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Keywords: fractionally differenced white noise; autocorrelation function

MSC: 37M10

1. Introduction

Long memory of a time series is a special characteristic that we observe when analyzing
time series data. A time series process is considered to have long memory if its serial
dependence or the autocorrelation function (ACF) decays more slowly than an exponential
decay (a time series with an exponentially decaying ACF is known as having short memory).
This indicates that in long memory time series, the ACF decays hyperbolically and a
significant dependence exists between two points even when they are far apart. This
hyperbolic behavior of the ACF forces an unbounded spectrum at the origin and, as a result,
the standard theory for short memory time series models, such as auto-regressive moving
average (ARMA) models cannot be applicable. One of the earliest researchers to identify
the need for long memory models was Hurst [1,2].

In order to model such long memory time series, Granger and Joyeux [3] and Hosking [4]
proposed a family of auto-regressive fractionally integrated moving average (ARFIMA)
and these proved to be very useful in many time series applications, especially in the areas
of geophysics (Haslett and Raftery [5], Lustig et al. [6]), economics (Gil-Alana et al. [7]),
and finance (Barkoulas et al. [8], Reschenhofer et al. [9]). To investigate some hidden
characteristics of time series, in his paper, Peiris [10] used a similar approach and defined a
family of generalized auto-regressive (GAR) models. The ARFIMA model of a process X;
is defined by

#(B)(1— B)'X; = 0(B)ey, M

where ¢(z) =1 — Zle ¢jzf ,0(z)=1— 2}7:1 szf , €t represents a zero-mean uncorrelated
process with variance ¢, d is a real number which, for the process to be stationary should
satisfy d < %, p and g are non-negative integers and B is the backshift operator, defined as
BX; = X;_1.

The interested reader may compare (1) to a standard Box—Jenkins ARIMA model (Box
and Jenkins [11]) where d is a non-negative integer. Where 4 is allowed to be fractional,
(1) may be rearranged to show a factor (1 — B) ™% which can be written as a Taylor series
expansion } l/Jij with

o T(j+4d)
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When p = q = 0, (1) is often referred to as fractionally differenced white noise
or FDWN.

Section 2 is devoted to highlight the important properties of GAR(1) model and its
relationship to ARFIMA. Recent advancements related to GAR(1) model can be found in
Hunt et al. [12] and further extensive results on long memory time series are available in
Hassler [13].

In this paper, we will explore some issues with the formulae supplied in Granger and
Joyeux [3] for the spectral density function of ARFIMA processes, and then move on to
extend the current results for multivariate ARFIMA (0, d, 0) ACF functions.

Section 2 will briefly examine the GAR model of Peiris [10] which provides a general
formula for the ACF of these processes.

Section 3 will examine and discuss some issues with Granger and Joyeux [3] and
Section 4 will look at a Vector ARFIMA (0, d,0) process, extending existing results to a
wider range of the fractional differencing exponent. Section 5 will conclude the paper.

2. Generalized Auto-Regressive Model of Order 1 (GAR(1))
In his paper, Peiris [10] considered a time series X; generated by a GAR(1) model
given by
(1—aB)’°X; = Z;, |a] <1and é >0, )
where B is the backshift operator and {Z;} ~ WN(0,c?) is a white noise process.
The restriction 6 > 0 in (2) can be removed as |a| < 1. The stationary solution to (2) is

Xp=) l/Jj‘Xthfj/

j=0

and the corresponding spectrum fx(w) is

fx(w) = ;; (1 — 20cos w + & )_5, —nT<w<Tm, (3)
o F(j+(5)
where i = T )

It has been shown by Peiris [10] P163, Theorem 3.2 that the ACF at lag k, 7y is given by

» T(k+9)

Y =0 O F(6,k+6;k+1;a%), k>0, (4)

Using F(a, B;7;1) = % for v > a + B, the above reduces to

,  T(k+6)T(1—26)

T T+ 1 -0 (O)I(1—0) ©)
Furthermore, we can use Eulers reflection formula I'(z)T'(1 — z) = = to give
o? T(k+9)
= —sinmd ———=T(1-25
M= SN T ( ), (6)

where

93 i 91 +] 92 +])

F(61,0;03;0) = MG [(63+/)I'(+1)

is the hyper-geometric function.
These general results in (3) and (4) can be used in ARFIMA modeling. The interested
reader is advised to refer to Bondon and Palma [14] or Hassler [13] for further details.
Next, consider the model ARFIMA(0, J,0) also known as fractionally differenced
white noise.
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3. Fractionally Differenced White Noise—A Discussion

Formally, we define a FDWN process as (1) with p = q = 0, although this can also be
defined as (2) with « = 1. In this section, to emphasize the fractional nature of the exponent
we will use the notation ¢ rather than 4 for this.

In this case, Peiris [10] provides a formula for the auto-covariance as

_ > T(k+9) .
5, T(k+6)(1-25)
" Tk+1-0)I(O)I(1—0)

We can use Eulers reflection formula to give

o I'(k+9)
Y = - sin 7t T

TEr1=3) (1 - 25). )

Other authors have also provided results.
In Hosking [4], Theorem 1 looks at FDWN with 02 = 1 and 6 € (— %, %) and provides
a formula

_ k I'(1-29)
= Y s ot k= o) ©)
(9) can be shown to be identical to (7) using
(—1)kF(1—k—(5) _ r(1-19) _ F(l—é)l"(é)' (10)

(k+o—1)..(110)8  T(k+0)

Palma [15] also provides a similar formula for a general o2 >0 (Equation 3.21) but
the implication from Section 3.2.1 (but not explicitly stated for the ACF) is that this holds
foré € (-1, %) As above, a similar result was also reported by Bondon and Palma [14]. In
Hassler [13], Proposition 6.4 formally provides this result for § € (-1, 1).

However, the result due to Granger and Joyeux [3] p. 17 for y; (used by Granger and
Joyeux [3] to identify the auto-covariance at lag T) does not reduce to yx. We now proceed
to explore why this is the case.

In Granger and Joyeux [3] Section 2, the spectrum of the process being studied is
given as

f(w) = a(l —cosw) ™ (11)

The assumption behind this is that & may consist of a range of non-long-memory
parameters. For instance, for a fractional white noise process, one would expect o« = a1 = %
However, this is at best misleading.
Suppose f(w) = 2|1 — e*i‘”\fzd (Brockwell and Davis [16] 13.2.18).
This can be rewritten as
1 —d
=_—2"%1- . 12
flw) =5-27%(1~ cosw) (12)
This can clearly be written as (11) by setting &« = ap = ay(d) = #, however this is
no longer independent of the long memory parameter d. We believe the intention was that
« should have been a constant independent of d.
We feel it would be best to write the spectral density as (12) rather than (11), and use
« = w1. In the more general form used by Granger and Joyeux [3], the spectral density is

flw) =a27%(1 - cosw) ™. (13)
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This changes the formula for the auto-covariance function. To avoid confusion we
denote the auto-covariance function of (13) as fir, to distinguish it from the version docu-
mented in Granger and Joyeux [3] labeled as i+, and written as

I'(t+d)

— 1+d s
pr = a2 "% sin(7td) CE)

(1 - 2d). (14)

Lemma 1. pr # v+, fir = 71

Proof. We proceed by evaluating a formula for fi; similar to that which Granger and Joyeux [3]
obtained for ;.
We can write

fir :fohcos('rw)f(w)dw
= fozn cos(tw)a2~%(1 — cos w) ~*dw (15)

= a2 fom cos(tw)|sin(w/2)| " *dw,
where we have used the identity (1 — cos w) = 2(sin(w/2))%.

Note that, at this point in Granger and Joyeux [3], there appears to be a typographic
error where the limits of integration are mistakenly set to be between 0 and 7, rather than 0
and 27t.

Using Gradshteyn and Ryzhik [17] Equation (3), 631.8 with v = 1 —2d > 0 when
d < %;a =27 and x = w/2 we have

fir =a272 f02”|sin(w/2)|72d cos(2tw/2)dw
= a27242 [ "|sin(x) |7 cos(2Tx)dx

7T cos(T7T) (16)

— gol-2d
2-2(1-2d)B(1—d+1,1—d—1)

7t cos(T)

M 2dB—dtt,1—d—7)

The beta function can be represented as B(x,y) = rl“((xx)ig/y)) , so that

(2 —2d) 1
(1—2d) TA—d+0T(1-d—1)
Now I'(x +1) = xI'(x) soI'(2 — 2d) = (1 —2d)I'(1 — 2d) so

fir = 2arcos(T)

1

fir = szncos(rrf)r(T+ T—ar(i—d= T)l"(l —2d).
Eulers reflection formulais I'(z)I['(1 —z) = &= soT(1—-d — 1) = m r(rl+d)
so that
I[(t+4d)

fir = 2w cos(tt) sin(rt(t +d)) I'(1-24).

T(t+1-4d)

Now 2sinx cosy = sin(x — y) + sin(x + y), so

2cos(tr)sin(rt(t+d)) = sin(2nt + 7d) + sin(7td) = 2 sin(7td)
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So that
I(t+4d)
I(t+1—4d)

To complete the proof, compare (17) with (8) which are equal when o = . O

fie = 2asin(7d) (1 - 2d). (17)

Further, compare (17) with the original version given by Granger and Joyeux [3] in (14).
The difference is a factor of 2¢. As a practical comparison, consider Table 1 below.

Table 1. Specific Values of the process variance for parameter values 0. = 1 and d = 0.4.

Formula Var(x)

Original, Uncorrected 2.731511
Corrected (& Hosking [4]) 2.070098
Brockwell and Davis [16] 13.2.8 2.070098
Peiris [10] Thm 3.1 2.070098

4. Vector FDWN and Related Results

This section considers an extension of the above results for the vector case. We note that
some results have already been published for a particular case in Kechagias and Pipiras [18]
Proposition 5.1, but we consider a special case and show an alternative derivation.

Suppose that X; = (X34, Xot, ..., Xmt)' is an m-dimensional vector of time series at
time t. Assume that the time series X; follows long memory

D(B)X; =, (18)
where
e D(B) = diag((1— B)%,..., (1 — B)%) with backshift operator B, -1 < d; < % (i =
1,2,...,m),

1, = (MmNt -, mt)" is an m-dimensional zero-mean covariance stationary vector
with variance-covariance matrix Q = (wj,;, ). That s, w; ;, = E(1;,s7i,¢) for all iy, ip =

1,2,...,m.
—d;: o] / T +d1 . .
Let (1 — B) di = Zj:Ol/J]'iB], where ¢; = m, j =20,1,... for eachi =
1,2,...,m.
Theorem 1.

(@) X; = [D(B)] 'y, and X; = Yo $jittii—j, i = 1,2,...,m, which converges for
—1 < d; < } using arguments from Bondon and Palma [14] and Hassler [13] Definition 3.1 and

Proposition 6.2.

(b) Let V = E(X;X'}). Then we have:

w1 5o 111121 w Yo - @im Eito PiPim
wn Y2 P w2l 1/;]22 o Wom Y20 Y im
2
W1 Z;io l/"jmlpjl Wm2 Z;OZO lIijllez e Wmm Z;O:O l/«’]-m mxm

2 _ T(1—d; _ T(l—dy —d;) S
where Z}";O U ﬁ, wa:o i Yii, = W%(lfdiz)for alliy, i, =1,2,...,m.

(c) Let y(k) = E(X:X';,x) be the m x m auto-covariance matrix at lag k of Xy. Then
we have:
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T (:) Y12(k) ... 'Ylm(lli)
(k) = 721.( ) ’Yz@( ) ’
Ym1 (k) e oo Ymm (k) mxm

o) o r(k+di )r(lfdi —dj,)
where 7yiyi, (k) = wiyiy YiZo Wi Yjrkip and LiZo Wjn Yjkic = Ta yrier—ara—a;) Jor all

il,iz = 1,2,...,771.

Proof. Let v;;, (k) = E(X;,:Xi,s+k). Now

Yiyiy (k) =E [ <Z %’z‘ﬂz‘l,t—j> (Z lpjizﬂizrf+kf>]
j=0 j=0

= Wiy Y, jiy Vjiskiy
j=0
s i T(i+di) T(j+k+d;) 19)
12 S T(j+ DT (dyy) T(j+k + 1T (d;,)
B T(k+d;,) o
= w11121—‘(k+1—>r(diz)F(dllrk + dlz,k +1; 1)

o T(kdy)T(—dy —dy)
MRT(dy)T(k+1—d;) )T(1—dy)

T'(k+d;)T(1-24;)

=T =) and when k = 0 these reduce

When i; = iy = i, (19) reduces to wj; i
to (b) in the theorem.
(19) can be rewritten using Eulers reflection formula as

_ T(1-d; —d;) T(k+dy)
i) = it F g, ) TR+ 1 dy)

~ i T T~ e~ (20)
1
We can again apply Eulers reflection formula to give
i (K)= sin(7td;,) I'(k+d;,) 1)

Wiriy sin(ﬂ(dil + diz)) r(dil + diz)r(k +1- dil).

When iy = ip =i, then Zf.io Vi = T dgg‘&iii&;rzgz 4 can be further reduced to

sin(7td;) T(k+d;) _ sin(7td;) I'(k+d;)
sin(27rdi) F(Zdi)l"(k +1- d,) N 2811‘1(7'[(11') COS(T[di) F(2di)1"(k +1-— dz)

(22)
_ 1 F(k+di)
~ 2cos(md;) T(2d;)T(k+ 1 —d;)
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and whenk =0

1 T(d;) 1 sin(rd;) T2(d;)

2cos(md;) T(2d,)T(1 —d;) 27 cos(rd;) T(2d;)" )

O

Remark 1.

1. Itisstraightforward to show that these formula are a special case of those provided by Kechagias
and Pipiras [18] Proposition 5.1 when d; > 0 and w;; = 1. Using their notation, we choose
Q4+ = Iand Q_ = 0 (the matrix of zeros).
Then Kechagias and Pipiras [18] Equation (69) is (20). With these values for Qy and Q_
Kechagias and Pipiras [18] Proposition 5.1 defines

1
Tiip (k) = 5~ (billiz’)’l,hiz(k) By V2012 (K) + B3, Y3000 (6) + B, Ty (k)) @)
where
bllllz - 2 q: tql;/t 0
t=1
R, = ;qgﬂzﬁ,t =0
briy = Y biy i = 1
t;l
5,41,2 = Z qz,tq;,t 0
t=1
and
) T'(k+d;,)
’)/3,1'11'2 (k) = Zf(l - dil - diz) SIH(ﬂdiz)W_lzdil)

and so (24) is the same as (20).
2. When m = 1 this readily reverts to the univariate case since as noted above (writing d;; = d)
- T(k+dI(1-24)
Y= i T e 1= T — )

which is the same as (7).

5. Conclusions

Long memory processes exhibit behavior of relatively high correlations between
observations even though they might occur far apart in time. These processes can be
modeled using ARFIMA processes.

Vector processes can also exhibit long memory and this can happen to different degrees
for different components.

In this paper we have explored some issues with a previous formula for the ACF and
spectral density of a univariate model, and also looked at extending the applicability of the
result for the ACF of a vector ARFIMA(0,d,0) process. Later work may consider extending
this to a more general ARFIMA(p,d,q) model.
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