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Abstract: A certain discrete probability distribution was considered in [“A discrete probability
distribution and some applications”, Mediterr. ]. Math., 2023]. Its basic properties were investigated
and some applications were presented. We now embed this distribution into a family of discrete
distributions depending on two parameters and investigate the properties of the new distributions.
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1. Introduction
LetneN,je{0,1,---,n}and a, B > 0. Define

o _ (M\B(jtan—j+p)
i = (;) B(w ) .

where B(A, u) is Euler’s Beta function defined by

1
B(A, ) ::/0 A1 (1 el g

(I
T(A+u)

(min{ﬁ?(/\), R(pu)} > 1)

in terms of the familiar (Euler’s) Gamma function.

The probability distribution (a,,j«,q)j=0,1,--,» Was investigated in [1]. In this paper, we
extend the results from [1] to the distribution (an,]-,,xrﬁ) j=0,1,--- u- This enlarges the family of
the investigated distributions and the area of applications involving these distributions.
In our present investigation, we are motivated also by several related recent developments
on approximation operators and probability distributions by (for example) Ong et al. [2].
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Let B, : C[0,1] — CJ0, 1] be the classical Bernstein operators, defined as
- k
By f(x Z( )xfl—x" Jf( ) (f €Cl0,1], x € [0,1]).

Consider the functional A, 4 5 : C[0,1] — R,

Anp(f) = B(ozl,‘B) /01 t*~1 (1 —t)P~1 B, f(t) dt. ()

Lete;(t) =# (j=0,1,...; t € [0,1]).
It is well known that B,eyp = ey and B,e; = ey, so that (2) yields
An,tx,ﬂ(eO) =1, (3)

«
a+pB @)

An,tx,ﬁ (31 ) =

On the other hand, from (2) it is easy to infer that
- ]
An,tx,ﬁ(f) = Zan,j,zx,ﬁf(n), fe C[O,l]. (5)

j=0

Combined with (3) and (4), (5) leads to

n
Y tnjap =1, 6)
j=0
1 nu

g = — %
J;')] P T+ p

In particular, for eachn € N, &, 8 > 0, (@,,j,4,8)j=0,1,-- » can be considered as a discrete
probability distribution, concentrated on a suitable set {xg, x1,- - -, xp }.

In Section 2, besides the functionals 4, , g, we consider the functional 4, g from (8).
One of the main results is Theorem 1, which shows that for each f € C[0, 1] the sequence
(Anap(f))n=1 converges to A, g(f). The rate of convergence is estimated for f € C2[0,1]
and the convergence for convex functions f is investigated. Equation (15) represents a
quadrature formula for the following integral:

/01 (1= x)P71 f(x) dx.

The remainder is estimated for f € C?[0,1].

Section 3 is devoted to a sequence of random variables (Zn,,x,/g)nzl. We describe the
sequence of characteristic functions and its limit. Consequently, the sequence (Z,,4,8)n>1
converges in law to a Beta-type random variable. This offers a new proof for the conver-
gence to zero of the remainder in the quadrature formula.

In Section 4, we consider two classical sequences of positive linear operators inves-
tigated by Lupas and Lupas [3] (see also [4,5]). We estimate the difference of these two
sequences by using results from Section 2 and from the paper [6] and the references therein.

In Section 5, using the numbers a,, ;. 5, we construct a polynomial logarithmically
convex Heun function.

Section 6 is devoted to inequalities between random variables from the preceding
sections in the sense of the convex stochastic order. In the particular casex = land f =1/2
formula (33) was proved in [1].

In summary, our distribution (4, jp)j=0,1,..,» has connections with several mathe-
matical objects, including a sequence of positive linear functionals, a quadrature formula
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and its remainder, a sequence of random variables and their characteristic functions, two
sequences of positive linear operators and the differences between them, polynomial loga-
rithmically convex Heun functions, inequalities between random variables in the sense of
the stochastic convex order.

In Section 7, we present conclusions and suggestions for further work.

2. A Quadrature Formula

Besides the functionals A, 4 s, consider also the functional A, g : C[0,1] — R,

1
Anp(f) = B(D},ﬁ) /O (1 - )P £(1) dt. ®)
Theorem 1. (1) If f € C[0,1], then
nlgrolo An,lx,ﬁ (f) = Atx,ﬁ (f) 9)

(2)If f € C[0,1] is a convex function, then

Anap(f) = Ani1,ap(f) = Awp(f), n > 1. (10)

(3)If f € C?[0,1] and 2m < f"(x) < 2M, x € [0,1], then

maf Muap
rar Pt prn < A Al < ey @
In particular, if f € C2[0,1], then
Anap(9) = Aup )| € ey I 12)
Proof. 1. It is well-known that
lim B,f(x) = f(x), f € C[0,1], (13)

n—oo

uniformly with respect to x € [0, 1].
Using (2), (8), (13), and the Lebesgue-dominated convergence theorem, we obtain (9).

2. It is also well-known that

Buf = Byiaf = f (14)

for each convex function f € C[0,1].
To prove (10), we combine (2), (8) and (14).

3. If f € C2[0,1] and 2m < f"(x) < 2M, x € [0,1], then the functions f — me, and
Me, — f are convex. According to Item 2, we have

m(An,tx,/S (82) - Aa,ﬁ (62)) < An,tx,,B (f) - Atx,ﬁ (f)

< M(Apapler) — Agpler)).

Since g
o
Anap(e2) = Auple2) = G Ty BT 1)

we obtain (11) and also (12). O
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We now consider the following quadrature formula:
s o AP 0 ar = Yaniaad (L) # Russ). 09
B(a,B) Jo = n
Theorem 2. The remainder Ry, 4 p satisfies
nlgr;o Ruap(f) =0, f€C[0,1]. (16)
If f € C?[0,1] and 2m < f"(x) < 2M, x € [0,1], then
—Mup —map
<R < . 17
n(a+p)(a+p+1) ~ "’“’ﬁ(f)_n(oc+ﬁ)(oc+,3+1) 17)
In particular,
i )

|Rn,1x,/3(f)| < ”(ﬂé+ﬁ)(0¢+ﬁ+ 1) ”f ”00
Proof. Using (8) and (5), (15) can be written as
Aa,ﬁ (f) = An,zx,ﬁ (f) + Rn,a,ﬁ (f)
Now (16), (17) and (18) are consequences of (9), (11) and (12). O

3. A Random Variable

Consider the random variable Z,, , 4 defined by P <ZWX’5 = 1]1> =apjap j=01,---,n

According to (7), E(Zy,ep) = .
Let B, g be the Beta-type random variable with density
1 (1—p)F1

B(w, )

0 (otherwise).

(0<t<1)

Theorem 3. Each of the following assertions holds true:

1. The characteristic function of Z,, » p is given by

1 r _ . n
gn,a’ﬁ(s) = W/@ tlx 1 (1 — t)‘B 1 (1 + t(els/" — 1)) dt (S S R)
2. It is asserted that

. Tt —ppt
J%gﬂ,a,ﬂ(s) — A TI‘B) e dt (S S R)

3. (Zya,p)nen converges in law to By g, as n — co.

Proof. The characteristic function Z,, , g is by definition

n

7 N

gn,tx,ﬁ(s) =E {els ”f“rﬁ] = Z(;an,]-/“,ﬁezs]/n.
]:

——, where E stands for mathematical expectation.

(19)

(20)

(21)
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We have

Y o, ﬁzf—lfz(”) /1 pra-l (1 pyritbel gy
n,jx, -
j=0 / B(“/.B) 0

=N
- /1 (1= 0P (1 4tz —1))" dt. (22)
B(w, B) Jo
From (21) and (22) with z := ¢/", we get (19).
Now (20) is a consequence of (19) and Statement 3 follows from (20). O

Corollary 1. For f € C[0,1], it is asserted that

lim E(Zn,a,ﬁ) = E(Ba”ﬁ). (23)

n—o0

Proof. The relation (23) is a consequence of 3) from Theorem 3. [

Remark 1. The relation (23) can be written as

o N1 )
Jgr;o];)an,j,a,ﬁf<n) = B(Dé,ﬁ)/o -1 (]7t)ﬂ 1f(t) dt,

ie.,
lim An,a,ﬁ(f) = Atx,ﬁ(f)'

n—oo

So, we have another proof of (9).

4. Two Sequences of Operators
Let B, : C[0,1] — C[0,1],

f(O), xZO/

Buf(6) =\ gamatiay b M 000 ) a0 <x <),

f) (x=1).

This operator was introduced by Miihlbach [7,8] and Lupas [3,9].
We use the notation (a); :=a(a+1)---(a+k—1),k>1,(a)g=1.
The operators L, : C[0,1] — C[0,1],

Luf(x) = i <ﬂ> (nx)j(zln;nnx)n_jf<i>,

=0\

were investigated in [3] (see also [4,5]). Clearly, L, f(0) = f(0), L,.f(1) = f(1).
Theorem 4. If f € C2[0,1] and 2m < f"(x) < 2M, x € [0,1], then

mx(l—x)
n+1

< Lof(x) — Buf(x) < M1 =Y

Proof. Clearly, (24) is satisfied for x = 0 and x = 1. Let 0 < x < 1. Then, according to (8),

Enf(x) = Anx,n(lfx) (f) (25)
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On the other hand, using (2) we obtain
An,nx,n(lx)(f)_B(nxnl_x;(> ]+nxn—]+n 1—X ( )
L (j+nx)I'(2n —j — nx) I'(n) j
-k () =y (3)

-5 () e (L),

Lnf(x) = An,nx,n(lfx) (f) (26)
Now, (24) is a consequence of (25), (26) and (11). O

and so

5. A Heun Function

Consider the function

My p(x Zawﬁ (2x—1)%, x e R. (27)
]_

Theorem 5. If0 < a < B, then hy, 4 g is a solution to the Heun differential equation

x(x_1)<x_;>u//(x)+ (Dé—;-ﬁ_f_o;i‘/f_f_l;inl;zzﬁ)u/(x)

dnax — 2nu

P ey LC)

=0. (28)
Moreover, hy, 4 is a logarithmically convex function.

Proof. It was proved in [1] that if 0 < 26 < v, then the function

(O =0
Hy . 0(x) '_].Z(;J(])(v)n (2x —1)%

is a logarithmically convex solution to the Heun differential equation

1\ , 0% v 20+1—-2n—2v\ ,
x(x—l)(x—2>u (x>+(x+x—1+ T )u(x)

4nfx — 2nb
- mu(x) =0. (29)

Setting 0 = «, v = a + B, we obtain

()i

= Onjups
So, (29) becomes (28), and H,, ,, ¢(x) becomes hnra,ﬂ(x). This concludes the proof. O

Remark 2. From (27) and (6), we see that h, . 5(0) = 1. Therefore hy g is a polynomial,
logarithmically convex, Heun function.

Remark 3. The function hy 45(x) = Hy a1 pa(X) can be expressed also in terms of Appell polyno-
mials. For further details, (see [1], Section 6).
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6. Stochastic Convex Orderings

Let X and Y be random variables on the same probability space. We say that X is
dominated by Y (and write X <.y Y) in the sense of the convex stochastic order if

Ef(X) < Ef(Y)

for all convex functions f : R — R such that the expectations exist (see [10,11]).

Theorem 6. Let 0 < B < wand n € N. Then, with respect to the convex stochastic order, we have

%

th o Scx Bﬁ,ﬁ/ (30)

and
Zn,zx,ac Scx Zn,ﬂ,‘B- (31)

Proof. It was proved that (see [1] (Theorem 10.1))

1 Vet -1 1 U op -
- 1—x)® < / =1 (1 = x)f-1 , 2
B b ¥ A0 @ dx < g [P 0P ) dr 32)
for each convex function f € [0, 1], provided that 0 < < a.

This proves (30). Now, let f € C[0,1] be convex. Then, B, f is also convex, and (32)
shows that

o
B(wa, )

. a— 1 b og _
/Ox T1-x) 1an(x)deW/o xP~1 (1 —x)P~1 B, f(x) dx.

Using (2) and (5), we obtain

An,tx,zx (f) S An,ﬁ,‘B (f)/
ie.,

;}an,j,zx,zxf(i) S Zé)an,j,ﬁ,ﬂf<i)' (33)
J= J=

This means that Ef (Z, 44) < Ef (Zn,/gng), therefore, (31) is proved. O

7. Conclusions and Directions for Further Work

The probability distribution (a;, j4)j=0,1,-..,» Was investigated from several points of
view in [1]. In this paper, we generalize the corresponding results by considering the distri-
bution (a,4,)j=0,1,-. » Such that (a, i a)i=01,- n 18 (nj«)i=0,1,. ,» from [1]. A sequence
of positive linear functionals is constructed in terms of the probability distribution. This
sequence is convergent to another functional and this gives rise to a quadrature formula.
The remainder of this formula is estimated for functions in C2[0,1] in terms of the uni-
form norm of f”. We intend to extend this result to functions in C[0,1] by considering
suitable moduli of continuity or K functionals. We also estimate the difference between
two classical operators acting on functions in C2[0, 1] and we study the same problem for
functions in C[0, 1]. A sequence of random variables is constructed using the probability
distribution and is investigated from the point of view of the characteristic functions and
their convergence. The probability distribution is useful for constructing a polynomial,
logarithmically convex, Heun function. An inequality in the sense of the convex stochastic
order is also established.
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The numbers 4, , g satisfy the following recurrence relations:

aolorlxlﬂ =1,
n—+
Ay41,0a,8 = waﬁan,o,a,ﬁ, n >0,
n+1 j4+a .
Ap+1,j4+1,08 = n+ ot :B : j+ 1”71,]‘,04,[%/ 0<j<n

For certain values of «, 8,1, j, we present, in Table 1, the numerical values of the

numbers 4, ; 4 g

Table 1. Values of Ay fpr & = 1/2,p=2andn,j=0,1,---9.

n\j 0 1 2 3 4 5 6 7 8 9
0 1
4 1
1 = =
5 5
, % 8 3
35 35 35
- 41
105 35 35 21
, B 2 B 1 1
231 155 385 231 33
5 512 640 128 80 20 3
1001 3003 1001 1001 429 143
6 1024 1024 128 256 8 24 1
2145 5005 1001 3003 143 715 65
- 16384 7168 1536 640 448 504 28 1
36465 36465 12155 7293 7293 12155 1105 85
3 98304 131072 28672 4096 8960 10752 672 32 3
230945 692835 230945 46189 138567 230945 20995 1615 323
131072 294912 196608 4096 3072 2304 768 288 36 1
323323 1616615 1616615 46189 46189 46189 20995 11305 2261 133
We will study the possibility of extending the definitions of the numbers a;, ;, g,
when a and p tend individually or simultaneously to 0 or to co. This would increase
the family of results and examples related to the probability distribution which we have
considered herein.
Author Contributions: These authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.
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