh, Sr, Er, Ir, Rr) ∈ R12

+ : Nh 6
πh
µh

, Nr 6
πr

µr

}
.

To ensure that any system solutions that begin in the area Ω remain in the area Ω for
all non-negative times t (i.e., t > 0), the variables Nh and Nr given in Equations (3) and (4)
have been simplified. Until now, the region Ω has been positively invariant; thus, solutions
only apply to this region are sufficient. Thus, model (1) satisfies the results for a normal
existence, uniqueness, and continuation as per previous works [26–29].

3. Analytical Results
3.1. Disease-Free Equilibrium and Basic Reproduction Number

Disease-free equilibrium (DFE) for governing system (1), denoted by Γ0, is derived
by solving the right side of model (1) to zero: dSl

dt = dSh
dt = dEh

dt = dP
dt == dI1

dt = dI2
dt =

dH
dt = dRh

dt = dSr
dt = dEr

dt = dIr
dt = dRr

dt = 0. This produces S0
h = ρπh

µh
, S0

l = (1−ρ)πh
µh

,

E0
h = P0 = I0

1 = I0
2 = H∗ = R0

h = 0, and S0
r = πr

µr
, E0

r = I0
r = R0

r = 0 for human and
rodents, respectively. The DFE for model (1) is obtained below

Γ0 = {S0
l , S0

h, E0, P0, I0
1 , I0

2 , H0, R0
h, S0

r , E0
r , I0

r , R0
r} =

{
(1− ρ)πh

µh
,

πhρ

µh
, 0, 0, 0, 0, 0, 0,

πr

µr
, 0, 0, 0

}
(7)

3.2. Basic Reproduction Number

The concept of the next-generation matrix (NGM) [30] is used to compute the basic
reproduction number (Ro) for the governing model (1) [24,30–32]. The linear stability of
Γ0 is obtained by implementing NGM technique for model (1) [30,31], with F matrices,
designating the infectious new terms, and V, designating the other transferring terms,
with the general formula R0 = ρrFV−1, where the ρr in the relation characterises the
spectral radius of the NGM.
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Therefore, theR0 is computed as follows.

F =



(vS0
l + S0

h)λ
0
h

0

0

0

0

S0
r λ0

r

0


and V =



a1E0
h

−σhE0
h + a2P0

−ωP0 + a3 I0
1

−θ I0
1 + a4 I0

2

−k1 I0
1 − k2 I0

2 + a5H0

a6E0
r

−σrE0
r + a7 I0

r


,

As a result, the definitions of the mpoxv infection and transition matrices are respec-
tively computed as:

F =



0 m1 m2 m3 0 0 m4

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 m5

0 0 0 0 0 0 0


and V =



a1 0 0 0 0 0 0

−σh a2 0 0 0 0 0

0 −ω a3 0 0 0 0

0 0 −θ1 a4 0 0 0

0 0 −k1 −k2 a5 0 0

0 0 0 0 0 a6 0

0 0 0 0 0 −σr a7


,

where a1 = σh + µh, a2 = ω + µh, a3 = θ + k1 + τ1 + µh, a4 = k2 + δi + τ2 + µh, a5 = δh +
τ3 + µh, a6 = σr + µr, a7 = δr + τr + µr, m1 = (v(1− ρ) + ρ)βhhα, m2 = (v(1− ρ) + ρ)βhhη,
m3 = (v(1− ρ) + ρ)βhh, m4 = βrhπr

µr
, and m5 = βrrπr

µr
. Straightforward computation produces

V−1 =



a1
−1 0 0 0 0 0 0

σh
a2a1

a2
−1 0 0 0 0 0

ω σh
a3a2a1

ω
a3a2

a3
−1 0 0 0 0

θω σh
a4a3a2a1

θω
a4a3a2

θ
a4a3

a4
−1 0 0 0

ω σh(k1a4+k2θ)
a4a3a2a1a5

ω (k1a4+k2θ)
a4a3a2a5

k1a4+k2θ
a4a3a5

k2
a4a5

a5
−1 0 0

0 0 0 0 0 a6
−1 0

0 0 0 0 0 σr
a6a7

a7
−1


.

and

F ·V−1 =



m1σh
a1a2

+ m2ω σh
a1a2a3

+ m3θω σh
a1a2a3a4

m1
a2

+ m2ω
a3a2

+ m3θω
a3a2a4

m2
a3

+ m3θ
a3a4

m3
a4

0 m4σr
a6a7

m4
a7

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 m5σr
a6a7

m5
a7

0 0 0 0 0 0 0


.
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Hence, the reproduction numbers for human and rodent populations are respectively
obtained as:

Rh
0 =

σh(ω a4m2 + ω m3θ + a3a4m1)

a4a3a2a1
, and Rr

0 =
m5σr

a6a7
,

So that theR0 is now given as

R0 = max{Rh
0,Rr

0}. (8)

where m1 = (v(1− ρ) + ρ)βhhα, m2 = (v(1− ρ) + ρ)βhhη, m3 = (v(1− ρ) + ρ)βhh, m4 =
βrhπr

µr
, and m5 = βrrπr

µr
.

By considering [30] and the local stability of the DFE of model (1), we state the
following useful result. Similar results can be found in [33].

Theorem 1. The DFE of model (1) is locally-asymptotically stable wheneverR0 < 1 and unstable
ifR0 > 1, withR0 = max{Rh

0,Rr
0}.

The epidemiological essence of the results above implies that a measly intake of
mpoxv infection would not result in a substantial outbreak whenR0 < 1. For the mpoxv
containment measure, the prerequisite for makingR0 < 1 is suitable but unnecessary. As a
result, whenR0 is decreased to less than 1, the disease eventually disappears, and whenR0
is increased to more than 1, the disease lingers. Hence, efficacious intervention strategies
are mandated to mitigate the illness effectively [31].

3.3. Endemic Equilibrium and Its Stability
3.3.1. Endemic Equilibrium

Invasion of mpoxv indicates that at least one infected compartment is not empty.
The vector field of (1) is set to zero, and we performed some algebraic calculations, which
resulted in an endemic equilibrium (EE) state. Thus, the EE is calculated below.

Suppose the region Γ at EE is given by

Γ∗ = {S∗l , S∗h , E∗h , P∗, I∗1 , I∗2 , H∗, R∗h, S∗r , E∗r , I∗r , R∗r }. (9)

In forms of λ∗h and λ∗r , the EE becomes computed as follows.

S∗l =
(1− ρ)πh
vλh + µh

, S∗h =
ρ πh

λh + µh
, E∗h =

λhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a1

(
vλh

2 + vλhµh + λhµh + µh
2
) ,

P∗∗ =
λhσhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a2a1

(
vλh

2 + vλhµh + λhµh + µh
2
) ,

I∗1 =
ω λhσhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a3a2a1

(
vλh

2 + vλhµh + λhµh + µh
2
) ,

I∗2 =
ω θ λhσhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a4a3a2a1

(
vλh

2 + vλhµh + λhµh + µh
2
) ,

H∗ =
(θ k2 + a4k1)ω λhσhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a4a3a2a1

(
vλh

2 + vλhµh + λhµh + µh
2
)

a5

,

R∗h =
(θ a5τ2 + θ k2τ3 + a4a5τ1 + a4k1τ3)ω λhσhπh((1− ρ)vλh + (1− ρ)vµh + ρ vλh + ρ µh)

a4a3a2a1

(
vλh

2 + vλhµh + λhµh + µh
2
)

µha5

,

S∗r =
πr

λr + µr
, E∗r =

λrπr

a6(λr + µr)
, I∗r =

σrλrπr

a7a6(λr + µr)
, and R∗r =

τrσrλrπr

µra7a6(λr + µr)
.

(10)



Mathematics 2023, 11, 1121 9 of 21

Epidemiologically, the presence of EE demonstrates that the mpoxv circulates and
prevails in the community by indicating that at least one of the infected classes in the model
is not empty.

3.3.2. Global Stability Analysis of the Endemic Equilibrium

Herein, we examined the interior-of-the-feasible-region solutions for the governing
model that converge to the unique EE provided by Γ∗ only if R0 > 1. At Γ∗, the mpoxv
will spread over the neighbourhood and endure. With the help of the Lyapunov function
(LF) way, which can be possible by generating the LF from the governing system to confirm
the general stability of the EE; see [26,27,34] and [34] for examples of other modelling
assessments that have extensively employed this strategy.

Theorem 2. The EE, Γ∗∗, is globally-asymptotically stable (GAS) in the Ω region only ifR0 > 1,

and the condition (i)
(

1− λh
λ∗h

)(
1− Pλ∗h

P∗λh

)
≥ 0, (ii)

(
2 + P

P∗

)
≤ I∗1 P

I1P∗ +
H
H∗ +

H∗ I1
HI∗1

, and (iii)(
2 + I1

I∗1

)
≤ I∗2 I1

I2 I∗1
+ H

H∗ +
H∗ I2
HI∗2

, hold.

For the proof of the above Theorem 2, see below.

Proof. Considering the technique as in [26–28,35,36] by constructing an LF as follows:

Ξ(t) =ζ1

(
Sl − S∗l − S∗l ln

Sl
S∗l

)
+ ζ2

(
Sh − S∗h − S∗h ln

Sh
S∗h

)
+ ζ3

(
Eh − E∗h − E∗h ln

Eh
E∗h

)
+

ζ4

(
P− P∗ − P∗ ln

P
P∗

)
+ ζ5

(
I1 − I∗1 − I∗1 ln

I1

I∗1

)
+ ζ6

(
I2 − I∗2 − I∗2 ln

I2

I∗2

)
+

ζ7

(
H − H∗ − H∗ ln

H
H∗

)
+ ζ8

(
Sr − S∗r − S∗r ln

Sr

S∗r

)
+ ζ9

(
Er − E∗r − E∗r ln

Er

E∗r

)
+

ζ10

(
Ir − I∗r − I∗r ln

Ir

I∗r

)
.

(11)

implies the derivative of the LF (11), along with the solutions of (1), are given by

Ξ̇(t) =ζ1

(
1−

S∗l
Sl

)
Ṡl + ζ2

(
1−

S∗h
Sh

)
Ṡh + ζ3

(
1− E∗

E

)
Ė + ζ4

(
1− P∗

P

)
Ṗ + ζ5

(
1−

I∗1
I1

)
İ1+

ζ6

(
1− I∗2

I2

)
İ2 + ζ7

(
1− H∗

H

)
Ḣ + ζ8

(
1− S∗r

Sr

)
Ṡr + ζ9

(
1− E∗r

Er

)
Ėr + ζ10

(
1− I∗r

Ir

)
İr.

(12)

By direct computation from Equation (12), we have

ζ1

(
1−

S∗l
Sl

)
Ṡl = ζ1

(
1−

S∗l
Sl

)(
π(1− ρ)− vλhSl − µhSl

)
= ζ1

(
1−

S∗l
Sl

)(
vλ∗hS∗l + µhS∗l − vλhSl − µhSl

)
= ζ1vλ∗hS∗l

(
1−

S∗l
Sl

)(
1− λhSl

λ∗hS∗l

)
− ζ1µh

(Sl − S∗l )
2

Sl

≤ ζ1vλ∗hS∗l

(
1− λhSl

λ∗hS∗l
−

S∗l
Sl

+
λh
λ∗h

)
,

(13)
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and

ζ2

(
1−

S∗h
Sh

)
Ṡh = ζ2

(
1−

S∗h
Sh

)(
πρ− λhSh − µhSh

)
= ζ2

(
1−

S∗h
Sh

)(
λ∗hS∗h + µhS∗h − λhSh − µhSh

)
= ζ2λ∗hS∗h

(
1−

S∗h
Sh

)(
1− λhSh

λ∗hS∗h

)
− ζ2µh

(Sh − S∗h)
2

Sh

≤ ζ2λ∗hS∗h

(
1− λhSh

λ∗hS∗h
−

S∗h
Sh

+
λh
λ∗h

)
,

(14)

and

ζ3

(
1−

E∗h
Eh

)
Ėh = ζ3

(
1−

E∗h
Eh

)(
vλSl + λSh − a1Eh

)
= ζ3

(
1−

E∗h
Eh

)(
vλhSl + λhSh − (vλ∗hS∗l + λ∗hS∗h)

Eh
E∗h

)
= ζ3vλ∗hS∗l

(
1−

E∗h
Eh

)(
λhSl
λ∗hS∗l

− Eh
E∗h

)
+ ζ3λ∗hS∗h

(
1−

E∗h
Eh

)(
λhSh
λ∗hS∗h

− Eh
E∗h

)
= ζ3vλ∗hS∗l

(
λSl

λ∗S∗l
− Eh

E∗h
−

λhSlE∗h
λ∗hS∗l Eh

+ 1
)
+ ζ3λ∗hS∗h

(
λhSh
λ∗hS∗h

− Eh
E∗h
−

λhShE∗h
λ∗hS∗hEh

+ 1
)

,

(15)

and

ζ4

(
1− P∗

P

)
Ṗ = ζ4

(
1− P∗

P

)(
σhEh − a2P

)
= ζ4

(
1− P∗

P

)(
σhEh − σhE∗h

P
P∗

)
= ζ4σhE∗h

(
1− P∗

P

)(
Eh
E∗h
− P

P∗

)
= ζ4σhE∗h

(
Eh
E∗h
− P

P∗
− P∗Eh

PE∗h
+ 1
)

;

(16)

similarly,

ζ5

(
1−

I∗1
I1

)
İ1 = ζ5ωP∗

(
P
P∗
− I1

I∗1
−

I∗1 P
I1P∗

+ 1
)

, (17)

and

ζ6

(
1− I∗2

I2

)
İ2 = ζ6θ I∗1

(
I1

I∗1
− I2

I∗2
− I∗2 I1

I12I∗1
+ 1
)

, (18)

ζ7

(
1− H∗

H

)
Ḣ = ζ7k1 I∗1

(
I1

I∗1
− H

H∗
− H∗ I1

HI∗1
+ 1
)
+ ζ7k2 I∗2

(
I2

I∗2
− H

H∗
− H∗ I2

HI∗2
+ 1
)

, (19)

ζ8

(
1− S∗r

Sr

)
Ṡr = ζ8λ∗r S∗r

(
1− λrSr

λ∗r S∗r
− S∗r

Sr
+

λr

λ∗r

)
, (20)

and

ζ9

(
1− E∗r

Er

)
Ėr = ζ9λ∗r S∗r

(
λrSr

λ∗r S∗r
− Er

E∗r
− λrSrE∗r

λ∗r S∗r Er
+ 1
)

, (21)

ζ10

(
1− I∗r

Ir

)
İr = ζ10σrE∗r

(
Er

E∗r
− Ir

I∗r
− I∗r Er

IrE∗r
+ 1
)

. (22)



Mathematics 2023, 11, 1121 11 of 21

Substituting ζ1 = ζ2 = ζ3 = ζ7 = ζ8 = ζ9 = 1, ζ4 = λ∗
σhE∗h

(vS∗l + S∗h), and ζ5 =
k1 I∗1
ωP∗ ,

ζ6 =
k2 I∗2
θ I∗1

, ζ10 =
λ∗r S∗r I∗2

σrE∗r
and Equations (13)–(22) into Equation (12), we have

Ξ̇(t) ≤vλ∗hS∗l

(
2−

S∗l
Sl
− Eh

E∗h
−

λhSlE∗h
λ∗hS∗l Eh

+
λh
λ∗h

)
+

λ∗hS∗h

(
2−

S∗h
Sh
− Eh

E∗h
−

λhShE∗h
λ∗hS∗hEh

+
λh
λ∗h

)
+

vλ∗hS∗l

(
Eh
E∗h
− P

P∗
− P∗Eh

PE∗h
+ 1
)
+

λ∗hS∗h

(
Eh
E∗h
− P

P∗
− P∗Eh

PE∗h
+ 1
)
+

k1 I∗1

(
P
P∗
−

I∗1 P
I1P∗

− H
H∗
− H∗ I1

HI∗1
+ 2
)
+

k2 I∗2

(
I1

I∗1
− I∗2 I1

I2 I∗1
− H

H∗
− H∗ I2

HI∗2
+ 2
)
+

λ∗r S∗r

(
2− S∗r

Sr
− Er

E∗r
− λrSrE∗r

λ∗r S∗r Er
+

λr

λ∗r

)
+

λ∗r S∗r

(
Er

E∗r
− Ir

I∗r
− I∗r Er

IrE∗r
+ 1
)

.

(23)

Surmise that u(x) = 1− x + ln x, implies, x > 0 yields u(x) ≤ 0, and, if x = 1, implies
u(x) = 0. Thus x− 1 ≥ ln(x) for any x > 0 [3,26–28,37].

Employing these definitions, with some algebra from (23) and the conditions above, yields(
2−

S∗l
Sl
− Eh

E∗h
−

λhSlE∗h
λ∗hS∗l Eh

+
λh
λ∗h

)
=

(
− (1− λh

λ∗h
)(1−

Pλ∗h
P∗λh

) + 3−
S∗l
Sl
−

λhSlE∗h
λ∗hS∗l Eh

−
Pλ∗h
P∗λh

− Eh
E∗h

+
P
P∗

)
≤
(
− (

S∗l
Sl
− 1)− (

λhSlE∗

λ∗hS∗l Eh
− 1)− (

Pλ∗h
P∗λh

− 1)− Eh
E∗h

+
P
P∗

)
≤
(
− ln(

S∗l
Sl

λSlE∗h
λ∗hS∗l Eh

Pλ∗

P∗λh
)− Eh

E∗h
+

P
P∗

)
=

(
P
P∗
− ln(

P
P∗

) + ln(
Eh
E∗h

)− Eh
E∗h

)
.

(24)

Similarly,(
2−

S∗h
Sh
− Eh

E∗h
−

λShE∗h
λ∗hS∗hEh

+
λh
λ∗h

)
≤
(

P
P∗
− ln(

P
P∗

) + ln(
Eh
E∗h

)− Eh
E∗h

)
. (25)

(
2− S∗r

Sr
− Er

E∗r
− λrSrE∗r

λ∗r S∗r Er
+

λr

λ∗r

)
≤
(

Ir

I∗r
− ln(

Ir

I∗r
) + ln(

Er

E∗r
)− Er

E∗r

)
. (26)

From Equation (23), we also have

E
E∗
− P

P∗
− P∗E

PE∗
+ 1 =

(
u
(

P∗E
PE∗

)
+

E
E∗
− ln

(
E
E∗

)
− P

P∗
+ ln

(
P
P∗

))
≤ E

E∗
− ln

(
E
E∗

)
+ ln

(
P
P∗

)
− P

P∗
.

(27)
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Similarly,

Er

E∗r
+

Ir

I∗r
− I∗r Er

IrE∗r
+ 1 ≤ −Ir

I∗r
+ ln

(
Ir

I∗r

)
+ ln

(
Er

E∗r

)
− Er

E∗r
. (28)

Hence,

Ξ̇(t) ≤vλ∗hS∗l

(
P
P∗
− ln

(
P
P∗

)
+ ln

(
Eh
E∗h

)
− Eh

E∗h

)
+

λ∗hS∗h

(
P
P∗
− ln

(
P
P∗

)
+ ln

(
Eh
E∗h

)
− Eh

E∗h

)
+

vλ∗hS∗l

(
Eh
E∗h
− ln

(
Eh
E∗h

)
+ ln

(
P
P∗

)
− P

P∗

)
+

λ∗S∗h

(
Eh
E∗h
− ln

(
Eh
E∗h

)
+ ln

(
P
P∗

)
− P

P∗

)
+

k1 I∗1

(
P
P∗
−

I∗1 P
I1P∗

− H
H∗
− H∗ I1

HI1
+ 2
)
+

k2 I∗2

(
I1

I∗1
− I∗2 I1

I2 I∗1
− H

H∗
− H∗ I2

HI2
+ 2
)
+

λ∗r S∗r

(
Ir

I∗r
− ln

(
Ir

I∗r

)
+ ln

(
Er

E∗r

)
− Er

E∗r

)
+

λ∗r S∗r

(
−Ir

I∗r
+ ln

(
Ir

I∗r

)
− ln

(
Er

E∗r

)
+

Er

E∗r

)

(29)

Equations (13)–(29) and conditions(i)–(iii) ensure that ˙Ξ(t) ≤ 0. Further, the equality
dΞ
dt = 0 holds only if Sl = S∗l , Sh = S∗h Eh = E∗h , P = P∗, I1 = I∗1 , I2 = I∗2 , H = H∗, Sr = S∗r ,
Er = E∗r , and Ir = I∗r . Thus, the EE state (10) serves as the only invariant positive set to

the governing model (1) contained entirely in
{
(Sl , Sh, Eh, P, I1, I2, H, Sr, Er, Ir) ∈ Ω : Sl =

S∗l , Sh = S∗h , Eh = E∗h , P = P∗, I1 = I∗1 , I2 = I∗2 , H = H∗, Sr = S∗r , Er = E∗r , Ir = I∗r

}
. Note

that Rh and Rr were not included in the GAS analysis since individuals in these classes
have already recovered from the mpoxv and are not of much epidemiological interest in
this regard. Hence, it follows from LaSalle’s invariance principle [34] that every solution
to the Equation (1) with initial conditions in Ω converge to EE points, Γ∗, as t→ ∞. Thus,
the positive EE is globally asymptotically stable.

3.4. Bifurcation Analysis

The center manifold theory (CMT) is applied to examine the bifurcation analysis [38].
We look at the parameters in the model (1) that produce forward, or backward bifurca-
tion [3,30,38]. The moment R0 crosses unity from below, a small positive asymptotically
stable equilibrium arises, and the DFE loses stability [38]. In the subsequent paragraph,
we examine whether forward (exchange of DFE and EE stability atR0 = 1) or backward
bifurcation occurs in the current model (1). Thus, the results below follow.

Theorem 3. Forward bifurcation occurs in the current mpoxv model (1) at R0 = 1 only if the
bifurcation coefficients, A and B, are negative and positive, respectively.

Proof. The proof of the above theorem is based on the CMT [38,39]. Consider the expression
dx
dt

= f (x, ψ), with ψ representing the bifurcation parameter and f being continuously

differentiable at least twice in both x and ψ. The DFE (Γ0) is the point (x0 = 0, ψ = 0) and
the local stability of the DFE changes at the point (x0, 0) [30]. We now demonstrate that
there exists a nontrivial equilibrium around the bifurcation point (x0, ψ).
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Surmise that βhh = β∗hh is taken as a bifurcation parameter and taking R0 = 1 from
Equation (3) implies by Theorem A1.1, the DFE, E0, is locally stable only if βhh < β∗hh and
unstable when βhh > β∗hh. Here, βhh = β∗hh is a bifurcation value.

In a simpler way, let Sl = x1, Sh = x2, Eh = x3, P = x4, I1 = x5, I2 = x6, H = x7,
R = x8, Sr = x9, Er = x10, Ir = x11, and Rr = x12, so that Nh = x1 + x2 + x3 + x4 + x5 +
x6 + x7 + x = x8 and Nr = x9 + x10 + x11 + x12. Additionally, by using the identical vector
notation with x = (x1, x2, . . . , x12)

T , the model (1) as dx
dt = f (x) where f = ( f1, f2, . . . , f12)

T

is as follows:
f1 = πh(1− ρ)− vλhx1 − µhx1,

f2 = πhρ− λhx2 − µhx2,

f3 = (vx1 + x2)λh − a1x3,

f4 = σhx3 − a2x4,

f5 = ωx4 − a3x5,

f6 = θx5 − a4x6,

f7 = k1x5 + k2x6 − a5x7,

f8 = τ1x5 + τ2x6 + τ3x7 − µhx8,

f9 = πr − λrx9 − µrx9,

f10 = λrx9 − a6x10,

f11 = σrx10 − a7x11,

f12 = τrx11 − µrx12,

(30)

and each of the linked forces of infection is represented by

λh =
βhh(α x4 + η x5 + x6)

x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8
+

βrhx11

x9 + x10 + x11 + x12
, and

λr =
βrrx11

x9 + x10 + x11 + x12
.

(31)

The Jacobian matrix of system (30), computed from the relation J(Γ0) = F−V, where
F and V are infections and transition matrices, respectively, evaluated at the DFE (Γ0) with
βhh = β∗hh, yields:

J(Γ0) =



−µh 0 0 −n1 −n2 −n3 0 0 0 0 −n4 0

0 −µh 0 −n5 −n6 −n7 0 0 0 0 −n8 0

0 0 −a1 n9 n10 n11 0 0 0 0 n12 0

0 0 σh −a2 0 0 0 0 0 0 0 0

0 0 0 ω −a3 0 0 0 0 0 0 0

0 0 0 0 θ −a4 0 0 0 0 0 0

0 0 0 0 k1 k2 −a5 0 0 0 0 0

0 0 0 0 τ1 τ2 τ3 −µh 0 0 0 0

0 0 0 0 0 0 0 0 −µr 0 −βrr 0

0 0 0 0 0 0 0 0 0 −a6 βrr 0

0 0 0 0 0 0 0 0 0 σr −a7 0

0 0 0 0 0 0 0 0 0 0 τr −µr



, (32)
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where n1 = −v(−1 + ρ)βhhα, n2 = −v(−1 + ρ)βhhη, n3 = −v(−1 + ρ)βhh, n4 = vπh(1−ρ)βrhµr
µhπr

, n5 = ρ βhhα,

n6 = ρ βhhη, n7 = ρ βhh, n8 = πhρ βrhµr
µhπr

, n9 = −((v− 1)ρ− v)α βhh, n10 = −((v− 1)ρ− v)

βhhη, n11 = −((v− 1)ρ− v)βhh, and n12 = − ((v−1)ρ−v)βrhπhµr
µhπr

.

The Jacobian matrix J(Γ0) of the system (30) has a simple zero eigenvalue (other
eigenvalues have negative real parts). Thus, the CMT [30,38] may be employed to scrutinise
the dynamics of the model (30) located at βhh = β∗hh [38]. The following computations are
carried out using the notations in [38].

Eigenvectors of J(Γ0)βhh=β∗hh
: WhenR0 = 1, one can observe that the J(Γ0) has a right

eigenvector (corresponding to the zero eigenvalues), given by w = (w1, w2, . . . , w12)
T, where

w1 =
−σh(a3a4n1 + a4n2ω + n3ωθ)

µha2a3a4
w3, w2 =

−σh(a3a4n5 + a4n6ω + n7ωθ)

µha2a3a4
w3, w3 > 0, w4 =

σh
a2

w3,

w5 =
σhω

a2a3
w3, w6 =

σhωθ

a2a3a4
w3, w7 =

σhω(a4k1 + θk2)

a2a3a4a5
w3, w8 =

σhω(τ1a4a5 + τ2a5θ + τ3a4k1 + τ3θk2)

a2a3a4a5µh
w3,

w9 = 0, w10 = 0, w11 = 0, and w12 = 0.

In similar way, the components of the left eigenvector of J(Γ0) (corresponding to the
zero eigenvalues), indicated by v = (v1, v2, . . . , v9), are given by

v1 = 0, v2 = 0, v3 > 0, v4 =
a1

σh
v3, v5 =

(a1a2 − n9σh)

ωσh
v3, v6 =

(a1a2a3 − a3n9σh −ωσhn10)

θωσh
v3,

v7 = 0, v8 = 0, v9 = 0, v10 =
σrn12

a6a7 − σrβrr
v3, v11 =

a6n12

a6a7 − σrβrr
v3, and v12 = 0.

Taking to account the free components (entry) are taken to be v3 = 1 and w3 = 1
A1+A2

respectively, where

A1 =1 +
a1

a2
+

(
a1a2 − n9σh

a2a3

)
and

A2 =
a1a2a3 − a3n9σh −ωσhn10

a2a3a4
,

so that v ·w = 1 (in line with [38]).
It can be demonstrated that the related bifurcation coefficients, A and B, are given,

respectively, by computing the non-zero partial derivatives of fi(i = 1, . . . , 9):

A =
9

∑
k,i,j=1

vkwiwj
∂2 fk(0, 0)

∂xi∂xj
=

2µhβhhg1

πh
(−g2ρ(1− v)− g3v + w2)v3, (33)

B =
9

∑
k,i=1

vkwi
∂2 fk(0, 0)

∂xi∂β1
= (v(1− ρ) + ρ)(αw4 + ηw5 + w6)v3, (34)

where g1 = αw4 + ηw5 + w6, g2 = w1 + w2 + w3 + w4 + w5 + w6 + w7 + w8, and g3 =
w2 + w3 + w4 + w5 + w6 + w7 + w8.

Since v3 > 0 w3 > 0, w4 > 0, w5 > 0, and w6 > 0, it implies that B ≥ 0, and hence
we have forward bifurcation if and only if A < 0 (i.e., when g2 > 0 and g3 > 0 since
g1 > 0), else backward bifurcation (i.e., when A > 0). To prove the above numerically, we
used the parameter values given in Table 2 to verify that A (−7.451088966× 10−6) and B
(4.799895897) are negative and positive, respectively.

Hence, the mpoxv model (1) exhibits the phenomenon of forward bifurcation at
R0 = 1. No EE appears ifR0 < 1, and the DFE is the only local attractor, but ifR0 > 1, then
the EE exists. For this reason, there is a forward bifurcation because, in the neighbourhood
of the bifurcation point, the disease prevalence is an increasing function of R0, which
implies that the mpoxv model (1) has forward bifurcation property.
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Table 2. Table summarizing model parameter values (1).

Parameter Baseline (Range) Units Sources

Nh 1.8× 108 (1.2× 108–2.2× 108) Persons [3,40]
Nr 0.01× Nh Rodents Assumed
µh 0.000045 (0.00003–0.00006) Per day [3,40]
µr 0.002 (0.001–0.006) Per day [41]
πh 2500 (1000–5000) Per day [3,24,42]
πr 0.5 (0–1) Per day [3,43,44]

ρ 0.8 (0–1) Per day [45]
v 0.045 (0–1) Dimensionless Estimated

βhh 0.03 (0.01–0.5) Per day Estimated
βrh 0.3045 (0.1–0.8) Per day Estimated
βrr 0.025 (0.01–0.5) Per day Estimated

α 0.75 (0–1) Dimensionless [5]
η 0.8 (0–1) Dimensionless [5]

σh 0.033 (0.01–0.2) Per day [44]
σr 0.0083 (0.0023–0.031) Per day [44]
ω 0.0042 (0.002–1) Per day [5]
θ 0.021 (0.01–0.1) Per day Estimated

k1 0.2 (0.1–0.5) Per day Estimated
k2 0.4 (0.3–0.5) Per day Estimated
τ1 0.048 (0.001–0.075) Per day [5]
τ2 0.05 (0.001–0.075) Per day [5]
τ3 0.056 (0.001–0.075) Per day [5]
τr 0.083 (0.01–0.25) Per day [44]
δi 0.0011 (0.001–0.025) Per day [5]
δh 0.001 (0.001–0.025) Per day [5]
δr 0.057 (0.012–0.085) Per day [44]

4. Numerical Results
4.1. Model Prediction

We used the prior approach outlined in [35] to validate model (1) utilizing mpoxv
surveillance data produced and released by the NCDC in [23]. Using the R statistical
software, Pearson’s chi-square and the least square method are used for fitting the data
using the R (version 4.2.1). The model is validated using actual mpoxv scenarios for cases
from 1 January to 27 August 2022 (specifically for 35 epidemiological weeks). The model
suited well to the mpoxv situation report in Nigeria using suitable biological parameters
according to the results. This shows that the model can be used to understand the spread
of mpoxv in the community. The total number of cases for 35 epidemiological weeks in the
fitting findings of mpoxv confirmed cases are depicted in Figure 2.

We obtained demographic biological parameters for mpoxv in Nigeria from [40]. We
also computed other related demographic parameters, including π and µ. π is evaluated
as 8100 per day. Given that, as of last year, the predicted life expectancy in Nigeria was
60.87 each year, indicating that µ = 1

60.87×365 per day= 4.5× 10−5 per day. Other than
that, everything is set as in Table 2. It is crucial to comprehend that poor resource settings
produced most of the mpoxv cases in Nigeria. Figure 2 shows the model-fitting result for
35 epidemiological weeks (i.e., from January through August 2022). The initial conditions
employed are given: Sl(0) = 12× 107, Sh(0) = 6× 107, Eh(0) = 2000, P(0) = 70, I1(0) = 2,
I2(0) = 1, H(0) = 1, Rh(0) = 0, Sr(0) = Sh(0)× 10−2, Er(0) = 800, Ir(0) = 16, Rr(0) = 2.
Moreover, from the prediction result, we observed that the mpoxv cases had reached an
all-time peak since 2022, suggesting timely intervention to curtail the spread of the mpoxv
outbreak in Nigeria.
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Figure 2. The outcome of model fittings for the mpoxv outbreak in Nigeria. The black dots represent
the real mpoxv scenario, and the purple curve represents the mpoxv model’s prediction.

4.2. Numerical Simulations

In this part, we analysed the model numerically to gain a profound understanding
of the dynamic behaviour of the model. The classical model (1) is numerically simulated
in this part using the biological parameters specified in Table 2. In order to solve the
nonlinear model depicted in the model (1). The numerical findings are presented using first-
order convergent numerical techniques. The numerical method used to solve differential
equations of integer order is precise, conditionally stable, and convergent. Based on factors
that are treated as variables, we were able to provide the graphical results.

We conducted numerical simulations to examine some key model parameters and
evaluate the dynamics of each compartment. We examined the dynamics of the model
compartments and found that several vital parameters substantially impact whether the
mpoxv increases or decreases. These variables can also provide insight into how to lessen
transmissions, such as by reducing the dangers to the most susceptible groups and the
number of sick people. Additionally, understanding these quantities helps us better under-
stand the contagiousness of a particular infection and how changes in the environment and
certain interventions can affect it. In order to achieve this, the individual compartments’
dynamic features are represented in Figure 3. Simulation results showing the effect of
the rate of infectiousness in humans θ moving from I1 to I2 are depicted in Figure 4a,b
with some varying values, which shows increasing and decreasing patterns at some points.
Moreover, the model was simulated to show the impact of hospitalisation rate parameters
k1 on I1 and H, and k2 on I1 and H in Figure 4c–f, respectively. The transmission rates
and probability are simulated with some varying values on the compartments Sr, Er, Ir,
in Figure 4g–i, respectively. The behaviour of the rate at which mpoxv progresses, ω, from
P to I1, is shown n the compartments P to I1 in Figure 4i,j.
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Figure 3. Simulation results portraying the mpoxv dynamics of the individual compartments of the
governing model (1).

0 1 2 3 4 5

t

0

20

40

60

80

100

120

140

160

180

I 1

=0.021

=0.210

=0.0021

(a)

0 1 2 3 4 5

t

0

5

10

15

20

25

30

35

40

I 2

=0.021

=0.210

=0.0021

(b)

0 1 2 3 4 5

t

0

50

100

150

200

250

I 1

k
1
=0.20

k
1
=0.02

k
1
=0.29

(c)

0 1 2 3 4 5

t

0

1

2

3

4

5

6

7

8

9

I 2

k
2
=0.4

k
2
=0.04

k
2
=0.49

(d)

0 1 2 3 4 5

t

0

20

40

60

80

100

120

H

k
1
=0.2

k
1
=0.02

k
1
=0.29

(e)

0 1 2 3 4 5

t

0

10

20

30

40

50

60

70

80

90

H

k
2
=0.4

k
2
=0.004

k
2
=0.499

(f)

Figure 4. Cont.



Mathematics 2023, 11, 1121 18 of 21

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

t

3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

5

S
r

10
5

rr
=0.025

rr
=0.25

rr
=0.35

(g)

0 1 2 3 4 5

t

40

50

60

70

80

90

100

E
r

rr
=0.025

rr
=0.250

rr
=0.030

(h)

0 1 2 3 4 5

t

16

18

20

22

24

26

28

30

32

I r

rr
=0.025

rr
=0.002

rr
=0.030

(i)

0 1 2 3 4 5

t

50

100

150

200

250

300

P

=0.60

=0.76

=0.06

(j)

0 1 2 3 4 5

t

0

20

40

60

80

100

120

140

160

I 1

=0.60

=0.76

=0.06

(k)

Figure 4. Patterns of the model’s compartments based on varying some crucial parameters to show
the overall transmission behaviour of mpoxv.

4.3. Sensitivity Analysis

In this subsection, sensitivity analysis is scrutinised to determine the powerful impact
and influence of various parameters on mpoxv transmission in Nigeria. The sensitivity
analysis of (1) with R0 and infectious attack rate as response functions were revealed
using the partial rank correlation coefficient (PRCC); see Figure 5. This technique has
been widely used previously [46,47]. Our study outcomes imply βhh and ω parameters
are the most sensitive parameters of the model, necessitating close monitoring to reduce
mpoxv transmission in Nigeria and other countries with similar settings. The diagrammatic
representation of the PRCC in terms ofR0 and infectious attack rate is depicted in Figure 5.
The parameter values in Table 1 are employed to perform the job.
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Figure 5. The infectious attack rate in connection to model parameters and the partial rank correlation
coefficient of R0. The bars show the 95% confidence interval, while the dots show the calculated
correlation. Table 2 summarises the values of the parameters employed.

5. Concluding Remarks

The current spread of mpoxv in endemic and non-endemic countries appears to be
strikingly different from previous epidemics, with a disproportionate number of cases in
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MSM [2,12]. Mpoxv is primarily transmitted from animals to humans in most endemic
countries, such as Nigeria [2,11,23]. In this research, we proposed an epidemiological
modelling approach to examine the transmission of mpoxv considering high-and low-risk
susceptible populations. The model also considered the prodromal phase, mild and severe
infection stages for mpoxv, as well as the role of hospitalisation to assess the prevailing
mpoxv infection in Nigeria. The model fitted well to the Nigerian case scenarios to assess
the current mpoxv situation, which would enhance mpoxv control, especially in West
Africa, where the disease has been endemic for a long time.

We rigorously analysed the model mathematically and obtained some crucial threshold
dynamics, such as theR0, which can be used to assess the effect of mpoxv control strategies.
Subsequent theoretical analysis also revealed that the DFE of the model is GAS whenR0
is less than or equal to unity and unstable when it is greater than 1. We also found that
the EE is GAS whenR0 is greater than 1, indicating the potential for mpoxv to spread in
a community.

Moreover, the plausibility of the occurrence of bifurcation in the current model was in-
vestigated theoretically, and we found that forward bifurcation likely exists (see Section 3.4
for more detail). Consequently, forward bifurcation in the present model indicates the DFE
and EE exchange stability atR0 = 1. That is, forward bifurcation exists in the current model
at R0 = 1, and an endemic equilibrium exists (which is GAS under certain conditions
as stated in Theorem 2) whenR0 > 1. By epidemiological implication, the infection will
persist in a community if the average number of newly infected individuals is greater
than 1. Hence, we observed that the stability behavior of the current model changes (from
stable to unstable) around the endemic equilibrium when the bifurcation parameter βhh
varies [48,49].

Results from our simulations suggest that the risk of a mpoxv outbreak remains high,
especially in high-risk areas without intervention. This includes rural communities where
the interaction of humans and rodents is more prevalent [7,17]. In particular, the broader
populace could be at risk if transmission rates rise among high-risk groups. In the event of
such a situation brought on by virus evolution, isolation of symptomatic cases may not be
sufficient to stop the spread. Case detection and contact tracking in high-risk groups would
become crucial techniques to avoid bridging from high-risk to low-risk groups. Addition-
ally, areas with a higher percentage of MSM may face greater dangers and need stricter
public health measures, such as contact tracing and isolation. Monitoring the prevalence
of mpoxv in animals is essential to indicate the likelihood of mpoxv outbreaks since the
virus’ transmission is tightly linked to seasonal fluctuations in animal host abundance and
activity level [5].

We also investigated sensitivity analysis using the partial rank correlation coefficient
to determine the powerful impact and influence of various model parameters on mpoxv
transmission in Nigeria. Our sensitivity analysis results (withRh

0 and infection attack rate as
response functions) show that the parameters βhh and ω are the most sensitive parameters.
Indicating that reducing mpoxv transmission in Nigeria and other nations with similar
settings requires constant monitoring as well as awareness campaigns, especially in poor
resource areas.

Our findings also provided a deeper understanding of the trends and mechanisms that
influence mpoxv spread in Nigeria. Environmental sanitisation, particularly in high-risk
locations, is required since mpoxv is a zoonotic illness with humans living in low-resource
settings being the most vulnerable. This will effectively minimise the morbidity and mor-
tality of the disease. As the mpoxv transmission is presumably driven by ecological factors
with rodents as the principal host; thus, we plan to investigate the effect of seasonality
on the overall mpoxv transmission. We suggest that to earn sufficient mpoxv prevention
and mitigation, extensive research on mpoxv, the supply of enough medical resources,
and awareness programs are essential. Finally, our model can be extended to incorporate
seasonality in order to investigate further the influence of seasonality and rodent-driven
factors for the transmission of mpoxv in Nigeria.



Mathematics 2023, 11, 1121 20 of 21

Author Contributions: Methodology, S.S.M.; Software, S.S.M. and A.Y.; Validation, M.M.A.-S.;
Formal analysis, M.M.A.-S., S.S.M. and A.Y.; Investigation, M.M.A.-S. and A.Y.; Data curation, S.S.M.;
Writing—review & editing, A.Y.; Supervision, M.M.A.-S. All authors have read and agreed to the
published version of the manuscript.

Funding: This research work was funded by Institutional Fund Projects under grant no. (IFPIP:
773-130-1443). The authors gratefully acknowledge technical and financial support provided by the
Ministry of Education and King Abdulaziz University, DSR, Jeddah, Saudi Arabia.

Informed Consent Statement: Not applicable.

Data Availability Statement: All data utilised in this study were obtained from public sites.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Sherrard-Smith, E.; Hogan, A.B.; Hamlet, A.; Watson, O.J.; Whittaker, C.; Winskill, P.;Ali, F.; Mohammad, A.B.; Uhomoibhi, P.;

Maikore, I.; et al. The potential public health consequences of COVID-19 on malaria in Africa. Nat. Med. 2020, 26, 1411–1416.
[CrossRef] [PubMed]

2. World Health Organization. Monkeypox. Key Facts. 2022. Available online: https://www.who.int/news-room/fact-sheets/
detail/monkeypox#:~:text=Monkeypox%20is%20usually%20a%20self,material%20contaminated%20with%20the%20virus (ac-
cessed on 12 October 2022).

3. Musa, S.S.; Yusuf, A.; Bakare, E.A.; Abdullahi, Z.U.; Adamu, L.; Mustapha, U.T.; He, D. Unravelling the dynamics of Lassa fever
transmission with differential infectivity: Modeling analysis and control strategies. Math. Biosci. Eng. 2022, 19, 13114–13136.
[CrossRef] [PubMed]

4. Asamoah, J.K.; Jin, Z.; Sun, G.Q. Non-seasonal and seasonal relapse model for Q fever disease with comprehen-sive cost-
effectiveness analysis. Results Phys. 2021, 22, 103889. [CrossRef]

5. Yuan, P.; Tan, Y.; Yang, L.; Aruffo, E.; Ogden, N.H.; Bélair, J.; Heffernan, J.; Arino, J.; Watmough, J.; Carabin, H.; et al. Assessing
transmission risks and control strategy for monkeypox as an emerging zoonosis in a metropolitan area. J. Med. Virol. 2022, 95,
e28137. [CrossRef]

6. Kupferschmidt, K. Why monkeypox is mostly hitting men who have sex with men. Science 2022, 376, 1364–1365. [CrossRef]
7. Du, Z.; Shao, Z.; Bai, Y.; Wang, L.; Herrera-Diestra, J.L.; Fox, S.J.; Ertem, Z.; Ertem, Z.; Lau, E.H.Y.; Cowling, B.J. Reproduction

number of mon-keypox in the early stage of the 2022 multi-country outbreak. J. Trav. Med. 2022, 29, taac009. [CrossRef]
8. Cowling, B.J.; Fang, V.J.; Riley, S.; Peiris, J.M.; Leung, G.M. Estimation of the serial interval of influenza. Epidemiology 2009, 20, 344. [CrossRef]
9. Zhao, S. Estimating the time interval between transmission generations when negative values occur in the se-rial interval data:

Using COVID-19 as an example. Math. Biosci. Eng. 2020, 17, 3512–3519. [CrossRef]
10. Haider, N.; Guitian, J.; Simons, D.; Asogun, D.; Ansumana, R.; Honeyborne, I.; Velavan, T.P.; Ntoumi, F.; Valdoleiros, S.R.; Petersen,

E.; et al. Increased outbreaks of monkeypox highlight gaps in actual disease burden in Sub-Saharan Africa and in animal reservoirs.
Int. J. Infect. Dis. 2022, 122, 107–111. [CrossRef]

11. Centers for Disease Control and Prevention. Monkeypox. 2022. Available online: https://www.cdc.gov/poxvirus/monkeypox/
index.html (accessed on 29 November 2022).

12. Endo, A.; Murayama, H.; Abbott, S.; Ratnayake, R.; Pearson, C.A.; Edmunds, W.J.; Fearon, E.; Funk, S. Heavy-tailed sexual con-tact
networks and monkeypox epidemiology in the global outbreak. Science 2022, 2022, eadd4507.

13. Akhmetzhanov, A.R.; Ponce, L.; Thompson, R.N. Emergence potential of monkeypox in the Western Pacific Region, July 2022. Int.
J. Infect. Dis. 2022, 122, 829–831. [CrossRef] [PubMed]

14. Antinori, A.; Mazzotta, V.; Vita, S.; Carletti, F.; Tacconi, D.; Lapini, L.E.; D’Abramo, A.; Cicalini, S.; Lapa, D.; Pittalis, S.; et al.
Epidemiological, clinical and viro-logical characteristics of four cases of monkeypox support transmission through sexual contact,
Italy, May 2022. Eurosurveillance 2022, 27, 2200421. [CrossRef] [PubMed]

15. Najeeb, H.; Huda, Z. Monkeypox virus: A spreading threat for Pakistan? Ann. Med. Surg. 2022, 79, 103977. [CrossRef] [PubMed]
16. Guo, Z.; Zhao, S.; Sun, S.; He, D.; Chong, K.C.; Yeoh, E.K. Estimation of the serial interval of monkeypox during the early outbreak

in 2022. J. Med. Virol. 2022, 95, e28248. [CrossRef] [PubMed]
17. Musa, S.S.; Abdullahi, Z.U.; Zhao, S.; Bello, U.M.; Hussaini, N.; Habib, A.G.; He, D. Transmission Dynamics of Monkeypox Virus

in Nigeria during the Current COVID-19 Pandemic and Estimation of Effective Repro-duction Number. Vaccines 2022, 10, 2153.
[CrossRef] [PubMed]

18. Yuan, P.; Tan, Y.; Yang, L.; Aruffo, E.; Ogden, N.H.; Belair, J.; Arino, J.; Heffernan, J.; Watmough, J.; Carabin, H.; et al. Modelling
vaccination and control strategies of outbreaks of monkeypox at gatherings. medRxiv 2022. [CrossRef]

19. Ogoina, D.; Iroezindu, M.; James, H.I.; Oladokun, R.; Yinka-Ogunleye, A.; Wakama, P.; Otike-Odibi, B.; Usman, L.M.; Obazee, E.;
Aruna, O.; et al. Clinical course and outcome of human monkeypox in Nigeria. Clin. Infect. Dis. 2020, 71, e210–e214. [CrossRef]

20. Ogoina, D.; Izibewule, J.H.; Ogunleye, A.; Ederiane, E.; Anebonam, U.; Neni, A.; Oyeyemi, A.; Etebu, E.N.; Ihekweazu, C. The 2017
human monkey-pox outbreak in Nigeria—Report of outbreak experience and response in the Niger Delta University Teaching
Hospital, Bayelsa State, Nigeria. PLoS ONE 2019, 14, e0214229. [CrossRef]

http://doi.org/10.1038/s41591-020-1025-y
http://www.ncbi.nlm.nih.gov/pubmed/32770167
https://www.who.int/news-room/fact-sheets/detail/monkeypox#:~:text=Monkeypox%20is%20usually%20a%20self,material%20contaminated%20with%20the%20virus
https://www.who.int/news-room/fact-sheets/detail/monkeypox#:~:text=Monkeypox%20is%20usually%20a%20self,material%20contaminated%20with%20the%20virus
http://dx.doi.org/10.3934/mbe.2022613
http://www.ncbi.nlm.nih.gov/pubmed/36654038
http://dx.doi.org/10.1016/j.rinp.2021.103889
http://dx.doi.org/10.1002/jmv.28137
http://dx.doi.org/10.1126/science.add5966
http://dx.doi.org/10.1093/jtm/taac099
http://dx.doi.org/10.1097/EDE.0b013e31819d1092
http://dx.doi.org/10.3934/mbe.2020198
http://dx.doi.org/10.1016/j.ijid.2022.05.058
https://www.cdc.gov/poxvirus/monkeypox/index.html
https://www.cdc.gov/poxvirus/monkeypox/index.html
http://dx.doi.org/10.1016/j.ijid.2022.07.044
http://www.ncbi.nlm.nih.gov/pubmed/35872096
http://dx.doi.org/10.2807/1560-7917.ES.2022.27.22.2200421
http://www.ncbi.nlm.nih.gov/pubmed/35656836
http://dx.doi.org/10.1016/j.amsu.2022.103977
http://www.ncbi.nlm.nih.gov/pubmed/35860147
http://dx.doi.org/10.1002/jmv.28248
http://www.ncbi.nlm.nih.gov/pubmed/36271480
http://dx.doi.org/10.3390/vaccines10122153
http://www.ncbi.nlm.nih.gov/pubmed/36560564
http://dx.doi.org/10.1101/2022.08.12.22278724
http://dx.doi.org/10.1093/cid/ciaa143
http://dx.doi.org/10.1371/journal.pone.0214229


Mathematics 2023, 11, 1121 21 of 21

21. Happi, C.; Adetifa, I.; Mbala, P.; Njouom, R.; Nakoune, E.; Happi, A.; Ndodo, N.; Ayansola, O.; Mboowa, G.; Bed-ford, T.; et al.
Urgent need for a non-discriminatory and non-stigmatizing nomenclature for monkeypox virus. PLoS Biol. 2022, 20, e3001769.
[CrossRef]

22. Peter, O.J.; Kumar, S.; Kumari, N.; Oguntolu, F.A.; Oshinubi, K.; Musa, R. Transmission dynamics of Monkeypox virus: A
mathematical modelling approach. Model. Earth Syst. Environ. 2022, 8, 3423–3434. [CrossRef]

23. Nigeria Centre for Disease Control. Disease Situation Report. 2022. Available online: https://ncdc.gov.ng/diseases/sitreps
(accessed on 1 December 2022).

24. Musa, S.S.; Zhao, S.; Gao, D.; Lin, Q.; Chowell, G.; He, D. Mechanistic modelling of the large-scale Lassa fever epidemics in Nigeria
from 2016 to 2019. J. Theoret. Biol. 2020, 2020, 110209. [CrossRef] [PubMed]

25. Safi, M.A.; Gumel, A.B. Qualitative study of a quarantine/isolation model with multiple disease stages. Appl. Math. Comput. 2011,
218, 1941–1961. [CrossRef] [PubMed]

26. Yang, C.; Wang, X.; Gao, D.; Wang, J. Impact of awareness programs on cholera dynamics: Two modeling ap-proaches. Bull. Math.
Biol. 2017, 79, 2109–2131. [CrossRef] [PubMed]

27. Roop, O.P.; Chinviriyasit, W.; Chinviriyasit, S. The effect of incidence function in backward bifurcation for malaria model with
temporary immunity. Math. Biosci. 2015, 265, 47–64. [CrossRef]

28. Musa, S.S.; Zhao, S.; Chan, H.S.; Jin, Z.; He, D.H. A mathematical model to study the 2014–2015 large-scale den-gue epidemics in
Kaohsiung and Tainan cities in Taiwan, China. Math. Biosci. Eng. 2019, 16, 3841–3863. [CrossRef]

29. Hussaini, N.; Okuneye, K.; Gumel, A.B. Mathematical analysis of a model for zoonotic visceral leishmaniasis. Infect. Dis. Model.
2017, 2, 455–474. [CrossRef]

30. Van den Driessche, P.; Watmough, J. Reproduction numbers and sub-threshold endemic equilibria for com-partmental models of
disease transmission. Math. Bosci. 2002, 180, 29–48. [CrossRef]

31. Van den Driessche, P. Reproduction numbers of infectious disease models. Infect. Dis. Model. 2017, 2, 288–303. [CrossRef]
32. Diekmann, O.; Heesterbeek, J.A.; Metz, J.A. On the definition and the computation of the basic reproduction ratio R 0 in models

for infectious diseases in heterogeneous populations. J. Math. Biol. 1990, 28, 365–382. [CrossRef]
33. Usman, S.; Adamu, I.I. Modeling the transmission dynamics of the monkeypox virus infection with treatment and vaccination

interventions. J. Appl. Math. Phys. 2017, 5, 2335. [CrossRef]
34. LaSalle, J.P. The Stability of Dynamical Systems, Regional Conference Series in Applied Mathematics; SIAM: Philadephia, PA, USA, 1976.
35. Musa, S.S.; Hussaini, N.; Zhao, S.; Daihai, H. Dynamical analysis of chikungunya and dengue co-infection model. Disc. Cont. Dyn.

Syst.-B 2019, 22, 1–27. [CrossRef]
36. Shuai, Z.; Van den Driessche, P. Global stability of infectious disease models using Lyapunov functions. SIAM J. Appl. Math. 2013,

73, 1513–1532. [CrossRef]
37. Musa, S.S.; Baba, I.A.; Yusuf, A.; Sulaiman, T.A.; Aliyu, A.I.; Zhao, S.; He, D. Transmission dynamics of SARS-CoV-2: A modeling

analysis with high-and-moderate risk populations. Res. Phys. 2021, 26, 104290. [CrossRef] [PubMed]
38. Castillo-Chavez, C.; Song, B. Dynamical model of tuberculosis and their applications. Math. Biosci. Eng. 2004, 1, 361–404.

[CrossRef]
39. Carr, J. Applications of Centre Manifold Theory; Springer: New York, NY, USA, 1981.
40. Statista, Global No.1 Data Platform. 2022. Available online: https://www.statista.com/ (accessed on 6 December 2022).
41. Sengupta, P. The laboratory rat: Relating its age with humans. Int. J. Prev. Med. 2013, 4, 624–630.
42. World Bank, Data, Population Website. Available online: https://data.worldbank.org/indicator/SP.POP.TOTL?locations=NG

(accessed on 6 December 2022).
43. Ojo, M.M.; Gbadamosi, B.; Benson, T.O.; Adebimpe, O.; Georgina, A.L. Modeling the dynamics of Lassa fever in Nigeria. J.

Egyptian Math. Soc. 2021, 29, 1185. [CrossRef]
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