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1. Introduction

The explicit form of Green’s functions for various boundary value problems is pre-
sented in many papers. We mention only a few of them. For example, in the two-
dimensional case, in the paper [1], on the basis of the known harmonic Green’s func-
tion, Green’s functions of various biharmonic problems are obtained. The explicit form
of Green’s function for the third boundary value problem is found in [2,3], and Green’s
functions in the sector for the biharmonic and 3-harmonic equations are obtained in [4,5].
Studies of the Dirichlet problem for the polyharmonic Equation [6] in a ball can be found
in [7,8]. In these papers, the explicit form of Green’s function is obtained. An explicit
representation of Green’s function of the third boundary value problem for the Poisson
equation is obtained in [9], and in [10], for the three-harmonic equation in a ball, Green’s
operator acting on polynomial data is presented.

In connection with the biharmonic equation, we note the recent papers [11,12] devoted
to the solvability conditions for some nonstandard problems in the ball for the biharmonic
equation. As the most general results on the generalized Neumann problem containing
powers of normal derivatives in boundary conditions, we note the paper [13]. In [14], for
the biharmonic equation in a ball, the explicit form of Green’s functions of the Navier [15]
and Riquier–Neumann problems are obtained. Green’s function is also used to study
nonlocal equations. For example, in the paper [16], the solvability of four boundary value
problems for one nonlocal biharmonic equation with involution is investigated. We also
note some recently published papers on the construction of Green’s function for various
boundary value problems [17–21]. The application of Green’s functions in problems of
mechanics and physics can be found in [22–28].

The Riquier–Neumann problem [29] for the polyharmonic Equation (in [1] it is called
the Neumann-2 problem) is to find the function u ∈ C2m(S) ∩ C2m−1(S̄), which is the solu-
tion of the following boundary value problem for the inhomogeneous polyharmonic equation

∆mu(x) = f (x), x ∈ S,

∂u
∂ν

∣∣∣
∂S

= ϕ0(ξ),
∂∆u
∂ν

∣∣∣
∂S

= ϕ1(ξ), . . . ,
∂∆m−1u

∂ν

∣∣∣
∂S

= ϕm−1(ξ), ξ ∈ ∂S.
(1)
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It is well known that Green’s function of the Dirichlet problem for the Poisson equation
in the unit ball S = {x ∈ Rn : |x| < 1} for n ≥ 2 has the form

G2(x, ξ) = E(x, ξ)− E
( x
|x| , |x|ξ

)
, (2)

where E(x, ξ) is an elementary solution of the Laplace Equation [30]. In [10,31,32], ele-
mentary solutions of the biharmonic and triharmonic equations E4(x, ξ) and E6(x, ξ) are
determined and Green’s functions of the corresponding Dirichlet problems in S are found.
In [9], Green’s function of the Neumann problem for the Poisson equation in S for n > 2
is constructed

N2(x, ξ) = E2(x, ξ)− E0(x, ξ), (3)

where the harmonic function E0(x, ξ) with respect to x, ξ ∈ S is written in the form

E0(x, ξ) =
∫ 1

0

(
Ê2

( x
|x| , t|x|ξ

)
+ 1
)dt

t

and Ê2(x, ξ) = ΛxE2(x, ξ), where denoted Λu = ∑n
i=1 xiuxi , and the index x indicates that

the operator Λ is applied over the variables x. It is easy to see that Λu = ∂u
∂ν on ∂S. Since

Ê2(x, ξ) = −(|x|2 − x · ξ)/|x− ξ|n, then the function

Ê2

( x
|x| , t|x|ξ

)
= − 1− (x · ξ)t

(1− 2t(x · ξ) + |x|2|ξ|2t2)n/2

is symmetric, and hence the functions E0(x, ξ) and N2(x, ξ) are also symmetric. The
function N2(x, ξ) has the properties found in [9] (Theorem 3) and [14] (Theorem 3)

ΛxN2(x, ξ) = ΛxE2(x, ξ)− (ΛxE2)
( x
|x| , |x|ξ

)
− 1, x, ξ ∈ S, x 6= ξ, (4)

ΛxN2(x, ξ)
∣∣
ξ∈∂S = −∂G2(x, ξ)

∂νξ
− 1, x ∈ S,

and therefore the equalities∫
S

∂N2(x, ξ)

∂νx
f (ξ) dξ

∣∣
x∈∂S = −

∫
S

f (ξ) dξ,

1
ωn

∫
∂S

∂N2(x, ξ)

∂νx
ψ(ξ) dsξ

∣∣
x∈∂S = ψ(x)

∣∣
∂S −

1
ωn

∫
∂S

ψ(ξ) dsξ ,
(5)

where ωn is the surface area of the unit sphere in Rn are hold true. In [14] (Theorem 3) it is
shown that for n > 2 a solution to the Neumann problem for the Poisson equation

∆u(x) = f (x), x ∈ S;
∂u(x)

∂ν

∣∣
∂S = ψ(x), x ∈ ∂S

under the known condition
∫

∂S ψ(ξ) dsξ =
∫

S f (ξ) dξ can be written as

u(x) =
1

ωn

∫
∂S
N2(x, ξ)ψ(ξ) dsξ −

1
ωn

∫
S
N2(x, ξ) f (ξ) dξ + C.

The solvability conditions of some Neumann problems for the polyharmonic equation
are studied in [33–35] provides a solution to one of these problems. Proceeding from this,
the goal of this work is to extend the class of Neumann-type problems for a polyharmonic
equation, for which an explicit integral representation of the solution is known.

In the present paper, an elementary solution of the polyharmonic equation is defined
and its properties are described in Lemmas 1 and 2. Theorem 1 gives an integral repre-
sentation of functions from the class u ∈ C2m(D) ∩ C2m−1(D̄), in a bounded domain D
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with piecewise smooth boundary. Next, we study the Riquier–Neumann problem [29].
Theorem 2 from Section 3 defines Green’s function of the Riquier–Neumann problem,
and Theorem 3 from Section 4 finds the integral representation of the solution to this
problem. Theorem 4 proves that the function found in Theorem 3 is indeed a solution to
the Riquier–Neumann problem. Theorem 5 from Section 5 considers a special case of the
Riquier–Neumann problem for the homogeneous equation. As an illustration of Theorem 5,
Example 2 gives the solution of the Riquier–Neumann problem with simple boundary data.

2. Elementary Solution and Integral Representation

Let m ∈ N. Then the set N \ {1} can be divided into two non-intersecting sets
Nm = {n ∈ N : n > 2m > 1} ∪ (2N+ 1) and its complement Nc

m = {2, 4, . . . , 2m}. Since the
set Nc

m is finite, then Nm is infinite. It is clear that Nc
m−1 ⊂ Nc

m, and therefore Nm ⊂ Nm−1.
We define an elementary solution of the m-harmonic equation ∆mu = 0 as

E2m(x, ξ) =


(−1)m|x− ξ|2m−n

(2− n, 2)m(2, 2)m−1
, n ∈ Nm,

(−1)m|x− ξ|2m−n

(2− n, 2)∗m(2, 2)m−1

(
ln |x− ξ| −

m−n/2
∑

k=1

1
2k −

m−1
∑

k=n/2

1
2k

)
, n ∈ Nc

m.
, (6)

where (a, b)k = a(a + b) . . . (a + kb − b) is a generalized Pochhammer symbol with the
convention (a, b)0 = 1. The symbol (a, b)∗k means that if there is 0 among the factors
a, (a + b), . . . , (a + kb− b) included in (a, b)k, then it should be replaced by 1. For example,
(−2, 2)∗3 = (−2) · 1 · 2 = −4. In addition, if the upper index of the sums included in (6)
becomes less than the lower index, then the sum is considered to be zero. Note that
(2 − n, 2)m = (2 − n)(4 − n) . . . (2m − n) 6= 0 for n ∈ Nm and hence the first part of
equality (6) is well defined.

The following simple assertions are true.

Lemma 1. The function E2m(x, ξ) coincides with the elementary functions E(x, ξ), E4(x, ξ) and
E6(x, ξ) for m = 1, m = 2 and m = 3, respectively.

Remark 1. Sobolev S.L. [36] considered the fundamental solutions Gm,n(x) of the polyharmonic
equation, which slightly differ from the elementary solutions E2m(x, ξ). For example, for odd n

Gm,n(x) = χm,n|x|2m−n, χm,n =
(−1)(n−1)/2

Γ(m)Γ(m− n/2 + 1)22mπn/2−1 ,

where Γ(m) is the gamma function. Taking into account that 2m−1Γ(m) = (2, 2)m−1,

2mΓ(m− n/2 + 1) = (2m− n) . . . (2− n)Γ(1− n/2) = (2− n, 2)mΓ(1− n/2)

and ωn = 2πn/2/Γ(n/2) one can write

χm,n =
1

ωn

(−1)(n−1)/2π

(2, 2)m−1(2− n, 2)mΓ(n/2)Γ(1− n/2)
.

If we now notice that Γ(n/2)Γ(1− n/2) = π
sin(nπ/2) = π(−1)(n−1)/2, then we get

χm,n =
1

ωn

1
(2, 2)m−1(2− n, 2)m

.

However, the function E2m(x, ξ) additionally contains the factor (−1)m. This factor is
additionally taken into account in Theorem 1. For n ∈ Nc

m, the difference between these functions is
somewhat larger and this is related to the property of the function E2m(x, ξ) indicated in Lemma 2
below, which Gm,n(x) does not possess. For example, in the case m = 2, n = 2 ∈ Nc

2 from (6) we
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find E4(x, ξ) = |x−ξ|2
4 (ln |x− ξ| − 1). The number−1 is chosen so that the equality ∆ξ E4(x, ξ) =

ln |x− ξ| ≡ −E2(x, ξ) holds true.

Lemma 2. The symmetric function E2m(x, ξ) defined for x 6= ξ satisfies the equalities

∆ξ E2m(x, ξ) = −E2(m−1)(x, ξ), ∆ξ E2(x, ξ) = 0.

We omit the proofs of these assertions.
There is a well-known formula (see, for example, [37]) for representing the harmonic

function u(x) in a bounded domain D ⊂ Rn with a piecewise-smooth boundary ∂D. In the
above notation, it has the form

u(x) =
1

ωn

∫
∂D

(
E2(x, ξ)

∂u
∂ν
− ∂E2(x, ξ)

∂ν
u
)

dsξ ,

where ωn = |∂S| is the surface area of the unit sphere in Rn, ν is the outward unit normal
to ∂D.

We give a similar integral representation of a function u ∈ C2m(D) ∩ C2m−1(D̄).

Theorem 1. The function u ∈ C2m(D) ∩ C2m−1(D̄) for m ∈ N has the following integral
representation

u(x) =
1

ωn

∫
∂D

m−1

∑
k=0

(−1)k
(

E2k+2(x, ξ)
∂∆ku

∂ν
− ∂E2k+2(x, ξ)

∂ν
∆ku

)
dsξ

+
(−1)m

ωn

∫
D

E2m(x, ξ)∆mu(ξ) dξ, (7)

where x ∈ D.

Proof. Consider the functions u, v ∈ C2m(D) ∩ C2m−1(D̄). It is easy to see that these
functions satisfy the identity in D [30]∫

D
(v∆u− u∆v) dξ =

∫
∂D

(
v

∂u
∂ν
− ∂v

∂ν
u
)

dsξ . (8)

Substituting here ∆m−k−1u instead of u, and also ∆kv instead of v, where k = 0, . . . , m−
1 we get

∫
D

(
∆kv∆m−ku− ∆k+1v∆m−k−1u

)
dξ =

∫
∂D

(
∆kv

∂∆m−k−1u
∂ν

− ∂∆kv
∂ν

∆m−k−1u
)

dsξ .

Let us sum the resulting equality over k = 0, . . . , m− 1

∫
D

m−1

∑
k=0

(
∆kv∆m−ku− ∆k+1v∆m−k−1u

)
dξ

=
∫

∂D

m−1

∑
k=0

(
∆kv

∂∆m−k−1u
∂ν

− ∂∆kv
∂ν

∆m−k−1u
)

dsξ .

Since

m−1

∑
k=0

(
∆kv∆m−ku− ∆k+1v∆m−k−1u

)
=

m−1

∑
k=0

∆kv∆m−ku−
m−1

∑
k=0

∆k+1v∆m−k−1u =

=
m−1

∑
k=0

∆kv∆m−ku−
m

∑
k=1

∆kv∆m−ku = v∆mu− u∆mv,
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then we get

∫
D

(
v∆mu− u∆mv

)
dξ =

∫
∂D

m−1

∑
k=0

(
∆kv

∂∆m−k−1u
∂ν

− ∂∆kv
∂ν

∆m−k−1u
)

dsξ . (9)

Obviously, the resulting equality is true for u, v ∈ C2m(D) ∩ C2m−1(D̄). Pick out a
point x ∈ D from the domain D together with a closed ball |ξ − x| ≤ δ of such a radius
0 < δ < 1 that this ball is in the domain D. The rest of the domain D is denoted by
Dδ. Obviously, by construction, ∂Dδ = ∂D ∪ {ξ ∈ Rn : |ξ − x| = δ}. Let us apply the
equality (9) to the domain D = Dδ in the case when v(ξ) = E2m(x, ξ). At the same
time, we take into account that, by virtue of Lemma 2 ∆ξ E2m(x, ξ) = −E2m−2(x, ξ) and
∆ξ E2(x, ξ) = 0 when ξ ∈ Dδ∫

Dδ

E2m(x, ξ)∆mu(ξ) dξ

=
∫

∂D

m−1

∑
k=0

(−1)k
(

E2m−2k(x, ξ)
∂∆m−k−1u

∂ν
− ∂E2m−2k(x, ξ)

∂ν
∆m−k−1u

)
dsξ

−
m−1

∑
k=0

(−1)k
( ∫
|ξ−x|=δ

E2m−2k(x, ξ)
∂∆m−k−1u

∂ν
dsξ

−
∫
|ξ−x|=δ

∂E2m−2k(x, ξ)

∂ν
∆m−k−1u dsξ

)
. (10)

The minus sign before the last sum appeared due to the fact that the internal normal ν
to the part of the boundary of the domain Dδ – the sphere {ξ : |ξ − x| = δ} is replaced by
the outer normal to this sphere. Denote

Iδ
k = (−1)k+1

∫
|ξ−x|=δ

E2m−2k(x, ξ)
∂∆m−k−1u

∂ν
dsξ ,

Jδ
k = (−1)k

∫
|ξ−x|=δ

∂E2m−2k(x, ξ)

∂ν
∆m−k−1u dsξ ,

where k = 0, . . . , m− 1. Let us estimate the dependence of Iδ
k and Jδ

k on δ.
10. Let n ∈ Nm. By equality (6) we have

E2m(x, ξ)||x−ξ|=δ =
(−1)mδ2m−n

(2− n, 2)m(2, 2)m−1

and since n ∈ Nm ⇒ n ∈ Nm−k for k = 0, . . . , m− 1 we find

|Iδ
k | ≤

∫
|ξ−x|=δ

|E2m−2k(x, ξ)|
∣∣∣∂∆m−k−1u

∂ν

∣∣∣ dsξ

≤ δ2m−2k−n maxξ∈D̄ ‖∇∆m−k−1u‖
|(2− n, 2)m|(2, 2)m−1

ωnδn−1 ≤ C(1)
k δ2m−2k−1 ≤ C(1)

k δ, (11)

where C(1)
k is a constant depending on u, m, and n. Therefore Iδ

k → 0 as δ→ 0.
Next, consider the value of Jδ

k for k = 0, . . . , m− 2. It is easy to see that

∂|x− ξ|α
∂ν

∣∣∣
|x−ξ|=δ

= α
n

∑
i=1

ξi − xi
|x− ξ| (ξi − xi)|x− ξ|α−2

∣∣∣
|x−ξ|=δ

= αδα−1
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and therefore

|Jδ
k | ≤

∫
|ξ−x|=δ

∣∣∣∂E2m−2k(x, ξ)

∂ν

∣∣∣|∆m−k−1u| dsξ

≤ δ2m−2k−n−1 |2m− 2k− n|maxξ∈D̄ |∆m−k−1u|
|(2− n, 2)m|(2, 2)m−1

ωnδn−1

≤ C(2)
k δ2m−2k−2 ≤ C(2)

k δ2, (12)

whence it follows that Jδ
k → 0 as δ→ 0.

Now consider the value Jδ
m−1. In this case E2m−2(m−1)(x, ξ) = E2(x, ξ) (n 6= 2 since

n ∈ Nm) and that means

∂E2(x, ξ)

∂ν

∣∣∣
|x−ξ|=δ

= −
n

∑
i=1

ξi − xi
|ξ − x|

ξi − xi
|ξ − x|n = −δ1−n. (13)

Therefore we have∣∣∣Jδ
m−1 − (−1)m−1u(x)

∫
|ξ−x|=δ

∂E2(x, ξ)

∂ν
dsξ

∣∣∣ ≤ ∫
|ξ−x|=δ

|u(ξ)− u(x)|
∣∣∣∂E2(x, ξ)

∂ν

∣∣∣ dsξ

≤ δ1−n max
|ξ−x|≤δ

|u(ξ)− u(x)|ωnδn−1 ≤ ω f (δ)ωn,

where ω f (δ) is the modulus of continuity of the function f . By Cantor’s theorem, ω f (δ)→ 0
as δ→ 0, which means

Jδ
m−1 =

(
Jδ
m−1 − (−1)m−1u(x)

∫
|ξ−x|=δ

∂E2(x, ξ)

∂ν
dsξ

)
+ (−1)mu(x)

ωnδn−1

δn−1 → (−1)mωnu(x), (14)

as δ→ 0.
20. Let n ∈ Nc

m. By equality (6) we have

E2m(x, ξ) =
(−1)m|x− ξ|2m−n

(2− n, 2)∗m(2, 2)m−1

(
ln |x− ξ| −

m−n/2

∑
k=1

1
2k
−

m−1

∑
k=n/2

1
2k

)
.

Let us estimate the value of Iδ
k (0 < δ < 1). If it turns out that for a given k the inclusion

n ∈ Nm−k is true, then we have the estimate (11), otherwise

|Iδ
k | ≤

∫
|ξ−x|=δ

|E2m−2k(x, ξ)|
∣∣∣∂∆m−k−1u

∂ν

∣∣∣ dsξ

≤ δ2m−2k−n maxξ∈D̄ ‖∇∆m−k−1u‖
|(2− n, 2)∗m|(2, 2)m−1

ωnδn−1
∣∣∣ ln δ−

m−1

∑
k=1

1
k

∣∣∣
≤ C(3)

k δ2m−2k−1
(
− ln δ +

m−1

∑
k=1

1
k

)
≤ C(3)

k δ
(
− ln δ +

m−1

∑
k=1

1
k

)
.

In both cases we have Iδ
k → 0 for δ→ 0, where k = 0, . . . , m− 1.
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Next, consider the value of Jδ
k for k = 0, . . . , m− 1. It is easy to calculate that

∂

∂ν

(
|x− ξ|α

(
ln |x− ξ|+ C

))∣∣
|x−ξ|=δ

=
n

∑
i=1

(ξi − xi)
2

|x− ξ|
(
α ln |x− ξ|+ αC + 1

)
|x− ξ|α−2

∣∣∣
|x−ξ|=δ

= αδα−1(ln δ + C + 1/α).

If k ≤ m− 2 is such that n ∈ Nm−k, then we have the estimate (12), otherwise n ∈ Nc
m−k

and then

|Jδ
k | ≤

∫
|ξ−x|=δ

∣∣∣∂E2m−2k(x, ξ)

∂ν

∣∣∣|∆m−k−1u| dsξ

≤ δ2m−2k−n−1C(4)
k |2 ln δ|max

ξ∈D̄
|∆m−k−1u|ωnδn−1

≤ C(5)
k δ2m−2k−2| ln δ| ≤ C(5)

k δ2| ln δ|

for a small δ > 0 such that | ln δ| is greater than the modulus of the constant from the
previous inequality. This implies that Jδ

k → 0 as δ→ 0.
Finally, consider the value of Jδ

m−1 when n ∈ N∗m−m+1 = N∗1 = {2}. In this case
E2m−2(m−1)(x, ξ) = E2(x, ξ) = − ln |x− ξ| and therefore it is easy to calculate that

∂E2(x, ξ)

∂ν

∣∣∣
|x−ξ|=δ

= −
2

∑
i=1

ξi − xi
|ξ − x|

ξi − xi
|ξ − x|2 = −δ−1 = −δ1−n.

This is the same as (13). Therefore, in this case, the derivation of equality (14), which
is based on the written equality, is similar, i.e., Jδ

m−1 → (−1)mωnu(x) for δ→ 0 in this case
as well.

Thus, in all considered cases Iδ
k → 0, k = 0, 1, . . . , m− 1 and Jδ

k → 0 k = 0, 1, . . . , m− 2,
and Jδ

m−1 → (−1)mωnu(x) as δ→ 0.
In the equality (10) we pass to the limit as δ→ 0. Since 2m− n ≥ 2− n, the singularity

in the volume integral is left integrable. Therefore we have

lim
δ→0

∫
Dδ

E2m(x, ξ) f (ξ) dξ =
∫

D
E2m(x, ξ) f (ξ) dξ

and that means

∫
D

E2m(x, ξ)∆2mu(ξ) dξ =
∫

∂D

m−1

∑
k=0

(−1)k
(

E2m−2k(x, ξ)
∂∆m−k−1u

∂ν

− ∂E2m−2k(x, ξ)

∂ν
∆m−k−1u

)
dsξ + (−1)mωnu(x).

Transferring all the integrals from the right side of the resulting equality to the left
side, dividing by (−1)mωn and changing the summation index k→ m− k− 1, we get the
equality (7). The theorem is proved.

Remark 2. If in equality (7) the function u(x) is a harmonic function, then only one term remains
in the sum at k = 0, the volume potential becomes 0, and we get the known equality.

Let n ≥ 3. In the reasoning given below, we also need the following function

Er
2k(x, ξ) =

1
ωn

∫
S

Er
2k−2(x, y)E2(y, ξ) dy, k ≥ 2, (15)
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where Er
2(x, ξ) = E2(x, ξ). For example,

Er
4(x, ξ) =

1
ωn

∫
S

E2(x, y)E2(y, ξ) dy, Er
6(x, ξ) =

1
ω2

n

∫
S

E2(x, η)
∫

S
E2(η, y)E2(y, ξ) dy dη.

Lemma 3. The function Er
2m(x, ξ) (m > 1) is defined for ξ, x ∈ S, ξ 6= x and may have a

singularity at ξ = x such that Er
2m(x, ξ) ≤ C|x− ξ|3−n, where C is some positive constant. For

ξ 6= x the equality ∆Er
2m(x, ξ) = −Er

2m−2(x, ξ) holds true.

Proof. Indeed, as shown in [14], the function Er
4(x, ξ) is defined for ξ 6= x and its singularity

for ξ = x is at most O(|x − ξ|3−n). Assume by induction that Er
2m−2(x, ξ) is defined for

ξ 6= x and Er
2m−2(x, ξ) ≤ C1|x− ξ|3−n. Then for ξ 6= x the integral from (15) defining the

function Er
2m(x, ξ) has two integrable singularities at y = x and y = ξ of orders n− 3 and

n− 2, respectively. Hence Er
2m(x, ξ) is defined and has continuous derivatives with respect

to ξ in S̄ for ξ 6= x ∈ S [37]. Besides

Er
2m(x, ξ) ≤ C2

∫
|y|<1

|x− y|3−n|y− ξ|2−n dy = C2

∫
|ξ+η|<1

|x− ξ − η|3−n|η|n−2 dη

≤ C2

∫
|η|<2

|z− η|3−n|η|2−n dη = C2

( ∫
|z|<|η|<2

+
∫
|η|<|z|

)
|z− η|3−n|η|2−n dη ≡ I1 + I2,

where z = x− ξ is denoted. For the first integral I1, since 3− n ≤ 0, we have

I1 ≤ C2|z|3−n
∫
|η|<2

|z− η|3−n|η|−1 dη = O(|z|3−n),

since according to [37] the integral is bounded. Besides

I2 = C2|z|2−n|z|n
∫
|θ|z||<|z|

|z− θ|z||3−n|θ|2−n dθ = C2|z|5−n
∫
|θ|<1

|ẑ− θ|3−n|θ|2−n dθ,

where ẑ = z/|z|. Since the integral is continuous function for ẑ ∈ ∂S [37], then
I2 = O(|x− ξ|5−n). Thus, Er

2m(x, ξ) = O(|x− ξ|3−n). The induction step is proven.
Let ξ 6= x ∈ S. Denote Sδ = S \ {y ∈ Rn : |x− y| ≤ δ} and take δ > 0 so small that

ξ ∈ Sδ, i.e., |x− ξ| > δ and {y ∈ Rn : |x− y| ≤ δ} ⊂ S. Then

Er
2m(x, ξ) =

1
ωn

∫
Sδ

Er
2m−2(x, y)E2(y, ξ) dy +

1
ωn

∫
|y−x|≤δ

Er
2m−2(x, y)E2(y, ξ) dy.

Since ξ ∈ Sδ and x 6∈ Sδ, by the property of the volume potential

1
ωn

∆ξ

∫
Sδ

Er
2m−2(x, y)E2(y, ξ) dy = −Er

2m−2(x, ξ),

the second integral has no singularity under the integral with respect to ξ and hence is
a harmonic function in ξ. Therefore, for ξ 6= x we obtain the equality ∆ξ Er

2m(x, ξ) =
−Er

2m−2(x, ξ). The lemma is proved.

Remark 3. By the singularity erasure theorem [37] the function h2k(x, ξ) = E2k(x, ξ)− Er
2k(x, ξ)

is k-harmonic in S with respect to ξ.

3. Green’s Function of the Riquier–Neumann Problem

Now we define Green’s function of the Riquier–Neumann problem for n > 2.

Definition 1. The function of the form

N2m(x, ξ) = E2m(x, ξ) + gn
2m(x, ξ), m ≥ 1, (16)
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where gn
2m(x, ξ) is an m-harmonic function in x, ξ ∈ S such that for x ∈ S

∂N2m(x, ξ)

∂νξ

∣∣
ξ∈∂S = . . . =

∂∆m−2
ξ N2m(x, ξ)

∂νξ

∣∣
ξ∈∂S = 0,

∂∆m−1
ξ N2m(x, ξ)

∂νξ

∣∣
ξ∈∂S = (−1)m,

(17)
we call Green’s function of the Riquier–Neumann problem (1).

Theorem 2. The function N2m(x, ξ) for ξ, x ∈ S and m > 1, defined recursively by the equality

N2m(x, ξ)

=
1

ωn

( ∫
S
N2m−2(x, y)N2(y, ξ) dy− 1

τn

∫
S
N2m−2(x, y) dy ·

∫
S
N2(y, ξ) dy

)
, (18)

where τn = |S|, and N2(x, y) is Green’s function of the Neumann problem from (3), is Green’s
function of the Riquier–Neumann problem (1). The function N2m(x, ξ) has the property

ΛxN2k(x, ξ)
∣∣
x∈∂S = 0, k > 1, ΛxN2(x, ξ)

∣∣
x∈∂S = −1, ξ ∈ S. (19)

The function gn
2m(x, ξ) from the representation (16) has continuous derivatives with respect to

ξ in S̄ as x ∈ S.

Proof. Let us prove the theorem by the method of mathematical induction on m. For m = 2
the assertion of the theorem is proved in [14] (Theorem 4). In this case, from the representation

N4(x, ξ) =
1

ωn

( ∫
S
N2(x, y)N2(y, ξ) dy− 1

τn

∫
S
N2(x, y) dy ·

∫
S
N2(y, ξ) dy

)
,

using (3) it is easy to get the equality

N4(x, ξ) = Er
4(x, ξ) + ĝn

4 (x, ξ),

where the harmonic function ĝn
4 (x, ξ) is defined as

ĝn
4 (x, ξ) = − 1

ωn

( ∫
S

E2(x, y)E0(y, ξ) dy +
∫

S
E0(x, y)E2(y, ξ) dy

−
∫

S
E0(x, y)E0(y, ξ) dy +

1
τn

∫
S
N2(x, y) dy ·

∫
S
N2(y, ξ) dy

)
.

Indeed, the first and third integrals in the resulting formula are harmonic functions
with respect to ξ, since the singularity in the first integral is integrable, and differentiation
does not increase this singularity. The second and fourth integrals, by the property of the
volume potential, are biharmonic functions with respect to ξ, since the harmonic function
E0(x, ξ) has bounded derivatives with respect to ξ in S̄ as x ∈ S. Moreover, ĝn

4 (x, ξ), due
to the singularities of the order |ξ − y|2−n under the integrals, has continuous derivatives
with respect to ξ in S̄ for x ∈ S [37]. If we recall that E4(x, ξ) = Er

4(x, ξ) + h4(x, ξ), then
we have

N4(x, ξ) = E4(x, ξ) + ĝn
4 (x, ξ)− h4(x, ξ) ≡ E4(x, ξ) + gn

4 (x, ξ),

where gn
4 (x, ξ), due to the properties of ĝn

4 and h4, has bounded derivatives with respect to
ξ in S̄ for x ∈ S.

Let the assertion of the theorem be true for some m ≥ 2. Then, according to Definition 1,
Green’s function N2m−2(x, ξ) has the representation (16)

N2m−2(x, ξ) = E2m−2(x, ξ) + gn
2m−2(x, ξ),
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where gn
2m−2(x, ξ) is some (m− 1)-harmonic function in S with respect to ξ for x ∈ S that

has bounded derivatives with respect to ξ in S̄. If we recall the function Er
2k(x, ξ) from (15)

and the k-harmonic function h2k(x, ξ) = E2k(x, xi)− Er
2k(x, ξ), then we can write

N2m−2(x, ξ) = Er
2m−2(x, ξ) + gn

2m−2(x, ξ) + h2m−2(x, ξ)

≡ Er
2m−2(x, ξ) + ĝn

2m−2(x, ξ). (20)

Let us show that the function

N2m(x, ξ) =
1

ωn

( ∫
S
N2m−2(x, y)N2(y, ξ) dy− 1

τn

∫
S
N2m−2(x, y) dy ·

∫
S
N2(y, ξ) dy

)
for m ≥ 2 can be represented as (16). Using (20) and keeping in mind (3) it is easy to get that

N2m(x, ξ) = Er
2m(x, ξ)− 1

ωn

( ∫
S

Er
2m−2(x, y)E0(y, ξ) dy−

∫
S

ĝn
2m−2(x, y)E2(y, ξ) dy

+
∫

S
ĝn

2m−2(x, y)E0(y, ξ) dy +
1
τn

∫
S
N2(x, y) dy ·

∫
S
N2(y, ξ) dy

)
,

where the function Er
2k(x, ξ) is defined in (15). Let us estimate the integral terms in the

obtained equality. The first and third integrals are harmonic functions with respect to ξ
(the singularity in the first integral is integrable, and differentiation does not increase this
singularity). The second integral, by the property of the volume potential, is an m-harmonic
function with respect to ξ, since the (m− 1)-harmonic function ĝn

2m−2(x, ξ) has bounded
derivatives with respect to ξ in S̄ as x ∈ S. The fourth integral containing the variable ξ
is a biharmonic function in S. If the sum of all integral terms in this equality is denoted
by ĝn

2m(x, ξ), then due to the fact that the singularities under the integrals have order no
higher than |ξ − y|3−n (see Lemma 3), the function ĝn

2m(x, ξ) has continuous derivatives
with respect to ξ in S̄ as x ∈ S. Finally, if we recall that h2m(x, ξ) = E2m(x, ξ)− Er

2m(x, ξ),
then we have (16) for gn

2m(x, ξ) = ĝn
2m(x, ξ)− h2m(x, ξ). The equality (16) is proved.

Let us check the boundary conditions for the function N2m(x, ξ) from Definition 1.
Due to the symmetry of the function N2(x, ξ), we have ΛξN2(x, ξ)|ξ∈∂S = −1. Therefore

∂N2m(x, ξ)

∂νξ

∣∣∣
ξ∈∂S

= ΛξN2m(x, ξ)
∣∣
ξ∈∂S

=
1

ωn

(
−
∫

S
N2m−2(x, y) dy +

1
τn

∫
S
N2m−2(x, y) dy · τn

)
= 0.

For x ∈ S, by the property of the volume potential and due to the continuous dif-
ferentiability of the function N2m−2(x, ξ) with respect to ξ ∈ S̄, but for ξ 6= x, we find

∆ξN2m(x, ξ) = −N2m−2(x, ξ) +
1
τn

∫
S
N2m−2(x, y) dy. (21)

Therefore, by the induction hypothesis, for x ∈ S we have

∂∆k
ξN2m(x, ξ)

∂νξ

∣∣
ξ∈∂S = −

∂∆k−1
ξ N2m−2(x, ξ)

∂νξ

∣∣
ξ∈∂S = 0, k = 1, . . . , m− 2

and

∂∆m−1
ξ N2m(x, ξ)

∂νξ

∣∣
ξ∈∂S = −

∂∆m−2
ξ N2m−2(x, ξ)

∂νξ

∣∣
ξ∈∂S = −(−1)m−1 = (−1)m,

which proves the equalities (17).
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Let us prove the equality (19) for k > 1, since for k = 1 it follows from (4). Let k = 2,
then, due to the weak singularity of the function N2(x, ξ), for x ∈ ∂S and ξ ∈ S, we write

ΛxN4(x, ξ) =
1

ωn

∫
S

ΛxN2(x, y)N2(y, ξ) dy− 1
τn

∫
S

ΛxN2(x, y) dy

· 1
ωn

∫
S
N2(y, ξ) dy = − 1

ωn

∫
S
N2(y, ξ) dy +

1
ωn

∫
S
N2(y, ξ) dy = 0.

Therefore, for k > 2 and x ∈ ∂S, ξ ∈ S, using the equality (18) we obtain

ΛxN2k(x, ξ) =
1

ωn

∫
S

ΛxN2k−2(x, y)N2(y, ξ) dy

− 1
τn

∫
S

ΛxN2k−2(x, y) dy · 1
ωn

∫
S
N2(y, ξ) dy = 0,

whence follows (19). The theorem is proved.

Example 1. To find a solution to the Riquier–Neumann problem (1) with polynomials in the
boundary conditions or on the right side of the equation, the following formula is needed

1
ωn

∫
S
N2(x, ξ)|ξ|2l dξ = − |x|2l+2

(2l + 2)(2l + n)
+

1
(2l + 2)(n− 2)

, (22)

where l ∈ N0. Let us prove it. Note that in the paper [9] (remark 2) a similar formula is obtained

1
ωn

∫
S
N2(x, ξ)|ξ|2l Hk(ξ) dξ = −|x|

2l+2 − (2l + 2 + k)/k
(2l + 2)(2l + 2k + n)

Hk(x), (23)

where Hk(x) is a homogeneous harmonic polynomial of degree k, which does not work in the case
under consideration, since the right-hand side of it is not defined for k = 0.

Let {H(i)
k (x) : i = 1, . . . , hk, k ∈ N0} be the complete system of homogeneous of degree

k ∈ N0 spherical harmonics orthogonal on ∂S such that
∫

∂S(H(i)
k (ξ))2 dsξ = ωn [38] and

hk = 2k+n−2
n−2 (k+n−3

n−3 ) for n > 2 (hk = 2 for n = 2) is the dimension of the basis of homoge-
neous harmonic polynomials of degree k. In [9] (Theorem 1) it is obtained that the equality

1
ωn

∫
S

E2(x, ξ)|ξ|2l Hk(ξ) dξ = − |x|2l+2Hk(x)
(2l + 2)(2l + 2k + n)

+
Hk(x)

(2l + 2)(2k + n− 2)
,

holds true, where k ∈ N0 and l ∈ N0. From here we get

1
ωn

∫
S

E2(x, ξ)|ξ|2l dξ = − |x|2l+2

(2l + 2)(2l + n)
+

1
(2l + 2)(n− 2)

.

In [9] (Theorem 1) it is also proved that for x ∈ S and ξ ∈ S̄

E0(x, ξ) = −
∞

∑
k=1

k + n− 2
k(2k + n− 2)

hk

∑
i=1

H(i)
k (x)H(i)

k (ξ),

where the series converges uniformly with respect to ξ. Therefore we have

∫
S

E0(x, ξ)|ξ|2l dξ = −
∞

∑
k=1

k + n− 2
k(2k + n− 2)

hk

∑
i=1

H(i)
k (x)

∫
S

H(i)
k (ξ)|ξ|2l dξ = 0

and hence, taking into account (3), we obtain the formula to be proved.
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4. Solution of the Riquier–Neumann Problem

Let us find an integral representation of a solution to the Riquier–Neumann problem (1)
for n > 2.

Theorem 3. Let the function u ∈ C2m(S) ∩ C2m−1(S̄) be a solution to the Riquier–Neumann
problem (1), then it can be represented as

u(x) =
(−1)m−1

ωn

∫
∂S

m−1

∑
k=0

(
∆m−k−1

ξ N2m(x, ξ)
)

ϕk(ξ) dsξ

+
(−1)m

ωn

∫
S
N2m(x, ξ) f (ξ) dξ + C, (24)

where C is an arbitrary constant.

Proof. Let u ∈ C2m(S) ∩ C2m−1(S̄) be a solution to the Riquier–Neumann problem (1). Let
us use the equality

∫
D

(
v∆mu− u∆mv

)
dξ =

∫
∂D

m−1

∑
k=0

(
∆kv

∂∆m−k−1u
∂ν

− ∂∆kv
∂ν

∆m−k−1u
)

dsξ

for D = {ξ : |ξ| < 1− ε}, where ε > 0 is sufficiently small (x ∈ D) and v(ξ) = E2m(x, ξ).
Similarly to the proof of equality (7) we find

∫
D

E2m(x, ξ) f (ξ) dξ

=
∫

∂D

m−1

∑
k=0

(
∆k

ξ E2m(x, ξ)
∂∆m−k−1u

∂ν
−

∂∆k
ξ E2m(x, ξ)

∂ν
∆m−k−1u

)
dsξ + (−1)mωnu(x).

If we now again use the previous formula for the same domain D, but for
v(ξ) = gn

2m(x, ξ) (an m-harmonic function in S from (16)), we obtain similar equality
with gn

2m(x, ξ) instead of E2m(x, ξ) and without the last term on the right. Adding these
equalities, grouping the integral terms and changing the summation index k→ m− k− 1,
we get

u(x) =
(−1)m

ωn

∫
|ξ|=1−ε

m−1

∑
k=0

(∂∆m−k−1
ξ N2m(x, ξ)

∂ν
∆ku− ∆m−k−1

ξ N2m(x, ξ)
∂∆ku

∂ν

)
dsξ

+
(−1)m

ωn

∫
|ξ|<1−ε

N2m(x, ξ) f (ξ) dξ. (25)

Let us pass to the limit as ε → +0. At the same time, we take into account that the
functions gn

2k(x, ξ), and henceN2m(x, ξ) and its derivatives with respect to ξ, are continuous
with respect to ξ in {ξ : 1− ε < |ξ| ≤ 1} for fixed x ∈ S. Therefore, due to the properties
of Green’s function (17), surface integrals over S = {ξ : |ξ| = 1} containing the functions

∂
∂νξ

(∆m−k−1N2m(x, ξ)) for k = 1, . . . , m− 1 turn to 0, and the function ∂
∂νξ

(∆m−1N2m(x, ξ))

becomes (−1)m. Moreover, due to the boundary conditions of the Riquier–Neumann
problem, we also have ∂

∂ν ∆ku(ξ) → ϕk(ξ), ε → +0 for k = 0, . . . , m− 1. Thus, from (25)
in the limit as ε → +0 we obtain the representation (24), where C = 1

ωn

∫
∂S u(ξ) dsξ . The

theorem is proved.

Lemma 4. 1. Let f ∈ C1(S̄), then the function

u f (x) =
(−1)m

ωn

∫
S
N2m(x, ξ) f (ξ) dsξ (26)
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is a solution to the following Riquier–Neumann problem

∆mu(x) = f (x), x ∈ S,

∂∆ku
∂ν

∣∣∣
∂S

= 0, k = 0, . . . , m− 2,
∂∆m−1u

∂ν

∣∣∣
∂S

=
1

ωn

∫
S

f (ξ) dξ.

2. Let ψ ∈ C1+ε(∂S) (ε > 0), then the function

vψ(x) =
(−1)m−1

ωn

∫
∂S
N2m(x, ξ)ψ(ξ) dsξ (27)

is a solution to the following Riquier–Neumann problem

∆mv(x) = 0, x ∈ S,

∂∆kv
∂ν

∣∣∣
∂S

= 0, k = 0, . . . , m− 2,
∂∆m−1v

∂ν

∣∣∣
∂S

= ψ(x)− 1
ωn

∫
∂S

ψ(ξ) dsξ .

Proof. 1. We study the function u f (x) without specifying the smoothness of the function
f (x). To do this, we introduce the functions

N̂2(x, ξ) = N2(x, ξ)− 1
τn

∫
S
N2(y, ξ) dy,

N̂2k(x, ξ) =
1

ωn

∫
S
N̂2k−2(x, y)N̂2(y, ξ) dy, k > 1.

The function N̂2(x, ξ) has the property∫
S
N̂2(x, ξ) dx =

∫
S
N2(x, ξ) dx− τn

τn

∫
S
N2(y, ξ) dy = 0.

It is easy to see that the equality

N2m(x, ξ) =
1

ωn

∫
S
N2m−2(x, y)

(
N2(y, ξ)− 1

τn

∫
S
N2(y1, ξ) dy1

)
dy

=
1

ωn

∫
S
N2m−2(x, y)N̂2(y, ξ) dy (28)

holds true. Therefore, due to the properties of the volume potential, by rearranging the
integrals, we have

∆x
1

ωn

∫
S
N4(x, ξ) f (ξ) dξ = ∆x

1
ωn

∫
S
N2(x, y) dy

1
ωn

∫
S
N̂2(y, ξ) f (ξ) dξ

= − 1
ωn

∫
S
N̂2(x, ξ) f (ξ) dξ,

whence similarly it follows

∆x
1

ωn

∫
S
N6(x, ξ) f (ξ) dξ = ∆x

1
ωn

∫
S
N4(x, y) dy

1
ωn

∫
S
N̂2(y, ξ) f (ξ) dξ

= − 1
ωn

∫
S
N̂2(x, y) dy

1
ωn

∫
S
N̂2(y, ξ) f (ξ) dξ = − 1

ωn

∫
S
N̂4(y, ξ) f (ξ) dξ.
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Using the previous equalities by induction and changing the order of integration,
we have

∆x
1

ωn

∫
S
N2m(x, ξ) f (ξ) dξ = ∆x

1
ωn

∫
S
N2m−2(x, y) dy

1
ωn

∫
S
N̂2(y, ξ) f (ξ) dξ

= − 1
ωn

∫
S
N̂2m−4(x, y) dy

1
ωn

∫
S
N̂2(y, ξ) f (ξ) dξ = − 1

ωn

∫
S
N̂2m−2(y, ξ) f (ξ) dξ. (29)

From the last equality, using the property of volume potential, it is easy to obtain

∆m
x u f (x) = ∆m

x
(−1)m

ωn

∫
S
N2m(x, ξ) f (ξ) dξ = −∆x

1
ωn

∫
S
N̂2(x, ξ) f (ξ) dξ

= −∆x
1

ωn

∫
S
N2(x, ξ) f (ξ) dξ = f (x). (30)

Further, due to the weak singularity of the function N2m(x, ξ) (the singularity is the
same as that of the elementary solution E2m(x, ξ) (16)) it can be differentiated under the
integral sign, and therefore from (19) it follows that for m > 1

∂u f

∂ν

∣∣∣
∂S

= Λxu f (x)
∣∣
∂S =

(−1)m

ωn

∫
S

ΛxN2m(x, ξ)
∣∣
x∈∂S f (ξ) dξ = 0.

Moreover, due to (29) for k = 1, . . . , m− 2 we get

∂∆ku f

∂ν

∣∣∣
∂S

= Λx∆k
xu f (x)

∣∣
∂S =

(−1)m−k

ωn

∫
S

ΛxN̂2m−2k(x, ξ)
∣∣
x∈∂S f (ξ) dξ

=
(−1)m−k

ωn

∫
S

ΛxN2m−2k(x, ξ)
∣∣
x∈∂S f (ξ) dξ = 0.

Similarly to what was done above, in accordance with (29) and (19), we find

∂∆m−1u f

∂ν

∣∣∣
∂S

= − 1
ωn

∫
S

ΛxN̂2(x, ξ)
∣∣
x∈∂S f (ξ) dξ =

1
ωn

∫
S

f (ξ) dξ.

This means that the function u f (x) from (26) is a solution to the Riquier–Neumann
problem (1) for ϕk = 0, k = 0, . . . , m− 2 and ϕm−1 = 1

ωn

∫
S f (ξ) dξ.

What smoothness is sufficient to impose on the function f (x) so that the arguments
made about u f (x) are valid? To satisfy the last equality from (30) for the volume potential,
it is sufficient that f ∈ C1(S̄) [30]. Moreover, the volume potential with density f (x) will
also be in C1(S̄) [37], and hence the entire chain of equalities in (30) is true.

2. Consider the function vψ(x) from (27). Substituting the value N2m(x, ξ) from (28)
and changing the order of integration, we have

vψ(x) =
(−1)m−1

ωn

∫
S
N2m−2(x, y) dy

1
ωn

∫
∂S
N̂2(y, ξ)ψ(ξ) dsξ .

By virtue of the properties of the functions u f (x) and N̂2(x, ξ) obtained above, the
function vψ(x) is a solution to the Riquier–Neumann problem (1) for m = m− 1, ϕk = 0,
k = 0, . . . , m− 3,

ϕm−2 =
1

ωn

∫
S

1
ωn

∫
∂S
N̂2(y, ξ)ψ(ξ) dsξ dy =

1
ωn

∫
∂S

ψ(ξ) dsξ
1

ωn

∫
S
N̂2(y, ξ) dy = 0

and
f (x) = ∆m−1v(x) =

1
ωn

∫
∂S
N̂2(x, ξ)ψ(ξ) dsξ .
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Therefore, by the property of the surface potential

∆mvψ(x) = ∆∆m−1vψ(x) = ∆
1

ωn

∫
∂S
N̂2(x, ξ)ψ(ξ) dsξ = 0,

and in addition, by the property (5) of Green’s function N2(x, ξ), we write

∂∆m−1vψ

∂ν

∣∣∣
∂S

= ψ(x)− 1
ωn

∫
∂S

ψ(ξ) dsξ .

Thus, the function vψ(x) is a solution to the Riquier–Neumann problem (1) for f = 0,
ϕk = 0, k = 0, . . . , m− 2 and ϕm−1(x) = ψ(x)− 1

ωn

∫
∂S ψ(ξ) dsξ , which is to be proved.

What smoothness of the function ψ(x) is sufficient for the validity of the reasoning
made above? Since the function vψ(x) is represented in a form similar to the form of the
function u f (x) with density 1

ωn

∫
S N̂2(y, xi)ψ(ξ) dsξ , then, just as in the previous case, it is

sufficient that this density is in C1(S̄), and this is satisfied if ψ ∈ C1+ε(∂S) [39]. The lemma
is proved.

Remark 4. If m = 1 then for the function ψ it is sufficient to be such that ψ ∈ C(∂S).

Theorem 4. Let ϕ0 ∈ C(∂S), ϕk ∈ C1+ε(∂S) (ε > 0) for k = 1, . . . , m− 1 and f ∈ C1(S̄). Then
the function

u(x) =
1

ωn

∫
∂S

m−1

∑
k=0

(−1)k
(
N2k+2(x, ξ)− 1

τn

∫
S
N2k+2(x, y) dy

)
ϕk(ξ) dsξ

+
(−1)m

ωn

∫
S
N2m(x, ξ) f (ξ) dξ + C (31)

is a solution to the Riquier–Neumann problem (1) provided that (see [14])∫
∂S

ϕm−1(ξ) dsξ =
∫

S
f (ξ) dξ. (32)

Proof. Let us prove that the function u(x) defined by the Formula (24) is a solution to
the problem

∆mu(x) = f (x), x ∈ S,

∂∆ku
∂ν

∣∣∣
∂S

= 0, k = 0, . . . , m− 2,

∂∆m−1u
∂ν

∣∣∣
∂S

= ϕm−1(x)− 1
ωn

∫
∂S

ϕm−1(ξ) dsξ +
1

ωn

∫
S

f (ξ) dξ.

(33)

It is easy to see that in this case, under the condition (32), the assertion of the theorem
follows. We prove this statement by induction on m. For m = 2 in [14] (Theorem 5) it is
proved that for a function of the form

u(x) = − 1
ωn

∫
∂S

∆ξN4(x, ξ)ϕ0(ξ) dsξ −
1

ωn

∫
∂S
N4(x, ξ)ϕ1(ξ) dsξ

+
1

ωn

∫
S
N4(x, ξ) f (ξ) dξ + C ≡ v1(x) + v2(x) + v3(x) + C
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the following equalities are true

∆2u(x) = 0 + 0 + f (x) = f (x),
∂u
∂ν

∣∣
x∈∂S = ϕ0(x) + 0 + 0 = ϕ0(x),

∂∆u
∂ν

∣∣
x∈∂S = 0 +

(
ϕ1(x)− 1

ωn

∫
∂S

ϕ1(ξ) dξ
)
+

1
ωn

∫
S

f (ξ) dξ.

Here, in the equalities on the right, the result of applying the corresponding operators
to the functions v1, v2 and v3 is indicated. This corresponds to the statement being proved
for m = 2. Assume that the equalities (33) hold true for m = m− 1. Let us represent u(x)
from (24) as

u(x) = um(x) + u(m)
f (x) + C, (34)

where the function u(m)
f (x) ≡ u f (x) is defined in (26) (the superscript m is added here to

avoid confusion) and

um(x) =
(−1)m−1

ωn

∫
∂S

m−1

∑
k=0

(
∆m−k−1

ξ N2m(x, ξ)
)

ϕk(ξ) dsξ .

Note that the function u(m)
f (x) for f ∈ C1(S̄) by Lemma 4 is a solution to the prob-

lem (33) for ϕk = 0, k = 0, . . . , m− 1. Therefore, it is sufficient to prove that the function
um(x) = u(x)− u(m)

f (x) + C is a solution to the problem (33) for f = 0. Let us transform

the function u(m)
f (x). From the equality (21) for k > 1 it is easy to obtain

∆k
ξN2m(x, ξ) = −∆k−1

ξ N2m−2(x, ξ),

and therefore

um(x) =
(−1)m−1

ωn

( ∫
∂S
N2m(x, ξ)ϕm−1(ξ) dsξ +

∫
∂S

∆ξN2m(x, ξ)ϕm−2(ξ) dsξ

)
+

(−1)m−2

ωn

( ∫
∂S

m−2

∑
k=0

(
∆m−k−2

ξ N2m−2(x, ξ)
)

ϕk(ξ) dsξ −
∫

∂S
N2m−2(x, ξ)ϕm−2(ξ) dsξ

)
= um−1(x) +

(−1)m−1

ωn

( ∫
∂S
N2m(x, ξ)ϕm−1(ξ) dsξ +

∫
∂S

∆ξN2m(x, ξ)ϕm−2(ξ) dsξ

+
∫

∂S
N2m−2(x, ξ)ϕm−2(ξ) dsξ

)
.

Using the equality (21) and the notation from (26) and (27) we can write

um(x) = um−1(x) + vϕm−1(x) +
(−1)m−1

ωn

∫
S
N2m−2(x, y) dy · 1

τn

∫
∂S

ϕm−2(ξ) dsξ

= um−1(x) + vϕm−1(x) + u(m−1)
1 (x) · 1

τn

∫
∂S

ϕm−2(ξ) dsξ . (35)

For the legality of using the function vϕm−1(x) by Lemma 4 it is sufficient to require
ϕ0 ∈ C(∂S), ϕk ∈ C1+ε(∂S) for k = 1, . . . , m− 1. Since, by the induction hypothesis, the
function um−1(x) is (m− 1)-harmonic, then, according to Lemma 4, we can write

∆mum(x) = 0 + 0 + ∆
1
τn

∫
∂S

ϕm−2(ξ) dsξ = 0.
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Moreover, from (35) it also follows that on ∂S, by virtue of Lemma 4 and the inductive
assumption, the equalities hold true

∂∆kum

∂ν
=

∂∆kum−1

∂ν
+ 0 + 0 = ϕk(x), k = 0, . . . , m− 3,

∂∆m−2um

∂ν
=

∂∆m−2um−1

∂ν
+ 0 +

1
ωn

∫
S

1
τn

∫
∂S

ϕm−2(ξ) dsξ dy

= ϕm−2(x)− 1
ωn

∫
∂S

ϕm−2(ξ) dsξ +
1

ωn

∫
∂S

ϕm−2(ξ) dsξ = ϕm−2(x),

∂∆m−1um

∂ν
= 0 +

(
ϕm−1(x)− 1

ωn

∫
∂S

ϕm−1(ξ) dsξ

)
+ 0

= ϕm−1(x)− 1
ωn

∫
∂S

ϕm−1(ξ) dsξ ,

and hence the function um(x) is a solution to the problem (33) for f = 0. The step of
induction is proved, and hence the function u(x) from (24) is a solution to the problem (1).
From the equality (21) it is easy to get the equality

∆k
ξN2m(x, ξ) = (−1)k

(
N2m−2k(x, ξ)− 1

τn

∫
S
N2m−2k(x, y) dy

)
,

with the help of which the equality (24) is converted to the form (31). The theorem is
proved.

Remark 5. The necessary and sufficient condition for the solvability of the Riquier–Neumann
problem (32) for the polyharmonic equation is previously obtained in [29].

From the proof of Theorem 4 it follows that if the condition (32) is not satisfied, then the
function u(x) from (31) is a solution to the Riquier–Neumann problem (33).

5. Particular Case

Let us consider one particular case of the boundary conditions of the Riquier–Neumann
problem.

Theorem 5. Let f = 0, ϕ0 ∈ C(∂S), ϕk ∈ C1+ε(∂S) (ε > 0) and
∫

∂S ϕk(ξ) dsξ = 0 for
k = 1, . . . , m− 1. Then a solution of the Riquier–Neumann problem (1) exists and can be written as

u(x) =
m−1

∑
k=0

uk[ϕk](x) + C, (36)

where C is an arbitrary constant,

uk[ϕ](x) =
(−1)k

ωn

∫
∂S
N 0

2k+2(x, ξ)ϕ(ξ) dsξ ,

N 0
2k+2(x, ξ) =

1
ωn

∫
S
N2(x, y)N 0

2k(y, ξ) dy, k > 0; N 0
2 (x, ξ) = N2(x, ξ).

The (k + 1)-harmonic functions uk[ϕk](x) satisfy the following conditions

∆uk[ϕ](x) = uk−1[ϕ](x),
∂uk[ϕ]

∂ν

∣∣∣
∂S

= 0, k ∈ N;

∆u0[ϕ](x) = 0,
∂u0[ϕ]

∂ν

∣∣∣
∂S

= ϕ(x).
(37)

Proof. It is easy to see that under the conditions required in the theorem, all the conditions
of Theorem 4 are also satisfied, and hence a solution to the Riquier–Neumann problem
exists. Let us prove that the equality (36) represents this solution. To do this, it is sufficient
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to make sure that the equalities (37) hold true. According to the definition of the function
N 0

2k(x, ξ) and by the property of the volume potential, for k > 0 we write

∆uk[ϕ](x) = ∆x
(−1)k

ωn

∫
∂S
N 0

2k+2(x, ξ)ϕ(ξ) dsξ

=
(−1)k−1

ωn

∫
∂S
N 0

2k(x, ξ)ϕ(ξ) dsξ = uk−1[ϕ](x),

and also find ∆u0[ϕ](x) = 0. Moreover, for k > 0, using (5), we get

∂uk[ϕ]

∂ν

∣∣∣
∂S

=
(−1)k

ωn

∫
S

ΛxN2(x, y)
∣∣
x∈∂S

1
ωn

∫
∂S
N 0

2k(y, ξ)ϕ(ξ) dsξ dy

=
(−1)k−1

ωn

∫
∂S

( ∫
S
N 0

2k(y, ξ) dy
)

ϕ(ξ) dsξ ≡
∫

∂S
F(ξ)ϕ(ξ) dsξ .

Using the equality

1
ωn

∫
S
N 0

2k(y1, ξ) dy1 =
1

ωn

∫
S
N2(y1, y2) dy1 . . .

1
ωn

∫
S
N2(yk, ξ) dyk,

taking into account the symmetry of the function N2(x, ξ) and bearing in mind the equal-
ity (22) we see that the function

F(ξ) =
(−1)k−1

ωn

∫
S
N 0

2k(y, ξ) dy

is a polynomial of degree k in |ξ|2 and hence F(ξ)|∂S = C. Therefore, by the assumption of
the theorem

∂uk[ϕk]

∂ν

∣∣∣
∂S

=
∫

∂S
F(ξ)ϕk(ξ) dsξ = C

∫
∂S

ϕk(ξ) dsξ = 0.

If k = 0, then according to (5) we get

∂u0[ϕ0]

∂ν

∣∣∣
∂S

=
1

ωn

∫
∂S

∂N2(x, ξ)

∂νx

∣∣
∂S ϕ0(ξ) dsξ = ϕ0(x)

∣∣
∂S −

1
ωn

∫
∂S

ϕ0(ξ) dsξ = ϕ0(x).

The theorem is proved.

Example 2. Let us calculate the function up[Hk](x) from the formula (36), where Hk(x) is a
homogeneous harmonic polynomial of degree k ∈ N for p ∈ N0. In this case, the conditions of
Theorem 5 are satisfied because the equality

∫
∂S Hk(ξ) dsξ = 0 holds true.

In [9], it is established that for x ∈ S and ξ ∈ ∂S the equalities

N2(x, ξ) = E(x, ξ)− E0(x, ξ) =
1

n− 2

+
∞

∑
k=1

( 1
2k + n− 2

+
k + n− 2

k(2k + n− 2)

) hk

∑
i=1

H(i)
k (x)H(i)

k (ξ)

=
1

n− 2
+

∞

∑
k=1

1
k

hk

∑
i=1

H(i)
k (x)H(i)

k (ξ),

take place, where the harmonic polynomials H(i)
k (x) are defined in Example 1. Therefore, due to the

orthonormality of the polynomials H(i)
k (x) on ∂S and the uniform convergence of the series with

respect to ξ ∈ ∂S, we have
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u0[Hk](x) =
1

ωn

∫
∂S
N2(x, ξ)Hk(ξ) dsξ =

1
(n− 2)ωn

∫
∂S

Hk(ξ) dsξ

+
∞

∑
m=1

1
m

hm

∑
i=1

H(i)
m (x)

1
ωn

∫
∂S

H(i)
m (ξ)Hk(ξ) dsξ =

1
k

Hk(x).

Let us calculate u1[Hk](x). With the help of (23) at l = 0 and the previous calculations,
we find

u1[Hk](x) = − 1
ωn

∫
∂S
N 0

4 (x, ξ)Hk(ξ) dsξ

= − 1
ωn

∫
S
N2(x, y)

1
ωn

∫
∂S
N2(y, ξ)Hk(ξ) dsξ dy = − 1

ωn

∫
S
N2(x, y)u0[Hk](y) dy

= −1
k

1
ωn

∫
S
N2(x, y)Hk(y) dy =

1
k
|x|2 − 1− 2/k

2(2k + n)
Hk(x).

Similarly, in the general case, for up[Hk](x) when p ∈ N we have

up[Hk](x) =
1

ωn

∫
∂S
N 0

2p+2(x, ξ)Hk(ξ) dsξ = − 1
ωn

∫
S
N2(x, y)up−1[Hk](y) dy. (38)

Hence, using the function u1[Hk](x) found above and the equality (23), we obtain

u2[Hk](x) =
( |x|4 − 1− 4/k

8k(2k + n)(2k + 2 + n)
− (k + 2)

|x|2 − 1− 2/k
4k2(2k + n)2

)
Hk(x).

It is easy to verify that the 3-harmonic function u2[Hk](x) satisfies the condition

∂u2[Hk]

∂ν

∣∣∣
∂S

=
( (k + 4)|x|4 − k− 4

8k(2k + n)(2k + 2 + n)
− (k + 2)

(k + 2)|x|2 − k− 2
4k2(2k + n)2

)
Hk(x)

∣∣∣
∂S

= 0,

and since

∆u2[Hk] =
( |x|2

2k(2k + n)
− (k + 2)

2k2(2k + n)

)
Hk(x) = u1[Hk],

we can write
∂∆u2[Hk]

∂ν

∣∣∣
∂S

=
(k + 2)|x|2 − k− 2

2k(2k + n)
Hk(x)

∣∣∣
∂S

= 0.

In addition, the equalities

∆2u2[Hk] =
1
k

Hk(x) = u0[Hk],
∂∆2u2[Hk]

∂ν

∣∣∣
∂S

= Hk(x)

also hold true. Using (38) and (23) one can find any function up[Hk](x) one by one.

6. Conclusions

The integral representation of functions from the class u ∈ C2m(D) ∩ C2m−1(D̄) ob-
tained in Theorem 1 allows one to find the explicit form of solutions to some classes of
boundary value problems for the polyharmonic equation, as it is done in Theorem 3 for
the Riquier–Neumann problem. For example, the Navier problem [15] can be consid-
ered. In [1], this problem is considered for the biharmonic equation and is called the
Dirichlet-2 problem.
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