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Abstract: This paper investigates the observer-based non-fragile output feedback tracking control
problem for nonlinear networked systems with randomly occurring gain variations. The considered
nonlinear networked systems are represented by a Takagi-Sugeno (T-S) fuzzy model. The dynamical
quantization methodology is employed to achieve the reasonable and efficacious utilization of the
limited communication resources. The objective is to design the observer-based non-fragile output
feedback tracking controller, such that the resulting system is mean-square asymptotically stable
with the given H tracking performance. Based on the descriptor representation strategy combined
with the S-procedure, sufficient conditions for the existence of the desired dynamic quantizers and
observer-based non-fragile tracking controller are proposed in the form of linear matrix inequalities.
Finally, simulation results are provided to show the effectiveness of the proposed design method.

Keywords: nonlinear networked systems; T-S fuzzy model; dynamic quantization; non-fragile
tracking control
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1. Introduction

In the last two decades, increasing attention has been paid to analysis and design prob-
lems for networked systems. The main reason for this trend is that the networked systems
have been successfully applied in a great variety of modern industrial processes, such as
intelligent manufacturing, industrial automation, and unmanned vehicles [1]. However, in
networked systems, bandwidth-limited communication networks are utilized to realize the
exchange of information between each component. Therefore, an interesting problem in
networked systems is how to achieve the reasonable and efficacious utilization of limited
communication resources. In the existing research results, the quantization methodology
was regarded as an effective way to deal with the above problem. Two quite different
methodologies for the analysis and synthesis of networked systems with quantization can
be found in the literature, i.e., static quantization methodology and dynamical quantiza-
tion methodology. Using the static quantization methodology, many important advances
have been achieved using different techniques in recent decades, e.g., [2-4] and references
therein. However, in the static quantization methodology, the quantizer is memoryless,
which means that only the practical stability of the resulting system can be ensured with
a finite number of quantization levels. In the dynamical quantization methodology, the
quantizer is dynamic and time-varying, which means that the asymptotical stability of the
resulting system can be ensured with a finite number of quantization levels. Therefore, the
dynamic quantization methodology is more general. A number of significant results have
been reported for the dynamic quantization methodology. These include the stabilization
problem, which was addressed in [5], the state feedback H control problem, which was
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studied in [6], the event-triggered sliding-mode control problem, which was considered
in [7], a novel Ho control strategy with an online adjusting strategy, which was proposed
in [8], and the output feedback stabilization and H problems, which were investigated
in [9].

The Takagi-Sugeno (T-S) fuzzy model strategy was considered a laconic and efficient
approach to deal with the analysis and design problems for nonlinear systems. In the
T-S fuzzy model strategy, the nonlinear systems can be approximated as local linear time-
invariant models connected by IF-THEN rules. In this way, the approach to classical linear
systems can be utilized to deal with the analysis and design problems of the concerned
nonlinear control systems [10]. The study of nonlinear systems based on the T-S fuzzy
model strategy can be traced back to the publication of the pioneering work developed by
Takagi and Sugeno in 1985 [11]. Subsequently, more researchers have shown their great
research interest in investigating nonlinear systems based on the T-S fuzzy model strategy,
and many noticeable results have been published, see, e.g., [12-16] and references therein.
Based on the T-S fuzzy model strategy, a number of interesting results on nonlinear
networked systems have been reported, see, e.g., [17-19] and references therein. For
nonlinear networked systems with static quantization, some interesting results have been
reported based on the T-S fuzzy model strategy in [20-22]. Based on T-S fuzzy model
strategy, various control strategies were developed for nonlinear networked systems with
dynamic quantization in [23-26] and the filter design problem was addressed for nonlinear
networked systems with dynamic quantization in [27,28].

In addition, as one of the most significant problems in control theory and control
engineering, tracking control has been extensively investigated by scientists and engineers
because of its successful applications in a number of different areas, e.g., high-precision
machine tools, the aerospace industry, and sophisticated weaponry. The most important fea-
ture of tracking control is that the designed tracking controller not only ensures the stability
of the resulting system but also achieves the prescribed tracking performance. In recent
decades, tracking control problems have received growing attention and numerous mean-
ingful results have been reported. In [29-31], the tracking control problem was addressed
for linear networked systems. By utilizing the T-S fuzzy model strategy, the tracking
control problem was addressed for nonlinear systems and nonlinear networked systems
in [32-34] and [35-37], respectively. Based on the T-S fuzzy model strategy, the dissipative
tracking control and the event-triggered tracking control problems were addressed for non-
linear networked systems with static quantization in [38] and [39], respectively. Recently,
in the presence of dynamic quantization, the event-triggered tracking control problem was
investigated for nonlinear networked systems via the T-S fuzzy model strategy in [40].

Regarding the aforementioned results on tracking control, the tracking controllers
are assumed to be implemented exactly and do not involve parametric gain variations.
However, as pointed out in [41], the parametric gain variations in the tracking controller
are unavoidable in engineering. This is mainly because the word length of the digital
processors is finite [42]. As a result, a challenging and significant problem in the study
of tracking control problems is to design a non-fragile tracking controller, i.e., a tracking
controller with parametric gain variations. Recently, the study of non-fragile tracking
control problems for T-S fuzzy systems has also received some attention. The non-fragile
output feedback tracking control problem was considered for uncertain Markov jump
fuzzy systems in [43]. In [44], the non-fragile tracking control strategy was proposed for a
spacecraft with external disturbances based on the T-S fuzzy model approach. The non-
fragile tracking control problem was addressed for bilinear Takagi-Sugeno fuzzy systems
with uncertainties and disturbances in [45]. However, to date, few attempts have been
made to study observer-based non-fragile Ho, output feedback tracking control designs
for T-S fuzzy systems with dynamic quantization and randomly occurring gain variations,
which motivated this study.

In this paper, based on the T-S fuzzy model strategy, the observer-based non-fragile
He output feedback tracking control problem was addressed for nonlinear networked sys-
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tems with dynamic quantization. The main contributions of this paper can be summarized
as follows.

(1). Based on the T-S fuzzy model strategy, the observer-based non-fragile H out-
put feedback tracking control problem is studied for nonlinear networked systems with
dynamic quantization and randomly occurring gain variations.

(2). In order to achieve the reasonable and efficacious utilization of the limited commu-
nication resources, the dynamical quantization methodology with online adjusting strategy
is employed.

(3). By utilizing the descriptor representation approach, a co-design strategy for
the desired non-fragile observer-based output feedback tracking controller and dynamic
quantizers was proposed in terms of linear matrix inequalities.

Notations: The notations utilized in this paper are standard. The nation * denotes a
term that is induced by symmetry. The nation diag{- - - } represents a block-diagonal matrix.
The superscripts “T” and “—1" denote the matrix transposition and its inverse. I and 0
represent the identity matrix and zero matrix with appropriate dimensions, respectively.
Pr{-} denotes the occurrence probability of the event “-”. He{W} refers to W + WT.
E{a(t)} denotes for the expectation of the stochastic variable a(t). |-| represents the
standard Euclidean norm. R™*" indicates the set of all real matrices of dimension m X n.
L,[0, o0) is the space of square-integrable vector functions over [0, o).

2. Problem Formulation

The block diagram of the non-fragile H output feedback tracking control problem
addressed in this paper is depicted in Figure 1. In the following, we shall introduce the
T-S fuzzy model, reference model, observer-based output feedback tracking controller,
dynamic quantizers, and resulting system, respectively.

Figure 1. The block diagram of nonlinear networked systems.

2.1. T-S Fuzzy Model

The following continuous-time T-S fuzzy model will be utilized to model the consid-
ered nonlinear networked systems, and the /th rule is presented as follows:

Plant Rule ! : TF gq(t) is S1;, and ¢2(t) is Sy and, ...,
and ¢ (t) is Sj¢

THEN x(t) = A;x(t) + Bjuy (t) + Dyv(t)
y(t) = Cx(t)
where x(t) € R™ stands for the state variable, u,(t) € R" indicates the control input,

y(t) € R means the measured output, and v(f) € R™ is the noise input that is assumed
to be the arbitrary signal in L,[0, ). S;3 (! =1,2,...,m, A = 1,2, ..., 7) is utilized

)
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to indicate the fuzzy sets, g(t) = [g1(t), G2(t), ..., ¢ (t)] is used to denote the premise
variable, m stands for the number of the fuzzy rules. The matrices A;, B;, C;, and D; stand
for given system parameters.

The basis functions for the fuzzy system (1) can be formulated as

ITi—1 Sia(ga(t))

x1(g(t)) = 2
He(t) Uit IT=1 Sia(sa(t)) @
where S (g (t)) is the grade of membership function of ¢, (t) in S;.
According to the basis functions given in (2),
m
x(g(t)) >0, le(g(t)):l,lzl, 2,...,m (3)
I=1
The T-S fuzzy model (1) can be inferred as follows:
x(t) = A(x)x(t) + B(x)uy (t) + D(x)v(t) @

where

2.2. Reference Model

For the non-fragile output feedback tracking control problem investigated in this
paper, we proposed the following reference model

(1) = AE() + B2 (1)
y(t) = Cex(t)
where X(t) € R"* represents the state variable of the reference model, () € R denotes

the bounded reference input, and () € R" stands for the output of the reference model.
Ag, Bz, and C; are given matrices and A¢ is a Hurwitz matrix.

Q)

2.3. Observer-Based Output Feedback Tracking Controller

As in [10,12,15], the parallel distributed compensation strategy will be employed
in this paper. In this case, the non-fragile observer for the fuzzy system in (4) can be

constructed as
Xe(t) = A(r)xe(t) + B(x)u(t)
+ (L(x) + BL(t)EL(x)) (v (t) — ye(t)) (6)
Ye(t) = C(i)xe(t)

where x,(t) € R™ denotes the state of the observer; y,(t) € R" and y.(t) € R" represent
the quantized measured output of the plant and the output of the observer, respectively.

m
L(x) = ¥ x4(c(t))Lg, Ly € R™* ™, g =1, 2, ..., mstand for the observer gains. Z; (k) =
q=1
m
X1(x)AL(t)Yy, stands for the gain perturbation matrix, Xi(x) = ¥ x4(c(t))Xr, and Y
q=1

are given matrices; Ay (t) is an uncertain matrix and satisfies AT (t)Ar(t) < I. BL(t)isa
Bernoulli stochastic variable that satisfies

Pr{Br(t) =1} = B, Pr{pr(t) =0} =1—p;

where B = E{BL(t)} is a given constant.
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The non-fragile observer-based tracking controller considered in this paper is given as

follows:
u(t) = (G(x) + B (t)Eg (x))xe(t) )
+ (S(x) + Bs(t)Es(x)) X, (t)

where G(x) = f k5(c(t))Gq, Gy € R"*™, g =1,2, ..., m,and S(x) = g Kq(c(t))Sq,
g=1 9=1

Sq € R"*"s, g = 1,2, ..., mare the controller gains. Eg(x) = X¢(x)Ag(t)Ys and

m
Es(x) = Xs(x)As(t)Ys stand for the gain perturbation matrices, X (x) = L x4(c(t))Xc,,
q=1

m
Xs(x) = ¥ rq(¢(t))Xs,, Y6, and Y5 are given matrices, Ag(t) and Ag(t) are uncertain
q=1

matrices and satisfy AL (t)Ag(t) < I and AL(t)Ag(t) < I, respectively. B (t) and Bs(t) are
two independent Bernoulli stochastic variables that satisfy

Pr{Bg(t) =1} = Bg, Pr{Bc(t) =0} = B¢
Pr{Bs(t) =1} = Bs, Pr{Bs(t) =0} = Bs

where B = E{B(t)} and Bs = E{Bs(t)} are two given constants.

Remark 1. It should be noted that the observer-based tracking control scheme employed in this
paper is more general than the one used in [32,33,35]. One of the main reasons for this is that
the adopted observer in (6) and controller in (7) are non-fragile with randomly occurring gain
variations. Furthermore, in order to simplify the analysis process, the control inputs of the observer
and the system are often assumed to be the same in the study of observer-based output feedback
tracking control for networked systems (see, e.g., [35]). However, the above assumption may not
suit networked systems regarding the existence of the communication networks. In this paper, we
consider that the control input of the observer in (6) and the control input of the system in (4) are
different (see, Figure 1), which is a more general assumption in networked systems.

2.4. Dynamic Quantizers

In this paper, u (t), y,(t), and X, (t) represent the quantized signals of u(t), y(t), and
X(t), i.e., the outputs of the following three dynamic quantizers, which are defined as

zy(t) ij(f)ﬂz(ff%), z=u,y % 8)

As in [5-9], j:(t) > 0 denotes a dynamic parameter and 7. (z(t)/j.(t)) stands for a
static quantizer that satisfies

ofilem () oo
IF ]ZZ((?)‘ > M,, THEN m(ffé)))' > M, — A, (10)

Here, A, represents the quantization error bound and M, represents the quantization
range of the quantizer 77, (z(t)/jz(t)).
Moreover, the quantized signals u;(t), y;(t), and X; () can be expressed as
zy(t) = ¥:(t) +z(t), z=u, y, ¥ (11)

where ¢, (t) = j.(t) (TIz (Z((tt))) - ]Zz((tt)) )

Remark 2. In this paper, the dynamical quantization methodology developed in [5] is employed to
reduce the data transmission burden of the communication network from the plant and the reference
model to the controller and from the controller to the plant. Moreover, as pointed out in [9,23,40],
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an infinite number of quantization levels is necessary to guarantee the asymptotical stability of the
resulting system in the static quantization methodology due to the inherent time-invariant quality
of the static quantizer. In the dynamical quantization methodology considered in this paper, the
quantization levels can be dynamically scaled to increase the region of attraction and reduce the
steady-state limit cycle, which means that the asymptotical stability can be guaranteed under a finite
number of quantization levels. As a result, in contrast with the static quantization methodology

employed in [3,38,39] and references therein, the dynamical quantization methodology utilized in
this paper is more general.

2.5. Resulting System
By substituting (11) into (4) and defining x4(t) = x(t) — x(t),

tp(t) = (A(x) = L(xk)C(x) — BL(t)EL(Kk)C (1)) xp(t)
( () + BL()3L(x)) ¢y (¢) (12)
+ B(k)¢u(t) + D(x)v(t)

In order to utilize the descriptor representation strategy, we can rewrite the control
input u(t) as

S(x) (13)
)

By defining &' (t) = [xT(t) x,(t) 27 (t) uT(t)], v (t) = [T (t) ¢T(1)], and ye(t) =
y(t) — y(t), the resulting system in the descriptor form can be represented as follows:
Be(t) = (Ao + Bu(t) Ay + Bo (D) Ac + Bs () Ag)
xe(t) + (Qy+B(t)Qy )y () + (Qs
+Bs(1)Qz ) ¥s(t) + Quipult) + Bue(t)
ye(t) = Ce(t)

(14)

where B (t) = BL(t) — B, B (t) = Bc(t) — Bg, Bs(t) = Bs(t) — Bs,C = [C(x) 0 —Cz 0],

and

I 000 0 B(x)
|0 T 00 —L(x) — BLEL(x) B(x)

E - 0 0 I 0 /Qy - 0 Qll - 0 7
0 0 0O 0 0
[ A(x) O 0 B(x) 0

~ | 0 8m 0 0 |5 | o0

A= 0 0 4 o |['<T] o0 |
| 0i1  —0u g I Es(x)
[0 0 0 0 0

~ | 0 =Er(x)C(xk) 0 0 | ~ —Er(x)

A= 0 00| w= 0 ’
0 0 00 0
[0 0 00 D(x) 0

- 0 0 00|45 |Dx o

A=1 9 o oo P o B
L EG(K) —EG(K) 0 0 0 0
0 0 0 0 0

~ 0 0 0 0 0
L0 0 Es(x) O () + BsEs(x)

62 = A(x) — L(x)C(x) — BLEL(k)C(k), 011 = G(x) + BcEc (), 043 = S(x) + BsEs(x)
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Before we present the objective of this paper, the following definition will be given.

Definition 1 ([16]). It can be concluded that the resulting system (14) is asymptotically stable in
the mean-square sense, if

: 2] _
fm {0} =0
is satisfied for any initial conditions with ve(t) = 0.

The purpose of this paper is to design the non-fragile observer in (6), the non-fragile
tracking controller in (7), and the dynamic quantizers in (8) such that the resulting system
in (14) satisfies the following two tracking requirements.

(1) The resulting system in (14) is mean-square asymptotically stable with v,(t) = 0.

(2) The given H tracking performance o > 0 can be guaranteed for all ve(t) # 0 with
the zero-initial conditions, i.e., the tracking error y(t) satisfies

/Ot’ T (1)ye(t)dt < o2 /O't’ VT (8)ve(b)dt

where t, > 0 is the final time.
The following lemma plays a critical role in deriving the central results of this paper.

Lemma 1 ([17,20]). For real matrices Xo = Xg , X1, Xo, and X3 with appropriate dimensions,
then, we can obtain that Xo + X1X2X5 + XIXIXT < 0is true for all XIX, < I, if and only if
Xo +d~ X XT + dXTX5 < 0 s satisfied for a positive scalar d > 0.

3. Main Results
3.1. Tracking Performance Analysis

In this subsection, the problem of H tracking performance analysis will be addressed.
More specifically, we assume that the gains in the non-fragile observer in (6) and the
non-fragile tracking controller in (7) are known; then, the sufficient conditions will be
established in the following theorem to ensure the mean-square asymptotical stability and
the given H« tracking performance for the resulting system in (14).

Theorem 1. Consider the fuzzy system in (4), the reference model in (5), the observer-based non-
fragile tracking controller in (7), and the dynamic quantizers in (8). For given scalars By, Bg, Bs,
Az, and Mz, z = u, y, X, the resulting system in (14) is asymptotically stable in the mean-square
sense and the prescribed Heoo performance ¢ > 0 can be guaranteed with the online adjusting
strategies for the dynamic parameters j,(t) as

flz(B)] < jo(8) <2fefz(8)], z=u, y, X. (15)

If there exist matrix P > 0 and scalars b, > 0, f, > 0 satisfying

M,—1/f,>0,z=u,y, X (16)
PE=E'PT >0 (17)
le * :|
<0 18
{ Zn Zp 18

where Z11 = PA, + AZPT +CTC,

Zn = [PQy PQz PQu PB byZT byZ% buzf ]T,
222 = —dﬂlg{ byl, bf[, bul, (% I, byl, bf[, bllI },

2, =100 0 2], Zy = [2f,A,C(x) 0 0 0], and Tz = [0 0 2fzA¢l 0].
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Proof. Firstly, for v¢(t) = 0, we will show that the resulting system in (14) is mean-square
asymptotically stable with the online adjusting strategies in (15) if the conditions in (16)—(18)

are satisfied.
Based on the results proposed in [23,28], the following inequalities can be obtained

from (9), (15), and (16):
Af20zN(02(0) — 9z (9:(H) 20, z=u, y, % (19)
which can be expressed as
ET(t)ﬁZE(t) >0,z=u,y, X (20)
where &(t) = [e"(t) ¥y (1) pi(t) pi (1],
Hy=[Zu 00 0]7[Z, 00 0] —daig{0, 0,0, I},
Hy=[Zy 00 0]'[Z, 0 0 0] —daig{0, , 0,0},
Hz =12 00 0]T[Z¢ 0 0 0] —daig{0,0, I, 0}.
For the resulting system (14), the Lyapunov function can be formulated as

V(e(t)) = €' (t)PEe(t), PE=E"PT >0 (21)

then, we have

=E{e"(t)PEe(t) + ¢T () ETPTe(t) }
::E{&Kﬂp(ci-+ﬁm>Ab+ﬁcu> +Bs(H) A,

xe(t) + (Qy +BL(h)Qy )y (1) + Qe+ Bs(1)Os

< 9s(t) + Qup®) + (A + LAy + B (DA

+Bs(1)Aq)e(t) + (Qy + BLHQy )9y () + (Qe @
+Bs(H)05 ) e(t) + Quipu(B)) PTe(t))

= eT(HP(Aae(t) + Quipy (1) + Qetps(t) + Quipu(t) )

~ T
+ (Aae(t) + Quipy (1) + Qepe(t) + Qupu(£)) PTe(t)

where H, = He{ma Q, Qs QuT[PT 00 0]}.
For vg(t) = 0, the following inequality can be obtained according to (18), which is
given as

<0 (23)

211 *
21 2

where 211 = PA, + EZPT,

221 [PQy PQs PQu by%y bs2l b2 |7,
Zy = —daig{ by1, bel, byl, by1, bsl, byl }.

Performing congruence transformation to (23) by daig{ I, X } with X = daig{ I, I, I,

b, ', b, b } and utilizing the Schur complement, we can obtain that
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Then, based on the S-procedure in [9,27], one can conclude that
E{V(e(t)} =T (H)HE(t) <0 (25)

Moreover, according to Definition 1 and the results developed in [16], we can deduce
that the resulting system in (14) is asymptotically stable in the mean square for v¢(t) = 0.

Next, for all v¢(t) # 0, the Hc, tracking performance of the resulting system (14) will
be established with zero initial conditions.

For v¢(t) # 0, the inequalities given in (20) can be indicated as

?T(t)HZ€2 0,z=u,y X (26)
where €(t) = [e"(t) vy (t) i(t) u(t) v{ (D],

Hy=[2,0000]T[Z, 000 0] —daig{0, 0,0, 1,0},
Hy=[£,0000]T[Z, 0000] —daig{0, 1,0, 0,0},
Hy=[Z:0000]7[Z5 000 0] —daig{0, 0, I, 0, 0}

Then, we have
E{V(e()} +yT (ye(t) — o2 (Bve(t)
= E{sT(t)P((Au +/% (1) Ay + B (D Ac + Ps(H) Ay
xe(t) + (Qy+Bu(t)Qy ) (1) + (Qe +Bs(t)Qe
% 95(t) + Quin®) + Bre(0)) + ((As + LD A,
+Bc (D) Ac + Bs(t)Aq)e(t) + (Qy + Bty )y (1)
e T
+ (Qe+Bs ()Qx) pe(t) + Quipu(t) + Bre(t)) -
x st(t)} +eT(HCTCe(t) — 02T (H)ve(f)
=T (OP(Au(t) + lePy( ) + Qetpe(t) + Quipu(t)
+ BVe ) ( a€ + lep]/ ) + Qflpf(t) + Qu
(
)

<pu(t) + Bue(t)) PTe(t) 4T (1CTCe(r)

—UV() e(t
T (t)HE(t)

where H = He{[ A, Qy Qs Qu BI[PT 00 0 0]} +diag{ CTC, 0, 0, 0 — oI
Let us perform congruence transformation to (18) by daig{ I, X } with X = daig{I, I, I,
I, by’ 1y, bs 1y, b, 1 } and utilize the Schur complement; this shows that

He+byHy +bsHz +byHy <0 (28)
Then, based on the S-procedure in [9,27], we have that €7 (t)H €(t) < 0, i.e.,
E{V(e(t)} +yl ()ye(t) — o] (t)ve(t) <0 (29)
By integrating (29) from 0 to t,, we obtain that

fO"E{V }dt+ft' T(t)ye(t)dt
o [, t)dt
—E{V tr } E{V }
+ [yl (Dye(t)dt — o [ vT (Bve(t)dt < 0

(30)
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Consider the zero initial conditions and E{ V(e(t,))} > 0, we can obtain that

/Otr yg(t)yg(t)dt < o2 /Otr vsT(t)vg(t)dt.

It is shown that the H tracking performance of the resulting system (14) can be
guaranteed.
The proof is completed. O

3.2. Non-Fragile Tracking Controller Design

In the following theorem, based on the H tracking performance analysis criterion
developed in Theorem 1, a co-design strategy for the desired non-fragile observer in (6),
the tracking controller in (7), and dynamic quantizers in (8) will be proposed in terms of
linear matrix inequalities.

Theorem 2. Consider the fuzzy system in (4), the reference model in (5), the observer-based non-
fragile tracking controller in (7), and the dynamic quantizers in (8). For given scalars By, Bg, Bs,
Az, and Mz, z = u, y, X, the resulting system in (14) is asymptotically stable in the mean-square
sense and the prescribed Heo performance o > 0 can be guaranteed with the online adjusting
strategies for the dynamic parameters j,(t) defined in (15) subject to f, = g,/b,. If there exist
scalars b, >0, g, > 0,d; > 0,dg > 0, dg > 0and matrices P11 > 0, Pyp > 0, Ps3 > 0, Pya, fq,
@q, §qfor qg=1,2, ..., msatisfying

M, —b,>0,z=u,y, X (31)
Pll * *
Py Pp x | >0 (32)
0 0 Py
Tll<0,Z:1,2,~-~,m (33)
Ty +Ty<0,1Lg=12 --,ml<q (34)
where _
7~111q * * * * * *
7-211q T2 * * * * *
7311 0 —0’I =« * * *
Ty=| T, 0 0 Tn * * « |,
T T 0 0 —dil o«
Tg 0 0 0 0 —dgl =
L T T 0 0 0 0 —dgl |
O * * *
lg ®Zlq ®31q * *
Th=| _cle, 0 e . /
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. -L, L 0
Ty = 0 0 0

@; 2BIPL 0
Top = Tdaig{ byl, bzl, byl }/

7

0
cT
S

0

71 _ | ©s 2DfPL, 0 0
B0 0 BiPj; 0 |’
[ 2g,0,C1 0 0 0
Th = 0 0 2¢:A:1 0 ,
0 0 0  2guBul
o _ | “PLX[Pp —PLX[ P 0 0
51 0 daiyic, 0 0|
0 00
o = KA o]'
T 0 0 0 chngL
oL dgYs —dgYs O 0 ’
) a3.xT pT
- 00 0 BsXdP ,
0 0 dsYs 0
0 0 0
T = |
2710 dsYs 0

©y = He{P11A;} + C[C, Oy = He{PpAj} — CZTZqT/ @315 = He{PnA; — L,C}, ©4 =
He{P33Ag} + CiC, @51y = B Pf| + Gy, Oy = B[ P}, — Gy, @71 = B P{| + B[ P}, @) =
D{'P{, + D] P,

Furthermore, the desired gains for the non-fragile observer in (6) and the non-fragile tracking
controller in (7) can be obtained as

—17 -1~ -1g
Ly =Py'Lg, Gg =Py Gg, Sq =Py’ Sy- (35)

Proof. The condition of (18) developed in Theorem 1 can be expressed as

I + He{‘IleL(f)‘Pz +¥3A6(HYs + T5As(t)‘F6} <0 (36)
where
S11 % * *
So1 T % *
Hl B 531 0 *0’21 * !

Sy 0 0 T»

Y1 =[RIPT 00 0]T,¥2=[R, R3 0 0],¥Y5=[R{PT 0 0 0]T,%4=[Rs 0 0 0],
¥s = [RIPT 0 0 0]T, % = [Ry Rg 0 0], Sy = PA,+ A, PT+CTC, Sy =
[PQ, PQs PQu]T, Ss1 = BTPT, Sy = [b,Z] bxl b, 5117, RT = [0 — B XT(x) 0 0],
RzT: [0 YLC(x) oTo],R3: [YL 0 0], Rf =[0 0 0 BcXE(x)], Rs =[Y¢ T—YG 0 oT,
56 :[0 00 ,BsXS(K)],R7:[0 0 YS 0],R8:[0 YS 0],Qy:[0 — L (K) 0 0] ,
Qe=[000 s(x)]",

A(x) 0 0 B(x)
T 0 A(x)—L(x)C(x) 0 0
=1 o0 0 A: 0
G(x) —G(x) S(x) -—I
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Then, according to Lemma 1 and the Schur complement, it can be obtained that the
inequality in (36) holds if, for positive scalars dj, dg, and dg,

[ S11 = * * * * x
Sn T x s * < *
531 0 —(TZI * * * *
Sy 0 0 Tm % % « | <o (37)
Ss1 Ts2 O 0 —diI  x *
561 0 0 0 0 —dGI *
L S71 T» 0 0 0 0 —dgl |
where RTPT RTpT RIPpPT
5512{ le ]1561:{6{11{ ],5712{ d6R ]
LRz GRs sKy

In order to acquire the design conditions in terms of linear matrix inequalities, we
assume that the variable P is able to decompose as

P Pp 0 0
0 0 Py O
0 0 0 Py

P =

Then, the condition in (32) is necessary to ensure tha£ PE = ETPT > 0.
Moreover, by defining PyyL(x) = L(k), PiaG(x) = G(x), PiuS(x) = S(k), gz = b= f>,
z =1, Y, X, the condition in (37) can be expressed as

m

x1(g(t)) qgl Kkq((t)) Ty <O (38)

Nk

1

By considering the property of the membership functions proposed in (3), it is shown
that if the conditions in (33) and (34) are satisfied, the condition in (38) holds. [

Remark 3. In [40], we considered the output feedback tracking control problem for nonlinear
networked systems with dynamic quantization. However, the transmission problem regarding the
use of dynamic parameters for the dynamic quantizers through bandwidth-limited communication
networks has not been addressed. In this paper, based on the results developed in [23], we provide
the following online adjusting strategy:

floor(2f|z(t)| x 10°) x 107¢, f|z(t)] € [0, %)
() =41, flz()] € (3, 1)
floor(2f2|z(t)]), fzlz(t)| € [1, o0)

where z = u, y, X. Moreover, f;, = g,/b; can be obtained according to the linear matrix
inequalities in (31)~(34), e = min{e € N |(2f;|z(t)| x 10°) > 1}, and floor(¢) stands for the
maximum integer smaller than ¢.

Remark 4. In this paper, the descriptor representation approach is utilized to deal with the problem
of the observer-based output tracking control problem for nonlinear networked systems with dynamic
quantization, and the design conditions for the desired tracking controller and dynamic quantizers
are proposed in the form of linear matrix inequalities, which can effectively avoid an iterative solution
in the two-step strategy utilized in [33]. In contrast to the singular value decomposition of the
output-matrix-based strateqy utilized in [35], the output matrices of the fuzzy system in the design
strateqy developed in this paper are allowed to be non-common, i.e, the constraints on the output
matrices in [35] are removed.
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4. Ilustrative Example

In this section, the mass-spring mechanical system borrowed from [32] will be utilized
to show the effectiveness of the developed co-design strategy. According to the results
developed in [32], the equation of motion can be formulated as

mx +Fr+Fs = uy(t) (39)

where m stands for the mass, x represents the displacement from the reference position,
uy (t) is the control input. Moreover, Fr = wx (t) with positive scalar w refers to the friction
force and Fs = 6(1 + a?x?) with scalars « and ¢ denotes the restoring force of the spring.
2(4)—
Let us define x1(t) = x, x2(t) = x and select x1 (x3(t)) = %, Ko (x3(t) = 1—

x1(x3(t)) with x3(t) € [& X} . Then, the T-S fuzzy model for the nonlinear system in (39)
can be represented as:

Plant Rule 1 : IF x2(t) is ¥, THEN
X(t) = A1x(t) + Bruy(t)
Plant Rule 2 : IF x3(t) is x, THEN

X(t) = Apx(t) + Bauy(t)

(40)

with
0 1 0
Ay = —5(1+a%x) w /B = [ 1 ]/
m m m
0 1 0
Az = 7(5(1+“2&) w ,Bz = |: 1 ]
m m m

As in [35,39], we assume m = 1kg, w = 2 Nam/s, 6§ = 5, a« = 0.3 m~ L. The
corresponding system parameter matrices Dy, D,, Cq, and C; are assumed to be

0.1

D12D22{05

}q:@:ﬂoy

In addition, the parameters for the reference model in (5) are assumed to be
As=—1, Bz =05, C; =1,

and the given parameters for the non-fragile observer in (6) and the non-fragile tracking
controller in (7) are selected as

0.15 0.10
XLlZ{ 0.5 },Xu:{ 0.7 :|/YL:0~2/

Xc1 =03,Xg =02,Ys =[03 0.1],
Xg; = —0.5,Xgp = 0.2,Yg = 0.1.

By applying Theorem 2 with M, = 50, M, = 100, Mz = 30, A, = 0.02, A, = 0.01,
Az = 0.05, B, = Bg = Bs = 0.5, it can be obtained that oyin = 0.5471, f, = 0.0107,
fu =0.0203, fz = 0.0335, and

{ 25.4302 :| [ 18.1018 ]
Ll = s L2 — 7

143.5209 103.3758
Gi = [—0.0747 —0.0527], S = —0.1199,
Gy =[—0.0059 —0.0479], S, = 0.1267.

To demonstrate the effectiveness of the proposed co-design strategy, we assume that
the initial conditions are x(0) = x,(0) = [0 0]7, ¥(0) = 0, the noise input is v(t) =
9cos(t — 0.5) exp(—0.2t), the uncertain matrices Ay = 0.1sin(0.5¢t), A¢ = 0.2sin(0.5¢),
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As = 0.3sin(0.5¢), and the bounded reference input is &(t) = 4 cos(t) exp(—0.2t). The
responses of x(t) and x,(t) are shown in Figures 2 and 3. Figure 4 displays the trajectory of
u(t). The trajectories of y(t) and y(t) are given in Figure 5. Figure 6 shows the trajectory of

Ye(t). The ratio of \/fot’ yST(t)yg(t)dt/ fot’ vl (t)ve(t)dt is shown in Figure 7. The variations
in j, (t), j,(t), and jz(t) are displayed in Figure 8, Figure 9, and Figure 10, respectively.

1.5

0 5 10 15 20 25 30
Time (sec)

Figure 2. The trajectories of x1(¢) and x,1 (¢).

)

0 5 10 15 20 25 30
Time (sec)
Figure 3. The trajectories of x(t) and X, ().

0.15

0.1r

0.05

-0.05

-0.1

0 5 10 15 20 25 30
Time (sec)

Figure 4. The trajectory of the control input u(t).
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0 5 10 15 20 25 30
Time (sec)

Figure 5. The trajectories of y(t) and #(¢).

0.4

037

0.2r

0.1

0 5 10 15 20 25 30
Time (sec)

Figure 6. The trajectory ye(t).

0.03

0.02 |

0.01

0 5 10 15 20 25 30
Time (sec)

Figure 7. The ratio of \/fot’ ygT(t)yE(t)dt/ fot’ vI ()ve(t)dt.
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-3
4 x10 ‘
3 L —
2 b - -—
1H ‘.'.‘
0 ‘ Y VA,
0 5 10 15 20 25 30
Time (sec)

Figure 8. The trajectory of j, (f).

0.02 —
0.015—;
001t - -
o.oos—j _
o 5 10 15 20 25 30

Time (sec)

Figure 9. The trajectory of j,(t).

0.06
0.05 -~

004 - —
0.03] - - -

0.02 - T

0.01¢

R MR S LY. ‘
0 5 10 15 20 25 30
Time (sec)

Figure 10. The trajectory of jz(t).

From Figures 2 and 3, it can be seen that the designed non-fragile observer can estimate
the unmeasurable state variable of the fuzzy system in (40) effectively. With the observer-
based non-fragile tracking controllers shown in Figures 4-6 demonstrate that the output
y(k) tracks the reference output y, (k) with an acceptable tracking error, as expected. It

can be observed from Figure 7 that the ratio of \/ Ot’ yg(t)yg(t)dt/ fot’ vI (t)ve(t)dt tends

toward a constant value of 0.0269 below 0.5471, i.e., the prescribed tracking performance
can be guaranteed. Moreover, the simulation results in Figures 8-10 illustrate that the online
adjusting strategies developed in this paper are feasible. Based on the above discussions,
it can be concluded that the proposed co-design strategy is effective for the mass-spring
mechanical system considered in this paper.
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Next, a step-tracking response will be given to further show the effectiveness of the
proposed co-design strategy. We assume that x(0) = [0.5 0]T, x,(0) = [0 0]T, x(0) = —0.5,

o(t) =

0, otherwise ~
—-0.85, 7<t<12
r(k) = < 0.85, 12 <t<17.

0, otherwise

{3 sin(0.5t), 6<t<18

The response of y(t) and #/(t) in this case is plotted in Figure 11. From Figure 11, it can
be seen that the proposed co-design strategy is also effective.

0.5

-0.5 : : : : :
0 5 10 15 20 25 30
Time (sec)

Figure 11. The trajectories of y(t) and 7(t).

Comparative Explanations: This example shows that the developed co-design strategy
can effectively solve the observer-based non-fragile H, output feedback tracking control
problem for the mass-spring mechanical system in (39) with dynamic quantization and
randomly occurring gain variations based on the T-S fuzzy model strategy. In contrast
with the existing results, the main advantages of the proposed co-design strategy are
summarized as follows:

(1) Compared with the quantized stabilization or He control problem addressed
in [2-9,20-23], the quantized tracking control problem presented here is more difficult and
more general. In contrast with the quantized tracking control problem considered in [38,39],
the dynamical quantization methodology employed herein is more general. This is mainly
because the asymptotical stability of the resulting system can be guaranteed with a finite
number of quantization levels. Moreover, the transmission problem of dynamic parameters
j=(t) (z = u, y, X) was considered in this paper, and Figures 8-10 show that the adjustment
of the dynamic parameters j,(t) can be realized based on the online adjusting strategies
developed in (15) combined with Remark 3. This implies that we no longer need to assume
that the same dynamic parameters j;(t) are obtained on both sides of the communication
network according to the quantized signal z,(t) (z = u, y, ¥), as in [9,27,40].

(2) The observer and the tracking controller employed are non-fragile, with randomly
occurring gain variations rather than the fragile ones considered in [32,33,35]. The devel-
oped observer-based tracking control strategy allows for the control inputs of the observer
and the plant to be different, which implies that the restrictive assumption in [35], i.e., the
control inputs of the observer and the plant are the same, has been avoided. In contrast
with the singular value decomposition approach used in [35], the descriptor representation
approach developed in this paper is more general because it can effectively avoid the con-
straint on the system output matrix C. Moreover, this example illustrates that the desired
non-fragile observer and non-fragile tracking controller can be obtained simultaneously by
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solving the linear matrix inequalities in (31)—(34) rather than the two-step design strategy
developed in [32,33].

5. Conclusions

In this paper, based on the T-S fuzzy model strategy, the observer-based non-fragile
He output feedback tracking control problem was studied for nonlinear networked sys-
tems with dynamic quantization and randomly occurring gain variations. The dynamical
quantization methodology was employed to enhance the efficiency in the utilization of
the limited communication resources. By utilizing the descriptor representation strategy
combined with the S-procedure, a co-design strategy for the desired dynamic quantizers
and observer-based non-fragile output feedback tracking controller was formulated in
terms of linear matrix inequalities. Moreover, a simulation example was proposed to
demonstrate the effectiveness of the proposed co-design method. Next, the non-fragile
output feedback tracking control problem will be investigated for the switched nonlinear
systems considered in [46] or uncertain planar nonlinear systems addressed in [47].
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