. mathematics

Article

Riquier-Neumann Problem for the Polyharmonic Equation in

a Ball

Valery Karachik

check for
updates

Citation: Karachik, V.
Riquier-Neumann Problem for the
Polyharmonic Equation in a Ball.
Mathematics 2023, 11, 1000. https://
doi.org/10.3390/math11041000

Academic Editor: Ioannis G. Stratis

Received: 26 January 2023
Revised: 11 February 2023
Accepted: 14 February 2023
Published: 15 February 2023

Copyright: © 2023 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematical Analysis and Methods of Teaching Mathematics, South Ural State University,
454080 Chelyabinsk, Russia; karachik@susu.ru

Abstract: The Green’s function of the Riquier-Neumann problem for the polyharmonic equation in
the unit ball is constructed. Using the obtained Green’s function, an integral representation of the
solution to the Riquier-Neumann problem in the unit ball is found.

Keywords: Riquier-Neumann problem; polyharmonic equation; Green’s function

MSC: 35]J40; 31B30; 35]J08

1. Introduction

The explicit form of Green’s functions for various boundary value problems is pre-
sented in many papers. We mention only a few of them. For example, in the two-
dimensional case, in the paper [1], on the basis of the known harmonic Green’s func-
tion, Green’s functions of various biharmonic problems are obtained. The explicit form
of Green’s function for the third boundary value problem is found in [2,3], and Green’s
functions in the sector for the biharmonic and 3-harmonic equations are obtained in [4,5].
Studies of the Dirichlet problem for the polyharmonic Equation [6] in a ball can be found
in [7,8]. In these papers, the explicit form of Green’s function is obtained. An explicit
representation of Green’s function of the third boundary value problem for the Poisson
equation is obtained in [9], and in [10], for the three-harmonic equation in a ball, Green’s
operator acting on polynomial data is presented.

In connection with the biharmonic equation, we note the recent papers [11,12] devoted
to the solvability conditions for some nonstandard problems in the ball for the biharmonic
equation. As the most general results on the generalized Neumann problem containing
powers of normal derivatives in boundary conditions, we note the paper [13]. In [14], for
the biharmonic equation in a ball, the explicit form of Green’s functions of the Navier [15]
and Riquier-Neumann problems are obtained. Green’s function is also used to study
nonlocal equations. For example, in the paper [16], the solvability of four boundary value
problems for one nonlocal biharmonic equation with involution is investigated. We also
note some recently published papers on the construction of Green’s function for various
boundary value problems [17-21]. The application of Green’s functions in problems of
mechanics and physics can be found in [22-28].

The Riquier-Neumann problem [29] for the polyharmonic Equation (in [1] it is called
the Neumann-2 problem) is to find the function u € C2"(S) N C?"~1(S), which is the solu-
tion of the following boundary value problem for the inhomogeneous polyharmonic equation

A"u(x) = f(x), x€8,

dAM1y, 1

Ju J0Au
= Pna(@), eos.

v las — P0(2), v las — ¢1(€),-..,T
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It is well known that Green’s function of the Dirichlet problem for the Poisson equation
in the unitball S = {x € R" : |x| < 1} for n > 2 has the form

X

Galx,€) = E(x,) — E( 7, 141¢). @
where E(x,¢) is an elementary solution of the Laplace Equation [30]. In [10,31,32], ele-
mentary solutions of the biharmonic and triharmonic equations E4(x, {) and E4(x, {) are
determined and Green'’s functions of the corresponding Dirichlet problems in S are found.
In [9], Green’s function of the Neumann problem for the Poisson equation in S for n > 2
is constructed

NZ(x/ é) = EZ(x/ g) - EO(x/ g)/ 3)

where the harmonic function Ey(x, ¢) with respect to x,§ € S is written in the form

Eo(x,¢) = /01 (Ez<ﬁrﬂx\§) +1)$

and E5(x, &) = AyEx(x, &), where denoted Au = Y4 Xjly,, and the index x indicates that
the operator A is applied over the variables x. It is easy to see that Au = % on dS. Since

Ey(x,&) = —(|x|> — x - &) /|x — &|", then the function

1—(x-O)t
(1—2t(x- ) + |x[2|g22)"/2

Ez(ﬁ/ﬂxw) = -

is symmetric, and hence the functions Ey(x, &) and N(x,¢) are also symmetric. The
function NV (x, &) has the properties found in [9] (Theorem 3) and [14] (Theorem 3)

Mo (5,8) = B> (0,8) = (B (7 XIE) =1 xEesxAs @
AxNZ(x'@‘r’;eas = _E)Gza(;;,(',‘) -1, x€85,

and therefore the equalities

[P0 i g = [ £l0) 42

Iy

1 ON>(x, &)
wn e

1
&n T‘P(g) dsé|xeas = ‘/’(x)|as " wn s

©)
$(S) dsg,

where wy, is the surface area of the unit sphere in R” are hold true. In [14] (Theorem 3) it is
shown that for n > 2 a solution to the Neumann problem for the Poisson equation

ou(x)
av

Au(x) = f(x), x € S; s = $(x), x €95

under the known condition [;s ¢(¢) dsz = [ f(&) d¢ can be written as

1 1
u(x) = o [ Mo (@) ds; — - [ Malx,0)F(@)dg + C.

The solvability conditions of some Neumann problems for the polyharmonic equation
are studied in [33-35] provides a solution to one of these problems. Proceeding from this,
the goal of this work is to extend the class of Neumann-type problems for a polyharmonic
equation, for which an explicit integral representation of the solution is known.

In the present paper, an elementary solution of the polyharmonic equation is defined
and its properties are described in Lemmas 1 and 2. Theorem 1 gives an integral repre-
sentation of functions from the class u € C?"(D) N C?*"~!(D), in a bounded domain D
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with piecewise smooth boundary. Next, we study the Riquier-Neumann problem [29].
Theorem 2 from Section 3 defines Green’s function of the Riquier-Neumann problem,
and Theorem 3 from Section 4 finds the integral representation of the solution to this
problem. Theorem 4 proves that the function found in Theorem 3 is indeed a solution to
the Riquier-Neumann problem. Theorem 5 from Section 5 considers a special case of the
Riquier-Neumann problem for the homogeneous equation. As an illustration of Theorem 5,
Example 2 gives the solution of the Riquier-Neumann problem with simple boundary data.

2. Elementary Solution and Integral Representation

Let m € N. Then the set N\ {1} can be divided into two non-intersecting sets
Ny ={neN:n>2m>1}U(2N+1) and its complement N§, = {2,4,...,2m}. Since the
set N7, is finite, then Ny, is infinite. It is clear that N{ , C Nj,, and therefore N;;, C N,;,_.
We define an elementary solution of the m-harmonic equation A"u = 0 as

(—1)]x — g )
, €Ny,
Epp (x/ @) = (%:11)11;12“)6"1_(25@721"1;1 —-n/2 m—1 , ()
2

(1n|x—c;f|—mz - T &) nen,
k=1 k=n/2

=n

( - nr2);kn(2r 2)m—1

where (a,b)y = a(a+70b)...(a+ kb —b) is a generalized Pochhammer symbol with the
convention (a,b)g = 1. The symbol (a,b); means that if there is 0 among the factors
a,(a+Db),...,(a+kb—Db)included in (a, b)i, then it should be replaced by 1. For example,
(=2,2); = (—2)-1-2 = —4. In addition, if the upper index of the sums included in (6)
becomes less than the lower index, then the sum is considered to be zero. Note that
2-n2)y = (2—n)(4—n)...2m —n) # 0 for n € N,, and hence the first part of
equality (6) is well defined.
The following simple assertions are true.

Lemma 1. The function Ey,,(x, &) coincides with the elementary functions E(x,{), Es(x, &) and
E¢(x,G) form =1, m = 2 and m = 3, respectively.

Remark 1. Sobolev S.L. [36] considered the fundamental solutions Gy, , (x) of the polyharmonic
equation, which slightly differ from the elementary solutions Ep,, (x, (). For example, for odd n

(_1)(7171)/2
T T — /2 1) 20T

|2m7n

Gm,n(x) = Xm,n|x ; Xmn =

where T'(m) is the gamma function. Taking into account that 2T (m) = (2,2)m_1,
2"T(m—n/2+1)=02m—n)...2—n)T(1-n/2)=(2—-n,2),I'(1 —n/2)

and w,, = 271”/2/T(n/2) one can write

1 (—1)n=1/27
A oy 2,212 = m,2)u L (n/2)T (1~ 1n/2)’
If we now notice that T'(n/2)I'(1 —n/2) = m = 71(=1)""1/2, then we get
1 1
Xmmn =

wn (2,212 —1,2)m’

However, the function Eyy,(x,&) additionally contains the factor (—1)™. This factor is
additionally taken into account in Theorem 1. For n € Ny, the difference between these functions is
somewhat larger and this is related to the property of the function Epy, (x, ) indicated in Lemma 2
below, which Gy, (x) does not possess. For example, in the casem =2,n =2 € N§ from (6) we
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find E4(x,¢) = |xf|2 (In |x —¢| —1). The number —1 is chosen so that the equality AgE4(x, ) =
In|x — &| = —Ex(x, &) holds true.

Lemma 2. The symmetric function Ey,,(x, {) defined for x # ¢ satisfies the equalities
DeEam(x,6) = =Eym-1)(%,8),  AgEa(x,8) = 0.

We omit the proofs of these assertions.

There is a well-known formula (see, for example, [37]) for representing the harmonic
function u(x) in a bounded domain D C R” with a piecewise-smooth boundary 0D. In the
above notation, it has the form

1 d 0E>(x,
=4 (2t ) g,

where w, = |9S| is the surface area of the unit sphere in R", v is the outward unit normal
to dD.
We give a similar integral representation of a function u € C2"(D) N C>"~1(D).

Theorem 1. The function u € C?"(D) N C**1(D) for m € N has the following integral
representation

oAU OEyio(x,8) &
wn/a E2k+2(x )=, 50 A u) dsg

+ % /D Eom(x,§)A™u(Z) dg, (7)
where x € D.

Proof. Consider the functions u,v € C?>"(D) N C?"~1(D). It is easy to see that these
functions satisfy the identity in D [30]

,/;(UAL{ —ulAv)d¢ = /BD (v% gz ) dsg. 8)

Am—k—l

Substituting here u instead of 1, and also A*v instead of v, where k = 0,...,m —

1 we get

(Akv A" k=1y  gAky

kooam—k,  _ Ak+1_ Am—k—1 _ _
/D(A oA u — AFToA u)dg / " B

A" 1) dss.
o ) dsz

Let us sum the resulting equality over k =0,...,m —1

m—1
/D Y (AkvAm*ku — AkHvAm*k*lu) dc

k=0
m—1 aAmfkfl aAk
:/ Z (Akv v UAm*kflu) dsg.
D (= ov ov
Since
m—1

-1 -1
Z <AkUAm7k1/l _ Ak+1,UAmfk71u> — mZ; AkvAmfku _ mZ; Ak+1vAmfk71u
k=0 k=0 k=0

m—1 m
= Z Akopam—ky — Z AN Ry = oA"Y — uA"D,
k=0 k=1
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then we get

aAm k— 1u dAkv

/(UN” —ul"v) dg = / Z - Am_k_lu) dsg. )

Obviously, the resulting equality is true for u,v € C?"(D) N C?>"~1(D). Pick out a
point x € D from the domain D together with a closed ball |¢ — x| < § of such a radius
0 < ¢ < 1 that this ball is in the domain D. The rest of the domain D is denoted by
D;s. Obviously, by construction, 0Ds = dD U {¢ € R" : | — x| = J}. Let us apply the
equality (9) to the domain D = Dy in the case when v({) = Epy(x,&). At the same
time, we take into account that, by virtue of Lemma 2 AzEz;,(x, &) = —Eom—2(x,¢) and
AgzEy(x,8) = 0when ¢ € Dy

/. o, O)A"u(@) d
m—1 JAM—k—1 JE e : e
= /an I;)(—l)k (EszZk(xlﬁ) 5 b 8211;(36 g)A ‘ l”) dsg

aAmfkflu

m—1 .
_ kg(:)(_l) (/\ﬁfx > Eszzk(x,g)Tdsg
9Ep ok(%,8) k1
o T ). (o)

The minus sign before the last sum appeared due to the fact that the internal normal v
to the part of the boundary of the domain D; — the sphere {¢ : | — x| = J} is replaced by
the outer normal to this sphere. Denote

aAmfkflu
6 _ [ qyk+1
Ik - ( 1) ~/|§*X|:5 Emezk(x/ g) Y dsgf
s ok (%,8) i
5 _ 1k 2m—2k m—k—1
Ji= (-1 /| ¥ N A udsg,

wherek =0,...,m — 1. Let us estimate the dependence of I,‘f and ]]f onJ.
19, Let n € N,,. By equality (6) we have

(_1)m52m—n

EZm(x/ C)“X*é‘:‘s - (2 — n,Z)m(Z,z)mfl

andsincen € Ny, =n e N,,_,fork=0,...,m—1we find

1< [ e O

maXgcp HVA”"k’luH

< 52m72k7n
B (2 =71,2)m|(2,2)m

cuné”*l < C’E1)52m72k71 < CIE1>5' (11)

where C,El) is a constant depending on u, m, and n. Therefore I,‘f —0asd — 0.

Next, consider the value of ],f fork =0,...,m — 2. Itis easy to see that
dlx —¢g|* i

- r—gl?| =

[x—¢l=5

r—gl=s
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and therefore

9Ep; 2k (X, & k-
A </§_x_(s’mB1/()‘|Am k 1u|ds,§
|2m — 2k — n| maxzep | A k=1
1(2=1,2)m|(2,2)m-

< C£2)52m72k72 < C;£2)52, (12)

< 52m—2k—n—1 wnén—l

whence it follows that ]I‘f —0asd — 0.

Now consider the value J? ;. In this case Eym—om-1)(x,¢) = Ea(x,§) (n # 2 since
n € Ny,) and that means

aEz(X, g)

v

_7i§i_xi Ci—Xi _ _gn (13)

e=gl=s

Therefore we have

5 m—1 9Ex(x,§)
e A TO) e

= [ @ - ux) W2l ) s,

< 51771 _ 51’171 < 5 ,
S max fu(@) —u(x)lwnd™ " < wpd)wn

where w¢(0) is the modulus of continuity of the function f. By Cantor’s theorem, w¢(d) — 0
as 6 — 0, which means

Foa= (B - g [ 200 )

jg—x|=5

+ (=1)™u(x) ;n_l = (=1)"wyu(x), (14)

asd — 0.
20, Let n € N¢,. By equality (6) we have

- (_1)m|x_§|2m7n m—n/2 1 m—1 1
Ez’"(x’g)_(2fn,2);1(2,2)m_1(1n|x_€|_ k:zl 2k_k_zn/22k)‘

Let us estimate the value of I If (0 < 6 < 1). If it turns out that for a given k the inclusion
n € N,,_ is true, then we have the estimate (11), otherwise

aAmfkflu
0 </ Eppok(%,8)||—=—1d
R e e L
i k-1 -
< s2m—2k-n maXgcp ||VAm u” (,Unénil‘ né— mz;l 1
s 12— 1,2)52,2)m sk

m—1 m—1
< C]£3)52m_2k_1(—1n5+ k; %) < C£3)5(—1n5+ I; %)

In both cases we have Il‘f — 0ford — 0, wherek=0,...,m—1.
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Next, consider the value of | ,‘j fork =0,...,m — 1. Itis easy to calculate that
a 14
(k=g (nlx =2+ )] g
n )2
— M(amx—g\+ac+1)|x—§|“*2] =ad" Y Ind+C+1/a).
= =8l |x—¢|=0

If k < m —2issuchthatn € N,,_j, then we have the estimate (12), otherwisen € N _,
and then

0E,,, o (x, ke
|];(5‘ S‘/‘éi ‘7(5’ 2m 8211/(( ‘:)“Am k 1Ll|ng

< 52m72k7nflclg4) ‘2 lné\ max |Am7k71u|wn5nfl
¢eb
< V5?22 1n 6| < 8| Ind|

for a small 6 > 0 such that |InJ| is greater than the modulus of the constant from the
previous inequality. This implies that 0 — 0as 6 — 0.

Finally, consider the value of J%_; whenn € N;_ .. = Nj = {2}. In this case
Eym—o(m-1)(x,¢) = E2(x,¢) = —In[x — ¢| and therefore it is easy to calculate that
169) 2, 5 —xi Gi— X -1 1-n
= — =—0 " =-6""
T N

This is the same as (13). Therefore, in this case, the derivation of equality (14), which
is based on the written equality, is similar, i.e., ], — (—1)"wyu(x) for § — 0 in this case
as well.

Thus, in all considered cases I,f —0,k=0,1,...,m—1and ]I‘f —0k=0,1,...,m—2,
and J° | — (—1)"wyu(x) as s — 0.

In the equality (10) we pass to the limit as 6 — 0. Since 2m — n > 2 — n, the singularity
in the volume integral is left integrable. Therefore we have

timy || Ean(x,0)f (08 = | Fan(x,€)£(2) 4G

6—0 D¢5

and that means

" m=1 oA —k=1y
/DEZm(X,'é)A2 u(¢)dg = /aD Ig<_l)k(E2m*2"("’g)T

OEam 2k(%,8) \ k-
- mTA’” 1u) dsg 4+ (—1)"wyu(x).

Transferring all the integrals from the right side of the resulting equality to the left
side, dividing by (—1)"w, and changing the summation index k — m — k — 1, we get the
equality (7). The theorem is proved. [

Remark 2. If in equality (7) the function u(x) is a harmonic function, then only one term remains
in the sum at k = O, the volume potential becomes 0, and we get the known equality.

Let n > 3. In the reasoning given below, we also need the following function

1
Ey(x,8) = o /S Ey o(x,y)Ex(y, &) dy, k>2, (15)
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where E}(x,{) = Ex(x, ). For example,

Bi(x8) = o [ BenE@.8dy B = o [Ewn) [ By Ew.2dyd

Lemma 3. The function Ej, (x,{) (m > 1) is defined for {,x € S, ¢ # x and may have a
singularity at & = x such that E5 (x,&) < C|x — &[>™", where C is some positive constant. For
¢ # x the equality AE} (x,&) = —E5,_,(x, ) holds true.

Proof. Indeed, as shown in [14], the function E}(x, §) is defined for { # x and its singularity
for ¢ = x is at most O(|x — &[>~"). Assume by induction that E} _,(x,¢) is defined for
g#xand E}, ,(x,&) < Ci|x — €[>~ Then for & # x the integral from (15) defining the
function E}, (x,¢) has two integrable singularities at y = x and y = ¢ of orders n — 3 and
n — 2, respectively. Hence E} (x,¢) is defined and has continuous derivatives with respect
to¢in S for & # x € S [37]. Besides

Egm(xr C:,() < CZ/

oy =Py =G [ x— gy gy
lyl<1 I<1

I6+1<
<G m-nPrrap=co( [+ [ Ye=nP Py = ht b,
Jln<2 lzl<lyl<2 Jlyl<lz]

where z = x — ¢ is denoted. For the first integral I;, since 3 — n < 0, we have

< Gl [z =Pyl dy = O(=P ),
In|<2

since according to [37] the integral is bounded. Besides

ja- C2|z|2_”|z|”/ Iz — 6]z| |02 " do = C2|z|5_”/ 12— 013|012 de,
ol <I= jol<1

2

where £ = z/|z|. Since the integral is continuous function for Z € 9S [37], then
L = O(|x — Z>™™). Thus, E},, (x,&) = O(]x — &[>~"). The induction step is proven.

Leté # x € S. Denote S5 = S\ {y € R" : |x —y| < ¢} and take § > 0 so small that
¢eSsie,|x—¢|>dand {y € R" : [x —y| < I} C S. Then

1 1
T — T T T
Epp(x,8) = o /S,s Eyn—2(x,y)E2(y, &) dy + o /I <5 Eb—2(x,y)E2(y, &) dy.

Since § € S5 and x € S, by the property of the volume potential

1 r r
o, b -/s(; Eam—2(x,y)Ea(y, &) dy = —Epy2(x,8),

the second integral has no singularity under the integral with respect to ¢ and hence is
a harmonic function in ¢. Therefore, for { # x we obtain the equality A:zE5, (x,{) =
—E},,_»(x,&). The lemma is proved. [

Remark 3. By the singularity erasure theorem [37] the function hyi(x, &) = Epk(x, &) — E5.(x,€)
is k-harmonic in S with respect to ¢.

3. Green’s Function of the Riquier-Neumann Problem

Now we define Green’s function of the Riquier-Neumann problem for n > 2.
Definition 1. The function of the form

Nam(%,8) = Eam (%, &) + &3 (x,8), m =1, (16)
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where g4 (x,&) is an m-harmonic function in x,¢ € S such that for x € S
Wo(ed) TN T NeE)
81/5 ‘geas T 81/5 ‘geas e avg ‘geas - ’
(17)

we call Green’s function of the Riquier—Neumann problem (1).

Theorem 2. The function Ny, (x,&) for &, x € S and m > 1, defined recursively by the equality

Naw(x,8)
= wi( /S Nawm—2(x,y)Na(y, &) dy — Ti /S Nom-2(x,y) dy - /S Na(y,&)dy), (18)

where T, = |S|, and Ny(x,y) is Green’s function of the Neumann problem from (3), is Green’s
function of the Riquier—-Neumann problem (1). The function Ny, (x, &) has the property

ANo (%,8)] . 0e =0,k > 1, AxNa(x,€)| ~1, ¢e€S. (19)

x€dS x€ds

The function g5, (x, &) from the representation (16) has continuous derivatives with respect to
finSasx €8S.

Proof. Let us prove the theorem by the method of mathematical induction on m. For m = 2
the assertion of the theorem is proved in [14] (Theorem 4). In this case, from the representation

1 1
Ni(x,8) = o ([ Mae )Mol @) dy = — [ Na(x)dy- [ Moy, 2)dy),
using (3) it is easy to get the equality

Na(x,8) = Ey(x,8) + 84 (x,8),

where the harmonic function g} (x, ¢) is defined as

00 =~ ( [EBcyEw e dy+ [ Ealo B, dy
- [ BB dy+ = [ Na(xy)dy- [ Aaw)dy).

Indeed, the first and third integrals in the resulting formula are harmonic functions
with respect to ¢, since the singularity in the first integral is integrable, and differentiation
does not increase this singularity. The second and fourth integrals, by the property of the
volume potential, are biharmonic functions with respect to ¢, since the harmonic function
Eo(x,¢) has bounded derivatives with respect to  in S as x € S. Moreover, §} (x,¢), due
to the singularities of the order |¢ — y|>~" under the integrals, has continuous derivatives
with respect to ¢ in S for x € S [37]. If we recall that E4(x,§) = Ej(x,¢) + ha(x, &), then
we have

N4(X, f:) = E4(-x/ C) "’ﬂ(x/ g) - h4(x, g) = E4(x/ 6) +g£l(x, (:)/

where g} (x,¢), due to the properties of ¢} and 4, has bounded derivatives with respect to
Zin S forx € S.

Let the assertion of the theorem be true for some m > 2. Then, according to Definition 1,
Green'’s function N, _»(x, &) has the representation (16)

NZm—2<x/ g) = EZm—Z(x' g) +g§m—2(x' g)/
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where g5, (x,&) is some (m — 1)-harmonic function in S with respect to { for x € S that
has bounded derivatives with respect to & in S. If we recall the function E}, (x, &) from (15)
and the k-harmonic function hy(x, &) = Egc(x, xi) — E5, (x, ), then we can write

NmeZ(x/ C) = EEm—Z(x/ 6) + ggm—Z(x/ g) =+ h2m72(x/ g)
= E£m72(x/ (:) + gAEIm72(xl g) (20)

Let us show that the function

1 1
Nom(x,6) = w—n( /S Nom—2(x,y)Nay, € dy — — /Ssz—z(xrw dy - /SNz(y, &) dy)

for m > 2 can be represented as (16). Using (20) and keeping in mind (3) it is easy to get that

Nan(,8) = Bpu(,8) = ([ B s (o) Eow, )y~ [ G 1) B, 2)dy
+ [ BB+ — [ NGy dy- [ N8 dy),

where the function E}, (x, ) is defined in (15). Let us estimate the integral terms in the
obtained equality. The first and third integrals are harmonic functions with respect to ¢
(the singularity in the first integral is integrable, and differentiation does not increase this
singularity). The second integral, by the property of the volume potential, is an m-harmonic
function with respect to &, since the (m — 1)-harmonic function §5, _,(x, ) has bounded
derivatives with respect to ¢ in S as x € S. The fourth integral containing the variable ¢
is a biharmonic function in S. If the sum of all integral terms in this equality is denoted
by $%.,(x,¢), then due to the fact that the singularities under the integrals have order no
higher than |¢ — y[>~" (see Lemma 3), the function ¢4, (x, &) has continuous derivatives
with respect to ¢ in S as x € S. Finally, if we recall that hy,,(x, &) = Epp(x, &) — Ej, (%, 8),
then we have (16) for g5, (x,¢) = §5,,(x,&) — ham(x, ¢). The equality (16) is proved.

Let us check the boundary conditions for the function Ny, (x, &) from Definition 1.
Due to the symmetry of the function N (x, &), we have AgN>(x, ¢)|zcas = —1. Therefore

aNZm(x/ g) _
T ceas AgNom(x, 6”5695

= win(f/s./\fszz(x,}/) dy+%n.4sz,2(x,y) dy'Tn> —0.

For x € S, by the property of the volume potential and due to the continuous dif-
ferentiability of the function N5, _2(x, &) with respect to ¢ € S, but for ¢ # x, we find

1
BeNon(3,8) = =Nan-2(x,8) + — [ Now-a(x,y) dy. e
n
Therefore, by the induction hypothesis, for x € S we have
INEN (x, INE " No 2 (x,
M| _ _9%¢ JVom 2( §)| -0, k=1,...,m—2
81/5 ¢eas 81/5 ¢eas

and

aAgl_lsz (xr C) aAgz_zNmez(xl g)
T’CGBS = 81/;; ’@’635 =\

which proves the equalities (17).
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Let us prove the equality (19) for k > 1, since for k = 1 it follows from (4). Let k = 2,
then, due to the weak singularity of the function N;(x,¢), for x € S and ¢ € S, we write

1 1
A3, 8) = = [ ANy N2 (0, 8) dy = [ A () dy
1 1 1
o [Nl dydy = — = [ Moty @)y + - [ Nalw,§)ay =o.

Therefore, for k > 2 and x € 95, ¢ € S, using the equality (18) we obtain

1
AxNok(x,8) = E/SAXNZk—Z(XIV)Nz(J/,C) dy
1 s 1
_ a /S AxNZk—Z(X/y) dy - w—n /5./\/2(]/,5) dy =0,

whence follows (19). The theorem is proved. O

Example 1. To find a solution to the Riquier—-Neumann problem (1) with polynomials in the
boundary conditions or on the right side of the equation, the following formula is needed

|x|21+2 1
Q2 +2)2+n) T @r2)(n-2)

— [ Natx e dg = - @)

where | € Ny. Let us prove it. Note that in the paper [9] (remark 2) a similar formula is obtained

|x|2H+2 — (21 +24k) /k
(21 +2) (21 + 2k +n)

- [N )l He(@) d = - H(x), @

where Hy(x) is a homogeneous harmonic polynomial of degree k, which does not work in the case
under consideration, since the right-hand side of it is not defined for k = 0.

Let {H,Ei)(x) ci=1,..., I, k € Ny} be the complete system of homogeneous of degree
k € Ny spherical harmonics orthogonal on 9S such that faS(H,EZ)(C))Z dsg = wy [38] and
he = %(k:g?’) forn > 2 (h = 2 for n = 2) is the dimension of the basis of homoge-
neous harmonic polynomials of degree k. In [9] (Theorem 1) it is obtained that the equality

x| 2 Hy(x) Hy(x)
204 2)(21+2k+n)  (214+2)(2k+n—2)’

o [ B DI @ dE =

holds true, where k € Ng and | € Ny. From here we get

\x\ZHZ 1
ER I ED R ERICED)

1
— |E A ge = —
= [ Eatx 0)le e

In [9] (Theorem 1) it is also proved that for x € Sand & € S

©  k4+n—2 & -
Bo8) = = ¥ g 1y 1 0@,
1=
where the series converges uniformly with respect to . Therefore we have

2l o~ k+n 2 gx_
J, Eolx, )12 e = Zkzﬂn IEOY RURGIRS

and hence, taking into account (3), we obtain the formula to be proved.
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4. Solution of the Riquier-Neumann Problem

Let us find an integral representation of a solution to the Riquier-Neumann problem (1)
forn > 2.

Theorem 3. Let the function u € C*"(S) N C*"~1(S) be a solution to the Riquier—Neumann
problem (1), then it can be represented as

m 1

u(x) T (A7 N () ) e(6) s

Cwn Jas 5

(x,8)f(5)de+C, (24)

where C is an arbitrary constant.

Proof. Let u € C¥"(S) N C?"~1(S) be a solution to the Riquier-Neumann problem (1). Let
us use the equality

AkvaAm’k’lu B oAFy
aD k v v

/ (0A™u — uA"v) dg = A’”fk*lu) dsg
D

for D = {¢ : |¢| < 1— ¢}, where ¢ > 0 is sufficiently small (x € D) and v(&) = Ezpn(x, ).
Similarly to the proof of equality (7) we find

[ B )f(@) e

m—k—1,, aAkE X,
—/ Z AkE2m (x,8) A ggz( g)A’”klu) dsg + (=1)"wyu(x).

If we now again use the previous formula for the same domain D, but for
v(§) = §5,(x,¢) (an m-harmonic function in S from (16)), we obtain similar equality
with g8 (x,¢) instead of Epy(x,&) and without the last term on the right. Adding these
equalities, grouping the integral terms and changing the summation indexk — m —k —1,
we get

_ e AN N (8 N
u(x) = /\5\ ) EkEO( N — AP N (x, C) )dsg

wy, ov

(=D"
F oo Jy N OF@© . 9)

Let us pass to the limit as ¢ = 40. At the same time, we take into account that the
functions g%, (x, ¢), and hence Ny, (x, §) and its derivatives with respect to ¢, are continuous
with respectto {in {¢ : 1 — ¢ < |¢| < 1} for fixed x € S. Therefore, due to the properties
of Green’s function (17), surface integrals over S = {Z:|¢| =1} contalmng the functions
%(Am_k_lj\/}m(x, &) fork=1,.. — 1 turn to 0, and the function 5> (Am INom (x,8))

becomes (—1)™. Moreover, due to the boundary conditions of the quuler—Neumann
problem, we also have %Aku(g) — ¢(&), e &> +0fork =0,...,m — 1. Thus, from (25)
in the limit as ¢ =+ +0 we obtain the representation (24), where C = w% J55 u(&) dsg. The
theorem is proved. [

Lemma 4. 1. Let f € C(S), then the function

up() = © (x,8)£(8) ds; 26)
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is a solution to the following Riquier-Neumann problem

AMu(x) = f(x), x €S,

oAFy A1y 1
=0,k=0,... -2 = — .
ov las 0, 0eim =2, v ‘as W, /sf(g) 46

2. Let p € C'*€(dS) (e > 0), then the function

(_1)m—1
vy(x) = Tn/aSNZm(x/ér)Eb(C) dsg (27)
is a solution to the following Riquier-Neumann problem

A"v(x) =0,x €S,

Ak oA 1y

1
PO _0k=0,...,m—2, ‘
v las " ov as

=) - - | p@ s

Proof. 1. We study the function u(x) without specifying the smoothness of the function
f(x). To do this, we introduce the functions

. 1
Na(x,8) = Na(x,8) — [ Naly, ) dy,
A 1 A ~
Nog(x,¢) = o /SNZk,z(x,y)Nz(y,C) dy, k>1.
The function N> (x, &) has the property

J ey dr= [ Na(x ) dx— T [ Nay,2)dy =0.

It is easy to see that the equality

Now(x,8) = win [Ssz—z(x,y) (Nz(l/zé) - Tln/sf\@(]h,@) d]/l) dy
= [ Nawa(e ) Koy, )y @9

holds true. Therefore, due to the properties of the volume potential, by rearranging the
integrals, we have

Do [N 8@ e = 8a— [ Mooy dy - [ e 8)7(8) de
ziiémw@ﬂ@w

whence similarly it follows

Mo [ No(e 5@ d = e [ Ny dy 2 [ Rl 5(6) b
— - [l dy - [N 2)f(@de =~ [ Nal2)7(@) e
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Using the previous equalities by induction and changing the order of integration,
we have

1 1 1 -
AxaTn /SNZm(X, C)f(g) a¢ = AxaTn /S./V'szz(x,y) dy w—n /s,/\fz(y, é’)f(g) ac
1 - 1 - 1 .
= [Nty - [ R 05 de = - [ K2 F@ . @9)
From the last equality, using the property of volume potential, it is easy to obtain

(=™

Wnp

Atup(x) = AL [ N (0, 0)£(@) d =~ [ o817 g

_ —Axwin [ Ma(x2)f(@)d = f(x). G0)

Further, due to the weak singularity of the function Ny, (x, &) (the singularity is the
same as that of the elementary solution Ej,,(x, ¢) (16)) it can be differentiated under the
integral sign, and therefore from (19) it follows that for m > 1

d _1\m
S| = Mg s = S [ ANan (0] (0)d =0

ov ‘as

Moreover, due to (29) fork =1,...,m —2 we get

E)Akuf
v las

k (=ymk o
= AxAxuf(x)’aS = T om /S AxcNoy ok (x, g)’xeasf(g) g

_1\m—k
= % /S AxNoy—2k(%,8) | 5 (§) dE = 0.

Similarly to what was done above, in accordance with (29) and (19), we find

oAl 1 R 1
Tuf‘as - _;n/sAxNz(x'g)’xeasf(g) 6= /sf@ dg.

This means that the function u¢(x) from (26) is a solution to the Riquier-Neumann
problem (1) for ¢ =0,k =0,...,m —2and ¢,,—1 = w% Js f(&)de.

What smoothness is sufficient to impose on the function f(x) so that the arguments
made about us(x) are valid? To satisfy the last equality from (30) for the volume potential,
it is sufficient that f € C(S) [30]. Moreover, the volume potential with density f(x) will
also be in C1(S) [37], and hence the entire chain of equalities in (30) is true.

2. Consider the function vy (x) from (27). Substituting the value N5, (x, ) from (28)
and changing the order of integration, we have

—1)m-1 A
0p(0) = S [ N sy - [ Ko, 090 ds:

By virtue of the properties of the functions us(x) and N> (x, &) obtained above, the
function v¢(x) is a solution to the Riquier-Neumann problem (1) form =m — 1, ¢y =0,
k=0,...,m-—3,

1 1 ~ 1 1 ~
pn2= o [ o | e p@dsdy= - [ w@ds;- [ Na(ne)ay =0

Wy

and

m— _ 1 \/
f@) = 4" Yo(x) = - | X (@) dse.
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Therefore, by the property of the surface potential

1 7 -
Nop(x) = AN Toy(x) = A— | Nb(x,8)p(@)ds; = 0,
Wn Jas
and in addition, by the property (5) of Green’s function N;(x, {), we write

m—1

L = - o [ w@as:

Thus, the function vy (x) is a solution to the Riquier-Neumann problem (1) for f = 0,
¢ =0,k=0,...,m—2and @,_1(x) = ¢p(x) — w% J35 (&) dsg, which is to be proved.

What smoothness of the function ¢(x) is sufficient for the validity of the reasoning
made above? Since the function vy(x) is represented in a form similar to the form of the
function u¢(x) with density w% Js Na(y, xi)p(&) dse, then, just as in the previous case, it is
sufficient that this density is in C1(S), and this is satisfied if € C17¢(aS) [39]. The lemma
is proved. 0O

Remark 4. If m = 1 then for the function it is sufficient to be such that p € C(dS).

Theorem 4. Let ¢y € C(3S), ¢ € C1+€(3S) (e > 0)fork =1,...,m —land f € C'(S). Then
the function

m—1
) = 5o [ DD (Naaed) - [ Voo dy) oudd) g

Wn
- % ./S‘NZm(x/é‘)f(C) dz+C (31)

is a solution to the Riquier—Neumann problem (1) provided that (see [14])
o1 (@ ds = [ f(@)de. 3
| o @dse = [ r@)de )

Proof. Let us prove that the function u(x) defined by the Formula (24) is a solution to
the problem

AMu(x) = f(x), x €S,
aAku‘

v
AT
ov : s Pm—1(x) = win /as Pm-1(8) dsg + win /sf(g) dg.

aSZO,kZO,...,m_Z, (33)

It is easy to see that in this case, under the condition (32), the assertion of the theorem
follows. We prove this statement by induction on m. For m = 2 in [14] (Theorem 5) it is
proved that for a function of the form

u(x) =~ [ ANulx8)go@) ds; — - [ Na(x,)e1(@) ds;

" win ./S.M(x’g)f(g) d¢ +C = 01(x) +va(x) +v3(x) + C
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the following equalities are true

Au(x) =040+ f(x) = f(x),

ou
5, | veas = Po(x) +0+0 = go(x),

aaAVu|xeas—0+<(P1( ) — 1n /as<p1(é)d§)+win/sf(g)d§

Here, in the equalities on the right, the result of applying the corresponding operators
to the functions vy, v, and v3 is indicated. This corresponds to the statement being proved
for m = 2. Assume that the equalities (33) hold true for m = m — 1. Let us represent u(x)
from (24) as

u(x) = um(x) + u}m)(x) +C, (34)
where the function u]((m) (x) = ug(x) is defined in (26) (the superscript m is added here to
avoid confusion) and

m 1

um( 2 Am k= 1N2m(x ‘:))(Pk(g)dsij'

3s =
Note that the function u} )( ) for f € C1(S) by Lemma 4 is a solution to the prob-

lem (33) for ¢ = 0,k =0, ...,m — 1. Therefore, it is sufficient to prove that the function

um(x) = u(x) — uj(,m) (x) + C is a solution to the problem (33) for f = 0. Let us transform

the function u}m) (x). From the equality (21) for k > 1 it is easy to obtain

NENow(%,8) = —BE Naw-2(x,),

and therefore

_1\ym—1
() = L ([ N5, 01 @t + [ DeNow(x, 0 g 2(6) dse)

+ (_(11)):1_2(/ miz (A?—k—2j\/'2m*2(x, ff))(pk(é) dsg — /as Nom—2(%, &)@ _2(€) ds,:)

95 =0

= Um—1 (X) + m

(./<?;S NZm(x, é)q)m—l (6) ng + /E;S Ar’jNZm (x, €)¢m72(g) ng
+/85N2m—2(X,C)(pm_z(§) ds§).

Using the equality (21) and the notation from (26) and (27) we can write

—1)m-1 1
() =t 1(5) + 00, () + T [ Naw 2oy T [ g2l s
_ (m—1) 1
- uﬂ171('x> + v(Pm—l (x) + ul (x) . ?m—Z(C) dsg (35)
Tn JoS
For the legality of using the function v, , (x) by Lemma 4 it is sufficient to require

@o € C(3S), g € C'*¢(3S) for k = 1,...,m — 1. Since, by the induction hypothesis, the
function u,, 1 (x) is (m — 1)-harmonic, then, according to Lemma 4, we can write

1
Ay (x) =040+ A—/ Pm—2(8) dsg = 0.
Tn JOS
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Moreover, from (35) it also follows that on 9S, by virtue of Lemma 4 and the inductive
assumption, the equalities hold true

oAk, _ oAk, 4
ov ov
R aaiaed C RS L
= gu2®) = o [ na@dset o [ pna(®)dst = pua(a),
T 04 (gnar(0) — - [ gwr(§)dse) +0

wy .
1

= Qm— —_— — m— d ’
Pm—1(x) wn Jos ? 1(¢) dsg

+0+4+0=¢(x), k=0,...,m—3,

and hence the function u,,(x) is a solution to the problem (33) for f = 0. The step of
induction is proved, and hence the function u(x) from (24) is a solution to the problem (1).
From the equality (21) it is easy to get the equality

NN (5,8) = (<1 (N 2¢(0,8) = = [ Naw-aelx,0) d),

with the help of which the equality (24) is converted to the form (31). The theorem is
proved. O

Remark 5. The necessary and sufficient condition for the solvability of the Riquier—Neumann
problem (32) for the polyharmonic equation is previously obtained in [29].

From the proof of Theorem 4 it follows that if the condition (32) is not satisfied, then the
function u(x) from (31) is a solution to the Riquier—Neumann problem (33).

5. Particular Case

Let us consider one particular case of the boundary conditions of the Riquier-Neumann
problem.

Theorem 5. Let f = 0, g9 € C(3S), ¢ € CT(3S) (¢ > 0) and [,5 ¢i(&)dsz = 0 for
k=1,...,m—1. Then a solution of the Riquier—Neumann problem (1) exists and can be written as

m—1
u(x) =Y w[oe](x) +C, (36)
k=0
where C is an arbitrary constant,
_ (_1)k NO d
uk[(p]('x) - Wy oS 2k+2(x/ g)qo(g) S¢,

Mial8) = - [ Moo )N )y, k>0 AD(3,) = Aalx,).

The (k + 1)-harmonic functions wy[@k](x) satisfy the following conditions

puslol(x) = i alol(x), 5P| ~o ke, .

a“(_;)lE(P] ‘as = o).

Auplg](x) =0,

Proof. It is easy to see that under the conditions required in the theorem, all the conditions
of Theorem 4 are also satisfied, and hence a solution to the Riquier-Neumann problem
exists. Let us prove that the equality (36) represents this solution. To do this, it is sufficient
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to make sure that the equalities (37) hold true. According to the definition of the function
N3, (x,&) and by the property of the volume potential, for k > 0 we write

_ 1)k
puslgl () = 5 [ AR 01006 sy
k-1

- (73(1)” /as N3 (x, &) @(8) dse = u_119] (x),

and also find Aup[¢](x) = 0. Moreover, for k > 0, using (5), we get

1
/AxNZ X, y)|x€85w 95

= EU T ([ N80 ) ot@)dss = [ F@p(@)dse

O[] ‘
dv las

N3 (v, &) p(8) dsg dy

Using the equality

1 1 1
Jn/SNgk(ylfg) dy, = wfn/sf\/z(ylryz)dyl~--w7/5/\/2(yk/5) dYr,

taking into account the symmetry of the function N (x, ¢) and bearing in mind the equal-
ity (22) we see that the function

_1\k—1
RO = [

is a polynomial of degree k in |¢|?> and hence F(¢)|35 = C. Therefore, by the assumption of
the theorem

a”fgigjl’k]‘as - /as F(&) gy (€) ds; = C/as k(&) dsg = 0.

If k = 0O, then according to (5) we get

duolgol| _ 1 [ ML) ey s = go(w)] — = [ o0(&) dsz = ().

ov ’as wy Jos oy

The theorem is proved. [

Example 2. Let us calculate the function uy[Hy](x) from the formula (36), where Hi(x) is a
homogeneous harmonic polynomial of degree k € N for p € Ny. In this case, the conditions of
Theorem 5 are satisfied because the equality [,s Hy () dsz = 0 holds true.

In [9], it is established that for x € S and ¢ € 9S the equalities

1

NZ(xrg) =E(x,¢) — Eo(x,¢) = n_2
= 1 k+n—2 L
+k:21<2k+n— T kkrn—2) )2 ©
R =B R NC P
=n_2+£E§H£)<x>H,§><c>,

take place, where the harmonic polynomials H,Ei) (x) are defined in Example 1. Therefore, due to the

orthonormality of the polynomials ngi) (x) on 0S and the uniform convergence of the series with
respect to ¢ € 9S, we have
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up[H](x) = wln /as Na(x, &) Hi (&) dsg = ( 1

n—2)wy

+ Y Y HY ()
m=1 i=1

Wy JaS

/as Hi(Z) ds¢
HY) (€ Hl@) ds; = L Hi(x).

Let us calculate uy[Hy|(x). With the help of (23) at | = 0 and the previous calculations,
we find

nlH)(x) =~ [ N E)H(E) ds;

_ _win/SNQ(x,y)win/asNz(y,g)Hk(@ ds; dy = —win[SNz(x,y)uo[Hk](y) dy

11 1|x|>—1-2/k
o [t = 22 ),

k wy,

Similarly, in the general case, for u,[Hy](x) when p € N we have

1 1 7
up[Hy](x) = o /asNzop+z(X,C)Hk(§) dsg = T /SNZ(xry)”p—l[Hk](y) dy.  (38)
Hence, using the function uy[Hy|(x) found above and the equality (23), we obtain

|x|*—1—4/k
2k +n)(2k +2 +n)

x|?—1-
_ <k+2)M) (%)

uz[Hil(x) = (Sk( 4K2(2k + n)?

It is easy to verify that the 3-harmonic function uy[Hy](x) satisfies the condition

dup[H] | ¢ (k+4)[x*—k—4 (k+2)|x]2—k-2 _
v ’as N <8k(2k+n)(2k+2+n) (k+2) 4k2(2k + n)? ) k(x)‘as =0
and since
(P (k+2) _
AualHy = <2k(2k+n) 2k2(2k+n)> () = mHid,
we can write
0Aup[Hi]|  (k+2)|x*—k—2 B
ov ’as  2k(2k+n) Hk(x)‘as =0
In addition, the equalities
1 dA2u,[H,
A%y [Hy] = 2 Hi(x) = uo[Hy], #‘as = Hy(x)

also hold true. Using (38) and (23) one can find any function u,[Hy|(x) one by one.

6. Conclusions

The integral representation of functions from the class u € C?"(D) N C?"~1(D) ob-
tained in Theorem 1 allows one to find the explicit form of solutions to some classes of
boundary value problems for the polyharmonic equation, as it is done in Theorem 3 for
the Riquier-Neumann problem. For example, the Navier problem [15] can be consid-
ered. In [1], this problem is considered for the biharmonic equation and is called the
Dirichlet-2 problem.
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