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Abstract: The rank two Heisenberg—Virasoro algebra can be viewed as a generalization of the twisted
Heisenberg-Virasoro algebra. Lie bialgebras play an important role in searching for solutions of
quantum Yang-Baxter equations. It is interesting to study the Lie bialgebra structures on the rank
two Heisenberg-Virasoro algebra. Since the Lie brackets of rank two Heisenberg—Virasoro algebra
are different from that of the twisted Heisenberg—Virasoro algebra and Virasoro-like algebras, and
there are inner derivations (from itself to its tensor space) which are hidden more deeply in its interior
algebraic structure, some new techniques and strategies are employed in this paper. It is proved that
every Lie bialgebra structure on the rank two Heisenberg-Virasoro algebra is triangular coboundary.
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1. Introduction

Lie bialgebras as well as their quantizations provide important tools in searching
for solutions of quantum Yang-Baxter equations and in producing new quantum groups
(see, e.g., [1,2]). Thus, a number of papers were published on the structure theory of Lie
bialgebras (see, e.g., [3-18]). Witt and Virasoro type Lie bialgebras were introduced in [3],
which were further classified in [4]. The generalized Witt type was studied in [5]. Lie
bialgebra structures on generalized Virasoro-like and the g-analog Virasoro-like algebra
were considered in [6] and [7], respectively. The same problem on the twisted Heisenberg—
Virasoro algebra was determined in [8]. Recently, quantizations of Lie bialgebras, duality
involution, and oriented graph complexes were investigated in [19].

In this paper, we are interested in considering Lie bialgebra structures on the rank
two Heisenberg—Virasoro algebra, which can be viewed as a generalization of the twisted
Heisenberg—Virasoro algebra (see [20,21] for details). However, Lie brackets of these
two algebras are different. The rank two Heisenberg—Virasoro algebra L is a Lie algebra
spanned by elements of the form {t,, E, |a € Z?\ {(0,0)}}, together with the following
Lie bracket relations:

[ta, Eg] = det <£ ) 'y

[Eu, Eg] = det (f) Eaipy [far t5] =0,

where « = (a1, ®2), B = (B1, B2) € Z*\ {(0,0)}, and det(fj) = B1ay — a1 By. The deriva-

tion, automorphism group and central extension for L were studied in [20]. The universal
Whittaker modules for L were discussed in [21], where the irreducibility of the universal
Whittaker modules was determined. The Verma module structure for L was character-
ized in [22]. This Lie algebra L is different from Virasoro-like algebras in that L has one
more type of generator {t, |a € Z*\ {(0,0)}} than Virasoro-like algebras. Thus, some
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new techniques or strategies need to be employed as can be seen in the proof of Lemma
5 (see pages 12-14 for details). This is one of our motivations. Furthermore, due to the
fact that, compared L with Virasoro-like algebras, there are inner derivations (from itself
to its tensor space) which are hidden more deeply in its interior algebraic structure, we
must apply some new techniques (see pages 5-11 for details) to search for these deeply
hidden inner derivations by thorough observations and deep considerations. Therefore,
the determination of Lie bialgebra structures on the rank two Heisenberg—Virasoro algebra
is attractive and more complicated compared with Virasoro-like algebras.
We introduce two degree derivations d; and d on L, i.e.,

[di/ ta] = ocl-t,x, [di, E“] = zxiE,x, [d],dz] = 0, fori = 1, 2.

Then, we arrive at the Lie algebra L=Lo® C‘il @ Cd,, which is still called the rank
two Heisenberg-Virasoro algebra. The Lie algebra L has a natural Z?-gradation:

L= & L,
aeZ?

where
Ly = CE, @ Ct,, fora € Z*\ {(0,0)}, Lo = Cdy @ Cdy, for 0 = (0,0)

We shall investigate Lie bialgebra structures on the Lie algebra L in this paper.

Now, we recall some definitions related to Lie bialgebras (see [1-3,9]). For any C-
vector space S, denote by 7 the twist map of S ® S, namely, T(a ® b) = b ® a and by ¢ the
cyclic map of S® S ® S cyclically permuting the coordinates, i.e.,, {(a @b ®c¢) = b® c ®a for
any a,b,c € S. Then, the definition of a Lie algebra can be stated as follows. A Lie algebra is
a pair (S, J) of a vector space S and a linear map §: S® S — S with which the following
conditions are satisfied:

Ker(1®1—17) C Kerd, 6(120)(1@1@1+&+ &) =0,

where 1 denotes the identity map on S. The operator ¢ is usually called the bracket
of S. Dually, a Lie coalgebra is a pair (S, A) of a vector space S and a linear map
A: §— S®S satisfying

IMA CIm(1®1-1), 1®101++)(1RA)A=0 (1)

The map A is called the cobracket of S. For a Lie algebra S, we always use the symbol
to stand for the diagonal adjoint action:

"

a- (Y _bioc;) =Y ([a,b]®c; + b; @ [a,c]), forany a, b, c; € S,
i

1

and in general, [a,b] = 6(a® b) forany a,b € S.

Definition 1 ([1-3,9]). A Lie bialgebra is a triple (S, 6, A) such that (S,6) is a Lie algebra, (S, A)
is a Lie coalgebra, and the following compatible condition holds:

AS(a®@b) =a-A(b) —b-A(a), foranya,b e S (2)

Note that the compatibility condition (2) is equivalent to saying that A is a derivation.

Definition 2 ([1-3,9]). A coboundary Lie bialgebra is an (S,5,A,r) , where (S,6,A) is a Lie

bialgebra and r € Im(1® 1 — 1) C S ® S such that A is a coboundary of r , i.e., A = A, . For any
a €S, A is defined by
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Ar(a)=a-r. (3)

Denote by U the universal enveloping algebra of S and by 1 the identity element of U.
Foranyr =) a;®b; € S® S, define 1, i,j = 1,2,3 to be the elements of U ® U ® U by
i

M=y 0,0bo1,rP =Y a@1eb, =Y 1040,
i i i

and c(r) = [r'2,713] 4 [r12, 73] + [r13,7%3].

Definition 3 ([1-3,9]). A coboundary Lie bialgebra (S, 6, A, r) is called triangular if r satisfies the
following classical Yang—Baxter equation (CYBE):

c(r)=0 4)

The main result of this paper can be formulated as follows.
Theorem 1. Every Lie bialgebra structure on L is triangular coboundary.

Throughout the paper, we denote by C and Z the sets of the complex numbers, and
the integers, respectively. All vector spaces mentioned in this paper are over the complex
field C.

2. Proof of the Main Results

The aim of this section is to give a proof of Theorem 1. The first one has the following
result which comes from [2].

Lemma 1 ([2]). Let (S, d) be a Lie algebra. Then, A = A, (for somer e Im(1®1—71) CS®S
) endows (S, 5, A) with a Lie bialgebra structure if and only if r satisfies the following modified
Yang—Baxter equation (MYBE):

a-c(r)=0, foralla e S (5)

Lemma 2. Regard; @ L& L, the tensor product of 3 copies of L,as an -module under the adjoint
diagonal actionof L. If a-c =0forsomec € L L® Landalla € L, thenc = 0.

Proof . It is easy to see that V = L® L ® L is a Z* -graded L -module under the

adjoint diagonal action of L. The gradation is given by V. = @ V,, where
xeZ?
Vy = Yy Ly® fﬁ ® Zy. Writec = Y ¢y as a finite sum with ¢, € V. From
o, ﬁ/ r)/ c Zz XEZZ
at+p+y=x
0=d;-c= Y xjcx,i=1,2,weobtain ¢ = ¢y € V. Now write
x€Z?
c= Aféf/}fzxa ®Yg®Z_(nip) + Y pa A @ Xy @Yy
a, B € 7Z2\{0} a €72\{0}, i € {1,2}
X, Y, Ze{E, t} X, Y e{E, t}
- ) Mo Xe@di @Y o + v pX XX Y 0 d;,
a € 7Z2\{0}, i € {1, 2} w € ZA\{0}, ie{1,2}
X, Y e{E, t} X, Y € {E, t}
+ Si,]’,kdi & d] ® dy,

i,j,ke{1,2}
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where all the coefficients of the tensor products are complex numbers and the sums are all
finite. Fix the normal total order on Z? compatible with its additive group structure. Define
the total order on Z?\ {0} x Z?\{0} by

(a, B) > (at, B1) & a>al, or a =al, B> PI

Suppose/\x V.2 £0forsomeX, Y, Z € {E, t}, o, B € Z2\{0}. Let
(20, Bo) = max{( B) € Z*\{0} x Z*\{0} ‘AX V.2 4 0}

Choose v > 0 such that det (?) # 0,7 # Bo, and v # —ay — Bo. Then, for some
X, Y, Ze{E t},

X0\4,X,Y,Z
0# det(,y>)ta By Xuo+y @ Yy © Z_(ag1py)

is linearly independent with other terms of E,, - ¢, a contradiction with the fact that E, - ¢ = 0.
So, /\i(,,ﬁY,Z = O0forany X, Y, Z € {E, t}, o, B € Z*\{0}. Similarly, we can prove that

an”l-Y = ni’iy :pi(,’iy = 0forany X, Y € {E, t}, « € Z*\{0}, i € {1, 2}. Furthermore,
by E19-c = 0 = Ep;1 ¢, one can obtain ¢; jx = 0 for any i, j, k € {1, 2}. The lemma
is proved. [

As a conclusion of Lemma 2, we immediately obtain:

Corollary 1. An elementr € Im(1®1— 1) C L ® L satisfies the CYBE in (4) if and only if it
satisfies the MYBE in (5).

Regard W = L®L asan Z—m(ldule under the adjoint diagonal action. Denote by
Der(L, W) the set of derivations D : L — W, i.e., D is a linear map such that

D([x,y]) =x-D(y) —y-D(x) forx,y € L 6)
and Inn(z, W), the set consisting of the inner derivations uin,, u € W, is defined by
Uinn © X — x-u forx € L.

_Denote H (L, W) as the first cohomology group of the Lie algebra L with coefficients in
the L-module W, then N N N
HY(L, W) = Der(L, W)/Inn(L, W)

Proposition 1. Der(L, W) = Inn(L, W) , i.e, H*(L, W) = 0.

Proof . Itis clear that W =L® L = @ W, is Z? -graded with

Y/
W, = 2 f,; ® L,
By € Z?
pty=u

A derivation D € Der(L, W) is homogeneous of degree a € 72 if D(Zﬁ) € Wy p for
all B € 7. Denote by Der(L, W), = {D € Der(L, W) |degD = a} for o € Z2.
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Do(Eo;) =

LetD € Der(f, W). For a € 72, we define a homogeneous linear map D, : LW

of degree « as follows: For any u € Eﬁ with g € Z2, write D(u) = Y w, withw, € W,,.
YEZ?2

Then, we set Dy (1) = w, 4. It is obvious that Dy € Der (L, W), and we have

D= Y D, where D, € Der(L, W),, (7)
€72

which holds in the sense that for every u € L, only finitely many D, (1) # 0, and D(u) =

Y. Dy (u) (we call such a sum in (7) summable). [J
a€??
We shall divide the proof of the proposition into several lemmas.

Lemma 3. If « € Z*\ {0}, thenD,, € Inn(L, W).

Proof . Denote T = Spang{dj,d>} and define the nondegenerate bilinear map from
7P xT—C,da) =< &, d >= ajaq + agan for & = (ay, ap) € Z?,d = aydy +aydr € T.
Now, for a € Z?\{0}, by linear algebra, one can choose d € T with d(a) # 0. Denote
w = (d(«)) 'Dy(d) € W,. Then, for any x € Zﬁ,ﬁ € 7?2, applying D, to [d, x] = d(B)x,
using Dy (x) € W, 4, we have

d(a+ B)Dy(x) — x - Do(d) = d(B)Da(x),
i.e., Dy(x) = Winn(x). Then, Dy = wWipy is inner. O
Lemma 4. Dy(dy) = Do(dp) = 0.
Proof . For any x € Ly, applying Dy to [d;, x] = d;(«)x, we have
d; - Do(x) — x - Do(d;) = d;(a) Do(x)
ie., x-Dy(d;) =0(i =1,2). Thus by Lemma 2, Dy(d;) =0(i =1,2). O

Lemma 5. ReplacingDy by Do — tinn for some u € Wy , one can suppose Do(L) =0, i.e.,Dy €
Inn(L, W).
The proof of this lemma will be carried out by two claims.

Claim 1. By replacing Do by Do — ttiny, for some u € Wy, we can suppose Do(Ey,n) = Do(tmn) =
O0form,n,m+ne{-1,0,1}.

Write
2 AEE Epn @ E_ppi—n + ): AEL Emn @t _mi1on + 2 ME tmn @ E_p1—n
+ L At © o1 i AE Eoq ®dy + AL Eon ® dz + 244, @ Egy ®)
+A%dy © Eyy + Al tor ®dy+ Al to1 @ da + Af'dy @ tog + APdy @ o,

for some ALE AEL CALE CAH i, /\i}, Mg Mi e €, where {(m, n) € Z2\{0}

|AEE 0}, {(m, n) eZ?\{0} | AL, #0}, {(m, n)eZ>\{0}|A!}, #0}, and
m, n) € Z2\{0} | Al 0! are finite sets. Note that the following identities hold.
mmn g

(Em,nfl QE_m,1- n)mn(EO 1 m(Em,n QE_mi1-n—Emn1® E—m,Z—n)/
(Em,nfl (29 tfm,l n)mn(EO,l) m(Em,n & tfm,lfn - Em,nfl & t—m,Z—n)/
(tm,n—l b2y E—m,l n)mn(EO,l) - m(tm,n ® E—m,l—n - tm,n—l & Efm,an)/

(tm,nfl & tfm,l n)m (EO,l) = m(tm n& tfm 1-n tm n-1® t—m,Z—n)/
(d1 ® d2)inn(Eo,1) = —d1 ® Eo,1, (d2 ® d1)inn(Eo,1) = —Eo,1 ® dy.
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Replacing Dy by Dy — uinn, where u is a combination of some E,;, ,_1 ® E_;; 1—p,

Epn—1®t_mi—n tmn-1 @t_y1-n, do @ dp, dy @ d, dy @ dy, then Dy(Eo,1) can be simpli-
fied as follows

Do(Eon) = 7;,] : ASEEon ® Egp—n + ;0 A 0Em0 @ E i + EOl A5k Eon © to1n
n#0, m nzu,
+ 20 )\fnt,oEm,O ® tfm,l + #Z(:) . )\B,Ento,n ® EO,lfn + EO /\if,otm,o ® Efm,l
m n+0, m (9)
+ #ZO : AGpton © to1—n + 20 ALt otm0 @t w1+ AEo1 ®da
n0, m
AL to1 @ dy 4+ Al to1 ®da + AMidy @ g1 + A2dy @t
Write
Do(Eo,—1) = #ZO X uEEEom—1® Eo—n + EO PEE Epn1 @ E_p—n + #Zm 5t Eon-1® to,—u
n , m n ,
+ );O Pt Empn—1 @t _m,—n + %1yéito,n4 ® Eo,—n + EO U b1 @ E_n,—n
m n , m
+ #20 1 G uton—1 ® to,—n + éo it tmn—1 @t _m,—n + ygl Eo1®d; (10)
n#0, m

d d

+g,Eo,-1 @ da + pg'dy ® Eo, 1 + pifdy ® Eg -1 + il to,1 @ d
d d

+pfto,1 @ do + py'dy @ to,—1 + HPda @ to,1,

for some g, puln Horr Hitns Hor Hins Bowr Pinns s n, M ' € C, where
{0, m), (m, n)eZZ\{O}]uon, umna«éo} {0 m), (m, w) € Z2\(0} |k, uily # 0},
{0, m), (m, n)e22\(0} | wiE, ik, #0} . and  {(0, n), (m, n) € Z2\{0}] i,
, by, # 0} are finite sets. Applying Dy to [Eg1, Eg—1] = 0, we have

) szEnmEm,n QE_m,—n — Z VﬁEnMEm n-1®E_j1n+ 20 ﬂ%nmEm,n Rt _m,—n
m

m#0 m#
Z ,um nmEm n—1 02y t—m 1-n + Z ]/lm nmtm n® E_ m,—n — Z ,uinE,nmtm,n—l & E—m,l—n
m#0 m#0

+ Z MMt © b, —n — Z V b1 @ t_p1—n — ptf Eo—1 © Eon

—#5501®Eo 1—deo 1®E01—Plt Eop ®to,—1
=—Y AL omEm A®E 1+ Z A EmEmO(g)E—mO_ Z /\,EntomEmfl@tfm,l

m#0
EOAEtomEmO(@t m0 — E A omtm 1QE 1+ E A omtmO®E m,0
m
- go/\momt —1®t—m1+ Z /\ttomtmo®tfmo+)\E01®Eo 1
m

+/\d2 toq ® Eg—1 + /\tzEO,—l ® tO,l-
Comparing the coefficients, one can deduce

yﬁEn:]’lrEntn:ﬂitEn:V%n:O form;éO 1’1750
foo = AEfO/ %}510 = )‘Efm P‘;tno = )‘me P‘Zo = )‘Z o form #0,
d d d
VEZ =—A, de :yéz _]/,tz _Afiz :Atz =0.

Then, we can rewrite (10) as
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Do(Eg,—1) =

Do(E1p) =

Do(E1p) =

Z P‘gﬁEo n—1® Eg—p + Z A B, 1 @ E_pp + Z P‘gtnEO n—1®to,—n

+§/\ o oEm ,1®t_mo+ Z #ontOn 1@ Eo, n+ Z A
m Yl

+ Z I”OntOn 1®t0 -nt 2 /\
n;éO

+]/1Ed1®Eo 1—)\d2®E0 1+‘Z/ldt0 1®d1+]/lt d) ®ty_1

m 1® E—m,O
11)
m—1 @ tmo+ Hd Eo 1 ®d;

Write

Z WrErlEnEerln ® E_p,—n + Z WrEntnEerln & t_m,—n+ Z nﬁf’lEi’ltTH*FlTl ® E_m,—n
+Z A S n+’7d E10®d1+’75 Elo®d2+775 d1 ® Eq

mn

(12)

+7752d2 ® Eqo+ 77d1f1,o ®@dy + 77d2 tio ®dy + 17t Ydy @t + m *dy ® ty o,

€ C where {(m, n) € Z*\{0}
€ Z2\{0} |35, # 0},

fOI‘ some 77m ns 77m ns 77111 nrs ’7m nrs 7751/ 77E' Tld' Ut

BEE £0Y,  {(m, n) € Z2\{0} |k, £0},  {(m,
{(m, n) € Z*\{0} | q,ﬁﬁ,n # 0} are finite sets. Note that

(EO,n b2y EO,fn)inn(El 0) n(El,n by EO, -n —
(Eo,n @ to,—n)inn (E1,0) = —1(Eq1,» ® to,—n —
(to,n ® Eo,—n)inn(E1,0) = —n(t1,y ® Eo, —p —

(to,n ® to, —n)inn (E1,0) = —n(t1,n @ to, —n —
(d1 ®d1)ipn(E1,0) = —E1,0 ®dy —

and

EO,n ® El,—n)/
EO,n & tl, 711)/
to,n @ E1,—n),
tO,n ® tl,—n)/
dl X El,O

Using the above equations, by replacing Dy by Dy — ujnn, where u is a combination
of some Ey ,, ® Eo, —n, Eo,n ® to, —n, to,n @ Eo, —n, to,n ® to,—n, and d @ d; (this replacement
does not affect the above Equations (9) and (11)), one can rewrite (12) as

) niil,gnEm+1,n Q@E_m—n+ X Urélananl,n Rt_m,—n+ Y Uﬁrllz,nthrl,n QE_m—n
m#0 m#0 m#0

+ EO Mt in @ tom,—n + 15 Erg @ dy + 15 Erg ® da + 12d, @ Eq g
m

(13)

d
gl o @ di ol b ©da+ i dy @ b+ 172dy @ g

Applying Dy to [Eo—1, [Eo1, E10]] = —E1p, one can deduce
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D Ur};l,En [_(m =+ 1)2Em+l,n & E_p,—n + m(m + 1)Em+1,n+l X Efm,flfn + m(m + 1)Em+1,n71 X Efm,lfn

m=£0

_szm+1,n ® Efm,fn] + 20 7711151{71 [_(m + 1>2Em+1,n Qb m,—n+ m(m + 1)Em+1,n+1 Rt _m,—1-n
m

+m(m + 1)Em+1,n71 @ tfm,lfn _szerl,n ® t—m,—n] + X 77rtrlzg,n [_(m + 1)2tm+1,n ® E—m,—n

m=#0
+m(m + 1)tm+1,n+l ® Efm,flfn + m(m + 1)tm+1,n71 ® Efm,lfn _m2tm+1,n ® E—m,—n}

+ 20 77%,71 [*(m + 1)2tm+1,n Y t*mﬁﬂ + m(m + 1)tm+1,n+1 X t—m,—l—n + m(m + 1)tm+1,n—1 & t—m,l—n
m

~ 1Pty 10 @ tom,—n] =115 Evo ® d1 — 17, E10 @ da + 11}, E11 ® Eo1 + 17 E1,-1 ® o1

+’7§2E0,l ®Eq,—1+ ’722150,71 ®E11— Udgzdz ®Eq 0 — Uélfl,o ®@dy — Uézh,o ®dy

+11,t11 ® Eo—1 + 17} t1,-1 ® Eop — idy @t + i2Eg1 @t + 2B, 1 @ty — i2dy @ g
+ ¥ A§E[-nEin1 ®Eoin+ (1 —1)Egu ® Ey_y] + mgo AR [=mEy,—1 ® E1_ma

n#£0,1
+(m — 1)Em,0 (9 El—m,O} + 7%) ) )\gfn[_nEl,n—l & to1—n + (7’1 — 1)E0/n X tl,—n]
n#0,
+ ¥ AR =mEy, 1@ty + (m—=1DEno @t mol + L Al [t 1 ®Eo1 s
m#0 n#0,1

+ (7’1 — 1)to/n X E1,_n] + 20 )‘if,o[_mtm,—l Q@ E1—ma1+ (m — 1)tm,0 X El—m,O]
m
+ L Agul—ntin—1 @tog—n + (n— Dton ® tr,—u] + 20 Aol=Mtm,—1 @t
m

n#0,1
+(m = Dtmo @ t1-mo] — AE1g ®da + AE11 ® Eo, 1 — Aj b9 @ dy

d d
_)‘filt(ll ®E;,—1— )\tlE1,_1 o1 — )\tld1 Rt + E) ) ptg,ﬁ[(n — 1)E1,n ® Eo,—n
n#u,
—nEg,—1®E11-n] + 20 AL I=(m + 1) Eni10 @ E_pg + mEy, 1 © Ey_p, 1]
m
+ X I/‘g,;[(” —1)E1 ®to,—n —nEopn-1®@t11-0] + 1 /\Ef,o[*(m +1)Eny1,0 ®t_mpo
n#£0,1 m#Q
+mMEy, 1 @ t_pm1) + %ZO : peE[(n — 1)t © Eo,—n — ntou—1 @ Evgy]
n#0,
+ ¥ ME = (m+Dtug10 @ E_po + by, 1 @ E1_ma] + £ pi,[(n— 1)ty @ to,n
m#0 n#0,1
—ntoy 1 @ t1on) + Eo Aol=(m 4+ Dty y10 @t + Mty 1 @ b1 1]
m

d d
—1451 Eip®dy + PlflEo,fl ®Ei1 +up Eiqg ® Eg—1 — pup'di ® Eq
—AEl,l X EQ,,1 + Adyr ® El,O — ‘u;l tl,O ®d + ‘M;] to,,1 X El,l
d d
+p E1n @ to, 1 — py'dy @ t19 = —Do(Eq)
Comparing the coefficients of El,O ® dl/dl & ELO’ELO (24 dZIEl,l ® Eolfl, EL,] ® EO,lr

Eo1 ® E1,—1, Eo,-1 ® E11, t11 ® Eg—1, t1,-1 ® Eo1, Eop ® t1,-1, to1 ® E1,—1, E1,-1 @ to1,
to,—1 ® E11, E11 ® tg,—1, respectively, we obtain

d d
uh =g =A =0, yE =20EE = ouEE |, yi2 = 2pff = 2AEE
d d
Mg, = 2\ = 25,1, 1> = 2ufh = Méﬂ}v M= —oufh, A = —2uft (14)
Plfil = 2/\6’,5—1/ we' = 2)‘(?2

Comparing the coefficients of Eg, ® E1 _y,, E1 , ® Eo,— for n # 0, £1, respectively,
one can deduce

(n=DAGn = (n+ Dpghr, (n+DAGH = (n—D)pgh
Since Ag,ﬁ = ]/tg,ﬁ = 0forn > 0orn < 0, the above equations force

AGE = ugE =0forn #0,1. (15)
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Similarly, comparing the coefficients of Eq, ® t1 _,, E1 ® to,—n, ton @ E1,—n, 10 @
Eo—n,ton @ t1—pn, t14 ® to—y for n # 0, £1, respectively, we can obtain

/\gﬁ’l = ﬂgﬁ’l = /\E)I,Sn = #651 = /\Bt,n = #Bt,n =0forn #0,1. (16)
By (14)—(16), we have
d d d d
Mgy = Mg =My =112 = Ay, = A =y = py' =0 (17)
Comparing the coefficients of E,;, 1, ® E_, — form # 0, —1, n # 0, one can deduce
17551,1 + qffnﬂ = Zryffn form#0, -1, n #0 (18)
Replacing n by n 4 k in (18) for k € Z, we obtain

pEE = Nt + k(nEE, — ’7512,,1), k>0,n>0,
m,n+k ;77]’;:151 - (’75’11,51’1 - 7751,”4.1)/ k S O/ n < 0/

form # 0, —1. Note that {(m, n) € Z*\{0} | nEE, # 0} is a finite set. We can deduce
nhE =0form #0, —1 (19)

Similarly, comparing the coefficients of E; 1, ® t_m, —n, tmt1,n ® E_m, —n, and
tmt1,n @ t_m,—n form #0, =1, n # 0, respectively, we can obtain

7751{11 = 771t11E,n = 77;71;,71 =0form #0, —1. (20)
Comparing the coefficients of E,; 11 o ® E_,, o for m # 0, —1, we obtain

mAEE o = (m+ 1)ALE form #£0, —1.
Since {(m, 0) € Z>\{0} ‘ /’\ffo # O} is a finite set, we can deduce

Ay =0form #0 (21)

Similarly, comparing the coefficients of E,; 110 ® t_p 0, tm+1,0 @ E—m,0,and ty41 0 ®
t_m,0 form #0, —1, respectively, we can obtain

ALy =AEy = Al g =0form # 0 (22)
Now, (9), (11), and (13) become

Dy(Eoa) = Do(Eo,—1) =0,
Do(E10) = ¥ 755 Eon @ Bt w4+ ¥ 78 jEon @t + ¥ 1™ ton © B,y
n#0 n#0 n#0

(23)
d
+ %0 7' pton @ b, —n + 775151,0 ®dy+ 1yt @d1 + +1ptd1 ® b
n
Write
DO(Efl,O) = ) Pﬁ,EnEm,n & Eflfm,fn + X PrEnt,nEm,n & tflfm,fn + X P%ntm,n ® Eflfm,fn
mmn mn mn
d
+ ¥ O ntmn @t —n + PglEfl,o ®@di+ szEfl,O ®@dy +pFd1 ®E_19 (24)
mmn

+oRdy @ E 19+ g, t-10®@d1+ g to10®do
+oltdy @t 10+ pPdy @t 10
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d; d;
forsomepmn, pmn/ pm ns Pmn/ pd pEf pfi, pt € (C Where{ m, 7’l € Zz\{o} |P1§11,5n 7é 0}/

{(m, n) € Z2\{0} |p5l, #0}, {(m, n) € Z2\{0} | piE, #£0}, and
{(m, n) € Z*\{0} | pii, # 0} arefinite sets. Applying Dy to [Eg_1, [Eo1, E_10]]= —E_10,
using (23), we obtain

Z Pﬁfn [—szm,n ® E—l—m,—n + m(m + 1)Em,n+1 & E—l—m,—l—n
mn

+m(m+1) B 1 @ E1 1 n — (14 1) By @ E_1 |+

E P;Iit,n [*szm,n 02 t—l—m,—n + m(m + 1)Em,n+l b2y t—l—m,—l—n

mn

+m(m + 1)Em,nfl X tflfm,lfn _(1 + m)zEm,n & t,1,m,,n}

+ Z P£;1E,n [_mztm,n b2y Eflfm,fn + m(m + 1)tm,n+1 02 Eflfm,flfn
mn

+m(m + 1)tm,nfl ® Eflfm,lfn _<1 + m)ztm,n ® Eflfm,fn]

+X P%,n [_mZtm,n &t _1_m—nt m(m + 1)tm,n+1 Rt _1—m—1—-n
mn

+m(m + 1)tm,n—1 X t—l—m,l—n _(1 + m)ztm,n X t—l—m,—n}
*PglE—Lo ®dy — PEZE—LO ®dy — szE—m ® Eg,—1

—Pd E_ 1—1®E01—Pyglld1®E 10—.0'2 Eopp ®E 1,1
—PE ?Eg, 1 ®E_ 11—PEd2®E 10—Pd t10®d
—pl,t-10 ®da — ply t11® Eg 1 — Pl t-1,-1® Eop
_Pgldl ®t 10— pREy ®t 11— pEg 1 @t 1.
—py2da ®t_19 = —Do(E_10)

Comparing the coefficients of Eg1 ® E_1 1, E_1, 1 ® Ep1, Eg1 ®t_1,_1,and t_1 1 ®
Eo,1, respectively, we obtain

pP =pk =p =0l =

Comparing the coefficients of E;;, , ® E_1_,,,_, for m # 0, —1, we have
Pyt + P i1 = 2P

Since {(m, n) € Z*\{0} | piE, # 0} is a finite set, we can obtain
pffn =0form#0, —

Similarly, comparing the coefficients of Ey; s @ t_1_py —y, tmn @ E_1_p—p, and ty n @
t_1_m,—n form #0, —1, respectively, we have

pgit,n = p‘ff,n = pirtun =0form # 0, 1.
Now, we can simplify (24) as
Do(E-10) = ZP FEon ® E_ 1fn+240 nE-1n ® E, n+ZP wEon @11,y
+Zp 1nE 1,1 ® to, n+ZP6EntOn®E 1—n+ZPtE1nt 1,1 ® Eo,—n
n#0 (25)
+ L ogpton @t 1, n+ Z pfl/ntfl,n ®to,—n + Pd]Efl,O ® dy
n#0 n#0

d d
+pEd1 ®E_19+ P,tilt—l,o ®dy+p;tdr @t 19
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Applying Dy to [E_19, E19] =0, we have

Y UEE/nnEfl,n ®FE,_n— L ﬂE?/nnEO,n ®Eo,—n+ L ﬂEtllnnEfl,n ® 1, n

n##0 n#0 n#0

- 7B mEon @t w+ ¥ ' nt 1, ©Ey_y— ¥ 5 nto, @ Eoy
n##0 n#0 n7#0

+ %0 Uﬁl,nntfl,n Qt,—n — %0 Uﬁlrnnto,n ® to,—n + UflELo ®E_1p
n n

d
+77,§1f1,0 ®E_10+1n"E_10®t10+ ;0 P§ENEL, @ E_1
n

- ¥ p6EnEon @ B, n+ ¥ 5 nEon @ Egn — ¥ pF mE_1, ® E1,_y
n#0 c n#0 : n#OE

+ ;0 P ELn @t 1,y — go g4 Eon ® o,y + gop—tl,n”EO,n ® to,—n
n n n

- X PEthnEfl,n Qt,nt X Pf)l;nntl,n ®E_1,—n— L PélEnntO,n ® Eg,—n
n#0 n#0 n#0

+ ;0 o'F, nton ® Eo,n — ;0 ot ot 1,y ®E1_y + )7:&;0 P01ty @t 1,y
n n n

=X pf o @to,n+ L ey nton @t — L oy nt 1, @b,
n#0 p n#0 n#0 .

+p§lE,1,o ®E1p+ pEl Ejo®E_19+ péll t_10®E o+ PtlEl,O ®t_109=0.

Comparing the coefficients of Efl,O ® El,O/ El,O ® E,lro, El,O ®t_1,, E,l,o R0, t10®
E_j1pandt 19 ® E19, we have

d d d
g =Py =t =l = ph =0, n§ = —pf

Comparing the coefficients of E1 , ® E_1 _yy, E1 s @ t_1_p, t1 s @ E_1 —pp, b1 @ t_1,_,
E1,®E _nE1,®t_pt_1,®E _p, t_1, @t _, for n # 0, respectively, we obtain

EE E E EE EE E E E E
Pon = pO,ﬁq = pé,n = p(t)in =0, N-1n = P10 77£1,n = pftl,nlntfl,n = ptfl,n/ Wtjl,n = plil,n
Thus, (23) and (25) become

DO(ELO) = ) UEE,nEO,n K El,fn + X Ufa,nEO,n ®t,—n + ). U@l,nfo,n & El,fn
n#0 n#0 n#0

26
+ ;Oﬂflrnto,n ®t,n+ 7751 Eqo®dy (26)
n
Do(E = EE E E Et E t tE ¢ E
0(E-1,0) Y2 E1n®Eg—n+ ¥ 0% E 10 ®to—n+ L 15 1,0 ® Eg—n
n#0 n#0 n#0 (27)

Lt b ®tou — 7751111 ®E_10
n#0

Applying Dg to [E_1, [E1,0, Eoa1]] = —Eo,1, we have
— Lt mE 1, ®E11 w— ¥ (1=n)Eoy ® Eg1w — ¥ nEy nE 1, @ b1y
n#0 c n#0 . n#0 :
- Z qu,n(l - ”)EO,n & tO,lfn - Z Uillnntfl,n & El,lfn - Z 7721,”(1 - n)tO,n & EO,lfn
n#0 cE n#0 - n#0 c
- Y 57 ,(n+1)Ey 1 ®Eo—n+ L 77 ME_1n ®E11-n — L n_tlrn(n +1)Eo 41 ® to,—n
n#0 : En#O n#£0 .
+ X 777t1,nnE*1,n t1-—n— %O 7721,;1 (” + 1)t0,n+1 & EO,fn + %0 77111,,,7“71,71 & El,lfn
n n

n#0
- Eoﬂﬂ,n(n + Dtoui1 @ to,—n + Eoﬂﬂ,n”ffl,n ©h1n+ 14, ELn @ Eoag
n n

+1751d1 ® Epp = 0.

Comparing the coefficients of Ey; ® dq, we obtain ;751 = 0. Comparing the coefficients
of Eg,y ® Eo1—n, Eon ® to1—ns ton ® Eg1—n, and fo, ® tg1_, for n # 0, 1, respectively,
we deduce

EE E E
M-1n = 77—t1,n = 77t_1,n = 7721,,[ =0forn #0
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Thus, (23), (26) and (27) become

Do(Eo,1) = Do(Eo,—1) = Do(E10) = Do(E-10) =0 (28)
From (28), we can easily deduce that Dy(E,,) =0 form, n, m+n € {—1,0, 1}.
Write
Do(to1) = mzn TEE B ® E_pj—n + mZn T v @t 1—n + mZn Lt @ E_py1—n
+ X Tt @ t_m1—n + 705 Eo1 ® dy + 715 Eon @ da 29

+7T§1d1 ® Eg1 + n?dz ® Eop + 7ng1 to1 ® dy + 7}y to1 ® da

ity @ to + m2dy @ b,

for some ntf, nlt , AlE  ntl 715{, 71?, T, 7 € C, where {(m, n) € Z*\{0}
] nbE #£0},  {(m, n) €Z2\{0} | b, #0},  {(m, n) € Z*\{0} ] ntf, #0}, and
{(m, n) € Z*\{0} |t} , # 0} are finite sets. Applying Dy to [Eg1, to1] = 0, we have

EE Et
Z nm,nmEmJl ® E—M,Z—'rl + Z nm,nmEm,nJrl ® tfm,lfn

Z nﬁ},;nmEm,n+l & Efm,lfn -
m,n, m,n, m,n,
m#£0 m#£0 m#0
- X H;EzfnmEm,n & t_ma-—n+ )3 ﬂ%nmtm,n+1 QRE y1-n— X nif,nmtm,n QE _mon
m,n, m,n, m,n,
m#0 m # 0 m#0
d
+ Y ﬂ%,nmtm,n-i-l Rt _mi-n— ) n%,nmtm,n Qt_mp—n — (7'[52 + NEZ)EO,l X EO,l
m,n, m,n,
m # 0 m#0

—7'[22 tO,l (24 EO,l — 7'[?2 EO,l (24 t(),l =0.
Comparing the coefficients of Eg; ® Eg 1, to1 ® Eq1, Eg;1 ® to,1, we obtain

E dy _ t _ dy
7Td2+7TE—0/7Td2—7Tt =

Comparing the coefficients of E;;; ,41 @ E_jp1—n, Emnt1 @ t_mi—ns tmn+1 @ E—i—n,
and ty, p11 @ty 1 for m # 0, respectively, we have

EE _ _EE Et _ _Et tE __ _tE (ot
T = Tnn+17 Tnn = Tnnt1s Tonn = TOnnt1s T = TOnn41 for m # 0.

Since {(m, n) € Z2\{0} | kL, £0}, {(m, n) € Z2\{o}| =kl #0}, {(m n)e
72\{0} | miE, £ 0}, and {(m, n) € Z*\{0} | 7!l , # 0} are finite sets, we deduce

EE _ _Et _ _tE _ _it _
T = Tnn = Ty = Ty = 0 for m # 0.

Thus, (29) becomes
Y 7 ton © Eg1—n
#0,1

n

Do(to1) = ¥ 7haEon © Eopn + E) : 76 Eon @ to1—n +

n#£0,1 n

+ Y ﬂgfnto,n & to1—n + 7'[5] EO,l ®d + 7T§2E0,1 ®Qdy + nglaﬁ X EO,l
n#0,1

—ﬂgzdz ® Epq + ﬂél to1 ®dy + ﬂfl di ®tyq

(30)

Applying Dy to [Ey 1, to1] = 0 and using (30), we have 7(52 =0.
Write
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DO(tO,—l) = X;En),SnEm,n—l RE_m—n+ Y2 X;Ef,nEm,n—l Qt_m—n+ Y X;f,ntm,n—l ®E_m,—n
mn m,n

mn
+ 3 X b1 @t + x§1 Ep 1 ®dy + Xfszo,—l ® do 31)
mn

d d
+)(E1d1 ® EO,—] + 7TE2d2 X EQ,_] + thil to,—1 ® di + )(fiztol_l ® dp

+xPdy @ o, 1+ xPdy @ty 4

d,‘ d;

for some )(,Efn, )(,E,f,n, xﬁ,]f,n, xﬁ,ﬁ,n, )ci, XE~ X,;i, X: € C, where {(m, 7’1) € Zz\{o}

| Xon #0}, - {(m, n) €Z2\{0} | xzin #0},  {(m, n) € Z2\{0} | xi5, #0}, and
{(m, n) € Z2\{0} | xt, # 0} are finite sets. Applying Dy to [Eg,1, to,—1] = 0, we have

- X ngnmEm,nfz & E_p,—n + Y XFn,EnmEm,n—l QE_m,—1-n — r ant,nmEm,nfz Qt_m,—n
m,n, m,n, m,n,
m#0 m#0 m#£0
+ Z aninmEm,nfl & t,m/,1,n - Z X;f,nmtm,n—Z X E—m,—n + Z X;}inmtm,nfl & Efm,flfn
m,n, m,n, m,n,
m#0 m#0 m#0
d
- X Xirtz,nmtm,n72 &t _m,—n+ ) Xirtz,nmtm,n—l Rt _py,—1—n + (ng + XEZ)EO,—l ® Eg,—1
m,n, m,n,
m#0 m#0

d
+X},t0,-1 ® Eo,—1 + X;Eo,—1 ® to,-1 =0
Comparing the coefficients of Eg 1 ® Ep,—1, to,—1 ® Eg,—1, Eg,—1 ® tg,—1, we obtain

d d
XEZ + XEZ = 0, X;z — th e
Comparing the coefficients of E;; ;2 ® E_yyi—n, Epn—2 @ t—y,—n, tyn—2 @ E_jyy,—n, and
tmn—2 ® t_m—n for m # 0, respectively, we obtain

EE __ _EE Et __ Et tE __ tE ot
Xm,n - Xm,nfl’ Xm,n - Xm,nfll Xm,n - Xm,nfll Xm,n - Xm,nfl form 7é 0.

Note  that  {(m, n) € Z*\{0} | xEE #0}, {(m, n) eZ\{0} | xE!, #0},
{(m, n) €Z2\{0} | x!E, #0}, and {(m, n) € Z*\{0} | xii, #0} are finite sets, and
we deduce

XrEn},En = ngt,n = X1t11E,n = X;t;;,n = 0form 7é 0.

Thus, (31) becomes

Do(to-1) = ¥ x6iEon-1®Eon+ L xGhEon-1®ton+ L Xton-1©Eon
n#0,1 n#0,1 n#0,1

+ E)l)(ff,nfo,nq ® to,—n + Xgl Eo 1 ®dy+ x}j Eo, 1 ®da (32)
n#u,

d d
+XE d1 ® Eo1 — xj,d2 ® Eo—1 + X to—1 ® di + x;'d1 @ fo, 1
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Applying Dy to [Eq 1, to—1] = 0 and using (32), we obtain ng = thi;z = 0. Applying
Do to [E_10, [E1p, to,1]] = to1, we have

Y X6n(1=n?)Egn1 ®Ey n+ L xgan(n—1)Ey 1 ®E 1,

n#£0,1 n#0,1

+ L xoEn(n—1E_1, 1@Epw+ ¥ x§En(2—n)Egn_1® Eoay

n#£0,1 n#0,1

+ L xon(1=m*)Eonp1 ®ton+ L xXghn(n—1)Eyu1 ®t g,y
n#0,1 n#£0,1

+ X Xgﬁﬂl(n —1DE_ 11 ®ton+ L Xg,tnn(z —n)Egp_1 ®to2-n
n#0,1 n#0,1

+ Y Xéllgn(l — 1’12)1’0,,14_1 ® E(),fn + ¥ )(BlEnﬂ(Vl — 1)t1,n+1 ® E—l,—n
n#0,1 n#£0,1

+ X Xffnn(n — Dt 1 ®@E1p—n+ L X(tfnn(z —n)tg 1 ® Ego—y
n#0,1 n#0,1

+ L Xt (A =n®)top1@ton+ L xin(n—1)t g @t_q,_y
n#£0,1 n##0,1

+ T X =Dt 1, 1@+ L X2 = 1)1 @ty
n#£0,1 n#£0,1

+x§1 Ep1 ®dy + x§1 E11®E_19+ X§1E71,71 ® Eq,
—2X§1 Eo,—1® Egp — 2X%1 Eop ®Ep_1+ xi-l Eip®E_1,1
HXPE_10® Eqq + xgd ® Egy + Xh toq @ d

"’th:ll Ha®E_10+ Xélt_1,_1 ®Ejp — ZX‘tzll to,_1® Eg»
_ZX{til Eo2 ®to,—1 + Xfl Eip®t_q,1+ XflEfLo @t
+X§l1d1 ® to1 = Do(ton)-

Comparing the coefficients of E11®E 10, E.10®E11, i1 ®E_10,E_10®t11, Eg1 ®
dy,d1 ® Eop, tog ®dy, di ® ty1, we obtain

E _ . d_ t _ .4 _ _E _ _d_ _t _ _di _
Xa, =Xp =Xa, =Xt =T, =T =Ty, =T =

Comparing the coefficients of E1 ;11 ® E_1 —y, E1 y41 @t 1, tins1 @ E_1 —p, b1 pp1 @
t_1,_n, we have

Xgﬁ = Xg,tn = Xf)l,;n = Xf)t,n =0forn#0,1

Comparing the coefficients of Ey, ® Eo1—n, Eon ® to,1—n, ton © Eop—ns ton ® to1—n,
we deduce
7'[55 = 7'[5; = (tfn = n(tfn =0forn #0, 1.

Thus, (30) and (32) become
Do(to,1) = Do(to,—1) =0 (33)
Using
Dy(t10) = —Do([E1,~1, to1]) =0, Do(t-10) = —Do([E-11, to,-1]) =0,  (34)

and (33), we deduce that Dy(ty,,) = 0 for m,n,m+n € {—1,0,1}. Then, Claim 1
is proved.

Claim 2. Dg(Ey, 1) = Do(tmyu) = 0 for(m, n) € Z*\{0}.

Note that Euu, tmn, with (m, n) € Zz\{O} can be generated by {Ek,l, te
|k, 1, k+1€ {0, £1} }. From Claim 1, we can easily deduce that Dy(E;;,n) =Do(tm,n) =0
for (m, n) € Z*\{0}.
By Lemma 4 and Claims 1 and 2, Lemma 5 is proved.

Remark 1. We use the convention that if an undefined notation appears in an expression, we always
treat it as zero. For instance, Eq g = tg,0 = 0.
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Lemma 6. For anyD € Der(f, W) ,D = Y D, isa finite sum, whereD, € Der(f, W),
v/

Proof . By Lemmas 9, 10, and 11, one can suppose Dy € (Wy);,,, for some w, € W, and
o € Z2. 1T = {a € Z*\{0} | w, # 0} is an infinite set, by linear algebra, there exists d € T

such thatd(a) #O0fora € T. Then, D(d) = Y, Dgu(d) = Y d(a)w, is an infinite sum,
acTU{0} ael

which is not an element in W. This is a contradiction with the fact that D € Der(L, W).
This proves the lemma. [J

The proof of Proposition 1 is finally completed.

Lemma 7. Suppose w € W such that x-w € Im(1® 1 — 1) for all x € L. Then, w €
m(1®1-1).

Proof . It is obvious that L - Im(1® 1 — ) C Im(1® 1 — 7). We shall prove that after a
number of steps, by replacing w with w-v for some v € Im(1® 1 — 1), the zero element is

obtained, thus proving that w € Im(1® 1 — 7). Writew = Y. w,, where w, € W,. Itis
wEZ?
clear that

welm(1®1-1) < w, € Im(1®1—1) forall a € 7> (35)
For any & € Z?\{0}, choose d € T such that d(«) # 0. Then,

d-w= Y da)w, eIm(1®1-1)
w72\ {0}

Thus, (35) gives w, € Im(1 ® 1 — 7). Replacing w by w — Y w,, we can suppose
a#0
w = wy € Wy. Now, we can write

w= ) /\m,nEm,n & Efm, nt+ X ,um,nEm,n Rt _m,—n+ ) Om,ntm,n &® Efm,fn

m,n m,n m,n

+ ¥ Hmyntmn @t —n + A1d1 @ dqy + AMdy @ dy + Apdy @ dy + Aydp, @ dy,
mmn

/ ; EE ._
fOl‘ some /\m,n, ]/lm,n, pm,n, ﬂm,n, )\1, Al S (C. Sll‘lce Um,n - Em,n ® E*WZ,*” - Efm,fn ®

Em,nrv;lqi{n 3:Em,n @t m,—n—tom,—n @ Em,n/ Uirlls,n =ty ® Efm,fn - Efm, —n @ tm,n,
vﬁfl,n =t @t —n — t—m,—n @ by, n are all in Im(1 ® 1 — 1), by replacing w by w — v,

where v is a combination of some vﬁfn, v,’ffln, vﬁ,ﬁ »and !} one can suppose

)\m,n, ]’lﬂ’l,)’ll le,Yll Um,n#0§m>00rm:0,n>0 (36)

First, assume that A, , # 0 for some m > 0 or m = 0, n > 0. Choose k,! > 0 such
that ml — nk # 0. Then, we see that the term E,, 4 ,.; ® E_;, —, appears in E; ; - w, but
(36) implies that the term E_;;, _,, ® E;+k 441 does not appear in Ey ; - w, a contradiction
with the fact that E ; - w € Im(1 ® 1 — 7). Thus, we can further suppose that A, , = 0 for
any m > 0 or m = 0, n > 0. Similarly, we can also suppose that 4y, » = Pm,n = m,n = 0
for any m > 0 or m = 0, n > 0. Then, we can simplify w as

w=Md, ®d; +Ady ®@dy + Aady @dy + Aydy @ ddp
Since

Eijp-w=-MEp® dy —Mdy ® Eio— /\/1E1,0 Rdy — Aodyr ® Eip € Im(l ®1— T),
Eo1-w = —Ajdy ® Egq — A2Eg1 @dy — AyEg @ dy — Abdy ® Egp € Im(1®@1 — 1),
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we have that A} = A, =0,A] + A, = 0. Thus, w = A|(d1 ®dr —d, ®dp) € Im(1®1 —1).
Replacing w by w — A (d1 ® dy — d» ® dy), then w = 0. The lemma is proved. [J
We are now in a position to prove Theorem 1.

Proof of Theorem 1. Let (Z, [-, -], A) be a Lie bialgebra structure on L. By (2), (6), and
Proposition 1, A = A, is defined by (3) for some r € W. By (1), ImA C Im(1® 1 — 7). Thus,
by Lemma 7,7 € Im(1 ® 1 — 7). Then, Lemma 1 and Corollary 1 show that c(r) = 0. There-
fore, Definitions 2 and 3 imply that (L, [-, -], A) is a triangular coboundary Lie bialgebra. (]

3. Conclusions

Lie bialgebras are closely related to solutions of quantum Yang-Baxter equations.
The rank two Heisenberg—Virasoro algebra is a generalization of the twisted Heisenberg—
Virasoro algebra. In this paper, all Lie bialgebra structures on the rank two Heisenberg—
Virasoro algebra are determined. It is proved that all such Lie bialgebras are triangular
coboundary. This result makes sense since dualizing a triangular coboundary Lie bialgebra
may produce new Lie algebras (see, e.g., [16]). This will be studied in a sequel.

Lie bialgebra has some applications in physics. For example, the quantum open-closed
homotopy algebra was described in the framework of homotopy involutive Lie bialgebras,
as a morphism from the loop homotopy Lie algebra of closed strings to the involutive Lie
bialgebra on the Hochschild complex of open strings (see [23] for details).

Lie algebras not only have applications in pure mathematics and physics, but also
may have applications in other fields, such as the field of fuzzy sets. The reader can refer
to [24,25]. Perhaps the concept of Lie bialgebra can also be extended to the field of fuzzy
sets, which may be our work to study in the future.
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