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1. Introduction and Preliminaries

In 1912, S. N. Bernstein [1] introduced a positive linear operator for the set of all con-
tinuous functions on [0, 1], which provides the shortest proof of the well-known Weierstrass
approximation theorem while, later, another positive linear operator on [0, o0), constructed
by Szasz in 1950, known as the Szdsz operator (see [2]), is given by

Se(fiur) =e ™ i (n,i})kf(lr() up >0, reNand f € C[0,c0). 1)
k=0 ’

Due to development of the Szasz operator, another sequence of positive linear operator
constructed by the mathematician Jakimovski and Leviatan in 1969 using the well-known
Appell polynomial is given by (see [3])

Ly(f;u) = ec(rlu)l i Pk(ml)f<l;)/ ()

k=0

where the Appell polynomial is given by C(vq)e?V = of; Pr(y1)v], with the following
r=0

]
i)t
Recently, with the help of the exponential generating function, the Sz4sz operators
were introduced by Sucu [4]. These types of ideas are influenced by the generalized Hermite
polynomials in terms of the hypergeometric functions (see [5]). Thus, for the classes of
all continuous functions f on [0, c0) and a parameter xy > 0, the Szész operators given in
another form, known as Szasz Dunkl operators, are given by

identities C(1) # 0, C(v1) = f crvh, Pr(uy) = i c]-% (r e N).
r=0 j=0

1 d (rul)kf(k+27(9k

S:(f;ul) = EX(T’Ml) P ’YX(k) r

>, u; >0, reN, 3)
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where the exponential generating functions are given by

[ k
uq
= 4)
Lo®
oot (p+x+ 3
1x(20) = N ()
r(x+ 7)
220+ (o + x + 3
'Y;((ZP‘F 1) _ 1Y (p . 2), (6)
F<X+ j)
and forall p = 0,1,2,... arecursion vy, is defined as
(0 +1+2x0p+1) ’
where
0 ifo=2r, r€{0,2,4,6,---},
1 ifp=2r+1, re{1,357,---}.

Most recently, a new version of the Szasz operators studied by Nasiruzzaman and
Aljohani [6], and these types of Szasz operators, provide the generalized version of some
earlier operators, such as Szdsz operators, Szasz—Jakimovski operators and Szdsz—Dunkl
operators, where the operators are given by, for example, all f € C[0,00), u; € [0,00), 7 €
N, C(1) #0and x >0,

k+2)(9k> (8)

/Cr,x(f;ul) C eX U1 ZPk e ( r

There are many published articles related to these works, for example, those by
Kajla et al. [7], Mursaleen et al. [8-11], Mohiuddine et al. [12-16], Nasiruzzaman et al. [6,17-22],
Ozger et al. [23]. For studies on Bernstein and Szasz types operators involving the idea of
Chlodowsky and Charlier polynomials, we refer to [24-28].

The organization of this manuscript is as follows: in Section 2, we present a gen-
eralization of the operators defined and studied by Nasiruzzaman and Aljohani [6] in
bivariate sense using the unbounded sequences ay,, B, and ¢, of positive numbers, such

that im % =0, lim =~ = 0 and bu _ q + O(i) as m — oo, and estimation of mo-
n—oo m—o0 gm érm gm

ments and central moments. In Section 3, we discuss the rate of convergence by means
of the weighted modulus of continuity and weighted approximation properties. In this
section, we obtain the degree of convergence using Lipschitz-type maximal functions of
two variables, as well as the direct theorem. In Section 4, we close the paper and provide
conclusions.

2. Construction of New Operators and Estimation of Moments

Here, we construct the operators and prove some auxillary lemmas, which will be
used to prove the approximation results.

Let Zp, = {(x1,y1) : 0 < x9 < ay, y1 € [0,00)} and C(Zy,) = {f : Lo, —
R is continuous}, such that it satisfies the norm equipped by

[ fllez,) = sup |f(x1, 1)l
(x1,41) €Zny
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Then, for all f € C(Z,,) and n,m € N, and any v, T > 0, we define

v g L 1 > nxq
Pl fimoyn) = oo (B )ex(Buy1)COD() kzzop( )

ay(k+2v0,) 1+ 216
XQl(ﬁm]/l)f( nl k)f l)/ ©)
n Cm
where a,, B and G are the unbounded sequences of positive numbers, such that
&n i S ﬁm . -
nh—g}o =0, n%l_r)réo 5, = Oand 7¢ =1+ O( ™ ) as m — co. Moreover, the Appell polyno

mial D(uy) is given by D(uq)e"¥ = Z Q1 (y1)u] with the following identities: D(1) # 0,
r=0
o0 1 —i
D(u1) = Zoc,u{, Qi) = 'Z;Oc( Al (I € N) and Pi(x1) and C(1) # 0.
r= 1=

Lemma 1. Forally; € [0,00), Pi(y1) >0, T > 0and D(1) # 0, if we define

[e9)

D(a)er(ay1) Z (10)

then, for any unbounded sequence B, we have

> Qi(Bwsn) = DWee(Bun), 11)
1=0
3101 (un) = (D0) + BunD(1)Jec(Bun), )

3" PQy(Buy1) = (D”<1> @Byt + 1D (1) + B Byt + 1)D(1)>6r(ﬁmy1)/ (13)
1=0

lﬁﬁ@(ﬁmm - (D"'<1>+3</smy1+1>D”<> BB+ 6Bmy1 +2)D'(1)
=0

+,Bm.‘/1(/3%ny% +3Bmy1 + Z)D(l)) ex(Bmy1),

Ii#Ql(ﬁmw - <D””<1)+(4ﬁmy1+6)D’“() T (6B%3 + 18Buy1 +11)D" (1)
=0

+(4B5.7 + 1857 + 22Bmyr +6)D'(1)

+Buyr (Byyi + 6Byt + 11Bumy1 + 6>D(1)> ex(Bmy1)-

Lemma 2. Forall x; € [0,00), Pr(x1) >0, v > 0and C(1) # 0, if we define

C(B)ey(Bx1) = Z Pi(x1)B (14)

then, for any unbounded sequence of positive numbers w,, we have

é&(’;’j) - C(l)w(’f), (15)
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Y () = (cw+ (B )em)e (B2), 6

o
(T (R) e (3) - m

+<6(’Z> +18(’le) +11)c”(1)
+<4<'Z:)3+18<’Z;1)2 +22<’Z3) +6) c’(1)
() () o) e (2 o) em e (22).

Lemma 3. For the operators By'y,, defined by (9), as demonstrated here:

.l B 1 d nx1> (an(k+2v9k) )
R, (f;x1, = P — _ 18
(f X1 yl) ev<%)C(l) k;) k( X f n Al ( )
ad I 0
Sm(f,‘ xl,yl) W ; ,Bm]/l < +;HT l>, (19)

then

By (fix1,y1) = Ry(Sm(fix1,y1)) = Sm(Ryy (f; %1, 1))

Proof. We can easily see that

RiSnllizm) = R*<ef(ﬁmy11)D(1 EQI ﬁmy1f< H;nwl))

[e9)

(,Bmyl 1 0 ,Bm]/l

>< f k—|—2v9k l+2r91>Pk(er1>

Cm &n

n
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Similarly, we prove S,,(R;;

1 > nxy
= P m
er (5 )ex B DY) 1% (5 et

xf (D(n (k 47221/9,{) ) I +§if€l )
= Byw(fix1,m)

(fix1,y1)) = Bum(fix1,y1). O

Let Ri = Ry xRy with Ry = [0,00), and suppose 7, is the sequence, such that
limy 00 Y = o0 and Zy,,,, = {(x1,1) : 0 < x1 <y, 0 <y1 < vy }. We also consider the
operators Tj; ,, (f; x1,y1), such that

T;,m(f;xll]/l) =

for (X],]/]) € I“n')/m

{ By (f;x1,11),
(20)

f(xl’yl)/ fOI' (xlr]/l) € R%r \Iﬂln')‘m'

Lemma 4. Let n,m € Nand ¢ji = u]ivﬁ forany j,i =0,1,2,3,4, then, we have the following

identities:
(1) Bym(do0;x1,y1)

(2)  Bym(d1,05x1,y1)

(3)  Bim(do1;x1,y1)

(4) Bym(¢2,05x1,41)

(5)  Bim(do2;x1,Y1)

(6)  Bym(¢3,05x1,41)

(7)  Bim(doz;x1,Y1)

!/
= x%—l—an(ZC(l) +2v+1)x1

+ @B+ DD+ B (B + 1)

1 D///( ) D//(l)
- c,%j by T3 D50
D'(1)
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+Bmy1 (Bryi + 3Bmy1 + 2)} + ot [D)

¢w L D1

2B+ DB+ Bt (B +1)
672 [D'(1 81>
— [D((l)) + ﬁmyl] + Ci?’m;

o i = SR (1) o) S (o2
X1

+18<’;1>+11>%(1>

+(4<1;?>3+18(7;?)2+22(YE)+6)(5(11;
3 2

+<7::> g;:”) +6<axn1> +11</’:::>+6ﬂ

S () )

((5) () +2)

+(nx

(S0 (o(m) )0
) (2) 1)
2 (m)y) 10

) Bienasw) = g | By + @+ 6) By

o
+(6B2,y3 + 18Bmy1 + 11)%((11))

D'(1)

+(4B5, Y3 + 185,y + 22Bmy1 + 6)71)

D(
3.3 2.2
+Bmy1(Bmyi + 6Byt + 11Bmy1 + 6)]

8t [D"(1) D'(1)
D'(1)

(3B + 6By +2) D((l)

Byt (B33 + 3w + 2)]

2472 [D"(1) D'(1)
"‘g {D(l) + (2Bmy1 +1) D(1) + Bmy1 (Bmy1 +1)
3273 [D'(1) 1674

a Lo o] g
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Proof. Taking j = i = 0 and using the operators (9), we have

v, T 1 nxq
B / ; 7 = P m
o) = (w)efwmyl)c(lm(l)kzzo () @t

= 1
Taking j = 1 and i = 0, and using the operators (9), we have

1 [ee]
Biy i ($1,05 x1, = Py
(9105 X1, Y1) e (m)er(ﬁmyl)c(l)D( klg‘o (

= (ayan 500 (wmom o)

+(sepmo L 2P
(s £ () e

= e (0 (R )em)e (52) <5

e E(5 )

nxq ay (k + 2v6y)

n

>Ql Bmy1)

Taking j = 2 and i = 0, and using the operators (9), we have
1 2 (k +2v6;)?

BV’T s x1, _ 2 nxi " n(
il P20731:11) oo (B2 )ex (Buy1)C(HD() kzzo "( ) (Brn)

- (g £0) [ oy &7 ()

n2

2 [
Py (”xl> 6
n2e, ("xl ) C(1) k=25+1 Xn
4122 <nx1

() (1) « gﬂ

e, () [ (( n1)+1)c’(1)
|

>6k} s € NU {0}

n

(”’”)(( e ()

g (2
v2a? nx

i

= ;[“”CC(I;()) <2nzxnx1+ ) 11 2x3 }

Sl e

+
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Taking j = 3 and i = 0, and using the operators (9), we have

o3 (k + 2v6;)3

1 0
B (@30:x1,31) = 2P (nxl)Ql(ﬁmyl)"(ng,

oo )ex(Buy)C(UD(1) k1o

(
1 3 .
B (er(ﬁmyl)D(l) ”361/('2;1)C(1) ng(ﬁmyl))

x[ZkBPk(’ZXxl)—i-&/ Y. KR ”’”)
k=0

n k=254+1 &n

+1212 i kPy <

k=2s+1

. )
ro(2) v2) Gl () (2

S ) g
( n

120243 [C'(1) x1 8v3ad
+—= + + 2
n C(1) oy n

Taking j = 4 and i = 0, and using the operators (9), we have

1

BUT (gapix1,y1) = zpk( )Qlwmyl)

ey (%24 )er (Buy1)C(1)D(1) K0

Zx1>6,%+8v3 i Pk( 1>9
n k=2s+1 n
AT () )Sh )
)
+

Ok

X

,‘:’},SGNU{O}

n
o
n

2) )]

+3(2
() () )]

4k + zwk)
Tl

1 o .
(er(ﬁmyl)D( )71461/("’;1)(3(1 ;}Ql(ﬁm}/l)>

k=0 n k=2s+1

242 2 k2P <""1)9k, s € NU{0}
k=2s+1

+321/3k 2 m(’if)eg, s e NU{0}
=25+1

+16v* Y Pk(Tl>6;:’,seNU{0}}
n

k=2s+1

[ () o)

(o) () )

(o) an(2) () +6) G

+( (2 ) gy (1)
(< n>/// < > <an >//

()9
*(3(1> +o(o) +2) o

[ik‘*Pk('Z”)JrS Z k3Pk( >9k,seNU{0}
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Taking j = 0 and i = 1, and using the operators (9), we have

1 [e9)
B (fonx,y1) =
(0,15 %1, Y1) ev(”—’f})er(ﬁml/l)c(l)D(l) k,lzo (

N (eu(an)c iPk(nX1))<Cmer(ﬁr:}/1) ZZQI ﬁmy1>
+< V(L )c1 Z‘Pk(mq»

2T
X <Cmer(ﬁmy1)D(1) IZZZS:H Qz(ﬁmyl)), s e NU{0}
1 /D) 27
@( <>+&"Q o

In a similar way, other identities can be easily proved. [

nxq
An

>Ql(,3my1) (l +2T91)

Cm

With the help of the above lemma, we can calculate the central moments as follows:

Lemma 5. Let C(1) # 0and D(1) # 0. For all n,m € N, the operators By, (. ; .) have the
following central moments:

+ 18

I
R

1) B —xmm) = 2 (G ),

@ B - = (B2 (G )

@ B —x)haw) = 2a-amm e (2) (S £ ),

@ B -l = G2l
(5215022
+i {D//((l)) (14 271) D((ll)) +4r }

) Bl —x) ) = 4K e (= )+QO"
(6(’1?)2“8(;1) +11> c'a

nx1>3 (nx1>

() oe(% 2+22(”’”) )
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6) Byn((vi—y1)5x,y1) =

D//(l)
2 2
(6B + 18Bmyr +11) 5oy

D'(1
B+ 196307 + 2800+ 6) B

D(
3.3 2.2
+Bmy1(Bmyi + 6Bmy1 + 11Bmy1 + 6)}

?‘f {Dm(l) +3(Bmyr + 1)w + (3Bt
D'(1)

D(1) D(1)
+6Bmy1 + Z)W + Bmya (.Bzmy% +3Bmy1 + 2)]
)

)
2472 [D”(l ( D'(1)

+

(1
B+ e 05
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3 / 4
i +1)] + 27 [ ] 1

5 [y 2w+ 5 + ok
+6Buy1 +2) 1;’511; + By (Bt + 3By + 2)]
24 D" (1 D'(1
25 oy + e B
2 li
i3] 228[20  o

27y 6yt [D”(l)
& ¢ L D)
1

+:Bm]/1(ﬁm]/l +1)] + sz D(l) +ﬁm]/l}

2471%y7  4y3 (D’(l) ) 8ty] | 4
-A + -
a2 T \D@) TP )T, th

Lemma 6. Let x1,y1 € Zy,; then, for sufficiently large n,m € N, we can obtain the following
inequalities:

20y {D’(l)

1

(1) By ((ug — xl)z; X1,Y1) O(n) (x1+ 1)2 < My(x1 + 1)2 as m,n — oo;

IN

(2) Byr((v1 —y1)%x1,1) (y1+1)* < Ci(y1 + 1) as m,n — oo;

AN
©)
7N\
H‘g‘

(3) Biym((u1 — x1)4; x1,y1) < O<2> (x1+ 1)4 < Mp(x1 + 1)4 as m,n — oo;
1
&

Remark 1. Let R} and S,, be defined by (18) and (19); then, operators By, satisfy
By (0,05 1, 1) = R (Po0,0; x1,¥1) = Sm(¢o,0; X1, Y1) and, forany i,j = 1,2, 3,4, it follows that

) BU (01— y)ry) < o( ><y1+1>4gc2<y1+1>4asm,nw

(1) Bum(ioix1,y1) = Ry(¢ioix1,y1);
(2) Bym(¢ojix1,y1) = Sm(o;x1,y1)-

3. Weighted Approximation and Degree of Convergence

In this section, we discuss the rate of convergence using a weighted modulus of
continuity, weighted approximation results and degree of convergence for our operators (9).
Let us recall the following;:

Let O(x;,y1) = 1+ x2 +1y? be a weight function defined by Bg(R%) =
{ fil flxr,y1) [< Mf®(x1, 1) for My > O}. Suppose the set of r-times continuously dif-

ferentiable functions on R2 = {(x1,y1) € R?: x1,y5 in [0,00) } is denoted by C(") (R2).
We can also assume the following classes of functions:

Co(R:) = {f: f€BonCo(R2)};

k(w2 _ Jr. 2 o flay) ,
ch(R3) = {f : f € Co (2 such that i Sty =k < oo},

N SR o Sy
(5817 <ch () weni g, L2520 1)
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L)l
O(x1y1)
Forall f € C% (Ri) and d1, 4, > 0, the weighted modulus of continuity [29] is given as

The norm on Bg is defined as || f ||e= SUP,. vy cR2

| f(x1 +hy,y1 +ha) = h(x, 1) |
O(x1,y1)0(hy, h2)

we(f;01,62) = sup sup (21)

x1,y1 €[0,00) 0< |y | <6y, 0<|hp| <6

and, for any r1,rp > 0, the inequality
we (f, r101, 7’2(52) < 4(1 + 1’1)(1 + 1’2) (1 + (5%) (1 + (5%)60@ (f, 41, (52)
holds. It also follows that

| f(uy,01) = f(x1,11) | O(x1,y1)O(| ur —x1 |, | v1 —y1 Jwe(f;| ur —x1 |, o1 —y1 |)

<
< (M43 +yD) A+ (u —x)) A+ (o1 —11)?)

xwe(f;|ur —x1 [, o1 —y1 1)

Theorem 1. Let n,m € N; then, for all f € C(R2), it follows that

Bl < (o3 O2) (o C)o(2)

where 6, = \/BZ%((LH —x1)%x,y1) = O(n~V?) and 6, = \/Bx’fn((m —y1)%x1,y1) =
O(m=1/2).

Proof. In the view of above inequalities for all 6, 5, > 0, we see that

[ fluon) = fley) | < 40+33+5D) (14 (0 —x)?) (1+ (01 = 11)?)

><(1+| A |) (1+| an |)(1+5§)(1+53n)
Xw@(f}5m5m)
= 4(1+x7+y70)(1+63)(1+67)

ui —Xx ul —Xx
y 1Jr| 1 1|+(u1—x1)2+(u1—x1)2| 1—Xq |
On On

01 — 01 —
x| 1T+ [ nl + (01 —y1)* + (01 —]/1)27| 141
57’1 5711

Xw@(f; On, 5m)-

Applying the operators B;/;, in the light of linearity as

| By (fixt,y1) = f(ximn) | < By (| f(ur,01) = f(xa,p1) [xn,ya)4(1+ x5 +7)

Uy — X
xBZ;fn(l—i—' 15 1|—i—(ul—x1)2
n

|M1—x1|

+ 5 (ul - xl)z;xlryl>
n

X By (1 + [l + (01 —1)?

Om
v J—
+(v1 — y1)215y1|;x1,y1> (1+62)
(14 63)we (f; 6, Om)

= 41+ x4+ 1) (1 +63) (1 + 63)we (f; dn, 6m)



Mathematics 2023, 11, 1009

12 of 20

1
(1 B = )
n
+By (w1 — x1)% %1, 1)
1
B0 = | (=)

1
(14 3B 01— )
m
+By (01 —y1)% 21, 1)
1
+a35§n(| 1=y (01 —]/1)2)361,]/1)-
Applying the Cauchy-Schwarz inequality, we have
| B (fixuy) — feeuy) | < 40+ 25 +93) (1+6) (1 + 65 )we (f5 6, 6m)

1
14 VB = P )

n

+BYT ((ug — x1)% %1, 1)

\/B ((u1 — x1)% x1,11) \/Bnm (1 —x1)% xl/yl):|

[1+\/B )220, 1)

+By % (01 — v1)% x1, 1)

1
+5m\/BZ;51((Ul v1)% %1, 1) \/Bnm (1 — )% xl/]/l):|~

In the view of Lemma 6, we can obtain

| By (fixr, 1) — fruyn) | < 40+ x3 +y3) (1+63) (1+ 65)we (f; 64, 0m)

X {2 + M (21 +1)2 4 My (x; + 1)2]

X {2 +Ciy +1)2 4 Calyg + 1)2} )

By choosing 6, = \/BZ'fn((ul —x1)%x1,y1) and &, = \/BZ%((Ul —v1)%x1,y1), and
by using the inequality from Lemma 6, we can obtain the desired result. [

The following result can be obtained from Lemma 7 and Theorem 2, which are
given by:

Lemma 7 ([30,31]). Let ©(x1,y1) = 1+ x2 + y3 be the weight function for all (x1,y1) €
R* x R™, then any positive linear operator { Jum }nm>1 acting from Ce — Bg has the following
property

| Jnm (®;x1,11) [lo< C,

where C > 0is a real constant.

Theorem 2 ([30,31]). For any positive linear operator {J,m}nm>1 acting from Co — Bg and
satisfying conditions

W) gim, | ha(nm) —le = o
(2) lim || ]1’1 m(ul/x1/y1> - ||® - 0’

n,m—oo
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I T,

m(@;x1,11) [le

IN

IN

(3 Um f Jum(eixu01) —yille = 0
@ im0+ 0 09) = GE+ i) o = 0

n,m—00

we can obtain, for each f € CY, that

Um_ || Jum(f) = f lle=0,

n,m—o0

and there is another function g € Cg \ CQ, such that

Hm_ | Jum(8) — g llo= 1.

nm—>00

Theorem 3. Forall f € CY(R?), the operators {T;; ,, }n.m>1 defined by (20) satisfy
I Tonf = f lle= 0.

Proof. Write

| T;’m(l + M% + U%;xl,yl) |

sup

(x1,51)€RE 1+x2+y2

1+ (XLyls)uE%Mm L—i—xlf—l—y% (BZﬁrTn(u%; x1,Y1) + BZ:;(U%; x1,y1)) H

A LR (25 +2v+1)n+ (2) (SR + i +02)
o {2 @ + 0 2+ o+ 0} + S 2 |+ 55

1+ max |&;,(x1)|+ max | (1)

0<x1<an 0<y1<rm

7

where

Cnm(x1) = o + l%n (ZCI(U +2v+ 1) &y + (%)2 (C”(l) + ') +4U2>

C(1) c(1)  c@)
and
Cam(y1) = ;%1{ DD”((ll) + (2Bmy1 +1) g(%) + By (Bmyr + 1)}

Therefore, if n,m — 00,0 < x1 < ay and 0 < Y1 < ¥y then limy, 00 C; 1 (X1) = zx% and
limy, 11— 00 g;;,m(yl) = 0. Thus, for all n,m € N, there is a positive number C such that
&nm(@n) + Ty (ym) < C. Finally, we arrived at

| T (©;x1,11) [l@< M.

From Lemma 7, we have T}, : Co(R3) — Bg(R?). If we can show that the con-
ditions of Theorem 2 are satisfied; then, proof of Theorem 3 is completed. Hence, by
the use of Lemma 4 we can obtain: limy e || T, (1 x1,¥1) — 1 |le= 0, limy,m—eo ||
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Ty m(u;x1,y1) — x1 o= 0, and limy, o0 || T (015 %1,41) — Y1 |l@= 0. Finally, using
Lemma 4, we can obtain

lim || T, ((uf +01);x1,01) = (4 +41) llo

7,M—>00

1 % *
< s gl (Tt om0 i) |

(xllyl ) eIt’anm

< max
0<x1<ay,

Byt (¢2,0:x1,51) — 7|+ max (BT (¢o2ix1,y1) — ¥i,

0<y1<Tm

which allow us

vt (¢205X1,y1) — X7 + max

lim max
0<y1<Ym

nm—o0 | 0<x1<ay

By (o2 X1, Y1) — ]/ﬂ} =0.

Therefore, limy m—co || Tji (43 +02);x1,51) — (x3 + ¥3) [lo= 0, which completes the
proof. O

Theorem 4 ([30,31]). Let the sequence of positive linear operators {Kpm}nm>1 acting from
Co(R3) — Bo(R?) be defined as before, and ©1(x1,y1) > 1 be the continuous function, such

that
i Ly
1y o0 O1(x1, Y1)

If Ky, satisfy all conditions of Theorem 2; then, for all f € Ce(R2%)

|| Kn,mf_f ||®1: 0.

Theorem 5. Let {T};,, }um>1 : Co(R%) — Bo(R%) and ©1(x1,y1) > 1 be the continuous

function, such that limy, 1 e #{yﬁ) = 0. Then, for any f € Cg(R%) we can obtain the
equality

| Tamf = f o= 0.

Proof. We prove our results using Theorem 3 and Theorem 4. It is easy to obtain the
operators {T;; ,, }nm>1 acting from Cg, (R%) — Bg, (R%). Using Lemma 4 we can see

2

X
H T, (®;x1/]/1) H@ < 1+ sup 1
" ' (x1.91) €Zapym ®1(X1,y1)

(250 ) wp T
n C( ) (xl/yl)ezan'ym ®1 (xl/yl)
Qp 2( 2) )
n su - -
! ) (xl'yl)el:z)—mwm ®1 ('xl/yl)
.Bm>2 ]/%
+ ( Sup v
G (x1,91) €EZayym O1(x1,y1)

+
R
W

D'(1) ) ¥
1+2 + 27 su —_—
) < D(l) (xlryl)egﬂn%n ®1 (xllyl)

+ (;%1 ) <1 + 2DH((1)) +(214+1) g((ll)) r2>

1
X sup I
(x11) €Ty 1 (X1, Y1)
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2 2
X1 Y1
< 14 max ———+ max ———
0<x1<an O1(x1,¥1) 0<x1 St O1(x1,v1)
0<y1<Ym 0<y1<vm

= 1+ Unm + Vnm,

2

2
X
where, clearly, pym =1+ max0<x1<an W and vy, = Maxo<y, <a, m; then, for

0<y1 <7n x1,91) 0<y1<7m Y
any n,m € N there is a positive real number C, such that py ., + vim < C. Therefore, we
have

| T (®x1, 1) lo, < 1+C.

From Lemma 7, it is obvious that the operators {T}; ,, },m>1 acting Ce, (R%.) — Be, (R?%).
If n,m — oo, then from Theorem 1, it is easy to obtain || T;; ,,(¢o0;x1,y1) — 1 ||e,= O,
| T (P1,0: %1, 1) — 21 loy= 0, | Ty (015 x1,41) — 1 [lo, = 0, and

|| T (P2,0 + Po.2; X1, 1) — (x1 + 1) le,= 0.

Hence, operators T, ,, satisfy all the conditions of Theorem 1. Therefore, Theorem 4 implies
that || Ty; . f — f |l@,= 0. This completes our proof. []

For our operators B;/'y,, we obtain the degree of convergence; therefore, we let C(Zy,)
denote the set of all continuous functions on Z,. = [0,b] x [0, c] C Z,,, which endowed the

sup-norm sup . . ez, | f(x1,1) |-
Theorem 6. For any ¢ € C(Zy.) we can obtain the inequality

‘ Bnm(ﬁ"/xl/yl) P(x1,y1) [< 2(‘471(4’2571,361) +w2(§0?5m,y1))-

Proof. To prove the result, we use the Cauchy-Schwarz inequality and obtain

| Bum(@:x1,y1) —o(x1,y1) | < By(| @(ur,01) — (x1,y1) 5 x1,91)
< By(l @(ur,01) — @(x1,8) [;x1,41)
+Bym (| (x1,8) — @(x1, 1) [; %1, 1)
< By (wi(e; | ur —x1]);x1,11)
+By (w2 (@5 | v1 =1 1) x1, 1)
< 1<¢;5n>(1 + B - ;xl,yn)
+ (1 *B” U1 — 11 ;x1,]/1)>
< wi(e;6,) <1 + — i ((ug — x1) ;X1,y1))

+ wz(f;5m)(1+\/3%1 01 —1)? xlr]/l))

by puting (52 By (ug — xl)z; X1,Y1) = 52 x, and 572;1 = Bym((v1 — yl)z? x1,Y1) = 5%1,%/
we get the desired result. [

To obtain our next result, we suppose that, for a positive real number K and any
0 < p1,p2 < 1, the Lipschitz maximal function £ on space J x J C RZ is defined by

Loo, (T xT) = {4’ ssup(1+u1)P (14 01)°2 (@0, (U1, 01) = Ppyp0 (X1, Y1)

1 1
K ’
T (14x), (1+}/1)pz}
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_ lo(m,o1) —@(x1,m1) |
| ug —xq |P1|og —yq |P2)

Ppr02(U1,01) = Ppy 0, (X1, Y1) (u1,v1), (x1, 1) € Tpe,  (22)

where ¢ is a continuous and bounded function defined on IR? .
Theorem 7. Forany ¢ € Ly, ,(J % J), there is a real positive number K satisfying
| Bi (fix1,51) — f(x1, 1) |
o
< K{ ((d(xl,J))pl (a2,) ) <(d(y1,j))P2 +(2,) >

(d(xr, 7)) <d<y1,J>>f’2},

NS

where 0 < p1,02 < 1, (x1,y1) € Lye and by x,, Om,y, are defined in Theorem 6.

Proof. Take (x1,11) € Zy; then, for any fixed (xg,y0) € J X J suppose | x1 — xg |=
d(xy,J)and | y1 —yo |= d(y1,TJ), where d(x1, J) = inf{| x; —y1 |: y1 € J}; thus, we

can write
| @(u1,01) — @(x1,11) [S K| @(u1,v1) — @(x0,y0) | + | ¢(x0,%0) — @(x1,y1) | . (23)
Applying Bj/;, on both sides

By (| ¢(u1,v1) — @(x0,y0) | + | ¢(x0,y0) — @(x1,41) |)
KB/ (| ug — xo [P 01 — yo |2 x1,11)
+K | x1 —x0 [ y1 — yo |72 .

| By (@:x1,y1) — @(x1, 1) |

IN A

Forany p,q > 0and 0 < p < 1, we know the inequality (p + q)° < pf + g°; thus, we obtain
| ur —xo [P1<[ug —x1 "1 + | x1 —x0 |

and
o1 —vo [2<|o1—y1 [P+ y1—yo |2

Therefore,

| Bim(@:x1,y1) — @(x1,y1) | < KBy (] ur —x1 [P o1 — y1 |2 %1, 1)
+K [ x1 —x0 |"* By (| o1 — y1 [P %1, 51)
+K | y1 —yo [ By (| w1 — x1 [P x1, 1)
+2K [ x1 = x0 [P y1 — yo [P By p (o0 x1,y1)-

Using Holder inequality, we obtain

By (| ur —xq1 [P w1 —y1 P2 %1, 1)

= Ry (| ug —x1 [P 00, 91)Sm(| v1 — v1 |°% x1, 1)
0L 2-p1

< (BZirTn(| Uy —x |2;x1,y1)) * (BYT (P00 x1,51)) 2

£2 2-py

X (BZ%U v — |2;x1,y1))7(BZ',;(qbo,o;xbm)) 2,

thus, we have

=l
=

1 2

| By (@ix ) —pxy) | < K(8) 7 (8y) T +2K(@(x, 7)) (dly, )
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[} f1

+K(d (e, T (S, ) T + K@, T))2 () 7
which completes the proof. [

Theorem 8. Suppose (x1,y1) € Lye. Then, for any function (x1,y1) € C'(Zy.), the operators
By have the inequality

1
2

1
| B (95 0,y1) = e yn) 1S llo@y) () + 190, e ()
where Op,x,, Om,y, are given in Theorem 6 and ng = alp(xl ) , l[Jyl xilyl)

Y1

Proof. Take ¢ € C'(Z.) and (x1,y1) € Zp.. Then, for any fixed (uq,v1) € Zp, we see that
o LI
plno) = y(ay) = [ Ceendos [ yinode
1 1
which implies
up
B0~ v = B ( [ v ondiny)
X1
v
+B1;//,:;rn </y lpg(xll Q)d‘;/ X1, ]/l> . (24)
1

Using the equipped sup-norm 7y, it is easy to obtain

uy
| i ondo
X1

uy
< [ 1o, ondv 1<) ¥, el m—x 25)
1

and

[ cutmds] < [ 19sn, € <144, oo | (26)
In light of (24), (25) and (26), we obtain
| By ($(u1,01); x1,y1) — 9(x1,91) |
SBZ%( /: 1p{,(v,z;1)dv;x1,y1) + By (‘/ ¥ (x1,6)dg|; x1,y1>
<l 92, le,) Bum(lur —x1 [x,y0)+ 1 ¢y, lle,) Bum(l o1 —v1 [ x1,y1)

1

2
<l % e, (BZ:fn((m - xl)z;x1,y1)BZ;Z1(1;xl,y1))

1
+ 10, e, (B (01— y1)% 20, y1) Bl (1x, 1) )
1 1
=1 ¥ e () + 19, e ()
O

Theorem 9. Suppose By p (Po1; x1,y1) is as defined by Lemma 4. If, for any § € C(Zy.), we
define the auxiliary operators R}, ,, such that

Ry (g5 x1,y1) = By(85x1,v1) + 8(x1,y1) — 8 (x1, By (d0; ¥, 41)), (27)
then, for an arbitrary function, ¢ € C'(Zy.), we obtain the following inequality

Ry (@5 x1,91) — @(x1,41)
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< |Gy + Oy + {(?Z - )]/1 + éim (D/((ll)) +2T> }2] I llc2z,) -

Proof. From Lemma 4 and (27), we have R}, ,,,(1;x1,y1) = 1, R}, ,,(u1 — x1;x1,y1) = 0 and
R}, (v1 —y1;%1,y1) = 0. For all ¢ € C'(Z,), the Taylor series expansion gives us

0 , ’
o(un, o) — plxny1) = 4’(5211/1) +/ (1 — ) <Pa<2 1 4,
¢ (x1,y1) § ¢(x1,0)
A 4GS 122 DATSR S L —d,
Y1 (o1 =y1) yl( 170 d¢? ¢

by applying R}, ,, defined by (27), we can obtain

* * * t 82 K/
Ry (@(ur,01);x1,91) — Ry (@(x1,01) = Rn,m(/x (”1K)(I)(zy1)d’<f'x1ry1>

) oK
N 8 ?p(xq,
+Rm (/ (01 — 9)7(’); 5 Q)de; X1,y1>
" Q

¢ 20(x,
= 5 ([ on -0 0 )

o Po(x,y1)
_ /’;1 (_X'1 — K) 78;(2 dx

& 2o(x1,
85 ( [0 - 0™ g )
1 90

Bm 2
a1 ([ Bm )a ¢(x1,0)
— Lt — =7 do.
/yl (‘:m e 002 ¢

Therefore,

| Ry (@5 x1,41) — Ry (9(x1, 1) |
t 2
=55 (| [ o0 -0 225 g
X

;x1/y1>

) ox2
§ 2o (x,
+BZ’,;Z( /y (01 —e)q)ggzl Vag ;xl,y1>
1
By (0,1,%1,51) %o (x,
- /yl (BVT (4’01/9(1/.‘/1) Q) q)a(gzl Q)dg‘

Therefore, we can easily conclude that

t K, t K,
[ -0 T 4l < [ ) TN 4 <) g ez, - 28)
X X1

s 2¢(x1, s ?(x1,
/y(m—e)qoégzlg)de S/y (01— ) 221D g, < ¢ llezz,) (01— y1)%  (29)

and

B (¢0,15%1,y1) Po(x.,
/y (Bl (0,15 %1, 41) — Q)(P(lQ)dQ’
1

90>
- /BZ’;:(!POJ;XLyl)
. W

Zo(xq,
(Bzifn(‘,bo,l}xl/yl) — Q) (nggzlg)d(”
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2
< (Bim(Porix1,y1) —v1)" 1 ¢ 2z, - (30)

Hence, using equalities (28), (29) and (30), we can obtain
| Ry (@ix1, 1) — @(x1,y1) | < {BZﬁ((M —x1)%x,y1) + B (01 = y1)% 21, 41)

v, T 2
(B (o 1) — 1) } 19 ez,

this completes the results. O

4. Conclusions

The motivation for this research article was to introduce the bivariate Szasz-
Jakimovski-Leviatan operators using unbounded sequences of positive numbers. We
also discussed the rate of convergence and weighted approximation theorems for these
operators. With the help of bivariate Lipschitz-maximal functions, we obtained the degree
of convergence, as well as the direct theorem for our operators. These results meant that
more attention was paid to these researchers, providing them with a new research path
in bivariate sense. Moreover, our newly constructed operators generalized some existing
operators in the literature (see [2,3,6]). For further research on the above operators, one can
study the approximation results using the idea of convergence given in [32-34], and also
extend our bivariate operators for more than two variables and study their approxmation
properties.
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