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W N e

Abstract: This piece is a follow-up of the research started by the authors on the constrained optimal
control problem applied to pollution accumulation. We consider a dynamic system governed by a
diffusion process with multiple modes that depends on an unknown parameter. We will study the
components of the model and their restrictions and propose a scheme to solve the problem in which
it is possible to determine (adaptive) policies that maximize a suitable discounted reward criterion
using standard dynamic programming techniques in combination with discrete estimation methods
for the unknown parameter. Finally, we develop a numerical example to illustrate our results with a
particular case of the method of minimum least square error approximation.

Keywords: consistent estimators; multiple Markovian modes; discounted cost; maximum likelihood
estimators; least square errors
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1. Introduction

Pollution control in large cities is a problem of great interest worldwide, and that is
why various organizations are continually seeking strategies to mitigate it. As for scientists,
they have begun to analyze models that describe the stock of pollution through ordinary
and stochastic differential equations. In particular, optimal control theory has been applied
for the optimal management of pollution in economic sciences. This theory considers an
economy that consumes some good and, as a by-product of that consumption, generates
pollution. The hypotheses in our model are as follows:

¢ The contamination stock is only gradually dissolved by the environment;

¢ The growth rate of the pollution is constant or random;

*  The flow of pollution is constrained so that it satisfies some mandatory global stan-
dards in order to promote sustainable development (see, for instance, ref. [1]).

Social welfare is defined by the net utility from the consumption of some good vis
a vis the disutility caused by pollution. Our objective is to find an optimal consumption
policy for society. That is, we seek to maximize the difference between the utility function
of consumption vs. the disutility caused by the polluting stock (see [2,3]).

This paper represents the second part of a project related to the constrained optimal
control problem of pollution accumulation with an unknown parameter. To be in con-
text, we begin by briefly summarizing the results obtained in Robust statistic estimation in
constrained optimal control problems of pollution accumulation (Part 1) (see [4]).

The first part considers the scenery where the dynamic system is given by a diffusion
process and depends on an unknown parameter, say 6. First, assuming the parameter 6 as
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known, an approach with restrictions and one without them is proposed. The respective
optimal value functions are V' and Vy,. Then, estimation techniques for the parameter 6
are applied and later combined with the characterizations and results previously analyzed.
Roughly speaking, one of the results considers a sequence of estimated parameters (8,,:m =
1,...) such that 8, — 0, then the value functions converge (in some sense), that is

* * * *
Vo, > Voand Vy  — V).

Another result states the existence of optimal policies such that g, — 7. Further-
more, the relationship between the value functions V" and Vy, is shown.

In this piece, we obtain similar results considering the case where the dynamics of the
stock of pollution evolves as a diffusion process with Markovian switching whose drift
function, as well as the reward function, depends on the unknown parameter 6. In addition,
we impose some natural constraints on the performance index.

To avoid confusion, we try to preserve the notation of Part I in this work. First,
a constrained control problem is proposed. Subsequently, assuming 6 is the real parameter,
we study a standard control problem under the discounted criterion, where it is possible to
apply standard techniques and dynamic programming tools to determine optimal policies.
Then a (discrete) procedure to estimate the unknown parameter 6 is applied in combination
with the standard results formerly mentioned to obtain the so-called adaptive policies that
maximize a discounted reward criterion with constraints.

The idea is to estimate the parameter 8, and then solve the optimal control problem
when such an estimated value is replaced in the problem. In the literature, this approach
is known as the Principle of Estimation and Control. This problem has been studied in
several contexts. For instance, refs. [5-8] and the references therein are about stochastic
control systems evolving in discrete time. On the other hand, adaptive optimal control for
continuous time is studied in [9-11]. The estimation for diffusion processes using discrete
observations has been studied in the works [12-16].

Dynamic optimization has been used to study the problem of pollution accumulation
in the past; for example, the papers [17,18] use a linear quadratic model to explain this
phenomenon, the article [2] deals with the average payoff in a deterministic framework,
while [3,19] extend the former’s approach to a stochastic context, and [20] uses a robust
stochastic differential game to model the situation. The study [21] is a statistical analysis of
the impact of air pollution on public health. In order to develop adaptive policies that are
almost surely optimal for the restricted optimization problem under the discounted reward
on an infinite horizon with Markovian switchings, we use a statistical estimation approach
to determine the unknown parameter 6. These adaptive policies are created by replacing the
estimates into optimal stationary controls (that is, the use of the PEC); for more information,
see the works of Kurano and Mandl (cf. [7,8]). The statistic estimation method we use for
the unknown parameter 0 is the so-called least square estimator for stochastic differential
equations based on many discrete observations. This resembles existing robust estimation
techniques, such as the He, method, in the fact that in the applications, the dynamic systems
are linear. However, the computational complexity of these techniques is greater. Indeed,
with our least square estimator, only the inverse of a matrix must be calculated to obtain the
estimator, while there are way more computations to be performed in the other algorithms
(see [22,23]). Most risk analysts will not be as familiar with our methods as they are
with, for example, the model predictive control, MATLAB's robust control toolbox, or the
polynomial chaos expansion method, which have been used in the literature to address
similar issues. Since we review a constructive method for robust and adaptive control under
deep uncertainty, our findings are similar to those reported in the article [24]. Moreover, our
methods also resemble the adaptive moving mesh method for optimal control problems in
viscous incompressible fluid used in [25].

This piece can be also be considered an extension of [26-29], who also study adaptive
constrained optimal control methods. In fact, ref. [28] studies a constrained optimal control
problem, but unlike our case, there, all the parameters are known, while [26] does the same
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but in the context of pollution accumulation. The references [27,29] study an unconstrained
adaptive optimal control problem. Finally, it is important to highlight the numerical
estimation technique that illustrates the results of this article.

The rest of the paper is organized as follows. We present the elements of our model
and assumptions in Section 2. Next, Section 3 introduces our optimality criterion and the
main results; an interesting numerical example illustrating our results is given in Section 4.
We give our conclusions in Section 5, and finally, we included the proof of the important
(but rather distracting) Theorem A1l on the convergence of the HJB equation under the
topology of relaxed controls in Appendix A.

Notation and Terminology

For vectors x = (x1,x2,...,%,) € R" and matrices A = (Ak,p> € M, (R), we denote

by | - | the Euclidean norm, that is,

x| := Zxk and |A|? ;= Tr(AAT) = Z AR,
k=1 kp=1

where AT and Tr(-) denote the transpose and the trace of matrix, respectively. As an
abbreviation, we write d; and 82 to refer to := a?( , and ax a o respectively.

Given a Borel set B, we denote by B(B) its natural U—algebra As usual, C(0O), stands
for the space of continuous functions whose domain is O and

C(OXE):={v:OXE—=R":v(,i) € C(OxE) foreachi € E}.

Consequently we denote C; (O x E) as the subspace of C(O x E) composed by bounded
functions. The set C*(O x E) :={v: O X E = R" : v(-,i) € C*(O x &) foreachi € E},
where C*(O x &) is the space of all real-valued continuous functions f on the bounded,
open and connected subset O C R"” with continuous derivatives up to order x € N.

Fix p > 1 and a measure space (Q), F, jt), we denote L (Q) x E) as the Lebesgue space
of functions g on ) x E such that [ |g(x,7)|Pp(dx) < cofori € E.

Let X and Y be Borel spaces. A stochastic kernel Q(+|-) on X given Y is a function
such that Q(-|y) is a probability measure on X for each y € Y and Q(B|-) is a measurable
function on Y for each B € B(X).

Finally, the set P(B) denotes the family of probability measures on B endowed with
the topology of weak convergence.

2. Model Formulation and Assumptions

Taking as reference the problem analyzed in Part I, we consider the scenery where
the dynamics of the pollution stock is modeled as an n-dimensional controlled stochastic
differential equation (SDE) with Markovian switching. Specifically, such a dynamic takes
the form

dx(t) = b(x(t), (), u(t), 0)dt + o(x(t), $(£))dW(t), (x(0),9(0)) = (x0, o), =0, (1)

where E = {1,2,..., N}, b : R" X ExUXx® — R"and o : R" X E — R"*4 are given
functions, W(+) is an F;-adapted d-dimensional Wiener process such that W(t) — W(s) and
Fs are pairwise independent, W(-) is independent of ¢(-), and the evolution of the Markov
chain ¢ has intensity Q = (q;;); jer and transition rule given by

ql’]'At + O(At), ifi 75 j,

U )
1+ g;iAt+o(At), ifi=j,

P(p(t+At) = jlp(t) =1, (x(s), 9(s)),s < t) = {

fort > 0and Z}il qij = 0. The compact set U C R" is called the control set. In the context
of our problem, u(t) is a stochastic process on U such that, at time ¢, it represents the flow
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of consumption which, in turn, is considered bounded to reflect the policies and rules
imposed by governments or social entities.

It is important to remark that throughout this work, we assume that 0 is an unknown
parameter taking values on a compact set ® C R", which is called the parameter set. Note
that in the context of pollution problems, 6 can be seen as the pollution decay rate.

Now we define the so-called randomized policies, also known as relaxed controls, or
just policies.

Definition 1. A policy is a family 7w := (71:(+|-, -)) 4 0f stochastic kernels on B(U) x R" x E
(see Section 1). We denote by T1 the set of stationary policies. In particular, a randomized policy
is said to be stationary if there is a probability measure 7t(-|x,i) € P(U) such that m(-|x,i) =
7e(+|x, i) forall t > 0and (x,i) € R" x E. Let IF be the set of measurable functions f from R" x E
to U. We denote the set of stationary Markov policies as Fy := {f : R" x E — U : foreachi €

E, f(-,i) € F}.

For each randomized policy 7t € I1 and a function whose domain is contained to U,
say v : R" x E x U x ® = R, we use the abbreviated notation

v(x,i,m,0):= / v(x,i,u,0)m(du|x,i). 3)
u
A suitable adjustment should be made for functions with a different domain.
We endow II with a topology (see [30]) determined by the convergence criterion

defined below (see [31,32], Lemma 3.2 in [30,33].

Definition 2. A sequence (7y,),,cy it I1 converges to rt € ITif

/Rg(x,i)h(x,i,7rm)dx—>/]R g(x,i)h(x,i, r)dx.

forall g € LY(R" x E), and h € C,(R™ x E x U) (see (3)). Since this mode of convergence was
introduced by Warga (cf. [30]), we denote it as 7, K

For v(-,-,0) € C>(R" x E), u € U and § € O, the infinitesimal generator associated
with the process (x(-),¥(+)) is

n
L*“%v(x,i,0) : Zbkxzue)akvx(?z—i- Zauxzakgv(xze —I—qu] (x,i,0),
= k(=1 j=1

N =

where by is the k-th component of the drift function b, and a* is the (k, /) component of
the matrix a(-,-) := o(-,-)o(-,-) ". As in (3), for each policy 7 € I1, we write

L™ (x,i,0) ::/ L%y (x,i,0) 7 (du|x, i).
u

The following set of assumptions and conditions ensures the existence and uniqueness
of a strong solution as well as stability of the dynamic system (1) and (2) (see [31,33-35]).

Assumption 1. (1)  The random process (1) belongs to a complete probability space (Q), F,P*?).
Here, { Fi}1>0 is a filtration on (Q, F) such that each F; is complete relative to F, and P9
is the law of the state process x(-) given the parameter 6 € © and the control u(-).

(b)  The drift function b(-, -, -, -) in (1) is continuous and satisfies that for each R > 0, there exist
non-negative constants Kg(R) and D(R) such that, for all u € U, all 61|, |62] < R and
x| [yl <R,

|b(x,i, M,Q) - b(yli/u/9)| < KQ(R)|x - ]/‘,

|b(x,i,u,91) — b(X, i, M,92)| S D(R)|91 — 92|,
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Moreover, the function u — b(x,i,u,0) is continuous on U.
(c)  The diffusion coefficient o satisfies a local Lipschitz condition; that is, for each R > 0, there
exists a constant Ky (R) > 0 such that, for all |x|, |y| less than R,

|o(x,1) —o(y, )| < K (R)[x —y].

(d) A global linear growth condition is satisfied

sup  |b(x,i,u,0)]* + |o(x,i)|?> < R+ |x|?) forall x € R,
(u,0)eUx©

where K > 0 is a constant.
(e) The matrix a(x,i) := o(x,i)o(x,i) " satisfies that, for some constant K > 0,

xTa(y,i)x > Ky|x|* for all x,y € R".

Remark 1. (i)  Properties such as continuity or Lipschitz continuity given in Assumption 1 are
inherited to the drift function b(x, i, 7,0).

(i)  Under Assumption 1, once a policy 7t € Il and a parameter 6 € © are fixed, the references [31]
and [33] guarantee the existence of a probability space (Q, F, ™) in which there exists a
unique process x™ () with the Markov—Feller property which, in turn, is an almost surely
strong solution.

The next hypothesis is known as the Lyapunov stability condition.

Assumption 2. There exists a function w € C2(R" x E), w(-,-) > 1 and constantsd > > 0
such that

(a)  limyy e w(x, i) = co uniformly ini € E.
() L™w(x,i) < —pw(x,i)+dforall m € 11,0 € © and (x,i) € R" x E.

Assumption 2 essentially asks for a twice-continuously differentiable function to solve
the problem at hand. This hypothesis is equivalent to requiring positive-definite matrices in
the context of linear matrix inequalities (see [36] and pages 113-135 in [37]). The existence
of a function w with the conditions in Assumption 2 implies that the rate functions involved
in our model can be unbounded (see Assumption 3). As in the first part, we define next an
adequate space for these functions.

Definition 3. Let v be a function from R" x E to R, we define its w-norm as

folly = sup 2l
(x,i)ER"XE w(x,z)

Even more, let By, (R" x E) be the Banach space of real-valued measurable functions with
finite w-norm.

Let  and ¢ be measurable functions from R" x E x U x © to R identified as reward
(social welfare) rate and the cost rate, respectively, and let 77 from R"” X E x ©® to R be
another measurable function that models the constraint rate. In the context of pollution
accumulation, in some situations, such a restriction is due to each country’s legal framework,
and the cost of cleaning the environment must be bounded for some given quantity.

Assumption 3. For each i € E fixed, the payoff rate r(-,i,-,-), the cost rate c(-,i,-,-) and the
constraint rate (-, 1, ) are continuous on R" x U x ©. Moreover, they are locally Lipschitz on R",
uniformly on E, U and ©. That is, for each R > 0, there are positive constants K(R) and K;(R)
such that for all |x|, |y| <R,
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sup |r(x,i,u,0) —r(y,iu6) + sup le(x,i,u,0) —c(y,i,u,0)] < K(R)|x—yl],
(,u0)EExUxO (i,u,0)EEXUxO

sup |n(x,i,0) —n(y,i,0)] < Ky(R)|x—yl
(i0)€Ex©

Even more, the rate functions belong to By, (R" x E) and there exists M > 0 such that for all
(x,i) € R" X E,

sup |n(x,i,0)|4+ sup |r(x,iu,0)|+ sup |c(x,i,u,0)] < Mw(x,i).
(u,0)eUxO (u,0)eUx© (u,0)eUx©

3. Discounted Optimality Problems and Main Results

Through this section, we establish the contamination problem of our interest in terms
of the terminology of optimal control. To this end, we will introduce the functions that
evaluate the behavior of the system throughout the process associated with payments,
costs, and restrictions.

In order to avoid confusion, we will preserve the notation and the ordering in the
presentation of the results from the first part of the project.

3.1. Discounted Optimality Criterion

Definition 4. Given the initial state (x,i) € R" x E, a parameter value 6 € © and a discount rate
« > 0, we define the total expected n-discounted reward, cost and constraint when the controller
uses a policy 7t in 11 as

V(x, i, m,r0) = IE;T,'I-@ [/Ooo e “r(x(t),p(t), n,@)dt} ,

V(x,i,m,c,0) := ]E;T’ie [/ e“tc(x(t),lp(t),n,ﬂ)dt} and
4 1Jo

7(x,i,7,0) = B! { /O ” e“fq(x(t),lp(t),e)dt} .

respectively, and Ef’ie [-] is the expectation of - taken with respect to the probability measure P™9
when (x(t),y(t)) starts at (x,1).

Proposition 1. If Assumptions 1-3 hold, the functions V(-,-, 7, v,0) and V (-, -, 7, c,0) belong to
By (R" x E) for each 1 in I1; in fact, for each (x,i) € R" X E and 6 € © we have

sup|V(x,i,m,r,0)| + sup|V(x,i,m,c,0) <2M(a)w(x,i)
mell mell

where M(a) := M%, the constants ¢ and d are as in Assumption 2, and M is as in Assumption 3 (b).

Proposition 1 can be obtained directly using the following inequality, which is an
application of Dynkin’s formula to the function v(t, x,7) := effw(x, i), and Assumption 2
(b) yield that, forall r € I1,0 € ©, (x,i) € R" x Eand t > 0,

_ N d B
B (0, 9(0)] < e P i) + 5 (1-e ). )
Remark 2. The function 7(-,-, 7,0) is in By(R" X E) for each m € I1. Moreover, for each
(x,i) € R" x E, we have

. a+d .
sup|7(x,i,71,0)| < IInHwTw(xrl)-

mell
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Let 6 € O be fixed, and again apply Dynkin’s formula to the function V (see Theo-
rem 1.45 in p. 48 in [34] or Theorem 1 (iii) in [38]) to yield the following result.

Proposition 2. Let Assumptions 1, 2 hold, and let v be a measurable function on R" x E X
U x O satisfying Assumption 3. Then, for 7t € 11, the associated expected w-discounted reward
V(.- m,0) belongs to W2P(R" x E) N By (R" x E), and satisfies

aV(x,i,m,0,0)=V(x,i,m0,0)+ L”'QV(x, i,7t,0,0) forall (x,i) € R" x Eand 6 € ©. (5)
Conversely, if some function (-, -,0) in WP (R" x E) N By, (R" x E) satisfies Equation (5), then

¢o(x,1,0) = V(x,i,7,0,0) forall (x,i) € R" x Eand 6 € ©O. (6)

Even more, if relation (5) is an inequality, then (6) holds with the respective inequality.

Consider that W%P(R" x E) is the Sobolev space of real-valued measurable functions
on R" x E whose derivatives up to order ¢ > 0 are in LV (R" x E) for p > 1.

Given the initial conditions (x,i) € R" x E a parameter § € ©, and a constraint
function 7 satisfying Assumption 3, we define the set of policies

Ft={m e T V(xim,c.0) < 7(xim6) @

We assume, for the moment, that the set defined in (7) is nonempty. Up to this point,
we are in a position to formulate the discounted problem with constraints (DPC), which is
defined below.

Definition 5. Given the initial condition (x,i) € R" x E and the parameter 6 € © we say that
policy r* € Tl is optimal for the DPC if m* € Fp" and

V(x,i,7%,r,0)= sup V(x,i,m,r,0).

X0
neFy,

Furthermore, the function V*(x,i,r,0) := V(x,i,t*,r,0) is known as the a—discount
optimal reward for the DPC.

3.2. Unconstrained Discounted Optimality

The objective of this part is to transform the original DPC (presented above) into an
unconstrained problem, and thus, to be able to propose results and techniques known in
the literature. To this end, we will apply the Lagrange multipliers technique used in [26].
Take A < 0 and consider the function

Mx,i,u,0) == r(x,i,u,0) + A(c(x,i,u,6) — an(x,i,0)). 8)

For our purpose, A represents the new reward rate. Now recalling (3), we write (8) as
r)‘(x, i,m,0) :=r(x,im0)+ Alc(x,i,m,0) —an(x,i0)), melllecO.

Remark 3. For each &« > 0 and A < 0, by direct calculations, it is possible to show that

(-, m,0) € By(R" x E) uniformly in m € Il and 6 € ©. Even more, by Assumption 3,
this new reward rate is a Lipschitz function.

In the same way as in Definition (4), for all (x,i) € R” x E and 60 € ©, we define
the function

Vi(x,i,m, ", 0) = Ef’ig [/ e MM (x(t), w(t), T,0)dt|.
* Lo

So, the discounted unconstrained problem is defined as follows.
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Definition 6 (The adaptive §-control problem with Markovian switching). A policy * € I1
is said to be a-discount optimal for the A-DUP given that 6 is the true parameter value, if

V*(x,1, rA,B) = V(x,1i, n*,r)‘,G) =sup V(x,i,m, r)‘,(?) 9)
mell

forall (x,i) € R" x E. The function V* will be called the value function of the adaptive 6-control
problem with Markovian switching.

Letv: R" x E x U X ® — R be a measurable function satisfying the conditions given in
Assumption 3. The following result (obtained from [33]) shows that the function V*(-,-,v,0)
is the unique solution of (10), and also proves the existence of stationary optimal policies.

Proposition 3. Suppose that Assumptions 1-3 hold. Then we have the following:

(i)  The a-optimal discount reward V*(-,-,v,0) belongs to WP (R" x E) N By (R" x E) and it
verifies the discounted reward HJB equation. That is, for all (x,i) € R" x Eand 6 € ©,

aV*(x,i,0,0) = sup{r(x,iu,0)+L“9V*(x,i,0,0)}. (10)
uel

Conwversely, if a function pg € WP (R" x E) N By (R" x E) satisfies (10), then gg(x,i) =
V*(x,i,v,0) forall (x,i) € R" x E.
(ii)  There exists a stationary policy f, € I that maximizes the right-hand side of (10). That is,

aV*(x,i,0,0) =r(x,i, f5,0) + Lfe*’eV*(x, i,v,0) forall (x,i) € R" X E,
and fy is a-discount optimal given that 0 is the true parameter value.

Remark 4. (a) Notice that V(x,i,7t,1*,0) = V(x,i,7,7,0) + A[V(x,i,7,¢c,0) —7(x,i,7,0)],
and by Definition 4, V(x,i,7,¢c,0) —7(x,i,7,0) = V(x,i,7m,c — an,0),

(b)  Remark 3 and Proposition 1 yield that sup . .;|V (x,1, 7, , 0)| < Mlw(x, i), with M} :=
NA% and N* is a bound of ||r*||w, implying in turn that V (-, -, 7,1*,0) € By (R" x E).

(c) If Assumptions 1, 2 and 3 hold, then by Proposition 3.4 in [28], the mappings m —
V(x,i,m,0,0), 1 — V(x,i,m,c—an,0)and 1 — V(x,i, T, ,0) are continuous on
I for each (x,i) € R" x Eand 6 € ©.

3.3. Convergence of Value Functions and Estimation Methods

Finally, in this part, we will present one of the main results of this work, which
combines optimality and the statistical approximation scheme (in a discrete way) of our
unknown parameter. To do this, we define the concept of consistent estimator and the
approximation technique that will be used for it.

Definition 7. A sequence (0,:),,cn of measurable functions 0y, : Q) — @ is said to be a sequence
of uniformly strongly consistent (USC) estimators of 6 € © if, as m — oo,

Op(w) — 0 P —as. forall m e I

For ease of notation, we write 8, := 0, (w) € ©. Letv : R” x U X ® — R be a measur-
able function satisfying similar conditions as those given in Assumption 3. The following
observations and estimation procedure are an adaptation to what was done in the first part
and show us that our set of hypotheses and procedures are consistent.

Remark 5. (a) Let (01),,c be a sequence of USC estimators of 6 € © and let v : R" x E x
IT x ® — R be a function that satisfies the Assumptions 1-3. Theorem 4.5 in [29], guarantees
that every sequence (V(x,i, 70,0, 0m) ) peny Converges to V(x,i,7,v,0), P almost surely.
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(b) Let (7tm),,cy be a sequence in I1. Since I1 is a compact set, there exists a subsequence

(nmk)keN C (7tm) ey Such that 1, W e 11, and thus, combining Remark 4 (a) and
Remark 4 (c), and applying a suitable triangular inequality, it is possible to deduce that for
every measurable function v satisfying Assumption 3,

V(x,i, Ty, 0, 0m,) = V(x,i,7,0,0) P g5 as k — .

(c) By Proposition 3, and taking into account that r* in (8), the function V*(-,-,r*,0) verifies (10).
In addition, the second part of Proposition 3 ensures the existence of stationary policy fé\ cF.
(e) Foreach A <0,0 € ®and« > 0, we define the set

e .= {n ETL: aV*(x,i,r,0) = r(x,i, 7, 0) + L™0V*(x,i,r",0) ¥(x,i) € R" x E}. (11)

Since Fy can be seen as an embedding of T1, Proposition 3 (ii) gquarantees that TI is a
nonempty set.

(f)  Asin[4], the set of hypotheses considered in this paper and Lemma 3.15 in [28] ensures that
for each 6 € O fixed and any sequence (Am),,cy, converging to A (with A, Ay < 0); if there

exists a sequence of policies (7t ?) meN € 1140 such that o Y% 71, then 7t € TIM.
(§) Lemma 3.16 in [28] ensures that the mapping A — V*(x,i,r",0) is differentiable on (—o0,0).
In fact, for each A < 0and 0 € ©

oV*(x,i,r",0)

_ Y i A
T =V(x, i, ¢c0)—7(x,i,1",0). (12)

The unknown parameter 6 will be estimated as Pedersen [39] describes. That is,
the functions hy, : O X © — R, for m =1, ... will measure how likely the different values
of 6 are. If for each w € Q) fixed, the function h,,(w, 8) has a unique maximum point
O (w) € O, then 0 is estimated by 6,,(w).

Under the assumption that, for m € Nand 6 € ©, hy,(+,0) is a measurable function of
w and that it is also twice continuously differentiable in 8 for all P —almost all w € Q, it
is proven that the function 6 — h;,(w, 6) is continuous and has a unique maximum point
O (w) for each w € Q) fixed. The number m € N is the index of a sequence of random
experiments on the measurable space (), F). This method is known as the approximate
maximum likelihood estimator.

In our scenery, given a partition of times {0 = ty < t; < t;, := T} from [0, T], the out-
comes of the random experiments will be represented by a sequence Xt := (x, : i =0,...,m)
of a trajectory x*?(t) up to time T on (Q, F) := (C([0,00)), B(C([0,0))) and the function
hy, will be called the least square function (LSE), i.e., hy, (w, 6) := LSE(w, 0).

It is evident that x*?(¢) in (1) is observed up to a finite time, say T, for which we define

(xti — Xty — b(xti—lf lp(tifl)f”ti_w 9)(ti - tifl))zr (13)

o

I
—

LSE(Xr,6) :=

with the drift function b as in (1). The above function generates the least square estimator
until time T with m observations:

O1sg = Opse(X7) = arg%nig LSE(Xrt,0). (14)
€

Remark 6. The fact that x"9(t) in (1) can only be observed in a finite horizon is one of the
hypotheses of the so-called model predictive control. However, at least from a theoretical point of view,
our version of the PEC makes no such assumption, but still chooses T as large as practically possible
and thus defines (13) and (14). In this sense, there is a connection between these two perspectives.

In [12,16,39], the consistency and asymptotic normality of 6; s are studied. In particu-
lar, Shoji (see [16]) shows that the optimization based on the LSE function is equivalent to
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‘V* (x’ i/ emk) |W2’p(BZR><E)

the optimization based on the discrete approximate likelihood ratio function in the one-
dimensional stochastic differential equation case and with a constant diffusion coefficient
considered:

T -1
b(yti—l’uti—lfg) [U(ytifl)ov(yti—l) } (xfi _xtiq)

o

I
—

MLR(Xr,0) :=

-1

1 m
) Z;{b(yfiv Ut 4, G)T [(T(thl )U(]/tl;l)T} : b(]/tFl, Ut; 4, 0)(ti —ti—1) }/
=

withyy, | == (x4, ¢(ti_1)),and b and ¢ as in (1). The MLR function generates the discrete
approximate likelihood ratio estimator:

eLR = 9LR(XT> = argrgng( MLR(XT, 9)
€
Now, we will establish our main result.

Theorem 1. Let (6),,c be a sequence of USC estimators of € @. For each m, let 1, be a
a-discount optimal policy. Then there exists a subsequence (my), of (m),, and a policy T* such

that 7ty L\/> 7t*. Moreover, if Assumptions 1-3 hold, as k — oo,
V*(x,1,0m,) = V*(x,i,0) PT g foreach x € R" andi € E,
and 7t is a-discount optimal for the 8-control problem P™ ¥ almost surely.

Proof. Consider a sequence of USC estimators (0y,),,cy such that 0,, — 6 as m — co.
Let R > 0, and take the open ball Bg x E := {(x,i) € R" xE | |x|] < R, i € E}.
For (x,i) € Br x E, let (7t),,eny C I be a sequence of a-discounted optimal policies.
Since ITis a compact set, there exists a subsequence (nmk) ken C (7tm) men such that 7z,
converges to 71* € ITin the topology of relaxed controls given in Definition 2.

Let us first fix an arbitrary my € N. Then, Theorem 6.1 in [33] ensures that the value
function V*(x, i, 0, ) in (9) is the unique solution of the HJB Equation (10), i.e., it satisfies

“V* (x/ i/ Gmk) = r(x/ i/ 7ka/ gmk) + }ankremk V*(x/ i/ Gmk)r (15)

and by Theorem 9.11 in [40], there exists a constant Cy (depending on R) such that, for fixed
0, and p > n, we have

Co([|V* (e, Om) | 2o () + 170 i T Om) || 2 8y <)
(M + M())|Bag|? . i)max Ew(x, i) < oo, (16)

€DyR X

IN A

where | Bog| represents the volume of the closed ball with radius 2R, and M and M(«) are
the constants in Assumption 3 (b) and Proposition 1, respectively.

Now, observe that conditions (a)-(e) of Theorem A1 hold. In fact, for each 7, (15)
can be written in terms of the operator (A2) as L7 Oy (x,i,0m,) = 0 with the functions vy,
A, p equal to zero, v1 = r and hy, (x,1) = V*(x,1,0, ). So, taking &, =0, A = 0, conditions
(a),(c) and (d) hold. In addition, by (16), condition (b) is verified as well.

Then, by Theorem A1, we claim the existence of a function h(-,-,68) € W?P(R" x E),
together with a subsequence (my : k =1,...) such that V*(-,-,0,,) — h(-,-,0) uniformly

in Bg x E, and pointwise on R" x E as k — co and 71y, L\]> r*. Furthermore, h(,-,0)
satisfies
wh(x,i,0) = r(x,i,7°) + L™ Ph(x,i,0) P™ P-as., (17)



Mathematics 2023, 11, 1045

11 0f 22

with h(-,-,0) € W?P(Bg x E). Since the radius R > 0 is arbitrary, we can extend our
analysis to all of (x,i) € R" x E.

Thus, as V*(x,i,0) is the unique solution of the HJB equation (17), we can deduce that
h(x,i,0) coincides with V*(x,i,60). So, by (15) and (17), as k — oo,

V*(x,1,0m,) — V*(x,i,0) P as., foreachx € R" andi € E.
On the other hand, by Proposition 3, for each i € E and 6, € © fixed, we have
WV (x,0,0m) > 1(x,1,70,00,) + L% V*(x,1,0,,) forall r € TL. (18)

Hence, letting k — co and using Theorem A1 from appendix again, we obtain that (18)
converges to

aV*(x,i,0) > r(x,i,7,0)+L™V*(x,i,6) forall 7 € I (19)
Thus, by (17) and (19), we obtain

aV*(x,i,0) = sup{r(x,i,m,0)+L"V*(x,i,0)}.
mell

implying that 7t* is a-optimal for the §-control problem with Markovian switching. O

In the following section, we present a numerical example to illustrate our results.
To this end, we implement Algorithm 1. In it, first we introduce the number of iterations in
our process and define the variables we need to simulate the dynamic system x(t) and the
Markov chain ¢(t). Such simulations are inspired by the algorithm proposed in [41], and
allow us to obtain the discrete observations {x; : k =1,2,...} needed to feed (13) and (14)
and thus approximate the real value of 6.

Algorithm 1: Method of LSE to find 6

Data: Number of iterations to be performed m, for (1) and (2): stepsize dt,
arbitrary controllers u € U, drift and diffusion coefficients b(-, -, -, -) and
o(+,-); and Q, the generator of the continuous-time Markov chain (t).

Result: Estimation of 0

Simulate (5;:i=1,...) C [0, T);

foreacht € (1;:i=1,...)do

Use Q to simulate ¢(7);
Use Euler-Maruyama’s method to simulate (1)
end

fork=1,...,mdo

| Orsp < argmingce LSE(X}, 0) given by (13)—(14)
end

return 6; ¢

Remark 7. Now we list some limitations of our approach.

1. Approximation of the derivative. In our case, we use central differences, but in each application,
the approximation type to be used must be analyzed.

2. Least squares approximation. The most common restrictions are the amount of data, the regu-
larity of the samples, and the size of the subintervals.

3. Euler-Maruyama method. The most common restrictions in this method occur if the differen-
tial equation presents stiffness, inappropriate step size, or sudden growth. In our application,
the Euler—Maruyama method converges with strong order 1/2 to the true solution. See
Theorem 10.2.2 in [42].
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4. Numerical Example

This application complements the one we used in [38]. We represent the stock of
pollution as the controlled diffusion process with Markovian switchings of the form

dx(t) = [u(t, (t)) — 0x(t)]dt + cdW(t), x(0) =x>0,9(0) =1, (20)
where (t) is a Markov chain with generator
_( M Ao
Q- ( Moo—h ) '
(t) stands for the perception of society toward the current level of pollution at each
time. It takes values from the set E := {1,2}. So, if the Markov chain is initially in state

$(0) = 1, then before its first jump from state 1 to state 2 at its first random jump time Ty,
the stock of pollution obeys the following SDE

dx(t) = [u(t, (1)) — 6x(¢)]dt + cdW(t), (21)

with initial state x(0) = 0. At time 77, the Markov chain jumps to 2, where it will stay until
the next jump, at time 7. During the period |1, 12|, the stock of pollution is driven by
the SDE

dx(t) = [u(t,9(2)) — 6x(¢)]dt + cdW(t), (22)

with initial value x(7;) at time 73, and the stock of pollution switches to (22) from (21).
The stock of pollution will continue to alternate between these two states ad infinitum.
We also consider the pollution flow to be constrained. This means that our controller
variable u(t) will be taking values in
[0,7] ify(t) =1, orin
] () =2

for a constant 0 < # < 7. So, u(t) := u(t, (t)). We introduce the reward rate function
r:[0,00) x E x U — R, that represents the social welfare defined by

r(x,i,u) == v/u —a(i)x, forall (x,i,u) € [0,00) x E x U,

whereas the cost and constraint rates are

c(x,i,u) = ci(i)x+ca(i)uforall (x,i,u) € [0,00) X E x U,
coy . al)x
n(x,i,0) = P +4q,

where g is a positive constant. Clearly, (20) satisfies Assumption 1. The infinitesimal
generator for a function v € C?(R x E) is

ov(x, i) 12 0%v(x, 1)
ox 2 dx?

1
L% (x, 1) = [u — 0x] + ) gijo(x,j), forx > 0and i € E.
j=0

We use w(x, i) := x% + 1. Itis easy to verify that L*%w(x, i) < —bjw(x,i) + g(x,i,u,0),
with 0 < by < 26 — qq;, where g(x,i,u,0) := byw(x,i) + (2ux — 20x* + ¢?)i + gy x°.

Take by such that b; — 260 + g;; < 0, and note that for every (x,i) € R x E, (u,0) —
g(x,i,u,0) is continuous on the compact sets U and ©; therefore, there exists a constant
dy such that g(x,i,u,0) < dy forall (x,i) € RxE,u € Uand 6 € ©. So, Assumption 2
is satisfied.
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In this problem, the payoff rate is M(x,i,u) = r(x,i,u) — Ac(x,i,u) where A is the
Lagrange multiplier, the a —discounted expected payoff is

V(x,i,m,11,0) := ]E;T'ie [/ e*“trA(x(t),lp(t), mr)dt|,
+ 1Jo

and the value function is

V*(x,i,0) = sup V(x,i,7,711,0). (23)
mell

In order to find the optimal control and the value function V*(x,,0) given in (23), we
need to solve (10) for each i € E. The HJB equations associated with this example are

ap(x,1) = sup {\/ﬂ— a(0)x+ A {cl(l)x +or()u— (X<Cl(1>x n q)}

OSMS]? w + 9

0p(x,1) 1 ,3%p(x,1) & @)
+(u—0x) T 4 S Y grig(x,j) b forall x > 0.
ox 2 dx2 ]; 4 }
c1(2)x
ag(x,2) = sup {\/ﬁfa(Z)erA c1(2)x+c2(2)u —a +q

0<u<ry a+0 5)
25

p(x,2) | 1 ,0%(x,2) & .
+ (u—6x) (ng ) + 502% + Ziqgj¢(x,])} for all x > 0.
]:

Assuming that a solution to (24) and (25) has the form ¢(x, i) = kq(i)x + k(i) with

ki1,ky : E — R measurable functions, we get aq’éz’i) =kq(i) and 823% = 0. Replacing the

derivatives of ¢(x, i) into (24) and (25), we obtain

Ay (i) — (a+0)a(i) L= difk1(j)

k() = (x+6)? + a+6
2
aky(1) = sup (Vu—aygiu) —Ang+ Y qk2(f), (26)
0<u<py j=1
2
aky(2) = sup (Vu—argiu) —Aag+ Y pika(f), 27)
n<u<y j=1

with ) ki)
 (a+0)a(i) = A0y (i) + (a +0)%ca(i)] | L= ik (j
are,i = («+0)2 + 10 >0,

Notice that the suprema in (26) and (27) are attained at

‘ -

4(“)}9,0)2 if 2y < 2200/
fo () = (28)
17 if ﬁ Z ’1/\,9,0,

1 o1

N 4(ayp1)? if 27 < are1,

0 (2) = (29)
v if ﬁ > aprp1-
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Thus, ky(+) can be written as

[ A\ ; Al 1
ka(i) = fol) ~ anaifs () —Aq+ % ;)qijkz(]')-

114
]

By Proposition 3, the optimal control is (28) and (29), and the value function is

(P(x, l)/ i'e'/
/) — N Lo qika(f
p(x,i) = V*(x,i,0,r) = [/\Gcl (l)(“ i’;; 0)a(i) | L 21161(]) N
30
F0) = argif i) (30)

o

1 d .
—Ag+ Y qifka(j)-
=0

For the numerical experiment, we consider the particular form of (1) given by (20) to
test Algorithm 1 with Q = ( _11 _1 1 ) as the generator of the continuous-time Markov

chain ¢(t) embedded within (20). Also, let x(0) = 0, T = 5, dt = 1074, u(t,1) = 0.5,
u(t,2) =1.5,0 = V10719, and 0 = 2.5 as the true parameter value of the pollution decay
rate. These last data allow us to simulate (20) in the interval [0,5], and, for the sake of
comparison, it will be considered as the real model (see Figure 1). Based on this information,
m = 50,000 discrete observations were obtained. Now, we suppose that 6 is the unknown
parameter and we estimate it by means of the least square function LSE in (13) and (14).
Substituting b(x,i,u,0) = u(t,i) — 6x(t) in (13), we obtain the following estimator for each
statei € E = {1,2}.

m—1
Z uxy — xpdxy
: _ k=2
0()isg, = ———— (31)
2
>
i=2
where dxy := %% Given that the dynamic system for x(t) is governed by a stochas-

tic differential equation with Markovian switching, it is not possible to have a single value
for 8, but rather a set of values (the number of these values strictly depends on the number
of jumps that occur in the interval [0, T]), which we will denote as in (31). These approxi-
mations allow us to simulate the stochastic differential equation with Markovian switching
again with the same jumps. The outputs of the approximate stochastic differential equation
with Markovian switching 2O (t) and the one with the real value for 6, x?(t) are displayed
in Table 1.

To graph the value function Vj(x,7) := V*(x,i,0,r) given in (30) we take = 3,
vy =23,a(1) =125,a(2) =2,¢1(1) = 100, ¢1(2) = 150, c2(1) = 10, ¢1(2) = 1.5, = 0.2,
and g = 60, and (i) LSE,, With m = 10000, 12500, 16667, 25000 and 5000, see Figure 2.

The symbol (x(t)eLSEm, fe)‘L . (1), VG*LSEm (x, i))denotes the value estimates of the dy-

namic system x(¢), the optimal control f; and of the value function V; when we take 6,
instead of 6.
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Figure 1. Asymptotic behavior of x(t)%stn and (t).

We obtained m = 50,000 discrete observations of (20) on [0, 5]. Given that the Markov
chain is known, the vector of jump times (73, 72, 73, 71, T5) is known as well. The esti-
mator used in each interval |7y, Ty;1] with k = 0,1,2,3,4 and 19 = 0 is 015, given
in (31). Figures 1 and 2, together with Table 1 show that, as m increases, the estimator
approaches the true parameter value § = 2.5, and the RMSE between the estimations

0 A ; :

(x(t) SEw, for (i), Vi or (x,z)) and the actual values of (x(t)?, f3'(i), Vj (x,i)) decreases,
thus implying a good fit.
2000
o .
g$g§§§§§§§§§§§§§§§§§*****iiﬁxﬁxii
_ -2000 RealModel | = ShgwEETT 0.0 o =
= &+ 50000 Points 00,0
> 4000 - O+ 25000 Points a
X+ 16667 Points
6000 12500 Points |
*---10000 Points
-8000 | | | | | | | | |
0 05 1 15 2 25 3 35 4 45 5
Time t
2 T T
18 |
16 |
14 s
12 |
1 | | | | | | | | |
0 05 1 15 2 25 3 35 4 45 5
Time t

Figure 2. Asymptotic behavior of the optimal reward Vj (x(t)0sEn  §) (vertical axis) using the
estimator 01, with m = 10,000, 12,500, 16,667, 25,000 and 5000.
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Table 1. Estimated processes using 0rsg, and the real processes (6 = 2.5).

m RMSE RMSE RMSE RMSE
0 OLsE, Al A . (V(; (xeri) -
(6 — 6rsE,,) (x® — xPLstm ) (fo (i) — fo,p, (D)) Ve (015w, i)

OLsEm ’

50,000 0.00496364 0.00059318 5.72448 x 107> 5.09465
25,000 0.00497008 0.0423565 5.72228 x 107> 1707.61
16,667 3.23512 0.112074 0.00174892 2648.67
12,500 0.0049845 0.0873181 5.72787 x 107° 2518.47
10,000 0.00498072 0.10305 5.72684 x 10~° 2669.93

Theorem 5.5 in [28] ensures that for a fixed point z > 0 such that

nei(i)z | [0e1(i) + (a4 6)%ca(i)]

o .
foralli=1,2
1< (a+6)2 a(a+6)? oratt=>

1

> a(a+9)2q7a961(i)z
B (1) +(at+0)2cy (i)

admits a critical point A}, = A} o(«,z) < 0 satisfying

if the inequality > Z(—j?) holds, then the mapping A — V*(z,i,0,1")

e o) = @O = ALl () + (a4 0] 1
Ao (a + 6)2 ) (vc(uc+9)2q—a901(i)z) .
01 () (@ +0)%c2

Therefore, every e € T is a-optimal for the DPC and V(z,i, n)‘:rl‘re, c,0) =
* AF *
7(z,i, 770, ); in particular, the a-optimal policy for the DPC is fo €Fn I1%:6 of the form
f)\:’e (i) = a(a+0)2q — abey (i)z
4 - 961(i) + (06 + Q)ZCZ(i) g
and the a-optimal value for the DPC is given by

(32)

V*(z,i,6, r)‘;ﬂ) =V*(z, nAZ*fflf’,G, r)

__alz 1| (ala+0)2—ade(i)z)  a(i) { (a4 6)2g — 0c1(i)z (33)
fc(i) + (a + 0)%ca(i) a+6]0c1(i) + (v +0)2cp(i) |

5. Conclusions

We studied controlled stochastic differential equations with Markovian switching of
the form (1), where the drift coefficient depends on an unknown parameter 6 € ©.

Two problems were analyzed, each one under a corresponding reward criterion: the
discounted unconstrained problems (DUP) and the discounted problem with constraints
(DPC) with optimal value functions Vj (x,i,7) and V; (x,i,r"), respectively. Once a suitable
procedure estimation of 6 is obtained, it generates a sequence of estimators (0, ), such
that 6,, — 0 as m — oo, and the results obtained guarantee the following;:

*  For each initial state and parameter 0,,, V; — Vy almost surely for both problems.
¢  For each estimation 6,, and problem (DUP or PDC), there are optimal policies 77y, .

*  There is a subsequence of policies (ngmk )ken and a policy 7t € ITsuch that Ty, n Ty,
and, moreover, 715 is optimal for the 6-OCP.
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*  Similar to the previous point, for the DUP, there is a subsequence of policies and a

policy 7r; € TIM such that s O B g, and 71, is optimal for the 6-DUP. Moreover,
if Ay, < 0is a critical point of Vi (x, ), then 7 is optimal for the §-DCP.
mk

The numerical part is one of the strengths of this work. Indeed, it aims at solving an
estimation problem and a control problem. This task requires knowledge and storage of the
optimal policies 7ty for all the values of §, which may take considerable offline execution
time. In addition, we propose and implement an algorithm to approximate 6.

Finally, the idea of modeling the dynamic x(t) as a controlled diffusion process with
Markovian switchings allows us to consider extra factors or elements that affect the pol-
lution stock. Such factors could be seen, in particular, as multiple pollution sources.
An interesting task or challenge would be to pose this scenario as a multi-objective prob-
lem, where both sources of contamination and the stock require to be minimized under
certain restrictions. This could be done by adapting and defining a suitable multi-objective
linear program (convex program) and guaranteeing the existence of a saddle-point—or
Pareto optimal policy—as studied in [43,44]. Another technique, called the multi-objective
evolutionary algorithm, combines multi-objective problems with statistical techniques to
approximate the Pareto optimal as in [45]. In both cases, it is still necessary to apply extra
techniques due to the unknown parameter 0.
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Appendix A. Convergence of the HJB-Equation

Letvy, vp: O x U x ® x E = Rbe two functions with the same properties of the rate
functions established in Assumption 3. Furthermore, for every x € R", k € E,u € U, a > 0,
functions A and p in B(O), and h in W?P (O x E), let

Y(x, kual, 0,0;h) :=v1(x, k,u,0) + A(x)[va(x, k,u,0) — p(x)]
2 (A1)
+ ) bi(x,k,u,0)0;h(x, k) — ah(x, k),
i=1

where b; is the i-th component of the drift function b in (1). We also define
n

Y a(x k)agh(x k),
i,j=1

]L“'Gh(x, k) :=¥(x,kuaA, p,0;h) +

with a as in Assumption 1 (d). For each 7t € 11, we denote

‘i’(x,k,n,oc,)x,p,@;h) = /‘i’(x,k,u,a,A,p,G;h)ﬂ(du|x), and
Ju
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L™h(x, k) = (xkﬂzx/\p,eh+ Z T(x, k)oTh(x, k).
1]1

The framework we consider requires the interchange of limits, which is an extension
of the adaptive case of Theorem 6.1 in [28], Theorem A1 in [26], Theorem 3.4 in [46] and
Theorem 5.2 in [47].

Theorem A1. Let O be a bounded C? domain and suppose that Assumptions 1-3 hold. In addition,
assume that there exist sequences (Am),,ens (Om)meny € B(O), (7m) pen) C IL 0 € © and
(hn)eny = (hC,,0m)) ey C W?P(O X E), (&m)men C LP(O X E), with p > n (n is the
dimension of (1)), satisfying the following:

(a) L7mbnp, =8min O X Eform=1,2,-

(b)  There exists a constant My such that ||y, ||sz(OXE M, form=1,2,-

(c)  &m converges in LP (O X E) to some function ¢.

(d) 6y, converges to some 6, Pl g,

(e)  pm converges uniformly to some function p.

H X

Then, there exists a function h € W?P(O x E) and a subsequence (my :k=1,...) C
{1,2,...} such that hy, — h in the norm of CY1(O x E) forn < 1 — % as k — co. Moreover,

L™h=¢in OxE P —gs. (A2)

Proof. It is known that Sobolev’s space W?? (O x E) is reflexive Theorem 3.5 in [48]. Then,
by Theorem 1.17 in [48], for every M > 0, the ball

Hi={ne W (O x E): |llyaroxe) < M} (A3)

is weakly sequentially compact. On the other hand, since p > n, by Theorem 6.2 (Part III)
in [48], for 0 < 57 < 1 — , the embedding W?? (O x E) < C"1(O x E) is compact; hence,

it is also continuous, and thus the set H in (A3) is relatively compact in C17(O x E). This
fact ensures the existence of a function h € W?P(O x E) and a subsequence (/)

(hm)yeny C H such that fene =
N — h weakly in W?P(O x E) and strongly in C(O x E). (A4)
Now, we show that, as m — oo,
/Og(x,k)‘i’(x, k, 70, @m, Ay Oy Om; B ) dx — /Og(x,k)‘i’(x, k,mt,a, A, p,0;h)dx, P™as., (A5)

forall g € £1(O x E).

To this end, recall (A1) and note that, given (x,k) € O x E, functions h € W*? (O x E)
and hy, € H, A, A, pm, p € B(O), a pair of policies 7, 7y, € 11, and 6,6 € ©,a0 > 0,
the following holds.

/ g(x,k)|‘i’(x K, 7T, &, A, Oy O i) — ¥ (x, K, o, A, 0,6; 1) |dx
< /Og(x,k)|01(x k, tm, Om) — v1(x, k, 77, 0y ) | dx
+ /O g(x,k)|v1(x, k, 7T, 0m) — v1(x, k, 77,0)|dx
+ /Og(x,k)|/\m( %)02(%, K, 7m, O ) — A (x)02 (%, K, 77, 6y |dx
+ /Og(x,k)Mm( Yoa(x,k, 7T, 0) — Am(x)v2(x, k, 77,0)|dx
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(x, k) [ A (x)v2(x, k, 77,0) — A(x)va(x, k, 77, 0)|dx

oqQ

s~

I
—

(x, k)| 0l (x, k) [bi(x, k, T, O) — bi(x, k, 7T, 0,,] | dx

Q(x, k)| 0l (x, k) [bi(x, k, 7T, 0,) — bi(x, k, 7T,0)]|dx

I
—

+
=
S~ S~ o

g(x, k)|bi(x,k, 7, 0)[0ihm(x, k) — 0;h(x, k)]|dx

+

I
—

X, k) [ A () [om (x) — p(x)]dx]
)| (x) [Am(x) = A(x)]|dx
/Og(x,k)lhmw,k) — h(x,k)|dx

S~

o 0OQ

(
(

2
S

Since the embedding W*? (O x E) — CY1(O x E) is continuous, hypothesis (b)
together with the definition of the norm || - |1, (0xE) lead to

maxq |ly|, max |0ihm| p < Hhchlfv((’)xE) < M”hmHWZ’V(OxE) < MM;.
1<i<n

On the other hand, Assumptions 1 and 3, yield that

sup |b(-,-, 7, )| + sup |v2(+, -, 7, -)| < K(O x E).
ell mell

Hence,

/Og(x,k)ﬁ’(x,k, nm/“//\m/pm, Om; hm) - ‘if(x,k, T, X, )\,p, 9;h)|dx
g/og(x,k)|vl(x,k,rcm,6m)—vl(x,k,rc,ﬂm)|dx

+ 118l g1 (0w [01 (%, K, 7T, 0m) — v1(x, K, 70, 0)]
+|)\m|/Og(x,k)|vz(x,k,7rm,9m)—Uz(x,k,n,em)|dx
+Aml 18l 210 xE) 02 (%, K, 7T, 0 ) — 02(x, K, 7, 6)
+K(O x E)[|Am = Allgioy 181l 210 E)
+MA7I1n1r£iann/Og(x,k)|bi(x,k, Tom, Om) — bi(x,k, 77, 0 ) | dx

(A6)

+ MMyn max max||g]| 1o |bi (X, K, 77, 0m) — bix, k7, 0)]

+ hm = hllern (o« g)2nK(O X E) |18l 210 xE)
+ [Amllllom = pllgo) I8l 21 (0 xE)
+ llell oy IAm = Mgy 181l 21 (0 xE)-

Observe that v1(+,-7,0), v2(+,+, 7,0) and b;(+,-,71,0) i = 1,- - - ,n are bounded on O X
E, so the weak convergence criterion can be applied. In addition to that, Assumptions 1 (a)
and 3 (a) implies that these functions are continuous on ®. Then, hypotheses (d) to (f),
together with (A4), lead to the right-hand side of (A6) going to zero as m — co P almost
surely, thus proving (A5).
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The existence of the constant K(O x E) used for the analysis in (A6) can be also used
~ b
to claim that |o(x, k)| < K(O X E), then we can assert that for each gin L77(O X E),

1

E/ ,]Z:la xkah ,]22111 xkahxk)]dxg
n2 B 5 & (A7)
L KOXE] Y /Og(x ) [0 (3, k) — 03 h(x, k) | dx

ij=1

Thus the weak convergence of (hy, : m =1,2,...) to h in W??(O x E) yields that
the right-hand side of (A7) converges to zero almost surely as m — co. Notice also that
the convergence of (A5) is also valid for all g € C% (O x E). The reason is because
crt (O) x E C LY(O x E) (recall the Lebesgue measure on O is bounded). This last fact
together with (A7) and hypothesis (c), yield that for every g in £t (O xE),

/O 80, ) [L7™h(x, k) — §(x, ) |dx = lim /g(x,k) (L0 (3, k) — G (x, 1) | dox = 0

P79 almost surely. This fact, along with Theorem 2.10 in [49], implies (A2), i.e., L™h = ¢&
P79 almost surely in O x E. This completes the proof. [J
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